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Abstract

This paper studies nonparametric estimation of parameters of multivariate Hawkes processes.
We consider the Bayesian setting and derive posterior concentration rates. First rates are derived
for LL; -metrics for stochastic intensities of the Hawkes process. We then deduce rates for the L -
norm of interactions functions of the process. Our results are exemplified by using priors based
on piecewise constant functions, with regular or random partitions and priors based on mixtures
of Betas distributions. Numerical illustrations are then proposed with in mind applications for
inferring functional connectivity graphs of neurons.

1 Introduction

In this paper we study the properties of Bayesian nonparametric procedures in the context of multivari-
ate Hawkes processes. The aim of this paper is to give some general results on posterior concentration
rates for such models and to study some families of nonparametric priors.

1.1 Hawkes processes

Hawkes processes, introduced by Hawkes (1971), are specific point processes which are extensively
used to model data whose occurrences depend on previous occurrences of the same process. To
describe them, we first consider IV a point process on R. We denote by B(R) the Borel o-algebra on
R and for any Borel set A € B(R), we denote by /N(A) the number of occurrences of N in A. For
short, for any ¢t > 0, N; denotes the number of occurrences in [0, ¢]. We assume that for any ¢ > 0,
N; < oo almost surely. If G; is the history of IV until ¢, then, )\, the predictable intensity of N at time
t, which represents the probability to observe a new occurrence at time ¢ given previous occurrences,
is defined by
Medt = P(dNy = 1| G,-),



where dt denotes an arbitrary small increment of ¢ and dN; = N([t, t+dt]). For the case of univariate

Hawkes processes, we have
-
AN=0¢ / h(t — s)dNs | ,
—00

for ¢ : R — Ry and h : R — R. We recall that the last integral means

/t_ h(t—s)dN,= Y h(t—T).

o T;eN:Ty<t

The case of linear Hawkes processes corresponds to ¢(z) = v + x and h(t) > 0 for any ¢. The
parameter v € RY is the spontaneous rate and h is the self-exciting function. We now assume that
N is a marked point process, meaning that each occurrence 7; of N is associated to a mark m; €
{1,..., K}, see Daley and Vere-Jones (2003). In this case, we can identify N with a multivariate
point process and for any k € {1,..., K}, N*(A) denotes the number of occurrences of N in A with
mark k. In the sequel, we only consider linear multivariate Hawkes processes, so we assume that \¥,
the intensity of N'*, is

K 4
A =+ Z/ hew(t — u)dNy, (1.1
=177°

where v, > 0 and hy j, which is assumed to be non-negative and supported by R, is the interaction
function of N £ on N*. Theorem 7 of Brémaud and Massoulié (1996) shows that if the K x K matrix
p, with

+oo
Pok = / hg’k(t)dt, Lk=1,... K, (1.2)
0

has a spectral radius strictly smaller than 1, then there exists a unique stationary distribution for the
multivariate process N = (N¥) k=1,...,kk With the previous dynamics and finite average intensity.

Hawkes processes have been extensively used in a wide range of applications. They are used to
model earthquakes [Vere-Jones and Ozakil (1982); (Ogatal (1988)); Zhuang et al.| (2002), interactions in
social networks|Simma and Jordan| (2012); Zhou et al.|(2013); |Li and Zha (2014)); Bacry et al.|(2015);
Crane and Sornette|(2008)); Mitchell and Cates|(2009);|Yang and Zha/(2013)), financial data[Embrechts
et al.[ (2011); Bacry et al.| (2015} 2016, 2013)); |Ait-Sahalia et al.| (2015), violence rates Mohler et al.
(2011); [Porter et al.| (2012), genomes (Gusto et al.| (2005)); |Carstensen et al.| (2010); |Reynaud-Bouret
and Schbath| (2010) or neuronal activities Brillinger| (1988)); [Chornoboy et al.| (1988); (Okatan et al.
(2005)); Paninskai et al.| (2007); [Pillow et al.|(2008)); Hansen et al.|(2015); Reynaud-Bouret et al.| (2014,
2013)), to name but a few.

Parametric inference for Hawkes models based on the likelihood is the most common in the liter-
ature and we refer the reader to |Ogatal (1988)); (Carstensen et al.| (2010) for instance. Non-parametric
estimation has first been considered by Reynaud-Bouret and Schbath [Reynaud-Bouret and Schbath
(2010) who proposed a procedure based on minimization of an ¢-criterion penalized by an £y-penalty
for univariate Hawkes processes. Their results have been extended to the multivariate setting by
Hansen, Reynaud-Bouret and Rivoirard Hansen et al.|(2015) where the /y-penalty is replaced with an
£1-penalty. The resulting Lasso-type estimate leads to an easily implementable procedure providing
sparse estimation of the structure of the underlying connectivity graph. To generalize this procedure
to the high-dimensional setting, Chen, Witten and Shojaie (Chen et al.| (2017)) proposed a simple and
computationally inexpensive edge screening approach, whereas Bacry, Gaiffas and Muzy |Bacry et al.
(2015)) combine ¢; and trace norm penalizations to take into account the low rank property of their



self-excitement matrix. Very recently, to deal with non-positive interaction functions, Chen, Shojaie,
Shea-Brown and Witten (Chen et al.| (2017) combine the thinning process representation and a cou-
pling construction to bound the dependence coefficient of the Hawkes process. Other alternatives
based on spectral methods Bacry et al.|(2012)) or estimation through the resolution of a Wiener-Hopf
system [Bacry and Muzy| (2016) can also been found in the literature. These are all frequentist meth-
ods; Bayesian approaches for Hawkes models have received much less attention. To the best of our
knowledge, the only contributions for the Bayesian inference are due to Rasmussen | Rasmussen| (2013))
and Blundell, Beck and Heller Blundell et al.| (2012) who explored parametric approaches and used
MCMC to approximate the posterior distribution of the parameters.

1.2  Our contribution

In this paper, we study nonparametric posterior concentration rates when ' — +o0, for estimating
the parameter f = ((vx)k=1.... K, (hek)ke=1,.. k) by using realizations of the multivariate process
(NF) k=1, Kk fort € [0,T]. Analyzing asymptotic properties in the setting where 7" — +o0o0 means
that the observation time becomes very large hence providing a large number of observations. Note
that along the paper, K, the number of observed processes, is assumed to be fixed and can be viewed
as a constant. Considering X' — 400 is a very challenging problem beyond the scope of this paper.
Using the general theory of |(Ghosal and van der Vaart| (2007a), we express the posterior concentration
rates in terms of simple and usual quantities associated to the prior on f and under mild conditions on
the true parameter. Two types of posterior concentration rates are provided: the first one is in terms
of the LL;-distance on the stochastic intensity functions ()\k )k=1,... i and the second one is in terms of
the IL;-distance on the parameter f (see precise notations below). To the best of our knowledge, these
are the first theoretical results on Bayesian nonparametric inference in Hawkes models. Moreover,
these are the first results on IL;-convergence rates for the interaction functions Ay . In the frequentist
literature, theoretical results are given in terms of either the ILo-error of the stochastic intensity, as
in Bacry et al.| (2015) and Bacry and Muzy| (2016)), or in terms of the Lg-error on the interaction
functions themselves, the latter being much more involved, as in Reynaud-Bouret and Schbath| (2010
and |Hansen et al.| (2015)). In Reynaud-Bouret and Schbath|(2010), the estimator is constructed using
a frequentist model selection procedure with a specific family of models based on piecewise constant
functions. In the multivariate setting of |Hansen et al.| (2015), more generic families of approximation
models are considered (wavelets of Fourier dictionaries) and then combined with a Lasso procedure,
but under a somewhat restrictive assumption on the size of models that can be used to construct
the estimators (see Section 5.2 of [Hansen et al.| (2015)). Our general results do not involve such
strong conditions and therefore allow us to work with approximating families of models that are
quite general. In particular, we can apply them to two families of prior models on the interaction
functions hy : priors based on piecewise constant functions, with regular or random partitions and
priors based on mixtures of Betas distributions. From the posterior concentration rates, we also deduce
a frequentist convergence rate for the posterior mean, seen as a point estimator. We finally propose an
MCMC algorithm to simulate from the posterior distribution for the priors constructed from piecewise
constant functions and a simulation study is conducted to illustrate our results.

1.3 Overview of the paper

In Section [2] Theorem [T]first states the posterior convergence rates obtained for stochastic intensities.
Theorem [2] constitues a variation of this first result. From these results, we derive LL;-rates for the
parameter f (see Theorem 3)) and for the posterior mean (see Corollary [I). Examples of prior models



satisfying conditions of these theorems are given in Section [2.3] In Section [3] numerical results are
provided.

1.4 Notations and assumptions

We denote by fo = ((VQ)k=1,. K (hz i)k =1,....k ) the true parameter and assume that the interaction
functions hg « are supported by a compact interval [0, A], with A assumed to be known. Given a
parameter f’: (W) k=1,.... ks (he )k e=1,...ic), we denote by ||p|| the spectral norm of the matrix p
associated with f and defined in (I.2). We recall that ||p|| provides an upper bound of the spectral
radius of p and we set

H = {(heg)k=1,...k; e > 0, support(hy ) C [0, A], por < oo, VE, £=1,.... K, ||p|| <1}
and
F={f=w)k=1,. ks (hep)ki=1,..K); 0<vp<oo,Vk=1,....,K, (hep)ke=1,. K €H}

We assume that fy € F and denote by p° the matrix such that ), = fOA hy . (t)dt.
For any function i : R — R, we denote by ||h||, the L,-norm of h. With a slight abuse of no-

tations, we also use for f = (v )k=1,...x, (hek)ke=1,. k) and f" = ((Vk)k=1,... 1, (R 1)k p=1,... Kc)
belonging to F

K K K
1F=F =D e = vl + DD llher — By ylla- (1.3)
k=1

k=1 ¢=1

Finally, we consider d; 7, the following stochastic distance on F:

/ 1 - g k kgt
il £) =53 [ D =M lar
k=1

where \¥(f) and AF(f’) denote the stochastic intensity (introduced in (T-1))) associated with f and f’
respectively. We denote by N (u, Ho, d) the covering number of a set H, by balls with respect to the
metric d with radius u. We set for any /, M? the mean of \/( fy) under PPy

1 = Eo[ A (fo)],

where [Py denotes the stationary distribution associated with fy and Eg is the expectation associated
with Py. We also write up < vp if |up/vp| is bounded when 7' — +oo and similarly up 2 vy if
|vr /ur| is bounded.

2 Main results

This section contains main results of the paper. We first provide an expression for the posterior
distribution.



2.1 Posterior distribution

Using Proposition 7.3.111 of Daley and Vere-Jones| (2003), and identifying a multivariate Hawkes
process as a specific marked Hawkes process, we can write the log-likelihood function of the process
observed on the interval [0, T, conditional on G- = o (N}, t < 0,1 <k < K), as

K

Lp(f) = Z[ /0 Tlog(Af(f))dNt’“— /0 TA?(f)dt] 2.1)

k=1

With a slight abuse of notation, we shall also denote Ly (\) instead of Lp(f).

Recall that we restrict ourselves to the setup where for all 7, k, hyj has support included in
[0, A] for some fixed A > 0. This hypothesis is very common in the context of Hawkes pro-
cesses, see Hansen et al.[ (2015). Note that, in this case, the conditional distribution of (N*) k=1, K
observed on the interval [0,7] given Gy- is equal to its conditional distribution given G—a0] =
o(NF,-A<t<0,1<k<K).

Hence, in the following, we assume that we observe the process (N*)x—1 _ x on [—A, T, but we
base our inference on the log-likelihood (2.)), which is associated to the observation of (N k) k=1,.. K
on [0, T]. We consider a Bayesian nonparametric approach and denote by II the prior distribution on
the parameter f = ((Vk)k=1,...K, (hek)ke=1,.. k). The posterior distribution is then formally equal

to _ [ exp(Lr(f))dII(f|Go-)
J7exp(Lr(f))dT(f|Go-)

We approximate it by the following pseudo-posterior distribution, which we write II (-| V)

_ Jpep(Lr())dII(f)
[ exp(Lr (F)dII(f)’

which thus corresponds to choosing dII( f) = dII( f|G; ).

II(B|N, Go-)

II(B|N)

2.2)

2.2 Posterior convergence rates for d; r and L,-metrics

In this section we give two results of posterior concentration rates, one in terms of the stochastic
distance dq 7 and another one in terms of the LL;-distance, which constitutes the main result of this

paper. We define
< 5T}

K

Qp = max  sup N[t — A, t) <C,logT 3 N
{ZE{L...,K} t€[0,T “ ;

with 67 = do(log T')*/2/v/T and &, > 0 and C,, two positive constants not depending on 7. From

Lemmas [3] and [4] in Section we have that for all @« > 0 there exist C, > 0 and §y > 0 only

depending on « and fj such that

NY—A,T]
# - .U[l;

P (Q5) < T, 23)

when 7' is large enough. In the sequel, we take o > 1 and C, accordingly. Note in particular that,

on QT,
K

D N-A,T] < NoT,
/=1

with Ng =1+ Zf: 1 19, when T is large enough. We then have the following theorem.



Theorem 1. Consider the multivariate Hawkes process (N*) k=1, K observed on [—A, T, with like-
lihood given by 2.1). Let 11 be a prior distribution on F. Let ey be a positive sequence such that
er = o(1) and

loglog(T) log®(T) = o(Te%).

For B > 0, we consider

)

B(er,B) := {(Vk, (heg)e)k s max vy — vp| < er, max [|he. - horll2 < er, max [|he oo < B}
and assume following conditions are satisfied for T large enough.

(i) There exists c; > 0 and B > 0 such that

II(B(er, B)) > e Ter,

(ii) There exists a subset Hr C H, such that

I (H7) < e—(?HT—‘rf})TE%’
I(B(er,B)) ~

where k7 = rlog(r;') < loglog T, with r1 defined in @.11) and k defined in @9).
(iii) There exist (o > 0 and x¢ > 0 such that

log N'(Coer, Hr, ||.11) < zoTer.

Then, there exist M > 0 and C' > 0 such that

3
Eo [H (dLT(fo,f) > M+/loglog TGT\N)] < Clog log:ﬁTQ) log™(T) + Po(27) + o(1) = 0o(1).
et

Assumptions (i), (ii) and (iii) are very common in the literature about posterior convergence rates.
As expressed by Assumption (ii), some conditions are required on the prior on H7 but not on Fr.
Except the usual concentration property of v around ¥ expressed in the definition of B(er, B), which
is in particular satisfied if v has a positive continuous density with respect to Lebesgue measure, we
have no further condition on the tails of the distribution of v.

Remark 1. As appears in the proof of Theorem|l} the term +/loglog’l" appearing in the posterior
concentration rate can be dropped if B(er, B) is replaced by

Boo(er, B) = {(Vk, (he)e)s s max | — vi| < er, max || ek — e klloo < ET} ,

in Assumption (i). In this case, rp = 1/2 in Assumption (ii) and Kkt does not depend on T. This is
used for instance in Section to study random histograms priors whereas mixtures of Beta priors
are controlled using the 1Lo-norm.

Similarly to other general theorems on posterior concentration rates, we can consider some vari-
ants. Since the metric d; 7 is stochastic, we cannot use slices in the form d; 7 (fo, f) € (jer, (7 +
1)er) as in Theorem 1 of |(Ghosal and van der Vaart| (2007a), however we can consider other forms of
slices, using a similar idea as in Theorem 5 of |Ghosal and van der Vaart| (2007b). This is presented in
the following theorem.



Theorem 2. Consider the setting and assumptions of Theorem || except that assumption (iii) is re-
placed by the following one: There exists a sequence of sets (Hr;)i>1 C H with UiHr; = Hr and
Co > 0 such that

o0
agTe2
> N (Coer, Hr, |11h)/ T(Hr)e ™ = o(1), (2.4)
i=1
for some positive constant xo > 0. Then, there exists M > 0 such that

Eo [H (dl,T(fO, ) > M\/loglogTeT\Nﬂ — o(1).

The posterior concentration rates of Theorems [1| and |2 are in terms of the metric d; r on the
intensity functions, which are data dependent and therefore not completely satisfying to understand
concentration around the objects of interest namely fo. We now use Theorem [I]to provide a general
result to derive a posterior concentration rate in terms of the [L;-norm.

Theorem 3. Assume that the prior 11 satisfies following assumptions.

(i) There exists ep = o(1) such that e > 67 (see the definition of Qr) and ¢; > 0 such that
Eo [T (AZ,IN)] =0(1) & P (Dr<e™T) = o(1),
where D = f]__ eLT(f)_LT(fO)dH(f) and Az, = {f;dir(fo, f) < er}
(ii) The prior on p satisfies : for all ug > 0, when T is large enough,

(||p|l > 1 — ug(log T)/0}/%) < e=2e17e% (2.5)

Then, for any wp — +o0,

Eo [TL(Lf = folls > wrer|N)] = o(1). (2.6)

Remark 2. Condition (i) of TheoremBis in particular verified under the assumptions of Theorem
with e = Mer+/loglogT for M a constant.

Remark 3. Compared to Theorem |l| we also assume (ii), i.e. that the prior distribution puts very
little mass near the boundary of space {f;|p|| < 1}. In particular, if under 11, ||p|| has its support
included in 0,1 — €] for a fixed small € > 0 then [2.5)) is verified.

A consequence of previous theorems is that the posterior mean f = E™[f|N] is converging to fo
at the rate 7, which is described by the following corollary.

Corollary 1. Under the assumptions of Theorem |I| or Theorem 2| together with 2.3) with e =
Vioglog Ter and if [ || fll1dII(f) < +oc, then for any wr — +00

Po (IIf = folls > wrer) = o(1).

The proof of Corollary[I]is given in Section[4.6] We now illustrate these general results on specific
prior models.



2.3 [Examples of prior models

The advantage of Theorems and is that the conditions required on the priors on the functions Ay ¢
are quite standard, in particular if the functions hy, , are parameterized in the following way

A
hie = pr,ehi.e, / hie(u)du = 1.
0

We thus consider priors on § = (v, pi, ¢, fbk,g, k, ¢ < K) following the scheme

iid = iid 2.7)

v~ 1, p=(pro)ke<x ~ 1, hye ~ 1. :

We consider 1II,, absolutely continuous with respect to the Lebesgue measure on R with positive
and continuous density m,, II, a probability distribution on the set of matrices with positive entries
and spectral norm ||p|| < 1, with positive density with respect to Lebesgue measures and satisfying
(2.5). We now concentrate on the nonparametric part, namely the prior distribution II;. Then, from
Theorems [T]and [3]it is enough that IT;, satisfies for each k, ¢ < K,

O, (k= kR elle < e, ||hllos < B) > eI

for some B > 0 and ¢ > 0 such that there exists F; 7 with

Fir C {h £ 0, A] — R+,/0A h(z)dz = 1}

satisfying
Iy, (Fip) < e CTerloslosT - N (Ceps Fips || 1) < woTed, (2.8)

for ¢ > 0, zp > 0 and C' > 0 large enough. Note that from remark|[I] if we have that for all ¢, k
W (=R glloe < er. [IRlloc < B) = T
then it is enough to verify
0y (Fip) < e CT%, N(Cer; Furs||h) < zoTé, 2.9)
in place of (2.8).

These conditions have been checked for a large selection of types of priors on the set of densities.
We discuss here two cases: one based on random histograms, these priors make sense in particular in
the context of modeling neuronal interactions and the second based on mixtures of Betas, because it
leads to adaptive posterior concentration rates over a large collection of functional classes. To simplify
the presentation we assume that A = 1 but generalization to any A > 0 is straightforward.

2.3.1 Random histogram prior

These priors are motivated by the neuronal application, where one is interested in characterizing time
zones when neurons are or are not interacting (see Section [3). Random histograms have been studied
quite a lot recently for density estimation, both in semi and non parametric problems. We consider two
types of random histograms: regular partitions and random partitions histograms. Random histogram
priors are defined by: for J > 1,

J J

_ Wi
hwﬂj,J = 52 t'ij]ljj, Ij = (tj_l,tj), ij = 1, 5 ~ Bern(p) (2.10)
7=1



and
Th=0<t1 <---<ty=1.

In both cases, the prior is constructed in the following hierarchical manner:

J~ Iy, e @ ST =2), y(J > a) S e @)
Li(x)=1or Li(x) =logx (2.11)
(wi, ... ,wy)|J ~ I,
where c; and ¢y are two positive constants. Denoting S the JJ-dimensional simplex, we assume that

the prior on (w1, - - - ,wy) satisfies : for all M > 0, for all wy € S; with for any j, wo; < M/J and
all w > 0 small enough, there exists ¢ > 0 such that

IL, ((wo1 — w/J? wor +u/J?) x -+ x (woy —u/J?* woy +u/J?)) >e <187 (2.12)

Many probability distributions on S satisfy (2.12)). For instance, if IL,, is the Dirichlet distribution
D(ay, g, - o) with c3J™% < a5 7 < ¢y, for a, c3 and ¢4 three positive constants, then (2.12))
holds, see for instance |Castillo and Rousseau| (2015)). Also, consider the following hierarchical prior
allowing some the of w;’s to be equal to 0. Set

iid ,
Zj ~Be(p), j<J, s,= ZZj

7=1
and (j1,- -, js,) the indices corresponding to Z; = 1. Then,

(wjy, - wj,.) ~D(ar,g, ,0s,5), c3J “<a;7< ¢4
wj =0 if Zj =0.

Regular partition histograms correspond to ¢t; = j/J for j < J, in which case we write ]_Iw’ J instead of
Ewi’ 7> while in random partition histograms we put a prior on (¢, - - ,t;). We now consider Holder
balls of smoothness /3 and radius L, denoted H (3, Lo), and prove that the posterior concentration
rate associated with both types of histogram priors is bounded by er = ¢y(log T/ T)B/ (26+1) for
0 < B < 1, where ¢ is a constant large enough. From Remark [T} we use the version of assumption
(i) based on

B (e, B) = {(% (he)e)r s max |, — vp| < er, max || he — e klloo < GT},

and need to verify (2.9). Then applying Lemma 4 of the supplementary material of Castillo and
Rousseau| (2015), we obtain for all hg € H (S, L) and if hg is not the null function

Il (Hilw,J — holleo < 2L0J*51J) > pecl 18T

for some ¢ > 0 and I1;(J = Jo|(T'/ log T)|Y/@B+D)Y > g=erdo(T/1og D)/ FFHVLIT) £ Jo is a con-
stant. If hg = 0 then B B
II (|hw,s — holloo = 0) =1 —p.

This thus implies that IT (Bus (e, B)) > pe~¢T< for some ¢ > 0. This result holds both for
the regular grid and random grid histograms with a prior on the grid points (¢1,--- ,ts) given by



(w1, - ,uy) ~ D(e, -+ ,a) with u; = t; — t;_1. Then condition 2.5) is verified if II(||p| >
1—u) < e ¥ " witha > 3/8 and @’ > 0, for u small enough. This condition holds for any

~

B € (0, 1] if there exist a’, 7 > 0 such that when w is small enough

1—1/u”

I(llpl >1—u) Se*° (2.13)

Moreover, set Fi 1 = {hy. s, J < J1(T/log T)Y/ 25+ for J; a constant, then for all ¢ > 0,
N(Cer, Fur, |ll1) S Ji(T/log T)/*+ D log T

Therefore, (2.9) is checked. We finally obtain the following corollary.

Corollary 2 (regular partition). Under the random histogram prior (2.10) based on a regular partition
and verifying @.11) and 212) and if 213) is satisfied, then if for any k.0 = 1,..., K, hY , belongs

to H(B, L) for 0 < 8 < 1, then for any wp — +00,
Eo [ (IS = foll1 > wr(T/1og T)#/EHD|N) | = o(1),

To extend this result to the case of random partition histogram priors we consider the same prior

on (J,wy,--- ,wy) as in (2.11)) and the following condition on the prioron ¢t = (¢, - ,tx ). Writing
up = t1, uj = t; — tj_1, we have that u = (uq,--- ,uy) belongs to the J-dimensional simplex S
and we consider a Dirichlet distribution on (uy,- -+ ,uy), D(c, -+ ,«) with a > 6.

Corollary 3. Consider the random histogram prior based on random partition with a prior on
w satisfying @.11) and 2.12) and with a Dirichlet prior on w = (t; — tj—1,j < J), with parameter
a> 6. If is satisfied, then if for any k,¢ = 1,..., K, hY , belongs to H(B, L) for 0 < B < 1,
then for any wr — —+00, ’

Eo [H (Hf — foll1 > wr (T logT)_B/(2B+1)|N>} — o(1).

The proof of this corollary is given in Section [4.8] In the following section, we consider another
family of priors suited for smooth functions Ay, ¢ and based on mixtures of Beta distributions.

2.3.2 Mixtures of Betas

The following family of prior distributions is inspired by [Rousseau|(2010). Consider functions

! /€ — € a
Do = pre (/0 gak’e7€de7€(6)>+7 Gae(x) = F(l;z(/e)/l(”(g/(l )_))6))331_6—1(1 _

where Mj, , are bounded signed measures on [0, 1] such that |y, o] = 1. In other words the above
functions are the positive parts of mixtures of Betas distributions with parameterization («/e, /(1 —
€)) so that € is the mean parameter. The mixing random measures M}, ¢ are allowed to be negative.
The reason for allowing Mj, ¢ to be negative is that Ay, ¢ is then allowed to be null on sets with positive
Lebesgue measure. The prior is then constructed in the following way. Writing hy = pkjfbk’g we

a_q
€

. = . . . jid
define a prior on hy, ¢ via a prior on M}, , and on oy, ¢. In particular we assume that M, ¢ 0 11 and

jid . . . . .
Qg r ~ 74. As in Rousseau (2010) we consider a prior on « absolutely continuous with respect to

10



Lebesgue measure and with density satisfying: there exists by, ¢y, co, 3, A, C' > 0 such that for all u
large enough,

2
To(C1u < a < cou) > Ceb1v!/ 2.14)
1/2 .
ol < e_A”) + 7o (a0 > c3u) < Cetrut/?
There are many ways to construct discrete signed measures on [0, 1], for instance, writing
J
M =Y "rpide;, (2.15)
j=1

the prior on M is then defined by J ~ II; and conditionally on .J,

id id
T]%Ra(l/Q)v ejlrl\’Gev (plv"' 7pJ)ND(a17"' ,CLJ),

where Ra denotes the Rademacher distribution taking values {—1,1} each with probability 1/2.

Assume that G has positive continuous density on [0, 1] and that there exists Ag > 0 such that

Zj:l a; < Ap. We have the following corollary.

Corollary 4. Consider a prior as described above. Assume that for all k, £ < K h%,e = (gg7g)+ for

some functions g\, € H(B, Lo) with 3 > 0. If condition Z13) holds and if G. has density with

respect to Lebesgue measure verifying
M (1 —2)M < ge(x) <231 —2)3,  forsome A >3,

then, for any wr — +0o0,
Eo [IL(||f — folly > wrT~?/ @D (1og T)0/145+2)| /log 1ogT\N)} = o(1).

Note that in the context of density estimation, 7~2/(26+1) is the minimax rate and we expect that
it is the same for Hawkes processes.

3 Numerical illustration in the neuroscience context

It’s now well-known that neurons receive and transmit signals as electrical impulses called action
potentials. Although action potentials can vary somewhat in duration, amplitude and shape, they
are typically treated as identical stereotyped events in neural coding studies. Therefore, an action
potential sequence, or spike train, can be characterized simply by a series of all-or-none point events in
time. Multivariate Hawkes processes have been used in neuroscience to model spike trains of several
neurons and in particular to model functional connectivity between them through mutual excitation or
inhibition (Lambert et al., 2018)). In this section, we conduct a simulation study mimicking the neural
context, through appropriate choices of parameters. The protocol is similar to the setting proposed in
Section 6 of (Hansen et al.,[2015)).

11
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Figure 1: Scenario 2. True interaction graph between the X = 8 neurons. A directed edge is plotted
from vertex £ to vertex k if the interaction functions hy, ¢ is non-null.

3.1 Simulation scenarios

We consider three simulation scenarios involving respectively K = 2 and K = 8 neurons. The sce-
narios are roughly similar to the one tested in[Hansen et al.|(2015). Following the notations introduced
in the previous sections, for any (k,¢) € {1,... K}?, hy , denotes the interaction function of neuron &
over neuron /. We now describe the three scenarios. The upper bound of each hy, ¢’s support, denoted
[0, A] is set equal to A = 0.04 seconds.

e Scenario I: We first consider K = 2 neurons and piecewise constant interactions:

hi1=30-TL002; h21=30 L0y, hi,2=30 L0002, h22=0.

e Scenario 2: In this scenario, we mimic K = 8 neurons belonging to three independent groups.
The non-null interactions are the piecewise constant functions defined as:

ho1 =hs1 =hoa=hi3=hog=nhss="hse=he7="hrs=30-1¢0.02-

In Figure [T} we plot the subsequent interactions directed graph between the 8 neurons: the
vertices represent the K neurons and an oriented edge is plotted from vertex k to vertex ¢ if the
interaction function Ay, ¢ is non-null.

e Scenario 3: Setting K = 2, we consider non piecewise constant interactions functions defined

as:
hia(t) = 100-e 1% 004 (Qt), hoi(t) = 30-1(00.02(t)
hiao(t) = me_ S0 Lo0.04(t), ho2(t) = 0.
In all the scenarios, we consider vy, = 20, £ = 1,..., K. For each scenario, we simulate 25 datasets

on the time interval [0, 22] seconds. The Bayesian inference is performed considering recordings on
three possible periods of length 7' = 5 seconds, T = 10 seconds and 7" = 20 seconds. For any dataset,
we remove the initial period of 2 seconds —corresponding to 50 times the length of the support of the
hy, ¢-functions, assuming that, after this period, the Hawkes processes have reached their stationary
distribution.

12



3.2 Prior distribution on f = (v, hy¢)ikeqr,. Kk}

We use the prior distribution described in Section [2.3] setting a log-prior distribution on the v;,’s of
parameter /i, s2. About the interaction functions (Pk0)y, e (1, K} the prior distribution is defined
on the set of piecewise constant functions, hy, ¢ being written as follows:

J(k,0)
k.t
hie(t) = 600 > BJ(- )]l[t(k,f) (0 () 3.1
j:1 j—=173
with t(()k’e) = 0 and tf]k(ﬂ) = A. Using the notations in Section we have BJ(.W) = p(kaf)wj(.k’f).

Here, 5% is a global parameter of nullity for by : forall (k,0) € {1,...,K}?,
650~ i 4 Bern(p). (3.2)

For all (k,?) € {1,..., K}?, the number of steps (.J**)) follows a translated Poisson prior distribu-
tion:
JEOSED =1}~ 1+ P(n). (3.3)

To minimize the influence of 7 on the posterior distribution, we consider an hyperprior distribution on
the hyperparameter 7:
1~ L(ay, by). (3.4)

Given J %9 we consider a spike and slab prior distribution on I5; (k) . ko). Let Z (k) €40,1
p p J J=1,....J j
denote a sign indicator for each step, we set: Vj € {1,...,.J (W)}:

P(Z<’“’f):z!6<’“’€)=1) = 7., Vze{0,1}

](k,f) (k,0) (k.6 2 3.5
B {e™Y =1} ~ Z;77 xlog N(pg, s3).
We consider two prior distributions on (tg-k’e)) =1, g kD) The first one (refered as the Regular his-
togram prior) is a regular partition of [0, AJ:
(k) _ ] L (ks0)
6 = J(M)A Vi=0,...,J%". (3.6)
The second prior distribution is refered as random histogram prior and specifies:
(w1, uyme) ~ D(og,... af](w))
t§k7£) = A Z"Z‘Zl Ur, vj = 17 R J(k7é)

In the simulations studies, we set the following hyperparameters:

1% = 3.5, 83 = 1
Ly = 3.5 Sy = 1

Pz =1) = 172, PO*I=1)=p = 1/2
o = 2,V

13



3.3 Posterior sampling

The posterior distribution is sampled using a standard Reversible-jump Markov chain Monte Carlo.
Considering the current parameter (v, h), v(©) is proposed using a Metropolis-adjusted Langevin

proposal. For a fixed J**), the heights B}k’e) are proposed using a random walk proposing null or

non-null candidates. Changes in the number of steps .J(**) are proposed by standard birth and death
moves (Green, [1995)). In this simulation study, we generate chains of length 30000 removing the first
10000 burn-in iterations. The algorithm is implemented in R on an Intel(R) Xeon(R) CPU E5-1650
v3 @ 3.50GHz.

The computation times (mean over the 25 datasets) are given in Table([I] First note that the computation
time increases roughly as a linear function of 7T'. This is due to the fact that the heavier task in the
algorithm is the integration of the conditional likelihood and the computation time of this operation is
roughly a linear function of the length of the integration (observation) time interval. Besides, because
we implemented a Reversible Jumps algorithm, the computation time is a stochastic quantity: the
algorithm can explore parts of the domain where the number of bins Jy is large, thus increasing the
computation time. This point can explain the unexpected computation times for K = 2. Moreover, we
remark that the computation time explodes as K increases (due to the fact that K2 intensity functions
have to be estimated), reaching computation times greater than a day.

K=2 K=8 K=2 with smooth 7y, ,
Prioront Regular Random Regular Random
T=5 1508.44 1002.45 823.84
T=10 1383.72  1459.55 37225.19 1284.93
T=20 2529.19 2602.48 49580.18 1897.17

Table 1: Mean computation time (in seconds) of the MCMC algorithms as a function of the scenario,
the observation time interval and the prior distribution on s. The mean is computed over the 25
simulated datasets

3.4 Results

We describe here the results for each scenario. We first present the IL;-distances on A\F and hy ¢ for
all 3 the scenarios, all three length observation times 7" and the two prior distributions. In Table[2] we
show the estimated I;-distances on \* and hy ¢. More precisely, we evaluate the IL;-distances on the
interactions functions

1 2% 1 K .
DW= 3 E | 0 e = Bll, (N2 ™o
sim=1 k=1

and the following stochastic distance :

25

D = 2 3 B |, 1) (N eom)

sitm=1

where U is the true set of parameters, dir(f, f 9) has been defined in Section and the posterior
expectations are approximated by Monte Carlo method using the outputs of the Reversible Jumps
algorithm.
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As expected, the error decreases as 7' increases. As we will detail later, the random histogram
prior gives better results than the regular prior. Finally, we perform better when the true interaction
function (hy, ) are step functions (due to the form of the prior distribution).

K=2 K=8 K=2 with smooth hy, ,
Prior Regular random Regular random
T=5 11.59 9.59 11.75
D(1): stochastic distances T=10  7.49 6.32 5.65 9.48
T=20  5.40 4.11 3.17 7.9
T=5  0.1423  0.0996 0.1431
D(2): distances on hi e T=10 0.0844 0.0578 0.1199 0.1131
T=20 0.0564 0.0336 0.0616 0.0945

Table 2: ILq-distances on hy, ¢ and \F

3.4.1 Results for scenario 1: K = 2 with step functions

When K = 2, we estimate the parameters using both regular and random prior distributions on
(tg-k’ﬁ)) (equations and ). One typical posterior distribution of v is given in Figure |3| (left),
for a randomly chosen dataset, clearly showing a smaller variance when the length of the observa-
tion interval increases. We also present the global estimation results, over the 25 simulated datasets.
The distribution of the posterior mean estimators for (v, 5) computed for the 25 simulated datasets

m=1...25
ing variance for the estimator as 7' increases. On the top panels the posterior is based on the regular

grid prior while on the bottom the posterior is based on the random (grid) histogram prior: the results
are equivalent.

(IE [I/g ] (Ntsim)te[oﬂ] ) . is given in Figure on the right panel, showing an expected decreas-

About the estimation of the interaction functions, for the same given dataset, the estimation of the /i
is plotted in Figure [2] (upper panel) for the regular prior, with its credible interval. Its corresponding
estimation with the random prior is given in Figure 2| (bottom panel). For both prior distributions, the
functions are globally well estimated, showing a clear concentration when 7" increases. The regions
where the interaction functions are null are also well identified. The estimation given with the random
histogram prior is in general better than the one supplied by the regular prior. This may be due to
several factors. First, the random histogram prior leads to a sparser estimation than the regular one.
Secondly, it is easier to design a proposal move in the Reversible Jump algorithm in the former case
than in the latter context.

Moreover, the interaction graph is perfectly inferred since the posterior probability for 6 22) to be 0
is almost 1. For the 25 dataset, we estimate the posterior probabilities P(§(**) = 1| (NF™)seq0.17) for
k,0 = 1,2 and sim = 1...25. In Table[3] we display the mean of these posterior quantities. Even
for the shorter observation time interval (7" = 5) these quantities —defining completely the connexion
graph— are well recovered. These results are improved when 7" increases. Once again, the random
histogram prior gives better results.

Finally, we also have a look at the conditional intensities A} = v, + Zf: 1 ff;o h g (t — u)dNy). On
Figure @ we plot 50 realizations of the conditional intensity from the posterior distributions. More

precisely, for one given dataset, for 50 parameters 8() = ((h,(f)g)u, (V,gi))kzlm K) sampled from
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Figure 2: Results for scenario 1: Estimation of the (hy, ¢)x ¢=1 2 using the regular prior (upper panel)
and the random histogram prior (bottom panel). The gray region indicates the credible region for
hie(t) (delimited by the 5% and 95% percentiles of the posterior distribution). The true hy ¢ is in
plain line, the posterior expectation and posterior median for hy, ¢(t) are in dotted and dashed lines

respectively.
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Figure 3: Results for scenario 1: On the left, posterior distribution of (vq,1v5) with T = 5,
T = 10 and T' = 20 for one dataset. On the right, distribution of the posterior mean of (v, )

(I/E\I [VA(NtSim)te[o’Tﬂ)sim:l 55 OVer the 25 simulated datasets. Top : regular histogram; bottom :

random histogram

the posterior distribution (obtained at the end of the MCMC chain), we compute the corresponding
(/\ftC (Z)) and plot them. For the sake of clarity, only the conditional intensity of the first process (k = 1)
is plotted and we restrict the graph to a short time interval [3.2,3.6]. As noticed before, the condi-
tional intensity is well reconstructed, with a clear improvement of the precision as the length of the
observation time 7" increases.

3.4.2 Results for scenario 2: X — 8

In this scenario, we perform the Bayesian inference using only the regular prior distribution on
(t(k’e))(k7£)e{1,...7l(}2 and two lengths of observation interval (I'" = 10 and 7' = 20). Here we set
ap, =3 and b, = 1.

The posterior distribution of the (v} )r—1... x for a randomly chosen dataset is plotted in Figure|5| The
prior distribution is in dotted line and is flat. The posterior distribution concentrates around the true
value (here 20) with a smaller variance when 7" increases.

In the context of neurosciences, we are especially interested in recovering the interaction graph of the
K = 8 neurons. In Figure[7] we consider the same dataset as the one used in Figure [5|and plot the
posterior estimation of the interaction graph, for respectively 7' = 10 on the left and 7" = 20 on the
right. The width and the gray level of the edges are proportional to the estimated posterior probability
P(5*k0) = L[(Nt)tefo,r))- The global structure of the graph is recovered (to be compared to the true
graph plotted in Figure[I)). We observe that the false positive edges appearing when 7" = 10 disappear
when 7' = 20. In Figure 8] we consider the mean of the estimates of the graph over the 25 datasets.
The resulting graph for 7' = 10 is on the left and for 7" = 20 on the right.
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? over k loverl 1lover2 2overl 2over?2

True value of 6%-0 1 1 1 0
Prior

T—5 Regular  1.0000 0.8970  1.0000  0.0071

Continous  1.0000  0.9812  1.0000  0.0196

T — 10 Regular  1.0000 0.9954  1.0000  0.0047

Continous ~ 1.0000  1.0000  1.0000  0.0102

T — 20 Regular  1.0000  1.0000  1.0000  0.0099

random  1.0000  1.0000  1.0000  0.0102

Table 3: Scenario 1, K=2. Mean of the posterior estimations: %ngmﬂ ﬁ(é(kve) =

1|(N#™)ep0,17)- for the three observation time intervals and the two prior distributions.

Note that, in this example, for any (k, ¢) such that the true & (kf) — 1, the estimated posterior proba-
bility P(8(9 = 1|(N§"™),ef0.77) is equal to 1, for any dataset and any length of observation interval.
In other words, the non-null interactions are perfectly recovered. In a simulation scenario with other
interaction functions, the results could have been different.

In Figure [ we plot the posterior means (with credible regions) of the non-null interaction functions
for the same simulated dataset as in Figure The time intervals where the interaction functions
are null are again perfectly recovered. The posterior incertainty around the non-null functions Ay, ¢
decreases when T’ increases.

3.4.3 Results for scenario 3 : K — 2 with smooth functions

In this context, we perform the inference using the random histogram prior distribution (3.7). In this
case, we set a, = 10 and b, = 1. thus encouraging a greater number of step in the interactions
functions. The behavior of the posterior distribution of vy is the same as in the other examples.
In Figure @ we plot the distribution of (E [Vk|(NtSim)te[0,T]])Sim:lm% for T' = 5,10, 20 seconds
and clearly observe a decrease of the biais and the variance as the length of the observation period
increases. Some estimation of the interaction functions are given in Figure|[I0] Due to the choice of
the prior distribution of these quantities, we get a sparse posterior inference.

4 Proofs of Theorems

4.1 Proof of Theorem 1]

To prove Theorem [I| we apply the general methodology of |Ghosal and van der Vaart| (2007a)), with
modifications due to the fact that exp(Lr(f)) is the likelihood of the distribution of (N*)x—1 _ f

on [0, 7] conditional on Gy~ and that the metric d; 7 depends on the observations. We set My =
M+/loglogT, for M a positive constant. Let

Ac={f e F; dir(fo.f) < Ke}

and for 5 > 1, we set

Sj =A{f € Fr; dir(f, fo) € (Kjer, K(j + 1)er]}, (4.1)
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Figure 4: Scenario 1. Conditional intensity A} : 50 realizations of A} from the posterior distribution
for one particular dataset and 3 lengths of observation interval (" = 5 on the first row 1" = 10 on the
second row, and 7' = 20 on the third row). True conditional intensity in black plain line.

where Fr = {f = (v&)k, (hie)ke) € F; (hie)re) € Hr}. So that, for any test function ¢,

[4e eLT(f)*LT(fo)dH(f)

N.
c — Mrer _. T
H( MTET|N) - ffeLT(f)fLT(fo)dH(f) "Dy
e2(kr+1)Ter,
<lge +1 ey 1+ Slop o / ebr()=Lr (o) gry  f)
T e M(B(er. 1)) Jr

e2(rr+1)Tef, Lo (f)—Lr(fo) )dII(f)
+lop = / Lyegermt)mRrto)(1 —
QTH(B(6T7 T)) ]_Z]\;T Fr fESJ ( (ls f
and

Eo [IT (ASpe, |N)] < Po(Q7) + Po (DT < e 2 VTSI B ey, B))) + Eo[¢1q,]

eQ(HT“’l)Tﬁ% . 0o
T T(B(er, B)) H(FTHJ-ZM /fTEO [Ef [LarTres, (1= 6)IGo-]] dII(f) | .
=M
since
Bo | [ ety By By | [ et annGy || < B By | [ anige

19

= I(F7).



Posterior density

Figure 5: Scenario 2: Results on (v);—1.. i for a particular dataset: Prior distribution (dotted line),
Posterior distributions for 7" = 10 ( dashed line) and 7" = 20 (plain line)
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Figure 6: Scenario 2: Estimation of the non null interaction functions (hy ¢) ¢=1,... s using the regular
prior for 7' = 10 (upper panel) and T" = 20 (bottom). The gray region indicates the credible region
for hy,¢(t) (delimited by the 5% and 95% percentiles of the posterior distribution). The true hy, ¢ is
in plain line, the posterior expectation and posterior median for hy, ¢(t) are in dotted and dashed lines

respectively (often undistinguishable).
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Figure 7: Results for scenario 2 for one given dataset: Posterior estimation of the interaction graph
for T' = 10 on the left and T' = 20 on the right, for one randomly chosen dataset. Level of grey and
width of the edges proportional to the posterior estimated probability of P(5(¢) = 1| (NF™)ter0.17)-
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Figure 8: Results for scenario 2 over the 25 simulated datasets: Posterior estimation of the inter-
action graph for T' = 10 on the left and T' = 20 on the rzght Level of grey and width of the edges are
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Figure 10: Results for scenario 3 : smooth interaction functions: Estimation of the interaction
functions (A ¢)k, ¢=1,2 using the regular prior for 7" = 10 (upper panel) and 7" = 10 (bottom). The
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for hy, ¢(t) are in dotted and dashed lines respectively (often undistinguishable).
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Since el t Tt el =L (fo) > L= (fo)z—(rr+1)me2 b
T

_ _ dII(f) _ 2
Po(Dr+ < e 2(“T+1)T62TH Bler, <IP’ / LT(f) Lr(fo)_ %) e 2kp+1)Te2,
0( 7 < (B(er, B 0 Sens M(Bler. B)) =
dH(f) —(kp+1)Te?
( B ]I{LT LT(fO)zf(nTJrl)Te%}W <e W T

dII(f)
<]E0 [fB(eT,B) {Lr(f)-Lr(fo)<—(kr+1)Te2} TI(B ET,B))}

< (1 e (,‘iT—l—l)TGT)

< JB(er.3) Bo (L7 (fo) = Lr(f) > (7 + 1)Te) dII(f)
>~ H(B(GT, B)) (1 _ e_(mT—f—l)TezT)

< log log(T) log?(T)
~ TE%—V )

by using Lemmaof Section Remember we have set p9 , := ||hY ,||1 and pg ¢ := ||hg ¢||1. Since

hi and hy , are non-negative functions, f_AS hR (w)du < pf 4, OT*s hi (w)du < p) ,, and note
that

dt

K o1
Tdyr(f, fo) =

K t—
=+ [ (= h (e~ s)aNE
k=171t"

K T K t—
> Y / (Ve — v+ Z/ (e = W) (t — S)dN§> dt
=110 k=17t"4
T [ K
> T(ve—vy) + / (Z / <hk,eh2,g)(ts>dN§> dt|,
=1 0 \gp=17t-4

then forany £ =1,..., K,

t,

dl,T(f7 fO) >

NF[0, T — A
Ve — 1y +Z Pke—Pke)[T]

T—s
/ / (hiee — hig o) (w)dudN¥ + / / (he — B o) (w)dud N
—s T—A

Nk: T A T—s
W+Zpu U / / hie.o(w)dudN* + / / hio(u)dudNF
T—A

K
N[0, T — A T—s
- (V8+Zpg,e 0. / / hy o (w)dudN¥ + /T A/ hig dude>|
k=1 -
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This implies for f € .S; that

K
0 T-A NF[-A,T
W+ZPM ]SV?JrkZP%e[T’]%-K(JHLl)ﬁT
! (4.2)
K, N, T Al ,
W+Zpke Z S T K+ Der
On QT,
o Ne—AT] &
Z Pk ziT <> (uh + 67),
k=1 k=1
so that, for 1" large enough, for all j > 1.5; C F; with
Fj=A{f € Fr; v < pg + 1+ Kjer, VI < K},
since
K
wl =+ oh o (4.3)
k=1
Let ( fi)i=1, be the centering points of a minimal LL;- covering of F; by balls of radius ¢ j eT with

-----

individual test defined in Lemmal[T] assocrated to f; and j (see Section @ Note also that there exists
a constant Cy such that

Nj < (Co(1 + jer)/jer)™ N(Cjer/2, Hr, ||.II)

where NV (Cjer/2,Hr,|-]]1) is the covering number of Hp by LL;-balls with radius (jer/2. There
exists C such that if jer < 1 then Nj < C’Ke*Klog(jET)/\/'(CjeT/Q,’HT, I|I.|l1) and if jep > 1 then
N; < CxN(Cjer/2, Hr,||-|l1). Moreover j — N (Cjer/2,Hr, ||.|[1) is monotone non-increasing,
choosing j > 2(y/(, we obtain that

Ny < Cre( /)< oeT T,
from hypothesis (iii) in Theorem |1} Combining this with Lemma we have for all j > 2¢y /¢,
EO I:]]'QT¢(j)] < ije*TCEQ(jﬁT/\er%) < eK log T6$0T5%67$2T(J’6T/\j2€%)

— ; 2 .2
s Bo [3[Loy Lyes, (1= 63)[Go-]) § 007
S

for x5 a constant. Set ¢ = max;> ;. ¢(;) with My > 2(o /¢, then

ez ]
EO[]IQT(ZS] SeKlogTemoTe% § : e—nge%jQ_’_ § : e—T:zzgeTj Se—nge%M%/Q

j=Mr P

and

Z / EO IEf []lQT]lfGS (1 - )’go ” dH(f) 7’”2T5TM72“/2

Jj=Mr
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Therefore,
e (IiT +1)T

H(B(er. B) Z/ By [£ [La,1 s, (1 — 916y 1] d11(F) = of)

if M is a constant large enough, which terminates the proof of Theorem I}

4.2 Proof of Theorem

The proof of Theorem [2| follows the same lines as for Theorem |1} except that the decomposition of
Jr is based on the sets F; and Hr;, @ > 1 and j > My for some M7 > 0. Foreachi > 1, j > Mr,
consider S’ a maximal set of (jep-separated points in F; N H7; (with a slight abuse of notations)
and ¢; j = maX fres;,; p With ¢, defined in Lemmal Then

18151 < Cre(¢/60) M S DN (Cer /2. i 1 n).

Setting Nr;; := [ Fr s Lyes, elr(N=Lr(fo)qI1( ), using similar computations as for the proof of
Theorem|[I] we have:

(k4 1)Te2 eQ(I{T+1)T€%
B [I1 (4517, IN)] < Bo(95) + By (Dr < e 2TV IHI(Ber, B))) + e TIF)
+o00 o0 too +oo
N ; e 2(kr+1)Te
+EO ]IQTZ Z (sz T + IE0 ]IQTZ Z 1 _¢Zj NT@]
i=1 j=Myp I(B(er, B)) i=1 j=Myp

Assumptions of the theorem allow us to deal with the first three terms. So, we just have to bound the
last two ones. Using the same arguments and the same notations as for Theorem I}

00 400 ~ I
Eo |la, Y Y (1=6i)Npy| = Z/

IEo []IQT]lfeSj(l - ¢ij)€LT(f)_LT(f0)} dIl(f)
i=1 j=Mry Frotr, j— MT

= Z/}_THHT” . Eo [Ef[]IQT]lfesj(l — (blj)‘gO*H dI1(f)
+o00

< Z/ N Y enlUerni’d) < omanT G MR/,
]'—TI’THTl

Jj=Mr

Now, for v a fixed positive constant smaller than x9, setting 77 ; = II(#H7;), we have

<Py (DT < 6_2(KT+1)T€%H(B(6T,B))) + Po (El(iaj); VT, iPij > e~ TUerA*e) QT)

=1 j:MT
NSNS TGerngiy e €ATTOTG Lr(f)~Lr(fo)
+ e~ VT (GerNj et Ti—s——=—Eo []IQ / Lreg. e”TV /2T dH(f|HT7i) .
ZZ;JXJW:T I(B(er, B)) ! Fr res
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Now,

Py ( (Z ]) \/7TT1¢2,3 >e AT Gerng? ET OQT) Z\/ T Z e’YT jernj? ET EO[HQT¢Z,J]

=1 ] MT
< ZW 3 el P KIS Cer 2, o )
= J=Mr

< e T Mz /2 Z VTN (Coer, Hais |- 11) = o(1).

=1

But, we have

Eo |:]lQT/ ]lfeSj@LT(f) Lz (fo) dIi(f ‘HTz):| < 1

Fr
and
+oo +oo N —+oco 2(5 +1)T62
Z Z Nr; o2 a2 e\ T
]E 1 . »4] < E " ’yTETMT 1) = 1
" QTi 1 j=M . Dr | ™ 3 e II(B(er, B)) Foll) =oll),
=1 j=Mr =

for M a contant large enough. This terminates the proof of Theorem [2}

4.3 Construction of tests

As usual, the control of the posterior distributions is based on specific tests. We build them in the
following lemma.

Lemma 1. Let j > 1, fi € F; and define the test
Opg = Tmax, (]1{Nf(Al,e)—M(Al,e;fomTeT/S} Vv ag ) -arcag e,fo>>yTeT/8}>

with for all ¢ < K, Ay = {t € [0,T]; M(f1) > N(fo)}, A(Ave; fo) = [y La,, ()N (fo)dt and
AY(AS s fo) = [y Dag ()M (fo)dt. Then

Eo Lo, ¢ 4]+ sup Eo [Ef [Lo,des, (1 — ¢5,5)|G0-]] < (2K+1) max e~ meTier(Vignjer),
£~ f1lls <jer/(6No) ¢

with Ny is defined in Section 2| and

1, = min <36, 1/(409649),1/ (10241(, / Mg)) .

Proof of Lemmal[l} Letj > 1and f1 = ((v})g=1, ,K,(hgk)ké 1,..k) € Fj. Letl € {1,...,K}
and let

PiiAre = ]l{Ne(Al,é)*A[(Al,e;fo)ZjTéT/s}‘
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By using (4.3)), observe that on the event Q7,

T K 1T s
/ A(fo)ds = 2T + Z/ / hY (s — u)dNE¥ds
0 /0 Js—a

K .- T
< V?T + Z/ / ]lu<s§A+uh2’g(s - u)dstff
k=17-4 /0

and for T large enough,

T K
/ N(fo)ds < vfT +> pf NF[-A, T) < 2Ty, (4.4)
0 k=1

Let 5 < 4/ uge;l and x = 21 joe%, for x1 a constant. We use inequality (7.7) of [Hansen et al.
(2015), with 7 = T', Hy = 14, ,(t), v = 2Ty and My = N*(Ay¢) — A (A1 45 fo). So,

Po ({NE(AL@) — A (A1 fo) > V2ux + %} N QT) < e o1i* Tt

If 71 < 1/(102449) and 21 < 36, we have that

T . x17°Te \/x . Te
Vv + 3= 24/ Wz jTer + % < 24/ pdx (1 + 61> jTep <? < T (4.5)

Then

o ({800 - L) = T b ) < eonrh

If j > \/pdest, we apply the same inequality but with & = z¢jTer with 2o = 1/u) x x1. Then,

$1w/M2jT€T T14 /u?jTeT T
V2 + g =2\ o\ upjerT + ———— < 2y/ppm1jTer + 3 <2

8

where we have used (4.5)). It implies

Py ({Ng(Al,E) — A Ay g; fo) > ﬂ;T} N QT) < emoiTer,

Finally Eg []].QT ¢j,A1,g] < e"”lTjET(\//TSAjeT). Now, assume that

c
Af,

/(%@%ﬂMWﬁz/<£mwAme
A1

Then .
IX(f1) = X(Folll _ Jo 1M (1) — Ai(fo)ldt <
2 ' 2 -

A(Wm—%%Wt 4.6)
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Let f = (Vk)k=1,...5, (he i)k e=1,.. k) € Sj satisyfing || f — fi||1 < {jer for some ¢ > 0. Then,

T
INCE) = X < Tloe — | + /
0

| St = ke - want | ai
—A T

T t—
<t 1+ X [ [ 1= kot - wlanta A7
SyA

< Tlvg —vg| + m,?XNk[—A,T] > ke —hiy
k

|1 <TNollf - fillh

and || A(f) — A(f1)|l1 < TNoCjer. Since f € S;, there exists £ (depending on f) such that

INCF) = A(fo)ll > jTer.

This implies in particular that if No¢ < 1,

IX(f1) = Aol = M) = A (fo)llh = TNoCjer > (1 = No¢)Tjer
We then have
A(ALg f) = A(Arg fo) = A(Arg f) — A(Ave fr) + A(Ave fr) — A(Ave fo)
> X =N+ [ 8 - A

A1

IX*(f1) = M(fo)ln
2

— (1/2 = 3No¢/2)Tjer.

> —|IN(F) = M)l +

(1= NoQ)Tjer

> —TNoCjer + 5

Taking ¢ = 1/(6Np) leads to

Ef []lfeSj(l B ¢j7Al’£>]lQT’goi] - Ef []lfesjH{NZ(A1,e)*Ae(Al,e§fo)<jT6T/8}]lQT’gof}

IN

]Ef |:]lfesj1{NZ(ALZ)—AZ(Al,z;f)ﬁ—stT/S}]lQT’go—}
< By []l{Nf(Au)—Af(Al,e;f)s—jTeT/s}ﬂﬂTIgof}.

Note that we can adapt inequality (7.7) of [Hansen et al.| (2015), with H; = 1 Apg (t) to the case of
conditional probability given G- since the process E; defined in the proof of Theorem 3 of [Hansen
et al. (2015), being a supermartingale, satisfies E¢[E;|Gy-] < Ep = 1 and, given that from (.2)) and
¢4.4),

T K
/ M(f)ds < v T + Zpk7gNk[—A,T] <2Tp) + K(j+ 1)Tep =: ©
0 k=1
for T large enough, we obtain:

Ej []1{Ne(Al,e)*Ae(Au;f)Sﬂ/%fg}]IQT’gof <e*
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We use the same computations as before, observing that o = v + K (j + 1)Ter.

Ifj5 < ,uge;l we set r = :zleTe%, for 1 a constant. Then,

V2 + g < Vouz + % +2K(j + DTera
x172Te?
< 24/ dzjTer + % + V2K (j + Derx1jTer
X
24/ Wz <1 + \/GT) jTer + 2y/KjerayjTer

(2\/% <1 + ‘T) +2\/K\/;72x1> iTep.

Therefore, if 21 < min (36, 1/(4096.9),1/ (1024}(, / u?)), then

IN

IN

T
\/25x+§ < 867’.

If j > \/pder’, we set & = mojTer with mg = 1 /uf x 1. Then,

\/ﬁ+§ < V2vx + - +\/2Kj+ VT erx

T14/ W jTGT
2 ,LLK:U“/ jETT+ 2K(j+ D)Tepy/ 1 ;vleeT

<
x1\/pgiTer / T
< 2 ,u?:cleeT + + + 24/ K ,ugajleeT < J 8€T'
Therefore,
-z € Onje
Ef |:]l{NZ(ALZ)_AZ(Al,l7f)S_JTET/8}]lQT ’g07:| S e 1T,7 T(\//'Tf/\.] T)'
Now, if
[ ot =it < [ o =l
1,6 $
then . .
A (f1) = A
1,4
and the same computations are run with A , playing the role of A‘i ;- This ends the proof of Lemma E}
U

4.4 Control of the denominator
The following lemma gives a control of Dr.
Lemma 2. Let

KL(fo, f) = Eo[L7(fo) — Lr(f)].
On B(er, B),

0 < KL(fo, f) < rlog(ry")Ter, (4.8)
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for T larger than Ty, with Ty some constant depending on fo, with

K K
p=4) ()7 (3 +4K Y (ABo[(A(f0))] + Eo%(fo)])) (4.9)
k=1 (=1

and r is defined in @.T1).

< C'loglog(T) log3(T)

Po (L1(fo) = Lr(f) = (slog(rz!) + D)Tef) < e . @10)
T
for C a constant only depending on fy and B.
Proof. We consider the set QT defined in Lemma and we set N7 = C, log T'. We have:
K r T k T
At (fo) k k k
KL(f°, f) = ]E/log(t dN—/)\f—)\fdt
0 = 3B | s (Sipy ) o -, (=)
K r T k T
A
= > om| [ tog (300 ) Ak - [ (s - 3)
— LJo i (f) 0
K ropT k
M) gk
1 w( : )A (fo)it|
; LJo M(fo))
where for u > 0, ¥(u) := — log(u) — 1 + u > 0. First, observe that on Q7 N B(er, B),
/\f(f) Vi miny V,g —er
% Z K i— = 0 0 =TT
M (fo) — v+ 08 [ a gt — w)dN(u) — maxg vy + maxg [|Ag ) |oo KNT
“4.11

Furthermore, observe that for u € [ry, 1/2), ¥(u) < log(r;'), since rr = o(1). And forallu > 1/2,
U(u) < (u— 1)2. Finally, for any u > rr,

U (u) < 4log(ryt)(u—1)2
Therefore, on B(er, B), we have
K

T (vk _\k
4log(r;1) ZEO |:/0 ()\t (fO) >\t (f))Q]lQTdt] + Ry

0< KL(f°,
< KL(f", f) 2 N (o)

IN

K T
< 4log(ri) 3 (W) B [ / <Af<f0>—A?<f>>2dt]+RT

k=1

e gEO o /OT (~tos (jégc((};))) o j(%) g

We first deal with the first term. Using stationarity of the process and Proposition 2 of [Hansen et al.

where
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(2015)

T t~ 2
Eo [/0 (o) = M) Pat] < om0 = w42 | EOKZ[ (hese = h4) (¢ = w)dN' (u >) ]dt

< 2T + 4K TIE 3 rh B ) (t —w)N(fo)d 2dt
<27+ [ B |30 { [ = e — (e

. 2
+AK / Eo! < /t A(he,k—hi?,k)(t—u) (dNﬁ—Aﬁ(f@du)) ]dt

.
<2TeT+4KZHm—hM||2// Eol(\% (o)) 2 dudt

+4K / (hes — ) (t — u)Eq [V (fo)} dudt
0 =1
K
< 2T +4KT Y ey — h 3 (AE[(X6(f0))?) + Eo N (fo)])
=1
K
<Té (2 + 4K Y (ARG [(A(f0))] + Eo%(fo)])) :
=1
We now deal with Rr. We have, on B(er, B),
() S
¢ < W + o gelloo N[t — At 4.12
o) = (v)~ <Vk ; [172e S (I ))) (4.12)
K
< (WhH ! <V2+6T+BZ sup NZ([t—A,t))> . (4.13)
o—1 t€[0,T]
Conversely,
M) B
L) > ()9 R, s Nt — At . 4.14
o) > (v, — er) (Vﬁr;” okl Sap. (I ))) (4.14)

So, using Lemma if o is an absolute constant large enough, Ry = o(1) and
Ry = o(T€%).

Choosing k = 4Zk (™ <3 +4K Zé 1 (AEo[(A§(f0))?] + Eo[)\g(fo)])> terminates the proof
of (#:8). Note that if B(er, B) is replaced with Bog (€7, B) (see Remark [1) then

AF(S) <14 v — Vgl + >, Hhm — hogllooNT
)\f(fo) N Vk

and . o
M) oy e = vl 4 20 ek — hoplloNT
M (fo) — vy
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so that we can take rr = 1/2 and Ry = o(T'€%).
We now study

Ly = Lr(fo) = Lo(f) — Eo[Lr(fo) — Lo(f)]-
We have for any integer ()7 such that x := T'/(2Q71) > A,

Le(fo) — Le(f) = f( [ o (S Yant - [ (ki — ) )

k=1
_ Q;gol /;é <10g <A€€((J}>))> ANt — (o) = M) dt>
+Q§_; / zq:QkZi (102 @((J;?))) ant = (N (o) = () )
Qr—1 Qr—1
- Z Fy+ Z F,
q=0 q=0

Note that Fy, is a measurable function of the points of NV appearing in [2¢x — A;2qx + x) denoted
by F(NV|j2go—A;2qw+x))- Using Proposition 3.1 of Reynaud-Bouret and Roy| (2006), we consider an
i.i.d. sequence (M, g )qzo’m,QT_l of Hawkes processes with the same distribution as [V but restricted
to [2gx — A; 2qx + ) and such that for all g, the variation distance between )/, ¢ and Njj2ge— A2q042)

is less than 2IPy(7, > = — A), where T, is the extinction time of the process. We then set for any ¢,
Gy=F (Mj; ).

We have built an i.i.d. sequence (Gq)qzo,m,QT_l with the same distributions as the F’s. Furthermore,

for any g,
Po(Fy # Gy) < 2Py(Te > x — A).

We now have, by stationarity

Po(Lr > Tez) = Po(Lr(fo) — Lr(f) — Eo[Lr(fo) — Lr(f)]) > Ter)

Qr—1 Qr-1 ~
= Po Z (Fq — Eo[Fg)) + Z (Fq — Eo[Fg)) ZTE%F
q=0 q=0
Qr—1
< 2P| Y (Fy—Eo[Fy)) > Ter/2
q=0
Qr—1
< 2P Z (Gq —Eo[Gy]) = T€2T/2 + 2P0 (3g; Fy # Gg)
q=0
Qr—1
< 2P Y (Gy—EolGyl) = Ter/2 | +4QrPo(T. > z — A).
q=0
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We first deal with the first term of the previous expression:

Qr—1 Qr—1
Py Z (Gq —Eo[Gy]) > Tez /2| < T2 T 51 varo Z Gy
q=0
Qr—1
< 4 Z Varg (G
q:
4Q) 4Qr
< T2, Z Varg (Go) = ) — 1 Varg (Fp) .

Now, by setting d/\/lgk) = dNF — N\ (fo)dt

Varg (Fy) < Eg [Fj]

IN
=
S

A

Elj:IEo (/0” ] (;g(% AF(fo)dt + /OQQTT log @if(ﬁ)) dM§k))2]
) )

A
e
[
=
S
VN
o\
[V
Q
&
S
I/~
xdpd
|
=
. ~ ~__
>~
Lo
—~
2 >
N—
Q
H—
~__~
N
+
=
)
—
/N
h
5}
o
VRS
>~
==
|
\/\_/

K
S ZEEO

Note that on Q7, for any t € [0;T/(2Q7)],

A
0<w ( A ((J{; ))> N(fo) < Co(B, fo)N2

where C' (B, fp) only depends on B and fj. Then,

o e (M war (M
o, [0 (SEL ) Okt Par| < CuB foNGEd [nQT [* ﬁf(A?((J{;))))\f(fo)dt]

Eo

and using same arguments as for the bound of K L(f°, f), the previous term is bounded by log(rfl JNZEx
(T/Qr)e% up to a constant. Since for any u > 1/2, we have |log(u)| < 2|u — 1|, we have for any
u =,
|log(u)| < 2log(r7")[u — 1|
and

T T

PR .
1o, [ o <§Z(<J}>)>Af(f°>dt] < 4log ()R Es [“/

log?(r7 ' )(T/Qr)ét

Eo

(A (fo) — Af(f»?dt]

N
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By taking o > 2 and using Lemma[3] we obtain:

tay [T 0 () i

E
’ Ne(fo)

+Eo

A (f)

T
Q7 N (F, _
]IQCT/O g log2< t( 0)> )\f(fo)dt] :O(TQTIE%).
Finally,
Varg (Fy) < Ca(B, fo)log(ry)NF x (T/Qr)*ef.
for Cy(B, fo) a constant only depending on B and fy, and
Po(Lr > Ter) < 8Cy(B, fo)log(ry )NF x (T/Qr) x (1/(Ter) + 4QrPo(T, > x — A).

It remains to deal with the last term of the previous expression. The proof of Proposition 3 of [Hansen
et al.| (2015)) shows that there exists a constant D only depending on fj such that if we take z =
DlogT, which is larger than A for T large enough, then

4QTP(T. > x — A) = o(T™1).

We now have
log(r" )N x (T/Qr) = O(loglog(T) log*(T)),

which ends the proof of the lemma. O

4.5 Proof of Theorem

Define
Ap, (wrer) ={f € F; |f — folli < wrer},

then
I (Ag, (wrer)IN) < TI(AS, [N) + I (Ag, (wper)® 1 Aoy [N).

Using Assumption (i), we just need to prove that
Eo [1o, 1L (AL, (wrer)® N Az IN)| = o(1) (4.15)
for some well chosen set €2 7 C €7 such that
Po(Q2] 7 N Q) = o(1). (4.16)

Using (4.2), there exists Cy such that for all f € A, on Qr,
Z vy + Zpé,k < (.
l 0,k

Therefore, on Qr,

Ap, (wrep) N A, C{f € Fi |If = foli > wrers > (ve+ > pex) < Co}.
¢ K

We set ur := up(log T)1/651T/3 with ug a large constant to be chosen later. Let 7 = {f € F; ||p]| <
1 — ur}. From Assumption (ii),

H(f%) S e_QClTS%*
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for T large enough. Following the same lines as in the proof of Theorem [T we then have
Eo [La, ,I1(Az, (wrer)® N Aep|[N)] < Bo(Dr < e—clTsz‘F>

1 Te e Te “4.17
T / Eo [Py (7 N {dvr(f, fo) < ex}Go- ) dII(f) + e 75,
ALl (wTaT)Cﬂ]-'T

where IP; denotes the stationary distribution when the true parameter is f. We will now prove that

P (.1 N {dvr(f, fo) < er}Go-) e Tet = op,(1) for all f € Ap, (wrer)® N Fr. Let Zy, ¢ be
defined by

(2m+1)T/(2J7)
Ty = / dt

2mT/(2J7)

K t—
ve — V9 + Z/ A(hk,g — WY )(t — s)dN¥
k=171"

with Jr such that Jp = |ro(log T) "' Tu% | and kg a constant chosen later Note that J7 — 400 and
T/Jp — +oo when T" — +o0. Since T'dy 7(f, fo) > maxj<i<k Z 'm,¢ We have that

Jr—1
Py (N {dir(f, fo) < er}lGo-) < 121<HK]P)f (Ql,T N { 2—1 I < €TT} |g0—>

JT 1
< min Py (QLT n { Y (Zine —Ef[Zui)) < exT — (Jr — 1)Ef[zl,e]}

).

m=1

From Lemma [5| we have that there exists ¢ (depending on f and f) such that E;[Z; /] > CT|| f —
foll1/Jr for some C' > 0 so that if f € A, (wrer)© then, since wr — +00,

S CT|f — fol
Py (Qur 0 {dir(f, fo) < Ter}|Go-) < maxPy (Ql,T n { D [ Zme — B[ Zm]] < 201}‘ Qo) -
m=1
The problem in dealing with the right hand side of the above inequality is that the Z,, ;s are not
independent. We therefore show that we can construct independent random variables Z,,, ; such that,

conditionally on Gy, "7 (Z, o — Ef[Zp 4]) is close to 277" (Z,no — E4[Zm.]) on Q4 1. For
all 1 < m < Jp — 1, define No™ the sub-counting measure of N generated from the ancestorsﬁof
any type born on [(2m — 1)T/(2Jr), (2m + 1)T/(2Jr)] and the K -multivariate point process N
defined by

N™ =N — NO™,
Denote

Zm,Z =

) (2m+1)T/(27)
/QmT/(QJT)

Vyp — V( + Z/ hké — hkf (t — S)ngﬂme dt’
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where N*" if the kth coordinate of N™. Observe that if I,, = [2mT/(2Jr) — A, (2m +
1)T/(2J7)], then N™(I,,) is the number of points of N™ lying in I,,,. We have:

em+1)T/(2Jr)
B émT/(2JT)

Vg—Vg‘f‘Z/ h’ké_hkﬁ (t_S)dNomk

\Znt — Zom,

K 4
ve— v + Z/ A(hk,e — i )(t — $)dNY

)dt

(4.18)
2m+1)T/(2JT) 0 -
< Lm0 / / (i — h0.0)(t — 5)|dN™*dt
— JomT/(277) t—A
K — —
< Tymgayio > e = B N™* (1) < 1 = foldN™ (L),
k=1

Let Q7 =QrnN {Z‘JT 'n M(Iy,) < CT/8}. In Lemma we prove that there exists ¢y such that
Po (25 7 N Q) < e %7,
and {@.16) is satisfied. Using (#.18), we have on Q; 7
| Zing = Zmel < |f = fol 1CT/8. (4.19)

Lemma|2]pr0ves that there exists a constant kg > 0 (see the definition of .J7) such that

Jr—1
Z E;[N™(I,,)] < CT/8,

so that

Jr—1 Jr—1 Jr—1

> B Zmd=Ef [ Zmdll < D BplZine—Zmel < |f=Ffollt Y B[N (In)] < C|lf=foln T/8

m=1 m=1 m=1

and
Jr—1

Py Qe 0 {dir(f, fo) < Ter}|Go-) < maxPy (QLT N { > (Zmi — Ef[Zmi]] < —CWH Qo)
m=1

Jr—1
<Py ( > (~Zni+E(Zing) > CT| f = foll1/4

m=1

o )

Since by construction the Zm,@ are positive, independent, identically distributed and independent of
Go-, the Bernstein inequality gives

Jr—1 ) 12| f—fo nl
Py ( > (~Zmi +Ef(Zimg) = CT||f = foll1/4 go> <e PUTTVEY,

m=1
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We have to bound E f(Z? ¢)- Observe that

~ (2m+1)T/(2J7) @m+1)T/(2Jr) K pt-
Zms < / e — 02| dt + / 3 / (i — 10.0)(t — 5| ANO™H e
2mT/(2J7) 2mT/(2J7) i Jt-A

< QJ ve —vf| +z||zw = 1 gl N (L)

k=1
and
K
By |22 <5 rw 22K Y (e — b FESNOV (1))
k=1
< %Hf - hlf (5 + 2 Efgoyl’k(hw% '
T

We then have to bound 7-2.J2 maxy, E [N%*(I})?]. Using notations of Lemma we have:

2
K

Bp,g

E NV ()Y <Ep || DD > > Wi
0=1T/(2J7p)<p<3T/(2Jr) k=1

- 2

KT &
<52 > B[ 2w,
T =1 1/(207)<p<3T/(201) k=1
- 2

KT :
= Jr Z Ep |Ef ZW’fJ’ | Bp.e
Tz 1T/(2JT)<p<3T/(2JT) =

K T2 3
= 20 B,
T =1

We now bound E[(W*)?] by using Lemma@ Without loss of generality, we can assume that ||p|| >

— =lell Ltoll
1/2. We take t = Vi log( 3ol ) and

Ef[(W)?) < 20 2Eflexp(tW*)] S¢72 < (1~ |lol) ™

and
T—2JF mngf[NO’l”“(h)Q] S@=Ipln*

Therefore, since f € Fr, there exists a constant C'j- only depending on K such that

Jr—1
Py ( > (~Zmy +Ef(Zmyg)) = CT||f = foll1/4

m=1

QO_> < e_C‘/KJT(l—”P”)4 < e—C}(JTu‘jﬂ

S/ efC}(no(logT)_lTu% g efC}(nougTe%«

where the last inequality follows from the definition of u7 and Jp. We obtain the desired bound as
soon as ug is large enough.

Py (0 N{dir < Ter}|Gy-) = o(e=aTety.
Using and Assumption (i), we then have that (4.13) is true, which proves the theorem.
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4.6 Proof of Corollary

Let wy — +o0. The proof of Corollary [I] follows from the usual convexity argument, so that

1f = folli < wrer +E™ [IIf — folliLjs—fo iy >wrer V] 5

together with a control of the second term of the right hand side similar to the proof of Theorem 3]
We write

E™ [IIf = foli L ¢—fol swper] N] < ET [Hf - fOHl]lALl(wTaT)CnAET’N] +E" [Hf - fo\|1ﬂAgT|N]
and since [ [|f — foll1dII(f) < | folls + [ I f]1dII(f) < oo,

Po (E™ [If = foli Ty, ureryTag IN| > wrer) < Bo (Qf7) + Po (Dr < e™7%)

eCl Te%

L o 15 = fohEo By (O i rto.£) < 1) o 1)

wreT
< o(1) + o(1) / 1 = folbdII(f) = o(1),

where the last inequality comes from the proof of Theorem [3] Similarly, using the proof of Theorem

I

Po (B [IIf = folliLag, IN| > wrer) <Py (Q5) + Py (Dr < 7% + Bo[tlo, 6]

eC1 Te%

WTET /AL1(UJT€T)C I = follEo [Ef [(1 B (b)]lQT]l{dlvT(fo’f)%T}} ‘goi] di1(f)

<o(V)+o(1) [ IIf = folati(h),
and Py (|| f — foll1 > 3wrer) = o(1). Since this is true for any wy — +00, this terminates the proof.

4.7 Technical lemmas
4.7.1 Control of the number of occurrences of the process on a fixed interval

Lemma 3. For any M > 1, for any o > 0, there exists a constant C,, only depending on fy such that
forany T’ > 0, the set

Qp = max  sup NY([t— A, t)) < CulogT
g {KE{L'“?K} t€[0,T] ([ )) }

satisfies
and foranyl1 < m < M

Eo < 2T7/2,

Z m
max sup (N°([t— At X 1ge
te{L K} te 0.7] < ( ))> 2

for T large enough.
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Proof. For the first part, we split the interval [—A; T'] into disjoint intervals of length A and we use
Proposition 2 of Hansen et al.|(2015)). For the second part, we set

X := max sup Nt t— At X 1lge >0
Led1,.. 7K}tE[OT]( ([ ))> Q%

and the equality
+oo
Eo[X™] = / mz™ Py (X > x)dx
0

CqlogT +o00
= / maz™ Py (X > z)dx + / ma™ Py (X > z) da
0 CqlogT

CqlogT 5 +o00
< m(CylogT)™ 1 / Po(Q27)dx + / maz™ 1Py (X > z) dx
0 CqlogT
+o0
< m(CylogT)"T™% 4 / maz™ Py (X > z) dx.
CqlogT

Furthermore, for T large enough,

+o0 Foo
/ maz™ 1 Py(X > x)dr < / ma™ 1Py ( max _ sup (Ne([t - A,t))) > a:) dx

CalogT CalogT ee{1,...K} tefo,17]

“+00
ma™ Py max sup N[t — At >z | dx
/C’a log T Le{1,...,.K} t€[0,ev/Ca] ( ([ ))>

+oo
/ ma™ ! exp(—ax/Cy)dx < T2,
CalogT

IN

IN

4.7.2 Control of N[0, T]
Let k € {1,..., K'}. We have the following result.
Lemma 4. Forany k € {1,..., K}, for all a > 0 there exists 6y > 0 such that

N[0, T log T)3
PO(\ 0T _ 9 (108 7)

> 5o T) = O(T™®).

Proof of LemmaH] We use Proposition 3 of [Hansen et al| (2015) and notations introduced for this
result. We denote N[—A,0) the total number of points of N in [—A,0), all marks included. Let

o7 := 8o/ (log T)3 /T, with §¢ a constant. We have:
T
> ;ST> +Py (

P°<Nk[197T] - 1 >5T> <P (‘N’C[OvT]—/OTAf(fo)dt
A (fo) _yk+/ Zh (t — s)dN! = Z 0 G4(N),

k

T
| - uk]dt‘>T§T)
0

(4.20)
and we observe that

41



with Z(N) = ME(fo), where & is the shift operator introduced in Proposition 3 of Hansen et al.
(2015). We then have
Z(N) < b(1 4 N[-A,0))
with
b= ml?xmax{yg,m?x Hh%}kﬂoo}.

So, for any o > 0, the second term of (4.20) is O(T'~®) for dy large enough depending on « and fj.
The first term is controlled by using Inequality (7.7) of Hansen et al.[(2015) with 7 = T, z = 2070,
Hy=1,v= QT + Tér/2 and

T
Mp = N0.T) = [ X

We take z a positive constant such that {/8udzo < 1, so that, for T" large enough

Tor

T Z \/2?}.%""-%’/3.

Therefore, we have

Tor Tk Tk
Py <|MT] > 2) < Py <|MT| > V2vx + x/3 and / At (fo)dt < v> + P (/ A (fo)dt > v)
0 0
T
< 2ep(-0)+ 7o (| [ D) - iter| > )
0

< 2exp(—a0dj(log T)*) + O(T™*) = O(T™%),

which terminates the proof. O

4.7.3 Lemmaon E;[Z; /]
We have the following result which is useful to prove Theorem 3]

Lemma 5. For for all f € Fr such that dy r(f, fo) < er, there exists { (depending on f and f°)
such that on Q,

T
Ef[Z1,] = Cj”f — s,
T
where C'is a constant depending on f°.

Proof. By using the first bound of (4.2)), we observe that on {7, for any ¢, since inf, V? > 0, then
inf, 41 > 0 (by using [@-3)) and we obtain that S peeand I vy, are bounded. Therefore || f]|1
is bounded. On ), since e > d7, still using (.2), for any /£,

K K K

Ve + Z pretip — Mep < v) + Z o < ve+ Z preiy, + Mer
k=1 k=1 k=1

for M a constant large enough. By using the formula

K K

Ve + Z Pt = fe; Vg + ZP%,W% = uy,
k=1 k=1
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we obtain

(e — 1) = > Pk — 1) < Mer,
K

which means that
1(Za = p") (1 — 1) [l oo < Mep.

Therefore, since ||p|| = ||p”|| (pp? and p” p have the same eigenvalues),

= poll2 = [|(Za — p") " (Za — ") (1 — o) |2
< (1= VE (s — p") (1 — 1°)]|so
< (1L—|lpl)"'VE Mer.

Since f € Fr,1—||p|| > ur = EIT/?’(log T)'/6. Therefore, ;1 is bounded. As inHansen et al.[(2015),

we denote QQy a measure such that under Q; the distribution of the full point process restricted to
(—00,0] is identical to the distribution under P; and such that on (0, c0) the process consists of
independent components each being a homogeneous Poisson process with rate 1. Furthermore, the
Poisson processes should be independent of the process on (—oo, 0]. From Corollary 5.1.2 inJacobsen
(2006) the likelihood process is given by

K 4 K 4
Li(f) = ex (Kt— X (f)du + lo <AZ<f>>dN£>-
p ; /U kZ:l /O g

Let 7 > 0 satisfying
ATK?

1-7K
with C{; an upper bound of || f — fo|1.

ming 1/2,
/ )

1
0< <§ and 7 <

e Assume that for any ¢/,

ve — vy | < 7| f = foll1. Then, for any ¢/,

lve —vp| <7|f = foli=7 Z v — V| + Z 1 Pe — R glly
k ke,
and K
0 0 T 0
lve —vp| < Z lve — | < 1 — K Z 176 = P el
Vi kL
Let / such that
3 e~ by = { e el |
k k
Then, for any ¢/,
o TK? e s — RO 421
‘VZI—VZI < 1_TK§k:H k.t — k,é”lv (@21

and

IF=r = > | —vp

+ Z Z [ Pker — B g
1% 2

TK? 0
< () e

[

» 4.22)
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‘We denote

O = {%}%Nk’[o,A] =0, NF[0,A]=1, N¥[-A4,0] <aApy Vk’} :

where a is a fixed constant chosen later. We then have

Ef[Zme = Ef ug—yptZ/ (hiee — hig o) (A — s)dN?F

|

T . A- . )
> E Ey []lmaxk/¢k Nk’[07A]:0]1Nk[O,A]:1 vp— vy + /0 (hie — hy o) (A — s)dN
= 2JT ZEQJ" Lalf maxk/;‘ék N [O,A]:O]lNk[O,A]zl

0 A 0 k
> E %:EQf La(f)lq, |ve— vy +/0 (ke — hk,ﬂ)(A — s)dNF|| .

Note that on €2y,

A , A , ,
La(f) = am<KA—§jA ﬁ(ﬂﬁ+§:A ma&<nmwf>

e
ve— v + / (Pre = BRo)(A = s)dN§
0

|

|

> yrexp(KA)exp ( / )\k’ dt)
> yrexp(KA)exp ( Z/ (Vk/ / th//k/ t—u de ) dt)
- k//
> vpexp (KA — AZI/k/> exp —/ Z pk//k/dN
kl

- k/ k//

k//

> vpexp (KA AZW) exp <—GAZ/W' Zpk”k’ ZPkk’) :

Since on Fr,

V) exp <KA - AZW) exp <—CLAZ/W/ Zpk”k’ - pr) > ppe KOACH > Qe KedC /9 > C(fy),

k./ kl/ k/ k./

where C and C(fp) are some constants, we have, by definition of Q I

I,

|

.
ve— 10 + / (hiog — B o) (A — 5)ANH
0

N
v [ (e = W) (A= s)an?
0

Eq, [EA(f)]IQk

> C(fo)Eq, []lNk[O,A]—l

XQ(NY[=4,0] < adpp V') x Qp(max N[0, 4] = 0).
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Under Q, N*[0, A] ~ Poisson(A). If U ~ Unif([0, A]),

.
/0 (hioe — . )(A — s)dN*

Eq, []lNk[O,A]:l ] = E[|(hae—h)(A—U)[] Qp(N*[0, 4] = 1)

1 A

= / ‘(hu—hgg)(A—s)\dser_A
A 0 ’ y

= e Mlhiy — bl

We also have, using (4.21)),

_ 4 TK?
Eq, []lee[O’A]:l‘ug—y?’] = Ae A|Vg—l/2‘ < Ae Al_TKZHhkve_h%le'
k

Furthermore,
Q;(max N[0, 4] = 0) = exp(~(K — 1)4),

and

Q(N¥[-4,0] < adpp VK') > 1= @y (N¥[-4,0] > adpuy)
k,/

Z 1-— ILZ;IA = _5:17
— aApu a
with ¢ = 2K. Finally,
1 ATK
Bz 5CUNexp(-KA) (1= L) e = 1l
and using (.22),
T
E¢|Zm > I
fmd 2 2JTzk: k
T 1 ATK?
> - ~-KA)(1- hiso — i
> gy 5Ol exn(-5A) 1_7K>;n e~ el
T
> C—|f—f°
> ColIf ol
where C' depends on fj.

e We now assume that there exists ¢ such that

lve —vg| = 7| f = folli.
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In this case, using similar arguments, still with a = 2K,

Ef ([ Zm] > Pf[{maXNk[O Al = 0}] ‘I/g—l/€|
’ 2JT

Y

E”f - f0||1EQf [[’A ]l{maxk N’“[O,APO}}

Y

E”f - fOHlEQf [EA ]l{maxk Nk[O,A}:O}]I{Nk[—A,O]SaAuk,Vk‘}}

v

7T
E”‘f — foll1exp (KA AZW —aA ZPk”k’) Eq, []l{N[O Aj=0} L vk N*[—A,01<aApy)
k// k/

T
> T f - AN vy —ad Y (- ) | > 0| f -
> 4JTHf foHleXp( 2 Uy — @ . (e — v )) > JTHf follt

for C depending on fy. Lemmal3]is proved.

4.7.4 Upper bound for the Laplace transform of the number of points in a cluster

In the next lemma, we refine the proof of Lemma 1 of Hansen et al.|(2015). Given an ancestor of type
¢, we denote TW* the number of points in its cluster. We have the following result.

Lemma 6. Assume ||p|| < 1 and consider t such that 0 <t < * \ﬂﬂ” log (pﬂ“ﬂ”) Then, we have for
any l € {1,..., K},

1+ |||
E s lexp(tW*)] <
/ 2|l

Moreover; if ||p|| < 1/2, then there exist two absolute constants co and Cy such that if VKt < ¢,
then Ef[exp(tWE)] < Cy. Finally,

E WH =17(1 - p") e,

Proof of Lemmal6] We introduce K !(n) € R¥ the vector of the number of descendants of the nth
generation from a single ancestral point of type ¢, with K*(0) = ey, where (e;), = 1x—,. More
precisely, (K*(n)); is the number of descendants of the nth generation and of the type k from a
single ancestral point of type ¢. Then,

(o.)
Wh=1" x> K'(n)
n=0
We now set for any 6 € R,

60(6) = log (Eglexp(67 K7(1))])

and
¢(0) = (61(0), ..., ok (0))".

Note that



and

Zlog <Ef[exp(9 K1 ) Zpgd exp(6;) —1).

Jj=1
Therefore, ®
Ope(0
(DG(0))ej = —5p— = pej exp(0;)
J
and for any x € RX since ||p|| := SUDg |g|lo=1 |lo7|l2,

K K 2
IDeO)x]3 = Z(Zﬂe,jexp(ej)ﬂfj)

= Z (p"p) ;.5 exp(0;)x; exp(0;1)xj
j
o7

IN

K
el [10ll3 = llpl* Y 2% exp(26;)

j=1
with v the vector of RX such that v; = exp(6;)x;. So,

DO < [lplmaxexp((6;]) < [l

So, by applying the mean value theorem,

16(0)l2 = 16(8) — ¢(0) 12 < [Iplle! 12 0]l2.

We use a modification of the arguments in the proof of Lemma 1 of [Hansen et al.| (2015). Writing
g1(0) = 0 + ¢(0), we have for n > 3:
E; [e(ﬂ’(zz:o Kf(k))] —E; e _ 0T (Zis K ()R, [eeTKf(n>|Ke(n_ 1),‘_.’;(@(1)”
—E; :eoT@z;é Kf(k))eww(e))%@(nﬁ)} —E, {eeT@z;g KX (K)) po1 (9>TKf<n71>}
=B, |/ (Xi=o Kk )>€<e+¢(gl<e))>TKf<n—2)} ~E, [ 0T (Zh=s K‘(k))em(e)TKf(n—Q)}

)

=E; _QOTKZ(O)egn—1(0)TKé(1):| — (9(0)0)

with the induction formula: g,,(0) = 6 + ¢(gn—1(0)) for n > 2. In particular,
lg1(8)ll2 < 1161l2(1 + lIplle!”l2) and ||ga(0) 2 < 16]l2 + llpllelom=2 2 g, _1(6) 2.
We now set C':= (1 + [p[)/(1 = [lpll) > 1. Then, if [|gn—1(0)[|2 < [|0]]2(1 + C),
g (012 < 10]12(1 + [lpl| (1 + C)ell20FD) < o)1y (1 + C)

as soon as

161 < (1-+ ) ogc/lola + €)= = iog (S lel) .y
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< log(

),

Since
and

lgr(8)]12 < 10112(1 + llplle!®I2) < [16]12(1 + [[plle* < 1eD) < lg]2(1 + C).
We finally obtain that under (4.23),

lgn(@)]]2 < [|10]l2(1+C), Vn>1.

Since for any m, n +— > p_o(K*(k))m is increasing and W* = 17 x 3°°°  K*(n), we have by
monotone convergence that for ¢ > 0,

Eslexp(tW*)] = lim exp(gn(t1)0).

n—o0

By the previous result, the right hand side is bounded if ¢ is small enough. More precisely, for all
0<t< (1+C) " og(C/(llpll(1 +C))/VE,

¢ _ 14l
“lell@+C)  2llpll

E;[exp(tW?)] < exp(tVE(1+ C)) <

The second point is obvious in view of previous computations. Moreover, since E ¢ [W¢] = 3°°° [ E,[1T K*(n)]
and since for any v € RX

K K
E ;[T K¢ (n)|K4(0),. .. (n—1)] = ZZKZ (n—1)ukpjn = v pt Kf(n —1).
Jj=1k=1
We obtain by induction that E;[17 K¢(n)] = 17 (p?)"e, and taking the limit, since ||p|| < 1,

E W4 =17(1 — p") e,

4.7.5 Lemmaon N

Lemma 7. There exists ¢y such that for all cy > 0 such that for T large enough,

Jr—1
( Z N™(I,) > CUT> < g~ %coT,

Furthermore, there exists a constant kg > 0 (see the definition of Jr) such that

Proof of Lemmal7] We use computations of the proof of Proposition 2 of [Hansen et al, (2015). To
bound N™(I,,,), first observe that we only consider points of N whose ancestors are born before
(2m—1)T'/(2Jr), i.e. the distance between the occurrence of an ancestor and I,,, is at least 2mT"/(2.J7)—
A—-2m—-1)T/(2Jr)=T/(2Jr) — A since

2mT 2m+1)T

Iy = | 225 4,
21 21
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Using the cluster representations of the process, for any p € Z and for any ¢ € {1,..., K}, we
consider B, , the number of ancestors of type ¢ born in the interval [p,p + 1]. The B, ’s are iid
Poisson random variables with parameter v,. We have

S £ 3 (3 ()5 LK (i (e o).

m=1 =1 J‘*’ k=1
where W}f 1. 1s the number of points in the cluster generated by the ancestor k which is of type ¢ and

={p: 1<p<T-T/(2Jr)}
since .
[ T
I,C|——-AT——|.
U ime 5 -a7-57]
For the first term of the previous ri ght hand side, we have used same arguments as /Hansen et al.| (2015)

and the lower bound of the distance determined previously For the second term of the right hand side,
since p < 0, this lower bound is at least —p — 1 + <+ — A. Conditioned on the B, ;’s, the variables

(W; . )i are iid with same distribution as Wﬁ 1ntroduced in Lemma @ Furthermore, by Lemma
applied with f = fj, since ||po|| < 1, we know that for £y > 0 small enough (only depending on || pg
and K),

Eolexp(toW*)] < Co,

where (Y is a constant. So, for any ¢ > 0,

P B[S Z( <2§T—A>>+ECT

(=1 pe 7t k=1

Byt
I T
< exp(—tocT) H NENIE [exp (m (wp{k Tt 1) ) |Bp4
=1 pe g k=1
K K
< exp(—tocT) [] J] Eo [(He(to))?r] = exp ( —tocT+ Y > v (Hlto) - 1)),
=1pegt =1 pegt
where T
Hy(to) :==E ¢ 1
o(to) 0 [GXP (to <W 5AJr + >+>] ;
satisfying
Hg(to) < PQ <W€ ~ 2AJT 1) + exp(to - Tto/(QAJT))EO {exp <t0W€>}
<1+ Cy exp(to — Tto/(QAJT))
Therefore,

Z > vP(Hy(to) — 1) S (T — T/(2J1) exp(—Tto/(2AJ7)) S e 08T = o(tocT)
Z 1p€j+
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by choosing ~q large enough and then

Similarly,

where

satisfying

Therefore,

and then

Pra < exp(—tocT/2).

K 0 Bpe
’PT72 —PO ZZ (Wﬁk—A<—p—1+J—A>> ZCT
(=1 p=—o0 k=1 T +
K 0
<€Xp<—tOCT+Z Z vy (ng(to)—1)>,
{=1 p=—o00

Hy,(to) < 1+ Coexp(to + to/A — Tto/(AJr) + top/A).

K 0
S R (Hiy(te) — 1) < exp(~Tho/(AJr)) = oltocT)
/=1 p=—o00

Pro < eXp(—tocT/Q).

Finally, there exists ¢y (only depending on t(, so only depending on ||pg|| and K') such that for all
co > 0 such that for 7" large enough

Jr—1
Pf <Z Nm(fm) > C()T> S 6_6000T
m=0

and the first part of the lemma is proved.

For the second part, we only consider the case 1/2 < |[p|]| < 1. The case ||p|| < 1/2 can be
derived easily using following computations. We have:

with

Jr—1
Z Ef[N™(In)] = Er1 + Er2,
m=1

p,l
e LT
<Wp’k A 2JT A +
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: — L=l
and, with ¢t = /R log
Lemmal6]

1?“?“) > (1 —|lpl)? Z u2 on Fr, since for x > 0, z < €%, by using

K
T
<t e A (1 - e*%)’lEf [etwq Z vy
=1
L, _a= npn>2 O loa T 2/3 4/3
S —eln Zw Sero CloeT (log T) :
=1
for C” depending on A and K. Similarly,
L, _a —HPH)Q
Erg ST~ |lpl)~2e™ 240 ZV@
Choosing kg small enough,
Jr—1
> Ef[N"(In)] = o(T)
m=1

4.8 Proofs of results of Section 2.3

This section is devoted to the proofs of results of Section [2.3]

4.8.1 Proof of Corollary

The main difference with the case of the regular partition is the control of the IL;-entropy. This is
more complicated than the regular grid histogram prior and we apply instead Theorem 2] Because of
the equivalence between the parameterization in ¢ or in u, we sometimes hw ¢,J as hw u,J. Let J and
(w, u) and (w',u') belonging to S%. Then, forall ( > 0,if § = &' = 1, t) —tj| < Cermin([t; —
tjfll, |tj - tj+1|) for all 5 and Zj |wj - w3| < er then

H}_lw,t,J - Bw’,t’,J”l S H;Lw,t,(] - Bw’,t,J”l + th’,t,J - Bw’,t’JHl
J J
€ by w4 43
=1 j=1
Consider er > 0 and U7 = {u € Sy, min; u; > er}, under the Dirichlet prior on u

J
LU 7| J) < Zﬂ(uj <er)= ZProb(Beta(a, (J—1a) <er) < Jef < e—Tr
isd j=1
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if loger < —(c/a+ 1)Texif J < Ji(T/log T)/ 8+ = J; 7. We define Fi1r = {hyus,J <
Jir;u € Usr}. To apply Theorem we need to construct the slices Hr; of F1 7. Leter, = elT/ ¢
for1 < ¢ < L = log(er)/log7 and 0 < 7 < 1is fixed and er 41 = 1. Without loss of
generality we can assume that log(er)/logT € N. For (u1,---,uy) let k; be defined by u; €
(€T,k;» €T k;+1) and (N1, - -+, N) be given by card{j, u; € (er,er¢41)} = Nysothat ), Ny = J
and consider a configuration o = (ki,--- ,ky); denote by U;r(o) the set of u € S satisfying the
configuration o, we define Hr . ; = {(w,u) € Sy xUjr (o)} and Hr,, the collection of Hr . ; with
J < Jyr. We have, by symmetry for all 0 = (ki,--- , k) compatible with (Ny,--- , Ny,) writing
Ny=Ni+---+ N,

Wy Usr(@)) =T (e { g1, ) € (ermrene) '}

~

- 2
< Ta)? LD/ oy (ﬂszl{(uNefﬁl"" Lug,) € (e”_l’emm})
(

aJ) (a—1)N¢/(£+1) Ne/(£+1)
(& eT

We now construct a net (g(j ), j < Ny, 7) such that for all w € Uj7(o) there exists ul9) satisfying

’t' j)‘ <e ugj)/\uz(i)l for all 7, with t; = 2221 uyp. If ’ti—tgj)‘ < ETET ke; N€T ki y then ‘ti—tgj)’ <

(]) A u§+)1 Therefore, given a configuration (k1, - - - , k) compatible with (Ny,---, Np), we can

cover U (o) using

< H 1/(k: +1) 1/ k: /\k2+1 < H€T€+16T2€N£.

J
The covering number of Sy by balls of radius (et is bounded by (C%T) and

Ir = Z \/ﬁN(GT;HT,J,J)
- Zﬁ((q) 5 Ns(0)y/ s (<)

JIT (en]) L‘l a+2  2\| _anyr
S Z v <CET> 2. T(a)/ Nyl Nyl P llogeT;M (2(e+1) B £>] er

(N1, ,NL)

N(2<4+1> %) —2N., /L

1 Jir | Ji,T L — B
S(CQF) 2aJ1T0gJ1TZ Z Nl 1_[1 1:1 5

T=1 (Ny. N1 Y24 PLPL—-1

for any p1,--- ,pr, > 0 with ZZL+11 pe = 1. Taking p;, = 1/(L + 1) and since o > 6, 2?@121) % >0
for all ¢ > 1, leading to

1 Jir Ji,r 7l L
IT < 7_72J17T 201]1 .7 log Ji 7+ (L+1) log(L+1) Z Z . HpNz < eKJLT logT
~ Cer N1!---NL! b~
J=1(Ny,- /=1

for some K > 0 and condition (2.4) is verified.
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4.8.2 Proof of Corollary{|

The proof is based on Rousseau| (2010), where mixtures of Beta densities are studied for density
estimation, and using Theorem 2] Note that for all hy, ho

[(h1(2))+ — (h2(2))+] < [h1(z) — ha(2)]

so that Proposition d]is proved by studying

B(er,B) = {(% (ger)o)k max v, — vp| < er, max lger — gg,kHz < er, max l9e,k]lo0 < B}

) )

in the place of B(er, B) and by controlling the LL;-entropy associated to

J
Gir =14 gap; P=Y _pide, ¢ €ler,1—ela€laor,onrl; Y Ipjl =1, J < Jir
J=1 j

where

€1 = e_aoTE%, Qo7 = exp (—TC()E%) N a7 = 041T26%w, JLT = JlTl/(2’8+1)<10g T)(B_Z)/(4/B+2),

with cp,a1,a0,J1 > 0 and g, p = f01 Ja,cdP(€). From the proof of Theorem 2.1 in Rousseau
(2010), we have that for all co > 0 we can choose ag, cg, «; > 0 such that II (giT) < e—c2Te
and G 7 can be cut into the following slices: we group the components into the intervals [e/, ep41] or
[1—epp1,1 —eg] withey = e(l)/(Z and ey, = T, for some ¢ > 0, and the interval [er,., 1 —ey,,.]. For
each of these intervals we denote N (¢) the number of components which fall into the said interval,
N(f) = Z;'le ]leie(e@,eg+1)u(1—eg+1,1 e;) if ¢ < JT7 and N(LT + 1) = Zf:l ILeie(eLT,l—eLT) . Let
J < JirGr0(J) ={gap € Gi7; N(£) = k¢ ELTH k¢ = J} with o denoting the configuration
(k1,--+ ,kr;+1). From Rousseau| (2010) Sectlon 4.1, for all ¢ > 0, we have

N(CersGra(h) ) < Ger)*er T <(log S eﬂ))ké < eyt T (W/l)
ST - (1 1)¢ere

Cerey

/=1 /=1

and

N'(J+1) 2 T ke/2 a+1 a+1
gl 0' \/ HLT+1 F 1/2 pT;f y DTy < C(eg+1 — € )7 14 < LT -1
o= =1

1)/(¢+1 . .
and pr , < 1. Since e?j_'ll — eé}“ < e‘gill < e%‘” /1) and since J! > Hgfl ky!, we obtain

Lp+1 _ ko
Y D NEer,Gio() Il )y (Gi0()) < 5 TechTlogTZL 11 (Wfrl)>

Lp+1 '
JSJI,T g Hf k (=1

— Jl T€CJ17T logT

as soon as a > 3, where ¢! = LT+1 1/(£(¢ + 1)). Therefore condition (2.4) is verified. We
now study the Kullback-Leibler condltlon (i). Again, we use Theorem 3.1 in [Rousseau| (2010), so
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that for all fo € H(3,L) and all 8 > 0 there exists f1 such that || fo — ga.f, oo S @ 5/2, when

« is large enough and g, f, = fol Ja,cf1(€)de, and where f; is either equal to fy if 3 < 2 or f; =
fo Z]Ui 11_1 w;/ o?/2, with w; a polynomial function with coefficients depending on fél) l < j. From
that, we construct a finite mixture approximation of g, r,. Note that even if fj is positive, fi is not
necessarily so. Hence to use the convexity argument of Lemma A1l of (Ghosal and van der Vaart
(2001) we write fi as my f1 4+ — m—f1 — with f1 4, fi,— > 0 and probability densities. In the case
where m_ = 0 then f; . = 0. We approximate g, f, , and g, _ separately. Contrarywise to what
happens in Rousseau (2010), here we want to allow f to be null in some sub-intervals of [0, 1]. Hence
we adapt the proof of Theorem 3.2 of Rousseau| (2010) to this set up. Let f be a probability density
on [0, 1] we construct a discrete approximation of g, . Let €g = a~Ho for some Hy > 0 and define
¢; = eo(1+By/loga/a)’ for j = 1,--- , J, with J, = O(y/aloga) and B > 0 a constant. We then
have, from Lemmabelow that there exists a signed measure Py with at most N = O(y/a(log a)3/?)
supporting points on [e1, 1 — €;], such that:

N
g0, 70— foll2 < | gapo—Gafull2F 190, —folloo S @72 Nlgapolloo < [l folloto(1), Po=> pide,.
i=1

As in|Rousseau| (2010) Theorem 3.2, we can assume that |p;| > a~4 for some fixed A large enough.
Following from Section 4.1 of Rousseau| (2010), There exists A’ > 0 such that if P satisfies max; | P(U;)—
pz‘| < ofAl\pi ,withU; = [ei(l — 62')(1 — OtiA/), Ei(l — 62')(1 + OéiA/)} then

Hga,Po - ga,PHQ < Ofﬁ/27 Hga,PHoo < |l folloo + o(1).
As in Rousseau| (2010), if ep = ¢gT—8/(8+1) (10g T)%8/(46+2) then

I (Bler, | folloo + 1)) = e T
for some c¢; > 0, which terminates the proof of Corollary

Lemma 8. Assume that f is a bounded probability density on [0, 1], then for all By > 0 there exists
No > 0 and a signed measure Py with at most N < Nov/a(log )®/? on [e1,1 — €1] such that

90,5 = ga,pllz S @™ Ngaplloo S lfollos +0(1)
Proof of Lemma(8] On each of the intervals (€;_1, €;) we construct a probability P; having support

on (€;_1, €j) with cardinality smaller than N; < Ny log @ and such that

_ f]_l(fj—héj)
I7, F(ede

where By can be chosen arbitrarily large by choosing Ny large enough. To prove (4.24) we use the
same ideas as in the proof of Theorem 3.2 of Rousseau (2010). Forall j = 2,---,J —2on (¢;_1, €;),
there exists P; with at most V1 log o terms such that if € [0, 1],

|90, = Gyl S @70, f; (4.24)

o H

‘ga7fj - ga,Pj‘ () < m

where H can be chosen as large as need be, by choosing /Ny large enough. Moreover, let z < ¢y or
x>1— ¢, thenforall e € (e1,1 —€1), if v < o then x/e < §, = (1 + By/loga/a)~! and

gane(z) S Vaexp <a [lg@/) _ (loga)jat log<<1—m>/<1—e>>]>

1—c¢ €
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If ; < e < 1/4 then the function € — % —log(e/x)/a + M is increasing and

Jac(2) S \/ea exp (a [log(da) (1 + 264 + 622%) + O($3)) -1+ 5;1])

—B2/3+H —B2/4
Sa B <o B

by choosing B? > 12H,. The same reasoning can be applied to 2 > 1 — ¢, which terminates the
proof. O
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