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Relaxation Limit and Initial-Layer for a Class of
Hyperbolic-Parabolic Systems

Vincent Giovangigli¥ Zaibao Yang! Wen-An Yong?

Abstract

We consider a class of hyperbolic-parabolic systems with small diffusion terms and stiff sources.
Existence of solutions to the Cauchy problem with ill prepared initial data is established by using
composite expansions including initial-layer correctors and a convergence-stability lemma. New
multitime expansions are introduced and lead to second-order error estimates between the com-
posite expansions and the solution. Reduced equilibrium systems of second-order accuracy are
also investigated as well as initial-layers of Chapman-Enskog expansions. Keywords: hyperbolic-
parabolic system, stiff source, relaxation, initial-layer, ill prepared initial data

1 Introduction

Relaxation is an ubiquitous phenomenon of natural sciences typically modeled by systems of partial

differential equations with stiff damping sources. This is a strong motivation for investigating the

mathematical properties of these systems as well as the zero relaxation limit. Such systems of balance

laws have notably been investigated mathematically in an hyperbolic framework [18, 29, 2, 21, 30,

31, 3, 32, 17, 16, 26]. We study in this work existence of solutions and asymptotic expansions for

hyperbolic-parabolic systems with small diffusion terms and stiff sources with ll prepared initial data.
We consider a nonlinear second-order system of partial differential equations in the form

U+ Y 0 F;(0) —e Y 0(Bij(0)d;u) = @, (1.1)

‘ = g
J€ED i,jE€D

where U denotes the state vector of basic physical variables, ¢ the time, 9; the derivative operator in the
1th spatial direction, D = {1,...,d} the indexing set of spatial directions, d the spatial dimension, ¢ a
small positive relaxation parameter, F; = F;(U), j € D, the convective fluxes, B;; = B;;(V), i,j € D,
the diffusion matrices, and @ = Q(U) the source term. It is assumed that the convective fluxes, the
source term, and the diffusion matrices are smooth functions of U € O, where Oy is an open convex
set of R™. The parameter ¢ is typically the ratio of a characteristic relaxation time and a characteristic
convective-diffusive time. The source term @ is assumed to be in quasilinear form and there exists
a fixed linear space £ of R™ of dimension n, termed the slow manifold or the equilibrium manifold
such that Q(U) € £*. Denoting by I, the matrix formed by column vectors from a basis of £, the
projection u = [T U is then the natural conservative slow variable. Such systems of partial differential
equations (1.1) notably arise from various applications like nonequilibrium two-temperature gases with
fast relaxation of translational and internal temperatures [9, 10], radiation hydrodynamics [33], or
reactive mixtures with fast chemistry [11]. Existence results with uniform a priori estimates have been
obtained for such system with stiff sources for well prepared initial data [9, 10]. The method of proof
has been based on direct a priori estimates that couple standard hyperbolic-parabolic estimates with
new contributions arising from stiff sources [10, 11].

Our aim in this paper is to extend such previous existence results for hyperbolic-parabolic systems
to the situation of ill prepared initial data. Denoting by 1 a mathematical entropy for (1.1), the
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quasinormal variable is defined by w = (u,q)" where U is assumed to be in the form U = (u,v)! and
q = (0yn)". The transformation U — w is a smooth diffeomorphism and the quasinormal variable w is
well suited to the source term ) and the slow manifold £. Denoting by U, the solution to the Cauchy
problem for the system (1.1) and by w. = w(U.) the corresponding quasinormal variable, an Hilbert
formal asymptotic expansion of w. is built as € goes to zero by considering outer as well as inner
expansions with initial-layer correctors [29, 30, 32]. Using this formal expansion, an existence proof for
the nonlinear system (1.1) is established as well as rigorous error estimates for ill prepared inital data.
Key tools are a convergence-stability lemma for hyperbolic-parabolic systems which guarantee that the
maximum existence time interval for system (1.1) remains bounded from zero as € — 0, the existence
and properties of formal expansions, and the existence of a standard normal form. The accuracy of
the composite expansion is shown to be O(¢?) and is improved from a former O(£%/2) estimate [29].
Such an error estimate is obtained by using new modified expansions including outer second-order
fast-component correctors and does not require extra regularity assumptions.

The nonequilibrium system (1.1) further admits a second-order accurate reduced or equilibrium
system governing the slow variable u in the form

Orie + Y 0;f5(ue) —& Y 0i(BS;(e)djue) =0, (1.2)
jeD 1,j€D
where u, is the equilibrium solution, ff = f5(u.) the equilibrium convective fluxes and Bf; = B (ue)

the equilibrium diffusion matrices. These ﬂuxes and diffusion matrices are defined for u, E Ou. Where
O, is a convex open domain. Such a reduced system (1.2) may either be derived by using a two-
term Chapman-Enskog expansion [9] or equivalently the Maxwellian iteration method that generally
yields similar results at second-order [25]. The resulting diffusion coefficients at equilibrium Bj; have
contributions either directly inherited from the diffusion terms B;; out of equilibrium or arising from
perturbed convective terms. This yields in particular the viscous tensor in a one-temperature fluid
with the shear viscosity inherited from the non-equilibrium model and the volume viscosity coefficient
associated with the relaxation of internal energy [9]. Denoting by U.(z,t) the nonequilibrium solution
of (1.1), ue = ITLU. the corresponding slow variable out of equilibrium, wue(x,t) the local equilibrium
solution of (1.2), it has been established that for well prepared initial data [9, 10], when the relaxation
parameter ¢ is small, the error estimate is in the form u.(z,t) — ue(w,t) = O(g?). In this work, for the
more general situation of ill prepared initial data, we establish that the out of equilibrium solution is
such that

ue(z,t) — (ue(z,t) + cu'(z,t/e)) = O(e?), (1.3)

where ull(z,t/€) is an initial-layer corrector that decays exponentially to zero as t/e goes to infinity.
This estimate is also improved from a former (’)(53/ %) accuracy by using the estimates out of equilibrium
obtained with the new formal expansions.

The assumptions on system (1.1) as well as the local equilibrium approximation (1.2) are presented
in Section 2. The formal asymptotic construction is presented in Section 3 and the mathematical
justifications are presented in Section 4.

2 A class of hyperbolic-parabolic systems

The mathematical assumptions on the system of partial differential equations (1.1) are presented in
this section and the second-order reduced system (1.2) is investigated.

2.1 Quasinormal variable

We denote by 1 a mathematical entropy defined on Oy, an open convex set of R™. The entropy
n = n(v), the fluxes F; = F;(U), the diffusion matrices B;; = B;;(U), and the source term @ = Q(U)
are assumed to be C'°° over the open convex set Oy and the Jacobian matrices of convective fluxes are
denoted by A; = 0y F;. The unit sphere in d dimension is denoted by ¥?~! and (x,y) is the Euclidean
product between vectors x and y. The system (1.1) is assumed to satisfy the following properties.

(U1) The Hessian matriz 927 is positive definite over Oy.



(Us) The products A;(02n)~t, j € D, are symmetric over Oy,.

(us) We have (Bij(agn)fl)t = B;i(0*n)~, i,j € D, and for any & € ¥4t the matriz E(U,{) =
>ijep Bij (02n)~1&:&; is positive semi-definite over O .

(Usg) The source term reads Q = —L (Oyn)' where L is a matriz of size n and there exists a partition
R™ = R" xR"™ with n = ne +n, and L and Q in the form

00 00
r=-lo§]s e=-|0 §]@m (21)
where S is a symmetric positive definite matrixz of size n, and U~ S(U) is C* over Oy.

The assumptions (U )—(Uz) associated with convective transport have been adapted from [12, 6], the
assumption (Ug) associated with diffusion terms from [13, 14, 15] and the assumption (U4) concerning
the source term from [33]. A more general form for the source term @ introduced in [33] may also be
rewritten as in (U4) by using a linear transform. The conditions (Uy)(Uz2)(Uy4) have recently been used
as a criterion to construct constitutive equations in non-equilibrium thermodynamics [34]. The C*
smoothness assumptions on the system coefficients may also easily be weakened [11].

An entropy balance equation may further be obtained by multiplying the natural system (1.1)
by the classical entropic variable v = (9,n)". The corresponding time derivative term is such that
0,1 0:U = O0yn whereas the convective terms read 9,14,0,U = 0;5; where f3; are the entropy fluxes with
onA; = 9,0;. The existence of such entropy fluxes is classically obtained from (Us) and Poincaré
Lemma, using that the image O, of Oy under the map U + v is simply connected. The resulting
balance equation for 7 is in the form

1
Om+>_ 0iBi—e > 0i(0mBydu) +¢ Y (9nBy0;U,0,U) — gauﬁQ =0, (2:2)

i€D i,jED i,jED

where the diffusion terms have been integrated by part and we have used that 9;v = (92n)d;U. In par-
ticular, the entropy production rate due to the source term reads —dyn @/ and that due to gradients is
related in Fourier space to the positive semi-definite diffusion matrix B(U, ) = >ijep Bij (02n)1&E;.

From Property (Uy), the equilibrium manifold or slow manifold is given by £ = R x{0} and
ny = n — ne is the dimension of the fast manifold £-. The superscript or subscript e will generally
be associated with the equilibrium or slow manifold and r associated with the fast or rapid manifold.
The manifold Z is naturally termed the equilibrium manifold since (Q,x) = 0 when x € £ so that the
variable (U,x) is governed by a standard time dynamics and £+ = {0} x R™ is naturally termed the
fast manifold. We denote the block structure of convective fluxes and diffusion matrices as

Fe B®¢ B&*F
EF(u)=| 4 |, B;i(v) = Yoo 2.3
and II, = [e1,...,e,.] is the natural projection operator over the equilibrium space £ with e; ..., e,

denoting the basis vectors of R”. We also denote by u € R™ and v € R™ the slow and fast components
of the basic physical variable U = (u,v)! and by ¢ = (9,m)! the column vector associated with the partial
derivative of entropy with respect to the variable v.

Using the block structure induced by the partition R™ = R™ x R™ in (U4), we may introduce the

quasinormal variable
U U

This variable w is termed quasinormal since it shares similarities with standard normal variables. The
variable w is naturally suited to the source term () and thus especially convenient for investigating the
asymptotic equilibrium limit € — 0. It is easily established that the map U +— w is a C*° diffeomorphism



from the open set O, onto an open set O, of R™. It is indeed one to one thanks to the strict convexity
(U1) of  and the jacobian matrix
I,, O
Oyw = ) (2.5)

d2.m O

where I, denotes the unit matrix of order k, is invertible since the matrix 927 is positive definite.
We will denote for short by f; = f;(w) and g; = g;(w) the slow and fast convective fluxes in the
jth direction as functions of the quasinormal variable w

fi(w) = FJ-C(U(w)), gj(w) = Fj (U(w))

These fluxes f; and g; are C° function of w since F°, and F", are C*° as well as w +— U. Similarly,
the coefficients of the Hessian matrix 921 as functions of w are denoted for short by

diotan) = | 1 25)

We will sometimes commit the abuse of notation of denoting by the same letter functions of U or w
but the context will always be clear. A balance equation for w is now established from (1.1) by using
a change of variable.

Proposition 2.1 The quasinormal variable satisfies the system of partial differential equations
w+ Y A(w)dw —e Y 0i(Bij(w)djw) = = Q( ) + ed(w, 0, w), (2.7)
JjED i,j€D
where the matrices A; = Oyw Aj 0,U, B;j = Ovw Bjj 0, U, the source term Q = Ovw @, and the quadratic

residual & = =37, ., 0;(Ovw) Bij 0,U 0w have the following properties.

(w1) The matriz 4y = (9,U)10?1 0, U is symmetric positive-definite block-diagonal.

(wa) The matrices 2;4, ", j € D, are symmetric over O,,.

(ws) We have (Q?ijﬂal)t = B;4,", i,j € D, and for any & € R the diffusion matriv B =
Ei,jeD Qiijﬂo_lgigj is positive semi-definite over Q.

(wy) The source term Q = (0,Q,)" is in the form Q = —L(w)w where Q, = —n,,5q¢ = —L""q.

(ws) The slow components of the quadratic residual d vanishes d, = 0 over O,,.

The matrices Ay, A;, Bi;, L, and the source term Q have regularity C* and the quadratic residual
may be written
d =" My(w)0wd;w, (2.8)
i,j€D
where the third order tensors M;;(w) also have regularity C*°. Moreover, using the partitioning induced
by the decomposition R™ = R™ x R™, the matrices Ay, A;, B;; and L are given by

B —1
| Muw = Muw Mo Mow 0
Ao = [ Mo | (29)
a0 Ouf; Oafi (2.10)
! L nvuaufj + nv'uaugj T]'uuaqu + T]'uvaqgj
r e,e er —1 e,r _—1
Q;ij = e,e e,r B _BU o Thiue r,r e,r Bij v rr 1 | (211)
L nvu (B’Lj - BzJ) nv'u nvu) + nv'u (Bz B 771)1/ nvu) 77qu nv'u + nva nv'u
4 [o0] [0 o
L =4 [0 s1=lomn.s| (2.12)



Proof. Letting U = U(w) in (1.1) and multiplying on the left by Oyw first yields the system (2.7).
From 4y = (9,U)!0%n0,U and (U;1) we deduce that 4 is symmetric positive definite and the block-
diagonal expression (2.9) is obtained by a direct calculation using (2.5)(2.6). This yields (w1) and the
blocks 1, and 1, — Myuow NMww are both positive definite.

We have 2,4, = (9,U)'A; (9217)710,,U and this matrix is symmetric from (Uz) and (ws) holds.
Similarly we have 8,4, = (9,U)!B;; (0?n)~'0,U, and arguing as above yields that (B;;4,')! =
B;;4; . In addition
Bw,€) = Y By G = 0u0)' (Y By (030)7'6i85) 0,

i,j€D 1,J€D

so that the matrix B matrix is positive semi-definite from (U3) and (ws3) is established. The expressions
(2.10) and (2.11) for 4; and B;; are also obtained by a direct calculation.

Finally, using (U4) the modified source term Q = dyw @ may be written Q = —L(w) w with L(w)
given by (2.12) and (w4) is established. The regularity class of 4, 4;, B;;, £, and the source term Q is
a direct consequence of (2.9)-(2.12), the regularity class of Ay, A;, B;j, L, and @, and the regularity
class of dyn, dyw and 0, U.

Since d = =3, icp 0i(Ovw)B;j0,U0;w, the first ne components vanish from (2.5). The kth
component 4 is also also in the form 4, = ZKLZ,@(%J»)W@WZ@ w;, with coefficients given by
(M) = — Zl<r,s§n O, (Ov, wi)(Bij),s0w, Us where the coefficients of B;; € R™" are denoted by
(Bij)rs- The quadratic residual may thus be written as (2.8) where 9;(w) are third order tensor that
are C'* over O, and this completes the proof. O

We introduce a structural assumption about the open set O, that will be convenient for investi-
gating asymptotic expansions in the quasinormal variable w.

(Us) The open set O, is in the form O, = O, X R™ where O, is a convex open set of R™e.

This assumption is natural since the fast variable ¢ = (9,n)" is the Legendre conjugate of v and its
components are slopes of the convex function n. The assumption (Us) thus means that the gradient
of 7 is infinite at the boundaries of the domain Oy which is natural from a thermodynamic point
of view. This condition also corresponds to the notion of ‘essentially smooth functions’ in convex
analysis [23]. In addition, the ¢ component will converge rapidly to zero during the initial-layers of
multitime expansions in such a way that it is a natural requirement that such initial-layer trajectories
in the form (u, ¢(7))"—where u € O, is fixed—lie in O,. Such a structure condition holds in particular
in the situation of two temperature fluids [9] as well as complex chemistry fluids [11]. With (Us) the
open set O, is also convex as Oy and this will allow to derive various differential identities.

2.2 Equilibrium limit and reduced system

We study equilibrium states and then investigate formally the second-order reduced system as e — 0.
Definition 2.2 The following properties are equivalent where U € O, and w = w(U) = (u, q)*

(1) Entropy production associated with the source term vanishes —0,nQ = 0.

(i) The source term and the fast component vanish Q =0 and g = 0.
(iit) The entropic variable v and the quasinormal variable w belong to the equilibrium manifold E.

Any U € O, that satisfies these equivalent properties is termed an equilibrium state as well as its image
w under the map U — w.

Proof. These properties are directly obtained from the structure of the source term and using that
£ = R" x {0}. Entropy production due to source terms is in the form —9,nQ = —((9,n)", Q) = (Sq,q)
so that 9,n7Q = 0 is equivalent to ¢ = 0 or Q = —(0,.5¢)" = 0 since S is symmetric positive definite.
Moreover, since v = ((9,1)",q)", we have v € £ if and only if ¢ = 0, and similarly w € £ if and only if
¢ = 0 and this completes the proof. O



Such properties of the source term have been discussed in an abstract framework by Chen, Lever-
more and Liu [2]. These properties hold in particular for gas mixtures with complex chemistry [7, 11] as
well as two temperature fluids [9]. Another interesting property of the source term is that the jacobian
matrix at an equilibrium states is symmetric [29, 9]. The set of equilibrium points characterized by the
condition ¢ = 0 is naturally parametrized by the slow variable u. Indeed, for any u € O, there exists
a unique equilibrium point weq € O, such that II!we, = u simply given by weq = (u,0)". Similarly,
there exists a unique equilibrium point Ueq € Oy such that [T Ueq = u simply given by Ueq = U(wheq)-
Letting Ueq = (U, Veq)®, the map u — veq(u) is then C°° over O,, and by differentiating the equilibrium
relation q(u,veq(u)) = 0 it is obtained that 0,veq = —(7,,) 7, where we have denoted for short
ﬁvu (u) = nvu(qu) = Nyu (u5 O) and ﬁvv (u) = nvv(qu) = Mo (u5 O)

Lemma 2.3 Defining the entropy at equilibrium by n°(u) = n(Ueq(u)) for u € Oy then u — n°(u) is
C*> over O, 0un°® = 0yn(Ueq) and

Ounl® = M = T () ™ e = A5 (1,0), (2.13)
where ﬁuu (U’) = nuu(weq(u)) = nuu (u7 O) G/I’ld ﬁuv (u) = nuv (weq(u)) = nuv (u7 0)

Proof. Differentiating the entropy 7° first yields that 9,n° = 9u1(u, veq(u)) since 9y (u, veq(u)) = 0.
Differentiating again and using d,veq = — (7)™ Ty then yields (2.13) and 821° = 7, — Mo Tow) ™ o
coincides with 45°(u, 0) from (2.9). O

Our aim is now to obtain a second-order accurate reduced system for the slow variable u as ¢ — 0
for the standard time dynamics associated with time ¢t. The fast component of Equation (2.7) may first
be rewritten as

q=—- 53_1771;_7} (875(] + usm Z 8jfj(u7 Q) + Tow Zajgj(uv Q) + O(E)) .

JjED J

We thus obtain formally that ¢ = O(e) and thus that d,g = O(e) for the standard time dynamics, so
that near equilibrium

_71__ _ _
q=—¢5 0" Y (MouOufi(u,0) + 7,,0ug;(u, 0)) d;u + O(e?),
jeD
where S(u) = 5 (Ueq(u)). On the other hand, the slow component of Equation (2.7) may be rewritten
O+ 0;fi—e Y 0 ((Bff — B 0y 1y, ) 05u + Bffn;vlajq) =0, (2.14)
jeD 4,j€D
using (2.10) and (2.11). We may further expand the coefficients near equilibrium
Biej)'e(U) - ijr(U)nv_vlnvu = ije(Ueq) - B;jr(Ueq)ﬁv_vlﬁvu + 0(8)7

since w — weq = (0,¢)" = O(e) and U — Ueq = O(e) as well as expand the flux f;(u,q) in (2.14) into
fi(u,q) = f;(u,0) + 9y f;(u,0)g + O(?). Combining these expansions with (2.14) yields the following
reduced system called the second-order equilibrium approximation of (1.1)

Orut Y AS(w)dju—e | (B (u)d;u) =0, (2.15)
JjeD i,j€D
where ff(u) = fj(u,0) = F®(Ueq(u)), AS(u) = duf§(u) = 47°(u,0), and
Bicj (U’) = ije(erl) - B;jr(Ueq)ﬁ;}lﬁvu
_71_7 _ _
+ g fi(w, 008 753! (T Ou f£5(, 0) + 7, 0ug5 (1, 0)).

The matrices A5, j € D, and By}, i,j € D, defined over O, have regularity C>°. Further using the
expression (2.11) of B;; as well as the relation (9, fi(u, O))t[)inc = Moo’ (Myu0ufj(u, 0) + 7, 0ug; (u, 0))
deduced from the symmetry of 494, the equilibrium diffusion matrix Bf; can be written

Bij(u) = B[ (Ueq) + 0qfi(u,0) S~ (9 f;(u, 0))" 92n°, (2.16)



This procedure to derive (2.15) corresponds to a second-order Chapman-Enskog expansion using the
variable w [18, 2, 9] or equivalently a Maxwellian iteration that generally yields similar results at second-
order [25]. The first term B;;°(Ueq) in the expression of the equilibrium diffusion matrices (2.16) is
inherited from the original diffusion term B;; whereas the second term , f;(u,0) S~1 (8, fi(u, 0))* 92n°
comes from relaxation of the fast variable g. It leads in particular to the complete viscous tensor in
one-temperature equilibrium fluid models with the shear viscosity inherited from the non-equilibrium
two-temperature system and the volume viscosity coefficient associated with the relaxation of inter-
nal energy [9]. The structure of the reduced system at equilibrium is summarized in the following
proposition.

Proposition 2.4 Under Conditions (U1)—(U4) the following properties hold.

(u1) The function n° is C* and 0%n° is positive definite over O,,.
(u2) The products A5 (921°)~", j € D, are symmetric over u € O,,.

(us3) IiVe have (ij(agnc)’l)t = B;i(ﬁinc)fl, i,j € D, and for any & € X471 the diffusion matriz
B =3, icp B (02n°)~1¢:&; is positive semi-definite over O,.

Proof. It has been established in Lemma 2.3 that 921° = T, — Ty (Tpw) ™ Ty SO that it is positive
definite as a Schur complement of the positive definite matrix 7,, in the positive definite matrix 92n
evaluated at Ueq(u) and (u1) is established.

From the symmetry of ﬁljﬂlo*l established in (w2) and evaluated at the equilibrium point Ueq, we
deduce that the products A§ (02n°)~1 are symmetric over O, and (uy) is established. The symme-
try properties of ij(aﬁne)_l are also deduced from (2.16) and the symmetry properties of B;;4; !
established in (wj3). Finally, for any ¢ € 39! we obtain from from (2.16) that

Bo= Y s @) 6+ (X 0w 0)6) 5 (X 0us0) )

4,j€D €D JjED

and the positive semi-definiteness of B®is a consequence from that of B and this establishes (u3). O

The reduced equilibrium system (2.15) has been obtained by using a Chapman-Enskog expansion
with the quasinormal variable w. It is established in Appendix A. that it naturally coincides with that
obtained in previous work [9]. In particular, the properties of the entropic symmetrized equilibrium
system obtained in [2, 9] also applies to (2.15). We finally investigate the relative entropy with respect
to equilibrium that is a natural distance to equilibrium. This relative entropy is nonnegative by the
convexity of n and locally behaves quadratically with respect to q.

Lemma 2.5 The relative entropy with respect to equilibrium
1" (u, q) = n(U(u,q)) = n(0(u,0)) = dun(U(u, 0)) (U(u,q) = Ulu,0)), (2.17)

is such that Oyn'' = q¢'ny.t and may be written n''(u, q) = (Hq, q) where the matriz H = foln;} (u, aq)ada
is positive definite.

Proof. Using U(u,q) — U(u,0) = (0, v(u, q) —v(u O)) as well as that dyn(u(u,0)) € £ from Proposi-

tion 2.2 it is first obtained that dyn(U(u,0))(u(u,q) — U(u,0)) = 0 so that
' (u,q) = n(u(u,q)) —n(u(u,0)) = ( (4, 9)) = n(u, v(u,0)).
Diﬁerentiating with respect to ¢ we obtain &m“ = 0yndyv = ¢'n,,} and by calculus n''(u,q) =

fo 0um0qv)(u, aq) da ¢ keeping in mind that all states (u, aq) are in O, from (Us). The identity
n'(u,q) = (Hq, q) then follows since dyn(u,v(u,q)) = ag' and dgv(u,v(u, aq)) = 1y, (v, aq). The
matrix H is finally positive definite as an average of positive definite matrices over a compact set. [



3 Formal asymptotic expansion

The solution to the Cauchy problem for system (2.7) with initial data w. is denoted by w. = (ue, g-)*.
A formal approximation of =. is built as € goes to zero by using composite or multitime expansions
[20, 29]. The variable w is more convenient than U since it is adapted to the slow manifold Z. Such a
construction is similar to that for hyperbolic systems [30] but now includes diffusion terms.

3.1 Composite expansion

We seek a composite expansion in the form
we (2,1) = wo(z,t) + ewy (1) + wh (z,t/e) + ewll(x,t/e) + O(?), (3.1)

where wy and w; depend on the standard time ¢ whereas w!] and @!' depend on the fast time 7 = ¢/e.
The expansion (3.1) thus includes an outer expansion

ZUQ(:E,t) —I—Ewl(x,t) +O(52), (32)

associated with standard time dynamics and standard time ¢. This outer expansion (3.2), however,
cannot generally satisfy the prescribed initial value w.. It is then necessary to add a fast evolving
initial-layer corrector in the form

wy (2,t/€) + ew) (z,t/e) + O(€?),

associated with fast time dynamics and fast time 7 = t/e. The initial-layer correctors w{ and @i have
to decay exponentially to zero as 7 goes to infinity from general matching principles [4]. The complete
approximation of =, is then a multitime expansion since it involves both the standard time ¢ and the
fast time 7 = t/e.

We will notably use the second-order truncated approximation w? defined by

w?(2,t) = wo(x,t) + cwy(x,t) + wh (x, /) + el (x,t/e). (3.3)

This four term expansion =? will be shown to be well defined over some time interval independent of ¢
and used to establish an existence theorem for the out of equilibrium system (2.7). The expansion w?
will also be shown to be an accurate approximation of the out of equilibrium solution z. in the next
section.

As a formal solution of (2.7) with initial value w,., the composite expansion must also take the
prescribed initial value

wo(x,0) 4+ ewy (,0) + wil (z,0) 4+ ewll(2,0) + O(?) = w.(z).
Assuming naturally that @, has an expansion w. = wq + ew; + O(e?), we get
wo(z,0) 4+ wil(z,0) = wo(z), wi (z,0) + @l (z,0) = w1 (z). (3.4)

The difficulty is then to find the proper initial values for wgy and w;, based on the above initial
value relations, as well as to determine the initial-layer correctors wi and wi by using the matched
asymptotic expansion principle [4, 29].

For the projections u. and g. the composite expansions are denoted by

ue = ug(z,t) + euy(x,t) + ull(z, t/e) + eull(z, t/e) + O(2),
g = qo(x,t) +eqi(x,t) + gl (z,t/e) + edil(x, /) + O(e?),

using the straightforward notation w. = (ue,q.), wo = (o, q0)", vy = (u1,q1)t, wil = (ull, ¢l})t, and
i _

wll = (vl ¢ih)t. From (3.4) we also have the relations
uo(x, 0) + ull(x,0) = o (), ui(z,0) + ull(x,0) = 7 (z), (3.5)
qo(:zc,O)—i-qg(:v,O) = qo(z), Q1($=0)+qi11($=0) =q1(z), (3.6)

where 17/0 = (ﬂo,ao)t and 17/1 = (ﬂl,al)t.



3.2 Outer expansion

The equations governing the coefficients wy and w; are obtained by substituting the outer expansion
(3.2) into system (2.7) and equating each power of €. The governing equations obtained for wy and w;
are then projected onto the slow and fast manifolds £ and £ in order to get the governing equations
for ug, qo, u1 and q;. Equating the kth power of ¢ generally yields an equation for uj and g1 so that
there is no clear separation of the asymptotic orders.
At the order 7! we first obtain from (2.7) that Q(wp) = 0 and from the structure of Q = (0, Q,)*
with Q, = —n,,5¢ this yields that
qo = 0. (3.7)

The zeroth order solution wy = (ug,qo)" = (ug,0)" thus represents equilibrium states. At the next
order £° it is obtained that
Orwo + Z ﬂj(Wo)ajWQ e —L(wo)wl. (38)
JED

Projecting on the slow manifold, using go = 0 and the structure (2.10) of 4;, we obtain

Orug + Y _ 0, f(u0,0) = 0. (3.9)

j€D

From the structural properties of the out of equilibrium system and its symmetrizability, the system
(3.9) is a hyperbolic system of conservation laws in such a way there exists a unique local solution
starting from an appropriate initial value uo(0). On the other hand, the fast component of (3.8) yields

Z (M (10, 0)0u f5 (10, 0) 4 1y, (w0, 0)Dug; (10, 0)) ;u0 = — L7 (wo)qu (3.10)

j€D

where £ (wg) = 7,,(u0)S(ug). This relation uniquely defines ¢; since £ is invertible keeping in
mind that both 7, (uo) and S(ug) are invertible.
Finally, at the order €', the u; equation on the slow manifold is found in the form

Orur + Y 0;(Ouf;(uo,0)ur) + > 95 (0 f5(uo, 0)qr) — > i (Bg;(uo,0)0;ug) = 0. (3.11)

JjED JED i,j€ED

This is again a hyperbolic system that uniquely defines u; for an appropriate initial condition u(0).

In summary, from the symmetry properties of the equilibrium fluxes f; established in Proposi-
tion 2.4, ug satisfies a symmetrizable hyperbolic system (3.9) and standard existence theory [12, 6, 19,
13, 18, 3, 16] yields a local classical solution ug(x,t) once ug(z, 0) is given appropriately. The perturbed
fast component ¢ (x,t) is then explicitely given in terms of uy and its first spatial derivatives J,uo.
Once ug(z,t) and ¢;(z,t) are determined, the system (3.11) is a linear symmetrizable hyperbolic for
uy and standard existence theory yields a local classical us(x,t) once the initial value ui(x,0) is given
appropriately. A key issue is therefore to find the initial values ug(-,0) and u1(-,0) and this requires
to further study the composite expansions (3.1).

3.3 Inner expansion

In order to derive the equations governing the initial-layer correctors w!l and w!! associated with the fast
time 7 = t/e and to investigate composite expansions, it is first requ1red to write the outer expansion
in terms of 7 by using ¢ = e7. To this aim we note that

1,1
wo(x,e7) = wo(x,0) + e wo(z,0) + 272 // 02 wo(z, caft)adadp,
0Jo

and letting R} = 72 folfol D2 wo(z,eaBr)adadB and Rg = 1O wo(x, 0)+eR} yields wy = wo(z,0)+eRo
and wy = wo(x,0) + eT0,wo(x,0) + £?R}. Similarly, we have

1
wy(z,eT) = wi(x,0) + 57’/ Orwi (z, eat)da,
0



and letting Ry =7 fol Orwi (z, eat)da yields wq = wy(z,0) +eRq. By combining these expressions we
obtain

wo(z,t) +cwy (z,t) + O(E?) = wf (2, 7) + el (z,7) + O(e?), (3.12)
where

w) (2, 7) = wo(x,0), wy (z,7) = wi(x,0) + 7O wo(x,0). (3.13)

The superscript stands for ‘polynomial’ since ) is generally found to be a polynomial in 7 of the ith
degree [30]. The relations (3.13) may also be written component wise uf) = ug(z,0), ¢§ = go(x,0) =0,
uf = uy(x,0) + 70up(x, 0), and ¢§ = ¢1(x,0), where wf) = (uf),¢5)" and @} = (u], ¢})".

The resulting inner expansion in terms of 7 is then

we(z,7) = wl (z,7) + wg(a:, T)+ a(wf(:z:, T)+ will(x,T)) +0(£?), (3.14)

and should asymptotically satisfy system (2.7). Substituting the inner expansion (3.14) into (2.7)
written in terms of the fast time 7, expanding into power series of ¢, and equating the coefficients yield
the governing equations for wf + wi and @} + wil.
At the order e~! we obtain that
Or(wh + wp) = —L(wf + wp) (wf + wp) = Qwf + wp), (3.15)

and projecting on the slow and fast manifolds yields

Or (uf + up) =0, (3.16)
0-(gh + 40) = Qu(af + wp)- (3.17)
At the order €Y it is next obtained
O (wh + wil) = — Z 0; A (wpy + w0 (wf + wil) + 0, Qwh + wil) (w0 + wl). (3.18)
JED

Projecting for the slow and fast components yields that

Or(uf +ul) = =" 0, fi(wf + wp), (3.19)
JED
(¢} +¢) = 0u Q. (wf + wh)) (uf +ul) (3.20)

+ 0w + wp) (¢F + ) + Clwf) + wp),
where

JED
On the other hand, the outer expansion wo(z,t) +cw (x,t) + O(?) may also be rewritten in terms
of the fast time w} (x,7) + ew! (z,7) + O(c?) and this expression naturally satisfies the system (2.7).
This procedure yields the governing equations satisfied by u{ and u}. Equivalently, we may let ¢ — 0 in
the governing equations for uf) +ul} and u} +u!!, keeping in mind that ui} and vl converge exponentially
to zero as T — oo. At order £~ this yields after some algebra

0wy = —L(wg) wy = Qwp) =0, (3.21)
druf =0, rqt = Q. (wf). (3.22)
Similarly, at the order €°, we obtain that
Ol == 0,2 (af)0jwh + 0, Qwh) wh, (3.23)
jED
Ol = =" 0ifi(wf),  0rgh = 0uQ ()l + 0, Q. (wh)d} + C(af), (3.24)
jeD

where C(wh) = = 3 cp (1,0 (250, £ (wh) 41y, (w5)0;9j(wp)) . The relations (3.21)(3.24) may also be
derived directly from the expressions of the outer expansion coefficients #} and w} and the governing
equations for wug, qo, u1 and q;.
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3.4 Initial-layer correctors

We investigate the initial-layer correctors wi} and w!! by using the governing equations (3.15)—(3.17) and
(3.18)—(3.20). Both =} and w{ have been expressed in terms of the outer expansion and in particular,
uf(z,7) = uo(x,0), ¢f (x,7) = qo(z,0) = 0, u}(x,7) = ui(x,0) + 7O;uo(z,0), and ¢} (z,7) = ¢1(x,0)
keeping in mind that 70;qo(z,0) = 0 since go(z,t) = 0.

At order ¢! we obtain from (3.15) and (3.21) that

0wy = Qwf + wy) — Qwp) = Qwf + wp), (3.25)
and projecting on the slow and fast manifold—or equivalently using (3.16)(3.17) and (3.22)—we obtain
that 0,ull = 0 and 0,¢}' = Q,(uf + ull,ql}) keeping in mind that ¢} (z,7) = 0. Using d,ul] = 0 and

that the initial-layer corrector wil(x,T) goes to zero as T goes to infinity, we deduce that

ub(x,7) = ull(x, 00) = 0. (3.26)

Combining ull(z,7) = 0, uf(z,7) = ug(x,0), go(z,0) = 0, with wp(z,0) + wil(z,0) = wo(x) obtained
from (3.4) we get _
uo(x,0) = up(x), ai (x,0) = Go(x). (3.27)

In particular wo(z,0) = w§(z,0) = (Uo(z), O)t, wh(z,0) = (0, qNQ(x))t, and for any 7 >0

~ t ~ ~ t
wh(z,7) = (uo(x),()) , wil(z,7) = (O,qbl(a:,T)) )
In particular, ¢ll(z,7) satisfies the following nonlinear ordinary differential equation involving solely

the fast time 7 , B ,

8‘l'qul = Qr (Uo(x), qlol) ;

a3 (,0) = qo().
The existence of a global in time classical solution ¢l/(z,7) that decays exponentially to zero as 7 — oo
will be established by using Q (%o, ¢}l) = —1n,, (U0, ¢3) S(U(ﬂo, qbl))qbl, the mathematical entropy 7, as

well as the symmetry and positive definiteness of 7, and S.
Considering next the first order initial-layer corrector @il (z, 7) we get from (3.18) and (3.23) that

(3.28)

Oral == 3 (A} + )0y + wl)) — 25Oy (3.29)
jeD . .
+ 0uQ(wf + wp) (@] + @) — 00 Q(w) w].

Projecting on the slow and fast manifolds—or equivalently using (3.19)(3.20) and (3.24)—we obtain
the following differential equations involving solely the fast time 7

O-ul = = > {0, f5(wh + wh) — 0 f;(wh)}, (3.30)
J€ED
Orq) = 0uQ, (wh + wp)(uf + ull) — 0uQ, () )u} (3.31)

+ 94Qu(wh + wy) (4} +a1) — 0y Qu(w)d} + C(af) + wh) — C(wf).
The matching principle yields that
ui(z,00) =0, ¢i(2,0) = @ (2) - ai(z,0), (3.32)
where ¢1(z,0) can be obtained form (3.10)
q1(,0) = =S(t0) ™" Y (o (0) 7y, (Tio)Du £ (10, 0) + 0595 (o, 0)) ;o
jED
In particular, we may evaluate vl (z,7) from (3.30)(3.32) in the form

ey = [ ({0385 (wh + wb(r)) = 03 i(wh) ) ar', (3.33)

T jeD
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and uy(z,0) is then finally given by wu;(x,0) = @ (z) — ull(z,0). The existence of a global in time
classical solution ¢!!(z,7) may be obtained by using (3.31), the corresponding initial condition (3.32)
and the symmetry and positive definiteness of 7,, and S. The exponential decay for wi(x,7) is
obtained by using the exponential decay of wil(z, ) [30].

In summary, ug and q(i)1 are first obtained whereas ¢y = 0 and ug = 0. Then q; is directly evaluated
as well as vl and this finally yields the required initial conditions u;(0) and ¢i'(0) in order to obtain

uy and ¢l

3.5 Approximate equations

We investigate in this section the approximate equation satisfied by the second-order truncated ap-
proximation w?(z,t) = wo(z,t) + cwy(x,t) + wil(x,t/e) + ewll(z,t/e). Defining the residual operator
R(f) for any function f(x,t) twice differentiable in space and once in time by

1
R(f) = df + ;ﬁxj (Fa;f —e ZE:D 0:(813(1)0;f) + —L(P)f — ed(f, 0,), (3.34)
J Y

then R? = R(w?) is a measure of the accuracy of the approximated solution w?. In order to estimate the
composite residual R2, we first estimate the outer residual R = R(wo(z,t) + ew:(z,1)) associated
with the outer expansion wg(z,t) + cwq(z,t), and next estimate the difference of residuals R, =
R® — R" associated with initial-layer corrector wl + ewil

SR. = R* — R®™ = R(wq + cwy + wh + ewll) — R(wq + ew). (3.35)

The outer residual R"" associated with the standard time dynamics is investigated in the following
proposition.

Proposition 3.1 The outer residual R®™ = R(wo(x,t) +cwi(x,t)) can be written R™ = £G. where
1
G, = Oywy + Z / 0w (wo + eqwr ) da w105 wy (3.36)
jep 0
1
+ Z A (wo + ewr)0jwr + / 0, L(wo + cawy) da wyan
JED 0

— Z 0; (Q%ij(wo + awl)aj(wo + awl)) — Lf(wO + ewq, 8sz + a&xwl).
1,j€D

Moreover we have G, = Gy + £2Ga. where

G, =0w1 + Z 8wﬁlj(w0)w18jw0 + Z ﬂj(ﬂ/o)ajwl (337)
jep jep
+ 8wL(wo)w1w1 — Z 0; (ﬂij(wO)ajZUo) — L{(ZU(), 8IZU0),
i,J€D

and letting G1 = (G1e, G11)t we have G1e = 0 and G; € E*-.

Proof. These relations are established after some algebra by using the governing equations for w
and wq and calculus identities in the form 4;(wo+ewq) — 2;(wp) = ¢ fol 0w Ai(wo + cawr ) da wy. Such
identities are notably valid since the open set O, is convex so that any segment [w, wo + w1] lies in
0O, whenever wg € O, and wy + cw; € O,. The expression of G, is first obtained and consequently
that of G by letting € — 0. The slow component of G; is then found to be zero by using the governing
equation (3.11) of uy, keeping in mind that 4, = 0. O

We now investigate the difference residual d R. that is naturally expanded around 7 = 0 in order
to use the governing equations of w{ and wf.

Proposition 3.2 The residual difference dR. may be written in the form dR. = cF. where the ex-
pression of F. is detailed in Appendix B. Moreover F. decreases exponentially towards zero as T — 00
when w}} and @l decrease exponentially to zero.
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Proof. The proof is essentially a lengthy calculation summarized in Appendix B The difference
residual §R. is naturally obtained in a form involving the initial-layer correctors @il and @il or their
derivatives in each contributing term and this yields the exponential convergence towards Z€ro. O

It will be convenient in the following to consider R2"" as a function of ¢ and dR. as a function of 7
with 7 = ¢/e. Combining the expressions of G. and F. we may now state the following result on the
approximate system.

Proposition 3.3 The second-order approximation w? satisfies the system of equations

Ohw? —i—Zﬁl 20w — € Za )+1L( Y w (3.38)

JED i,j€ED
—ed(w?, 0, w) =e(G: + F.),

er~x e

where G- and F. are detailed in Propositions 3.1 and 3.2

Proposition 3.3 shows that whenever the outer coefficients wy and w; are estimated as well as the
initial-layer correctors wil and w!, then the residuals R%" and JR. = R — R are also estimated, in
such a way that w? satlsﬁes the approxunated system (3.38) with a O(e ) residual.

3.6 The outer second-order fast-component corrector

In order to establish that the truncated expansion =? yields a second-order accurate approximation
of w., we need to consider modified expansions. More specifically, due to the stiff sources, the outer
residual G¢ in the approximated equation (3.38) has a first order contribution eG;. Even though using
the truncated expansion w?® leads to a O(e%/?) accuracy estimate [30], new modified expansions are
required in order to obtain an O(e?) accuracy estimate without extra regularity assumptions.

Since G belongs to the fast manifold G; € £ from Proposition 3.1, a natural idea is to absorb
this residual by using the source term. This precisely leads to add the second-order fast-component g2
corrector term in the outer erpansion as established in the following proposition.

Proposition 3.4 Denote by wa = (ua,q2)" the second-order outer corrector expansion coefficient and
by wh = (0,q2)" its projection on the fast manifold. Then we have the identity

L(wg)we = L(wo)wh = —G1. (3.39)
Proof. The ¢! relation deduced from (2.7) is in the form
Orwn + Z 0,4; (wo) w1 0wy + Z A (w0)djw1 + 0, L(wo)wr wn (3.40)
jED jED
_ Z Bii(wo)0; wo) d (wo, D, wo) + L(wo)ws = 0.

i,j€D

The identity (3.39) is then a consequence of (3.40) and the expression (3.37) of G established in
Proposition 3.1. On the other hand, the slow projection of (3.40) yields the u; governing equation
(3.11) already derived in Section 3.2. O

It is then natural to introduce the new expansion
W = w? + 2w, (3.41)

that appears to be the simplest modified expansion with a second order accurate outer residual. In
particular, only the fast part ¢o of the second-order outer correction ws is required in order to cancel
the residual eGG; and this will be sufficient in order to establish a second-order accuracy for w? as wella
as w.

Such a procedure appears to be natural since the orders are ‘mixed’ so that we first get go = 0 at the
order e 71, then we get u and ¢; at the order £° and next u; and g- at the order ' simultaneously, so
that the ‘orders’ are not clearly separated and we need to consider g2 even if we only want to estimate
the error arising from qq, ug, ¢1, and u;. Another point of view is that some of the natural norms
arising in a priori estimates—once rewritten in terms of the quasinormal variable—are in the form
|lw — w*|} + L]q7_, where w* denotes an equilibrium state and | - [ the norm in the Sobolev space
H*(R?) [10, 11], in such a way that, loosely speaking, more accuracy is required on the fast component
because of the 1/¢ factor.
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3.7 Improved approximate equations

We investigate in this section the residual associated with the modified truncated approximation @w/* =
w? + e?wh. This residual is denoted by R = R(w/*) and is a measure of the accuracy of the modified
approximated solution /.

Proposition 3.5 Keeping the notation of Propositions 3.1 and 3.2 the modified second-order approz-
imation w® satisfies the system

a a a a a 1 a a
O w* + Zﬂj(wa’ )0 wlt—e Z 0 (Bi,j (w*)0;w™) + EL(wE’ ! (3.42)
jED i,jED
—ed(w/*, 0, w*) = 2GYy, + Gl + eF.,

with a residual R(w/®) = e2Gl, + 3Gl + F! split into

he = Gac + Oywy + Z 2 (w!*)0; ),
i€D

1
- / OuL(wo + wy + ac(wr + wi + ewy))da (wy + w + ewh) w)
0
! 1
" Z/ O i(w? + 0 wh) da whd;w? + / D + a?wh) da whaoy
ieD”0 0

1
—c Z / O Mij(w? + ac’wh) da whd; w0 w
0

i,j€D
—e Y Mij(w*)(20iwhd;wh + 0wl 0 wh + O;wh;wl)
i,jeD
1
—¢ Z OuwBij (W) 0w 0jwh — € Z 0; (/ OuwBij(w + ac®wh) da wéang),
i,j€ED i,jED 0

Ghe ==Y Bij(w*)d;0;wh,
1,j€D

1 1
Fl= F. + / OuwL(wo + awl) dawwh + / OuwL(w? + ac’wh) da wh(w)) + ewl).
0 0
Proof. The residual R(w/?) is first written in the form

R(w/") = R(wf) +s2{8tw'2 YA (w0l — e Y ai(osij(w;a)ajw;)}

€D i,j€ED

+ a{(L(wéa) — L(wo + wz)l)) wh + (L(wo + w})l) — L(wo))wlz + L(wo)wé}

() — ()l + 30 () — A(wl)) Gt
€D
—e > 3i(($ij(wéa) - ‘Bz'j(w?))ajwf) —e(d (w0, w) — d(w, 9, w?)).

i,j€D

The first order term e£(wp)w} then compensates with eG arising from G in R(w?) and this yields

the decomposition of R(w/?). O

The new outer residual has been decomposed into £2G5. + £3GY%. where G is less regular and
need to be considered separately. We finally note that the initial condition associated with the new
approximated solution is now in the form

w/™(0) = wo + ewy + 2 wh(0), (3.43)

where w}(0) = (0, qg(O))t and ¢2(0) is directly obtained from (3.39).
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4 Mathematical analysis

We establish in this section the existence of strong solutions to the Cauchy problem for system (2.7).
We further rigorously establish the accuracy of the second-order truncated approximations =2 and
w!®. To this aim, we first establish the existence of appropriate outer expansion coefficients wy and w;
and initial-layer correctors wil and wil and discuss standard normal forms that uncouple hyperbolic
and parabolic variables. We then use a convergence-stability lemma in order to establish existence of
solutions and the accuracy of the approximate solutions.

4.1 Existence of approximate solutions

We denote by | |; the norm in the Sobolev space H' = H'(R?) and otherwise | e |, in the functional

space A. If a = (ay,...,aq) € N? is a multiindex, we denote as usual by 0 the differential operator
Oft--- 994 and by |l its order |a| = a1 + -+ + ag. For any scalar function ¢ the L? norm of k'!
derivatives is defined by
k!
k12 e a 112
Folia= 3 5 | oo aa, (11)

where k!/a! are the multinomial coefficients with a similar definition for vector functions. For any
map ¢ : R¥x[0,#] — R™ where £ > 0 is positive and for any ¢ € [0,%], we denote by ¢(t) or ¢(-,t) the
partial map = + ¢(x,t) defined over R? with a similar convention for functions that depends on the
fast time 7. We collect in the following Lemma various useful properties of Sobolev spaces [22, 13, 27].

Lemma 4.1 We denote by ly the integer lo = [d/2] + 1.

(i) Let k,1 be integers with k < 1 and ly < 1. Then for any f € H* and g € H', we have fg € H”
and there exists a constant ¢y depending on | and d such that |f gli < colf|k|gli-

(i) Assume that | > lo+ 1,f € H' and g € H'"'. Then for all multi-indices |a| < | we have
[f,0%g = fo%g — 0“(fg) € L? and there exists a constant ¢y depending on | and d such that

fo“g — 0*(fg)lo < colfls |gfja|-1-
(iii) The following nonlinear estimate holds for k > 1 and ¢ € H* N L™

1£(9) = FO)k < col fler(o,) (L + ¢lF=") 6]k, (4.2)

where Oy denotes a ball of radius strictly larger than |¢|;~ and cy a constant depending on k
and d.

We denote by w* an equilibrium state w* = (u*,0) with ¢* = 0 and look for solutions = such that
w. — w* € C°([0,t.], H'2) and similarly w? — w* € C°([0,t.], H'T2). There is a natural shift of two
order derivatives, however, between the governing equations of vy and u;, since there are second-order
derivatives of ug in the governing equation of u;. We must thus have ug — u* € C°([0,t.], H**) in
order to obtain that u; € C°([0,t.], H*?) and w?® —w* € C°([0,t,], H*?). The initial data is naturally
expanded in powers of €

we = wo + ewn +O(82), (4.3)

and the coefficients are correspondingly assumed such that wg — w* € H'*™*, gy = 0 and w; € H'*2,

In order to establish the existence and properties of approximated solutions the condition (Us) will
especially useful. Moreover, we assume that the relative entropy 7' is level bounded in the following
sense.

(L)  The relative entropy n'' is such that lim g0 n''(u, q) = oo uniformly with respect to u on compact
sets of O.

Heuristically, this condition means that the entropy 7 is infinite at finite boundaries of the equi-
librium set O, x{0}. Such an assumption is notably used in convex analysis [23] and holds for the
two-temperature fluids presented in [9, 10]. Assuming (U;)—(Us) and (L) we now rigorously establish
the existence of the multitime expansion coefficients investigated formally in Section 3.
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Proposition 4.2 Let I > lp + 1 and lop = [d/2] + 1 be integers and b > 0 be given. Assume that the
initial data is such that wo — w* € H™Y* and wy; € H™F? with |wo — w*|i44 + |@1]132 < b. Assume
that (U1)—(Us) and (L) hold, that wy € O = Oy X (—4,§)™ C Oy, where O, is a bounded convex
open set with its closure in O, and q > 0 is a given initial bound for fast variable components. Then
there exist a time t. > 0, outer expansion coefficients wo(t) and w(t) defined over [0,t.], as well as
initial-layer correctors wil (1) and wil(1) defined over [0,00) and decreasing exponentially as T — 0o,
with regqularity

wo — w* € CO([0,t.], H), wy € C°([0,t.], H'™?), (4.4)
wll € C([0, +o00), HTY), ' € CY([0, +o0), H'T?), (4.5)

such that the outer expansion equations (3.7)(3.8)(3.11), the inner expansion equations (3.25)(3.29),
and the matching conditions (3.4) are satisfied. These coefficients are uniquely defined and there exists
positive constants ¢ and § depending on O, Oy, q, b and the system coefficients 4;, B;j, L and 1 such
that

lwo(t) — w*[ipa + [wi(t) 142 < ¢ 0 <t <, (4.6)

b (7) [144 + | (7) |12 < coxp(=07), 0 <7< oo, (4.7)

Moreover, there exists Oy = Ouo X (—qo,q0)™ C O, with Oy C Ouy C Ouop C Oy and 0 < § < qo,
as well as € € (0,1], only depending on O,, 6u, q, b and the system coefficients 4;, Bi;, L and 1,
such that for any ¢ € [0,&], the functions wq, wo + cwy, and wo + ewy + e2wh, as well as wo + wl,
wo + wil + (w1 + @), and wo + wl + (w1 + wi) + e2why have their value in O, C Ouo C O,
Corollary 4.3 Letting wo = (uo,qo)t, w1 = (u1,q1)t, @il = (ull,¢}))!, and @il = (ull, ¢l'), there exist
uo(t), qo(t), ua(t) and qi(t) with

ug — u* € CO([0,t.], HH) n ([0, t.], H'F), q =0, (4.8)
uy € CO([Out*]qu+2) ﬁcl([ovt*]uHH_l)v (49)
@ € C°([0,1.], H™?) N CH((0, 1], H™?), (4.10)

and initial-layer coefficients ull (), ¢l (1), vil(7), ¢i(1) with
ub =0, g € CH([0,00), HT), (4.11)
ull € C1([0,00), HF?), g} € C'([0,00), H'™), (4.12)
such that (3.7)(3.9)(3.10)(3.11), (3.26)(3.28)(3.30)(3.31) and (3.5)(3.6) are satisfied.

Proof. 1In the following, a > 1 and § < 1 denote respectively large and small generic constants
only depending on O, O,, q, and the system coefficients 4;, B;;, L and 7, whereas ¢ > 1 denotes a
generic constant that also depends on b. In the proof, we will successively obtain the existence and
properties of wy = (ug, qo)?, the existence and exponential decrease of wl = (ull, ¢'), the integrability
properties of wé)l, the existence and properties of wy = (u1,¢1)?, the existence, exponential decrease
and integrability of @il = (ull, ¢i)’.

Step 1. The outer coefficient wp. From (3.7) we have go = 0 and from (3.9) and Proposition 2.4, the
zeroth order slow variable ug satisfies a symmetrizable hyperbolic system of conservation laws. More
over g € O, up(-,0) —u* = g —u* € H** and [uy — u*|;34 < b. The initial value o has its
value in (5u and we arbitrary select an open bounded set O, that contains the closure of 6u and with
Ouo C O,. According to the local-in-time existence theory of initial-value problems for symmetrizable
hyperbolic system [12, 6, 19, 13, 18, 3, 16|, there exists a unique solution ug = wup(x,t) with initial
value ug(x,0) = ug(z) defined over [0,t,] where ¢, > 0 with values in O,9. This solution also satisfies
the estimates

[up(t) — w144 < Cloclto — u*|i44 < c, 0<t<t,,

where cjo. only depend on 0,0, b and the system coefficients. This establishes the existence of wy with
the regularity properties (4.4).

Step 2. Existence of the initial-layer corrector wi. From (3.26) we have ull = 0 and the ordinary
differential equation (3.28) governing q(i)1 yields, for any fixed 2 € R?, a unique local solution q(i)l(x, T)
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with respect to the fast time 7 starting from g¢o(x) € (—q,q)"™. In order to establish that this solution
go(z,7) is defined over the whole fast time interval 7 € [0,00) and decreases exponentially towards
zero as T — 00, we use the relative entropy n''. This entropy 7' is nonnegative and locally behaves
quadratically n'' = (Hq, q¢) where H = foln;} (u, aq)ada as established in Lemma 2.5. Letting ¢(7) =
n!(to(z), g (z, 7)) and using -9 = 9,nd,vd-qi}, ¢ = (Oun)', and Jqvd,qll = —Sq, we obtain that
O + (gq,9q) = 0. The modified entropy ¢ is thus decreasing and is a Lyapunov function for the gl
differential equation. By integration, leaving implicit the dependence on = for the sake of notational
simplicity, we get

1 ((To, g5 (7)) +/O<QBI(T/)7S(U(1707QBI(T')))QBI(T'»dT/ = 7" (to, @o)- (4.13)
Letting M = sup{7(%,q); & € Ou, ¢ € (—=4,4)™ }, that is finite since Oy, x(=q, )™ has compact
closure in O, and using that 7! is level bounded (L), there exists qo such that ¢ & (—qq, o)™ implies
n(to,q) > M. Therefore, (4.13) implies that whenever uy € O, and ¢y € (—q,q )™, we must have
ql(t) € (—qo,q0)™ for any 7. All trajectories therefore remain uniformly bounded and thus exist

for all positive 7. Letting then O, = Ouo%x(—qo, qo )™ we have (5;,0 = OuwoX[—90,90]™ C O, and
all trajectories are such that ug(t) € Oy and ¢l (1) € (—qo,q0)™ and wy(t) + wil(r) € O for any
t € [0,t] and 7 € [0,00). On the other hand, on the compact set 5;,0 of O,, that includes all
trajectories starting from O, there exists > 0 such that 28¢ < (g, Sq) and 8(q, q) < ¢ < (1/8){q,q)
since ¢, {(q,q), and (Sq, q) all behave quadratically with respect to g. From the inequality 20¢ < (g, Sq)
we get that 0,¢ + 26 < 0 and by integration (1) < n'(1g, ¢o) exp(—267). Further using d{q,q) < ¢
we obtain |gi}(z, 7)| < a|go(x)| exp(—d7) and

lgh (7)) oo < aexp(—07). (4.14)
This yields the exponential decrease towards zero of the initial-layer corrector uniformly in z € R? and
uniformly for the initial conditions ug € O, and qo € (—¢,q)™.
Step 3. Integrability of the initial-layer corrector wi. We first note that by using mollifiers, we may
assume that g — u* and o are smooth functions with compact support. In this situation, ¢l is also
smooth with compact support so that it is sufficient to establish a priori estimates of q(i)1 in Sobolev

spaces in this particular situation.
Since o is in L? and |¢}}(x,7)| < a|qo(x)|exp(—d7), we first obtain that ¢ is in L? and that

’qS(T)’O < algoloexp(—07) < cexp(—d7). We now establish by induction that for any 0 < k <1 +4
4o |k < cexp(—dxT), (4.15)

for some decreasing constants 0 < dp_1 < - -+ < § depending on O, 5u, g, and the system coefficients
A, Bi;, L and 1. This estimate is already established for & = 0 and we now consider the situation
where 1 < k < [+ 4. Letting o be a multiindex with |a| = k, we may write o = ¢; + ¢ for some
j € D where ey, ..., e; denotes the canonical basis of R? and |a/| = k — 1. Applying 9; to the equation
O-ql = Q. (uo, ql}) we first get that 0,9,q¢) = 9,Q,9;¢ + 0.Q,0;to. Further applying the derivation
operator 9 we obtain

0,0%qh = 0,Q,0°q) + [0, 0,101 + 0 (9., ;o). (4.16)

The partial derivative 9,Q, may be decomposed into

anr(607 qbl) = _nvvs - 6(1(771;1;5)‘1 = _ﬁvvs - (nvvs - ﬁvvs) - aQ(nva)CL
where 7, = 1, (to,0) and S = S(U(tp,0)). Letting
1
F(0,0) = 10 (| 94(01,0) 0, 0) s+ 0,1,,9)).
0

we have 9,Q (U0, @) = —7,, S — Mppd ¢ and 0y Q(u, q) = —0u(1,,S) ¢ Multiplying equation (4.16) by
Nt = Mot (11g), that does not depend on 7, and next scalarly by Bo‘qé}, it is obtained that

0-3(0% 0, T 07l + (0%a), S0°qi) + (0% q), Tap 0°ai}) =

+ <aaq(i)l7 ﬁvv [60/7 aq Qr]ajq(l)l> - <aaqi017 ﬁvvaa/ (aU« (nvvs) q(i)lajao) >
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Letting ¢ = (9%q}), nwlaa i1y and using the inequalities 46’ < (9%qll, S0%¢l)) and [(9%¢l T g} 0%¢l))| <
algi(7)| L ¢ valid over OwO we obtain after some algebra

Orko+ (30" —algl(7)| =)o < c[10°, 0,104l |3 + cl0u(n,.,S) ooy,
Using the induction assumption, Leibnitz formula, and the commutator estimates then yields
0r 30+ (30" —algy (7)| 1= )¢ < cexp(—285-17).
Using (4.14) there exists 7o such that a|gl}(7)|, < &' for 7 > 75 and then
O- 30428 o < cexp(—26,_17). (4.17)

Summing for |a| = k, integrating over [rp,00), and selecting ¢ < ¢’ and 0 < dr—1 we obtain that
|q |k <:|q0 To ‘k exp( 0rT) 4+ cexp(— 5;€T) for 7 > 79. On the other hand, we may also directly
write that on the interval [0, 7p] we have 0, 1 5% < ap+c, so that applying Gronwall lemma yields that
i ( ’k < c over [0, 7p]. Combining both estimates over [0, 7] and [r9, +00) then completes the proof
of (4 15).
Step 4. Existence of the outer corrector w;. Once ug is known, ¢; may directly be evaluated by using
(3.10). Taking into account the regularity properties of ug, and since the expression of ¢; only involves
first order spatial derivatives of ug, we obtain that q; € C°([0,t.], Hl+3) NCYH([0,t.], H'T2).

Similarly, once ug and ¢!l are known, the initial-layer corrector ul is directly obtained from (3.33)
in the form

ul(z,7) = / / 0yt (u, agh (")) dar gl (+')dr.

j€D

Using the properties of ¢l established in Step 2, in particular the uniform exponential decrease, it is
obtained that ul! € C1([0,00), H'™?) and |ull(7)|;43 < cexp(—d7).

Once vl is known, we may evaluate u'(0) € H'*3, and thus u;(0) = @ —u!!(0) so that u1(0) € H!*2
since 1 € H'*2 and w{(0) € H'*3. The first order slow variable u; also satisfies a semilinear and
symmetrizable hyperbolic system with nonhomogeneous terms that are functions of ug, 9,uo and 92ug
and are C°([0,t,], H'*?). According to the local-in-time existence theory for symmetrizable hyperbolic
system, there exists a unique solution u; = u;(z,t) with initial condition u;(0) = u; — ul(0) for a
positive time interval that may be chosen to be [0,t.], eventually after a change of notation. This
solution uq also satisfies the estimate

[ur @2 < cfur(O)|ive <¢, 0 <t <,

and the existence of wy and w; with regularity (4.4) is established.

Step 5. Existence and integrability of the initial-layer corrector wi'. The global existence of ¢i(z, )
in C1([0, 00),R™) follows from the general theory of linear differential equations since ¢! satisfies the
linear equation with bounded coefficients

Orqi = 04 Q. (wf + wy)gi + 71,
where
= (0uQu(@ + wl) = 0uQu () b + D Qu(wf + wh)u
 (04Qu(wh + ) — 0,Qu () )af + C(wf + wh)) — C ().

The polynomial factor in 7 of u} is in particular compensated by the exponential decrease towards zero
of ug. Using the T-independent metrics already used for q' as well as the exponential decrease of ril,
the exponential decrease of ¢! is next established. The integrability propertles of ¢! are consequences
of that of 7! obtained from (4.15) and proceeding as in Step 3 yields that ¢i! € C*([0,00), H'*?) and
|41 (T) 142 < cexp(=47).

Finally, the values of wg and w! remain in the compact set (5;,0 = Ou0%[—q0,90]™ and we may
find O, with 5;0 C Ouo C Ouyo C Op. On the other hand, the values of wq, will, and w) remain
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in a compact set of R™ since |wy|r~ + |@!|z~ + |wh|r~ < c. As a consequence, for & small enough,
wo + ewy, wo +ewy + 2wh, wo + wh + e(wy + wl), and wy + wll + e(wy + wll) + 2w} all have their
value in the open set O, and O,0 C O, C O, for any € € [0, &]. O

In the following proposition we investigate the approximated system satisfied by the second-order
truncated expansions w? and w/*.

Proposition 4.4 Keeping the assumption and notation of Proposition 4.2, for any e € (0,£], the
approzimated solution w® = wo-+cwy +wi+ewll is such that w? —w* € C°([0,t.], H'T2). The residuals
G., Gi, G, and F. defined in Propositions 3.1 and 3.2 are such that G.,Ga. € C°([0,t.], HY),
G1 € CU[0,t.], H*Y), F. € C°([0,t./e], HY), and F. is decreasing exponentially with respect to the
fast time. Moreover, there exist ¢ and § independent of € with

|Ge ()1 + |G2: ()| + |G1 () 141 < ¢ 0<t<t,, (4.18)

[Fe(T) 1 < cexp(—d7),  0<7<t/e (4.19)

Similarly, the second-order projected outer corrector wh = (0,q2)! is such that wh € C°([0,t.], H'T!)
and the modified approzimate solution w/* = w® + 2wl is such that w* — w* € C°([0,t.], H*Y). Fi-
nally, the residuals GL, G, G, and F! defined in Proposition 3.5 are such that G € C°([0,t.], H'),
be €CO([0,t,], HY), F! € C°([0,t. /€], H') and there exist constants c and & independent of € such

that
Goe )i + 1G5 ()11 <, 0< <t (4.20)

[F(7) i < cexp(—d7),  0<7<t/e (4.21)

Proof. The regularity properties of w? and of the residuals G, G1, G-, and F; are direct consequences
of the regularity properties established in Proposition 4.2, and of the expression of the residuals obtained
in Proposition 3.1, Proposition 3.2 and Appendix B. The corresponding estimates are also consequences
of the estimates established in Proposition 4.2.

Similarly, the regularity properties of w/* and G5_, G%., and F. and the corresponding estimates
are also consequences of Proposition 4.2 and Proposition 3.5. Finally, the estimating constants only
depend on O, Oy, q, b and the system coefficients 4;, B;;, £ and 7. O

4.2 Normal variable

In order to establish the existence of solutions w. to (2.7) as well as the accuracy of w® and w/?, it
is necessary to have a local existence theorem. To this aim we have to put the system into a normal
form that distinguishes between hyperbolic and parabolic variables [13, 14, 15, 8, 9, 10, 11]. A natural
sufficient condition for system (1.1) to be rewritten into a norm form is Condition N introduced by
Kawashima and Shizuta [15] and strengthened in [7].

(N) The nullspace N(E(U,{)) of B(u,&) = >ijep Bij(92n) 1&g, does not depend on U € Oy and

§ €211 and By (0)(0n) N (B(U,€)) =0, for i j =1,....d.

Heuristically, the independence of N (E) on ¢ is an isotropy condition of diffusion processes and the
independence on 2 is an ubiquitous condition of diffusion processes. For fluid models, Condition (N)
generally results from natural constraints on transport coefficients associated with mass, momentum,
or energy conservation and derived form the kinetic theory [1, 5, 7]. Under Condition (N) it is then
possible to describe all possible normal variables [8, 7]. Letting n, = dim(N(f?)) and ny = n—ny, let P
denote an arbitrary constant nonsingular matrix of dimension n such that its first n; columns span the
nullspace N(B), and define the auxiliary variables by v’ = P'u = (u],u/)! and v/ = P~1v = (v],v},)!
where v = (9yn)* [8, 7]. The diffusion matrices corresponding to these auxiliary variables have nonzero
coefficients only in the lower right block of size n; = n — n; and normal forms are equivalently—and
more easily—obtained from the v/ symmetric equation [8, 7].
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Lemma 4.5 Assume that the nullspace invariance property (N) is satisfied and denote by U’ = P'u
and V' = P71y the aumiliary variable. All normal variables of system (1.1) are in the form w =
(¢I(U{),¢“(vf1))t where ¢, and ¢, are two C°° diffeomorphisms of R™ and R™, respectively. The
component w; = ¢,(U}) is then the hyperbolic variable and wy = ¢, (v],) is the parabolic variable.

Assuming that Condition (N) holds, the structure of the normal form is investigated in the following
proposition using the partition R” = R™ x R™.

Proposition 4.6 Let w = (w;, wy;)? be a normal variable with a C* diffeomorphism U — w. Letting
U = U(w) in (1.1) and multiplying on the left by (0,U)!02n = (Owv)! yields

w)w; + Z Aj(w)O;w — e Z 9i( ojw) = Qw) + ed(w, d,w), (4.22)

€
JjED i,jED

where the coefficient matrices Ay = (0 U )t82778 U, Aj = (OwV)'02n Aj OV, Bij = (0w U)taun Bij 04U,
the residual d(w,0,w) = =3, icp 9i((Owv)* )Bu 8 U, and the source term Q = (9,U)'0%nQ have
the following properties.

A0

(wy) The matriz Ay has a block structure [ 8 g ] and is symmetric positive definite over O,.
0

(w2) The matrices A;, j € D, are symmetric over O,.

(ws) The matriz I_Bij has a block structure [8 [_3(.‘)1.7“ ] and satisfy I_ij = I_Bji, 1,7 € D, over O,. For
ij

any & € X1 the diffusion matriz B™" = > ijeD Bi3"€&; is positive definite over O,,.

The matrices Ao, Zj, I_Bij, and the source term Q have reqularity C*° and the quadratic residual d
may be written
d(w,0,w) = > Wi;(w)dwo,w, (4.23)
i,jED
where M;; are third order tensors depending on w, have regularity C*° and only involve parabolic
- — t
components d(w, d,w) = (O, Dijen My (w )Ow!Ow!)".

We also assume in the following that the source term @ is in quasilinear form.

(wy) The source term Q may be written Q(w) = —L(w)w where L is a symmetric positive semi-definite

matriz of size n with a fived nullspace N(L) ="E and w +— L(w) has reqularity C.

We use the terminology quasilinear for such source terms @ since the matrix L has several invariant
properties, being symmetric positive semi-definite with fixed range and nullspace. In particular, the
linear subspace E is the slow manifold with respect to the normal variable w, £+ is the corresponding
fast manifold, and we denote by 7 the orthogonal projector onto E-. Source terms @ that are in
quasilinear form with respect to the entropic variable v = (9,n)" are often encountered in mathematical
physics [33]. The assumption (w4) concerning the source term of the normal form @ is thus natural
in terms of properly chosen normal variables w [9]. This is notably the case when the normal variable
is such that 7w = 7(d,w)v as investigated in [9] as well as for multitemperature nonequilibrium gas
models [9] and complex chemistry fluids [11]. The assumption (wy4) further implies extra properties
already observed for the quasinormal variables like for instance (Q(w),w) = 0 if and only if Q(w) =
and if and only if w € E. Incidentally, it is often the case that the source terms @ belongs to the
parabolic subspace {0} x R™ but such a property will not be needed in the analysis. Finally, we
introduce a commutation relation that simplifies a priori estimates [9, 10, 11].
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(C) The commutation relation Ag(w)m = 7Ag(w) holds where T is the orthogonal projector onto the
fast manifold E*.

This property is equivalent to AgE C E or AgZ+ C E* and naturally implies A" (w)L(w) =
7t Ay (w)L(w)7 since L = Lt = 7L and 7' = 7. These relations simplify some commutator estimates
for nonequilibrium variables [9, 11].

Since the change of variable U — w is a C'°° diffeomorphism, we may use the induced C'*° diffeo-
morphism w — w from O, onto O,, and define naturally the second order approximations w? and w’?
in the normal variable as

la

we=w(wd),  wl = w(wl). (4.24)

The approximate equation satisfied by w’ is investigated in the following proposition and an analogous
equation for w? is similarly obtained.

Proposition 4.7 Keeping the assumptions and notation of Proposition 4.2, for any e € (0,&|, the
approzimation W is such that w —w* € C°([0,t,], H'*') and satisfies the system

) — Q(Wsa)

- (4.25)

Ap(WHW + Y A;(WOwWE —e > 0i(Bij(w)dwi

JED 1,j€D

+ ed(W?, 0, W) + e2Gh. + 3Gl + eF,

errxe

where G, = (OwVv)'0,UGh., Gh. = (0wVv)'0,UGS., and F. = (04v)'0,U F.. Moreover, there erists
positive constants ¢ and ¢ independent of € such that

IGo. ()|, + 1G5 (O)],y <, Ga(t) € {O}xR™,  0<t<t,, (4.26)
|FL(T)], < c exp(—67), 0<7<t/e. (4.27)

Proof. The approximate equation in normal form (4.25) is obtained from the approximate equa-
tion in the quasinormal variable (3.42) after the change of variable w = w(w) and multiplication by
(Owv)!0,,U = Agd,w. The second-order derivative terms are also integrated by part in order to include
the multiplying factor (9,v)'d,U inside the derivation operators in such a way that the quadratic
residual reads d = (OyV)?0,Ud + Zi7jep(awv)t8wUQ§ij8j wl®.

Proposition 4.4 then yields that w® —w* € C°([0,¢.], H'*!) and w? — w* € C°([0,t.], H'*?) using
that w — w is of regularity class C°°. The integrability of the residuals also directly results from the
expressions G, = (OwV)!0,UGh,., G = (O4)'0,UGh,, and F. = (9yv)!0,U F. and Proposition 4.4.

Finally, the residual G%. may be rewritten by using the definition of G%. from Proposition 3.5 in

the form G, = — Zi_’jep(awv)tawmijaiaj wh where all matrices (Oyv)?, 9,U and B;; are evaluated at
w!®. Using then 8;; = (9,,U) "' B;;0,U we obtain that
(_;/35 = — Z (8Wv)tBij8wU8i(9jw’2, = — Z Eijawwaiang,
i,jED i,jED
in such a way that G5, € {0} xR™ from the properties of the diffusion matrices B;j, i,j € D. O

The initial conditions w., wp, and @w;, are assumed to be such that |w. — wo — cw1|; < ce? in
such a way that |w?(0) — we|; < ce? and |w/*(0) — w|; < ce?. Letting naturally w. = w(w.) and
w(0) = w(w/*(0)), we thus have

[w?(0) — We|; < ce? (4.28)
Finally, we define the zeroth order outer coefficient wy and the limit at infinity w* in the normal
variable as

wo = w(wp), w* = w(w"). (4.29)

Since w/* = w? + e?w)y where w?® = wo + cw1 + wi} + cw!!, we also obtain from Proposition 4.2 that
there exists constants ¢ and ¢ with

w2 —wol; < claf* — woli < c(e 4 exp(—67)).

Note that one may define similarly approximate solutions in the conservative variable U2 = U(w?)
and U = U(w/*) that also satisfy approximate equations analogous to (1.1) but only w? and w* are
used in the following.
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4.3 Existence of solutions

Let w be a normal variable and consider the Cauchy problem for the system of partial differential
equations (4.22) with initial condition w, where £ € (0,&] and & is fixed with 0 < & < 1. The initial
value w. is assumed such that w. — w* € H'(RY) where [ > lp + 1 and w.(z) € Oy, z € R?, where
Oy is a bounded open set with Oy € Oy C O,,. We further introduce a d;-neighborhood of Oy with
0 < dy < d(Op,d0,,) defined by

O, = {W S OW; d(W,@()) < d }, (430)

in such a way that Oy C O; € O; C O,, and O, is bounded.
According to the local existence theory for hyperbolic-parabolic systems [27, 13, 24], for any ¢ €
(0,&], the system (4.22) has a unique classical solution w. taking its value in the open set Oy

we —w* e CO([0,2], HY nCY([0,2], H2),  wey —w € L([0,t], H'FY), (4.31)
we(z,t) € O, (z,t) € RYx[0,%]. (4.32)
For each fixed ¢ € (0,£] we may thus define a maximal time ¢. by
te = sup{t > 0 : w, satisfies (4.31)(4.32) }.

This maximum time ¢. depends on the relaxation parameter ¢ and may tend to zero as ¢ — 0. In
order to establish that £, remains at finite distance form zero, we may use the existence of approximate
solutions defined on a finite interval that satisfy the following properties (L;)—(Ls).

(L1) There exists a finite time t, > 0 independent of ¢ and a family of approzimate solutions w?* €
CO([0,t,], HY) for e € (0,2] such that

w? —w* e CO([0,t.], H) n C ([0, t.], H'?), (4.33)
W;?I - W;; € Lz([ovt*]v HH_l)a (434)
w2 (z,t) € O, (z,t,6) € RY x [0,t,]x € (0,4]. (4.35)

(La) Letting t,, = min(t.,t.), we have

lim sup |we(t) —w?(t)| e = 0. (4.36)
e=04e(0,t,m)

(Lg) There exists a constant ¢ independent of € € (0,&] such that

tm
up we(t) = wE (o) + 2 [ 1omantt) — o) < (437)
te|0,tm 0

A key tool in order to establish existence results by using approximate solutions with (Lq)—(Ls) is
the following convergence-stability lemma [32].

Lemma 4.8 Assume that there exists a family of approxzimated solutions w? for ¢ € (0,&] such that
(4.33)(4.37) hold. Let t. be the mazimal existence time for a classical solution with H' regularity and
values in Oy. Then for € small enough we have t. > t..

Proof. Arguing by contradiction we assume that there exists a sequence (g;);eny with lim; .o &; =0
and ., < t.. From (4.37) and the properties of w* we obtain that sup,coz. )|ws, (t) — w*[f < c

and from the governing equations in normal form that dywe,,(t) € L*((0,%,), H'~'). Similarly, since
fotsi Oywen(t)[?dt < c/e; from (4.37) we also get that dywe,(t) € L?((0,%.,), H™'), so that finally
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dwe, (t) € L2((0,%.,), H™'). The existence of lim; 7, we,(?) in H'=! then follows from the estimate
Iwe, (') — we, (8)1—1 < et/ —t valid for 0 < ¢ < ¢/ < t.,. The limit lim; ,; w.(¢) then exists in
H'~! and also as a continuous function since [ — 1 > [d/2] + 1. Moreover, from (4.37) and standard
functional analysis arguments, the limit w,, (f.,) also belongs to H'. Since the trajectories w(t) for
0 <t <t <t, are included in the compact set Oy C Oy, we obtain from (4.36) that the values of
we(z,t) are necessarily in the open set O; and remain at finite distance from its boundary for ¢ small.
In particular, the limits we, (z,.,) also belongs to the open set O; for &; small enough. We may then
use a local solution starting from w, (f.,) showing that the solution can be extended beyond ., and
contradicting the definition of .

Another method of proof consists in noting that the local existence time for parabolic systems with
smooth uniformly bounded coefficients is uniform with respect to initial solutions that are a priori
bounded in H'. Classical solutions with a fixed and small enough e can thus be extended beyond #.,
from the uniform H' a priori bound [29]. O

In order to establish (L;)—(L3) and the properties (4.33)—(4.37), we may now use the approximate
solutions w’* constructed in Section 4.1 that satisfy (4.33)(4.35) when w(Ou0) C Op. We further
establish in the next section a stronger version of (4.36)(4.37) by proving that

tm
sup |we(t) —w2(#)|7 + 5/ |0, Wen () — O, w2 (1)]7dt < ce?, 0<e<e (4.38)
te[0,tm) 0

By combining these estimates with the convergence-stability lemma, we obtain the following existence
and approximation theorem.

Theorem 4.9 Keep the assumptions and notation of Proposition 4.2 and further assume that (wy)-
(w4), (N) and (C) hold. Assume that w(QO0) C Oy C Oy C Oy, and that W. € Op. Then there exists
positive constants t. and c such that for e sufficiently small, system (4.22) has an unique solution w,
over [0, t.] with reqularity class (4.31)(4.32) and

sup |we(t) — wh(t)]; < ce? (4.39)
te[0,t.]

Proof. The existence of w. on a finite time interval is a consequence of the existence of the approxi-

mated solution w/?, of Lemma 4.8, and of the error estimates (4.38) that established in the next section.
O

Corollary 4.10 The family of approximate solutions w2 constructed in Section 4.1 also satisfies
SUPyeo ] IWelt) — w2(t)1 < ce?. Using the diffeomorphism U + w and letting U2 = vu(w?) and
Us = U(w) we also have a second-order estimate in the form sup,c(q.,.) [Ue(t) — U2(t)]; < ce?.

The estimate (4.39) is an improved version of a former O(3/2) estimate and is established without
extra reqularity assumptions. The extra accuracy is obtained by first using w’ instead of w? in the
proof. Ultimately, since w® —w? = O(g?), it is also obtained that w.(t) —w?(t) = O(¢?) but the proof
requires to first use w because of the entanglement of the asymptotic orders.

4.4 Proof of the error estimates

We establish in this section the error estimates (4.38) for w. —w’® used in Theorem 4.9. To this aim, we
consider a solution w of the equations in normal form with the regularity class w. —w* € C([0,%], H')
and initial condition w.. We also consider the approximate solution w/* = w(w/*) that satisfies the
approximate system (4.25) with initial condition (3.43). The solution w,. is defined over an interval
[0,%c) and the approximate solution over [0,¢.] and we have to compare these solutions over [0, t,)
where t,, = min(t.,t.). Note that by assumption we have w. € O; and w* € Oy C O; in such a way
that both |w.|pe~ and |w?|p- are already a priori bounded. Moreover, it is sufficient to establish the
estimates (4.38) for smooth solutions since we may use mollifiers and convolution operators.

Step 0. Preliminaries. In the following § < 1 denotes a generic small constant and ¢ > 1 a generic
large constant both depending on the system coefficients and initial data but independent of €. The
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various occurrences of these constants may be distinguished and the minimum of all § and the maxima
of all ¢ may be taken at the end of the proof so that only single constants ultimately remain. For k£ > 0
and ¢ € H* we introduce
al! —
B = S [ (dw)o,000) ds, (4.40)

d
0< o<k R

and define the error e. by e. = w. —w/*. The error is such that e. € C([0, ), H') NL2([0, ), H)
and dre. € C([0, ), H'~?) and we may form the difference between equations (4.22) and (4.25). This
yields the following equation for e. written in nonconservative form for convenience

_ _ _ 1—
Ap(we)ore + Z Aj(we)0ec —¢ Z Bij(we)0;0,e. + EL(WE)eE = h, (4.41)
JED i,jED
where h = hey 4 hgs + hgy + hpe and

hew = = 3 Ao(we) (A (we) A (we) — A (W) Ay (wl?) ) i,

i€D

hae = D e Mo(we) (A" (we) Buy(we) = Ay (w2 By (W) ) iy
i,j€D

+ Ao (wo) (A5 (wo)d (we, 0, we) = A (wl)d (w2, 0,wi)) ),

hsr - - éAO (WE) (Zo_l (WS)Z(WE) - ZO—I(W;&L)Z(W?))W?,

hpt = — Ag(we) Ay ' (W) (2Ghe + Gl + eFL).
These residuals hey, has, hsr, and hpg are respectively due to convection, diffusion, sources and pertur-
bations and the quadratic residual d' is defined by d'(w, 9, w) = d(w,d,w) + >, ., OwBij(w)O;wd;w.
Applying 0% to equation (4.41) where || <[ we get that

A fe} A fe} §5) « 1_ fe} «
Ap(we)0,0% + Z Aj(w:)0,0%. — ¢ Z Bij(we)0;0;0%. + gL(W&.)a e. = h®, (4.42)
Jj€D i,jED
where
h = Ao(w.)0* (A5 woh) + 3 eAo(we) A7 (we) B (we), 0] dhdje. (4.43)
1,J€D

= 37 Ay [y () A e), 0 e — Ao (we) Ay (e i (w2), 0
€D

Step 1. The [th order estimate. Multiplying equation (4.42) by 9%e. and |a|!/a!, integrating over R,
summing over 0 < |a| < [, using the inequality |¢|r~ < co|@|i—1, the Garding inequality

50,6 < S [ (Bly(w)0:6.0,6) o + culo,me ol

i,ieD

and integrating by part the second-ordersecond-order terms

- Z / <§Z—j(ws)8i8j8aes,8°‘es> dx = Z / <8W§ij(ws)8iwsaj8°‘es,8o‘es> dzx
R4 Rd

i,i€D i,i€D
+ Z/ <Eij(W5>8jaa65,8i8a65>d$,
iiep /R
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it is obtained that

) — —
OB} (e2) + £0|0,ecnl? + Zlmec[} < c(10n Ao (we)limr + Y 10,25 (we) i1 ) e (4.44)
jeD
+ celDwe| iy leanlf +c ‘/ h® aa€a>dx‘
0<|al<t “B?

The integration by part of second-order terms and the Garding inequality both yield extra similar
contributions in the form cg|0,w.|? |ecu? < celd,we|? ;|ec|? on the right hand side.

The terms arising from [9; A;(w)|;—1 are majorized by c(1+ |8,e:[;-1) upon writing w. = w* + e,
and using the a priori bound of w® in H!. For the time derivative |0,Ag(w.)|;—1 we may use the
governing equation (4.22) for w. and 7wy = 0, to obtain that

9 Ao(we)li-1 < (3 [ayweluor + 3 eldwenl? s

JjE€D jED
|m(we —wo)li1
+ W1 :
Z 5|818JW5H|I 1+ - )
4,j€D
Combining the previous estimates with (4.44) and using the identity we. = wo + (W2 —wp) + e as well

as [w® — wol;—1 < c(e + exp(—d7)) we obtain the Ith order estimate
4
OB (ec) + 8|0 eculy + Z|mecl? < (1 + [ecli + elecl?)lec| (4.45)

c c
+ gexp(—57')|eg|l2 + g|ﬂ'es|l—1|€s|12 ‘/ (h™, 0%) dx‘

0<|a|<l

More specifically, the terms |0;w.|;—1|e:|? are majorized by c(1+ |e:|;)|e|7, the terms £|0jwey|? ;|ec|?
are majorized by (1+¢lec|?)|ec|?, the terms £]0;0;wey|i—1]ec|7 are partly compensated by the parabolic
regularity term de|d,e.|? in the left hand side of (4.44) and yield on the right hand side the factors
ec(1+ec|?)|ec|7, and the source term yields the majorizing quantity c(|mez|;—1 + & +exp(—07))|ec |7 /e.
We next have to investigate in the right hand side of (4.45) the terms assoclated with h® given
by (4.43). These terms involve commutators as well as the contributions Ap0%(A,'h) where h =
hcv + hds + hsr + hpt-

Step 2. Terms arising from commutators. The commutators in (4.43) are in the form [p(w.),0%]
where ¢(w.) converges to ¢(w*) at infinity. Upon decomposing ¢(w.) = ¢(w*) + (p(we) — ¢(w*)) and
since [p(w*),d%] = 0 and [p(w.), 3°] = 0 we have the inequality

> llgwe), 01|, = D [le(we), 018, < clo(we) — d(w)[i |1

0<a|<t 1<]al<I

Using the nonlinear estimate (4 2) and since both w. and w/* are a priori bounded in L°°, this inequality
is simplified into EO<|a\<l’ (we), 0] 1/1’0 < clwe—w*|;|?|;—1. Finally using w. —w* = w, —w?+w?—w*
yields the useful estimate

Y lewe), 010y < el + [el) ¢ li-1.

<<l
Using this inequality with ¢ = Ay 14; and ¢ = d;e. first yields that
S| [0 e R A5 ) Tiwe), 90 da| < 1+ fechecl

0<|e| <1
i€D

Similarly with ¢ = Kalgij and ¢ = 0;0je. we have

3 /a e My (e ) [y (W) By (), 010,y .) | < co(1 4 e ecuh [ eanl.
0<]al<!
1,j€D
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and the /2|0, e.y|; factor can be absorbed using the left hand side term & |0, €cn|? due to parabolic
regularity. This then yields on the right hand side the quantity cs(1 + le<|?)|ecu|?. Finally, we also
obtain for ¢ = A;'L and ¢ = e. that

— c
> | / 6er = Ag(we) A5 (we) E(we), 9%ec) da| < S(U+ feclplmecialmeckr
0<|al<I €

Keeping in mind that this term is absent for a = 0, the quadratic contribution (c/e)|mre.|;—1|mec|; may
then be eliminated from (4.45) by using the left hand side term (J/¢)|me.|? of the Ith estimate, the left
hand side term (J/¢)|mec|3 of the zeroth order estimate, by multiplying the zeroth order estimate by
a suitable large constant, adding the result to the /th order estimate, and by using the interpolation
inequality [¢|;_1 < co|¢|?|¢lo~? where 6 = (I —1)/I.

Step 3. Convective terms he,. In order to estimate Ag(w.)9® (A 1(wg)hcv)7 we first note that Ag(w.)
is bounded in L*° and that Ay "' (w.)he, is in the form

A5 (wohey = = 3 (A (wo) Aifwe) = A7 (W) Ay (wl) ) Oy,
i€D
Using the nonhnear estimate (4.2) with the variable w. — w/?, the L> bounds of w. — w/*, and the

estimates of w in in C([0,¢,], H"!) then yields

/ 8 ee, Ag(w.) 0% (A ' (we) hey) >dx‘ < cle|?.

0<]al<l

Step 4. Diffusion terms hqs. We first consider the terms Ag(w.)0* (Eal(wa)hds) when |o| <1 -—1.
Noting that

A7 (wohas = & D7 (A7 (wo) By (we) = A7 (w) By (wi) ) 950w’

ijeD
e > (A we Wiy (we) — Ay (W)W (W) ) w0
ij€D
+e Z Ay (w, )M (we) (Biegajea + ;0w + (%Wf_:aajea),
ijeD

these terms can directly be estimated in the form

3 / a ez, Ao(we) 0% (g (we) has) >dx‘ <

0< || <I—1
C5|ea|l2—1 + celeci—1 (1 + |ea|l2)(|e€u|l + |6811|l2)7

using the L bounds of e. as well as the H'*! bounds of w’*. On the other hand, for the terms such
that |« = [, an integration by part in performed by writing a@ = ¢, + o’ for some ig € D where
e1,...,eq denotes the canonical basis of R? and |o/| = | — 1. We may then write

‘/ 0%, Ag(we) 0% (A (we) hdb)>dx‘
—— [{B (Aatwooe.)., o (A (we) ) ) da
- / <aWZO (We )P %ee + Ag(we)dsy 0%, 9 (Ag ™t (we.) hds)> dz.

The higher order derivative contribution 9;,0%e. yields a majorizing term involving |0, e.|; that is
absorbed using the parabolic regularity term £§|0,ec|7 in the left hand side and yields—after some
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algebra—on the right hand side the quantity ce(|e:|?+|ec|}). The remaining term may then be estimated
as above and we finally obtain on the right hand side the term ce(|ec|? + |ec[?).

Step 5. Source terms hg,. We first note that Za 1(w8)hsr may be rewritten in the form

A5 wedher = = = (A5 (wo) Twe) = A5 (W) D) ) (Wl = wo),

3

since L(w:)wp = 0 and L(w*)wg = 0. We may then write
1
‘/ 8 e, Ao(we) 0% (Ay " (we) hyr >d:v‘ < c(l + —exp( 57’))|€a|17

by using |w? — wg|; < c(e + exp(—d7).
Step 6. Perturbation terms hyi. The terms arising from hyy may be split by considering separately
e?Gh,, 3G, and eF.. The term associated with G}, is directly majorized in the form

Z ‘/ 8 ee, Ao(we) 0% (2 A5 (W) G’Qs)>dx‘ < ce?led]s,

|| <1

using the a priori bounds of G_ in H' from Proposition 4.7. Further using the inequality ab < 1 (a*+b?)
then yields a majorizing factor cle.|? + ce?. Similarly the term associated with eF”. is majorized as

Z ’/ 8 ee, Ao(we) 0% (e Ayt (W2) F’E)>dx‘ < ceexp(—dt/e)lecs,

|| <1
using the a priori bound of F”. in H' from Proposition 4.7. Using the inequality ab < %(a2 + b?) then
yields the majorizing factors in the (c/e) exp(=dt/e)lec|} + ce® exp(—dt/e).

We next consider the terms arising from G%, such that || <! — 1. These terms may directly be
estimated by using the a priori bound of G%_ in H'=! and yields that

/ 8 ee, Ag(w.) 0% (3 A5 (W) _g€)> dx‘ < ce¥leauls-

0<]al<l—1

On the other hand for the terms arising from G_ such that |a| = [, an integration by part in performed
by writing o = ¢;, + o where igp € D and |o/| =1 — 1. We may then write

(0% Ratwe) 07 (4 (w) B.) o
. / (i, (Dp(we)orec), 0% (5" (we) Gs) ) e
_ /<6WZ()(W€)6Z'OW8 0% + Ag(we)0;, 0%, 9% (Egl(wg) _g€)>dx.

The higher order derivative contribution 9;,0%. yields a majorizing term in the form

Z ‘/ Ao (we)04, 0%ee, 30‘/( (WE) Gh. >dx‘ < ce |8 €enlls

lee| =t

involving /2|9, e.|; that is absorbed using the parabolic regularity term £6|9,e.|? on the left hand
side and yields in the right hand side the quantity ce® < ce*. On the other hand, the remaining terms
are directly majorized in the form

> / OwAo(we)iwe 0%, 5a/(ZEI(Wa)§§E)>d$‘ < ce®(1 4+ lechi)leculr-
la|=l
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Step 7. Final estimates. Combining the previous inequalities with (4.45) and using ¢ < 1, it is
established after some algebra that

1) c
8tEl2(es) + 55|8x6511|12 + g|7"es|l2 < C|€5|§5 + g|€6|l3 (4.46)

+ c(l + % exp(—&)) lec|} + c(e* + % exp(—d7)).

Letting

la

V=B = B () = (M),

dividing (4.46) by £2, and using |e.|? < cE?(w.) and € < 1, it is obtained that
1
O + |0 ean|f < eyt +c(1+ - exp(—07))1p + c(? + e exp(—67)).

Moreover 1(0) = (1/£%)E}(w. — w(0)) since we(0) = w. and using [w. — w*(0)[; < ce? from (4.28)
yields 1(0) < ce?. Assuming then that ¢ (0) = ce? < 1, it remains true in an interval near zero in such
a way that ¢* <1 on this interval. Then on this interval we get that

t
1

P(t) < c/ (1+ . exp(—6t'/e))yp(t') dt’ + ce?, (4.47)

0

and from Gronwall Lemma we obtain that
t
1
P(t) < ce? exp(c/ (1+ - exp(—dt’/e)) dt') < ce?exp(c(ts + 1)), (4.48)
0

using fg exp(—6t' /) dt’ = e(1 — exp(—6t/c)). Assuming finally that cs? exp(c(t. + 1)) < 1, it is then
guarantee that ¥ remains lower than unity over [0, ¢,,) with ¢, < t., so that finally the estimate (4.48)
is established over [0,t,,). Moreover, from t(t) < ce? exp(c(t. + 1)) over [0,,,), we further obtain

that &6 [, |0, ecu(t')|7 dt’ < ce* and this completes the proof of (4.38).

4.5 Chapman-Enskog expansion

The Chapman-Enskog method allows to derive governing equations for reduced systems [1, 5, 18, 2, 7,
16, 9]. Considering in particular the system in quasinormal form (2.7), this asymptotic method yields
an expansion in the form w. = w§® + ew(® + O(¢?) involving a zeroth order variable w§® = (u°®, ¢§°)"
with a slow component ©°® that is a priori infinitely accurate u. = u°® and higher order coefficients w§®
for i > 1 in the form w$® = (0,¢5°)". Its effective resulting accuracy then depends on the truncation
order of the expansion. In other words, with Hilbert method, the slow variable u. itself is expanded
ue = up+eu; +0O(e?) and each coefficient u; has its own system of equation whereas with the Chapman-
Enskog method the slow variable equation is expanded and the corresponding solutions resulting after
truncation, that may be denoted by u$°, ¢ > 0, are ¢th order approximation of u. = u®. We first
investigate in this section the difference between the zeroth and first order Hilbert and Chapman-
Enskog expansions. We then discuss the inital layer associated with a two-term Chapman-Enskog
expansion.

With the hyperbolic-parabolic system presented in Section 2, it is obtained after some algebra
that at zeroth order the Hilbert and Chapman-Enskog expansions coincide with w§® = wy = (ug,0)*
where ug = uf® is the solution of the first order system (3.9). Such zeroth order approximations would
typically yield Euler equations for a compressible gas. On the other hand, after some algebra, at first
order of Enskog expansion, the coefficient w{® is found in the form w$® = (0, ¢;)" where ¢1 = ¢§° is
given by (3.10) and thus differ from the Hilbert first order term w; = (u1,q1)". Moreover the first
order approximation u$® of u®® is found to be the solution of the more accurate reduced system (2.14)
that includes all O(e) terms. This Chapman-Enskog first order approximation would typically yields
the Navier-Stokes-Fourier system for a compressible gas. A first task in therefore to compare the first
order Hilbert outer expansion

u"(x,t) = uo(z,t) + euq (2, 1), (4.49)
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to the solution u§® = w, of (2.14). Since u, = u{® is the solution of the reduced system (2.14), the

natural method in order to compare u{® = u, and uo‘“ = ug +cu is to evaluate the outer residual RO‘Jt
defined by
out 8 uout + Z 9. f] out Z 8 Be. out 8 gut)' (450)
JED 1,j€D

The difference between u$°® and wug + eu; will then be estimated by using a stability theorem for
hyperbolic-parabolic systems.

out out

out e R2€

Proposition 4.11 The outer residual R2"" is in the form R2 where

RQUC = Z/ / a2fe (ug + afeuy) adadBuiuy — Z i(ij (ug + aaul)ajul)

i€D i,j€D

_ Z 8 /8 By, u0+a€u1)dau18uo)

1,J€D
Proof. This result from a direct calculation. O

In order to compare the Chapman-Enskog first approximation u{® = ue that is the solution of the
reduced system (2.15) to the Hilbert approximate solution ug + u1, we need some assumptions on the
structure of the reduced equilibrium system. We assume in the following that Condition N, holds for
the reduced system.

(Ne) The nullspace N(B®(u,€)) of B(u, &) = > ijen B (02n°)~1&:&; does not depend on u € O, and
€ € 291 and Bg;(921°) "' N(B°) = 0 for i,j € D.

Note that from the expression (2.16) of the diffusion matrices Bf;(u) we have Be = Hél? I, +
FS~'Ft where F = 3, &0, f; in such a way that N(B°) = II;'N(B) N N(F). With condition (N)
for the nonequilibrium system, then II; 1N (f?) is independent of v and &, so that a sufficient condition
in order to obtain (N) is therefore that the nullspace of F =", 9, f:{; contains II;'N(B). In this

situation, we then have N(B®) = II; N (B) that is independent of u and ¢ and this situation notably
arises for two-temperature fluids [9 ] and multicomponent fluids [7, 11].
We also naturally assume that the initial value of u. is in H' and that

|ue(0) — (uo(0) + euy (0 )|l |ue(0) — u2"(0 )|l = 0(e?).
We then have a second-order difference estimate between the Hilbert and the Enskog expansions [28].

Proposition 4.12 Let | > Iy + 1 and let t,, > 0 such that both the second-order Hilbert expansion
ug + euy = uo‘“ and the equilibrium solution u$® = ue exist over [0, ty,] with reqularity

tm
sup |ue(t) — u*|l2+1 + 5/ [t (') — uI*I|l2+2dt’ < clue(0) — u*|i41- (4.51)
tE]0,tm] 0

Then there exists a constant ¢ independent of € such that

sup ’uc — (uo(t) +eur(t)) ’l < ce? (4.52)
te[0,tm]

Proof. This is a direct consequence of the estimate for the residual RO that is O(g?) and of the

stability theorem presented in Appendix B of Reference [11]. O

Thanks to the above result on u, = u§® and u®"* = wug + eu; and Theorem 4.9, we obtain the

following result about the initial-layer of Chapman-FEnskog expansion.

Theorem 4.13 Keep the assumptions of Theorem 4.9, assume that the equilibrium solution also exists
over [0,t.] with reqularity (4.51). Then there exist positive constants t. and c such that the systems
(1.1) and (2.15) have unique solutions in C°([0,t.], H') for ¢ € [0,&] with

tes[l(}rz ] [uc(- ) — (uo(-, 1) + eull (-, t/€))]; < ce? (4.53)
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Proof. We may indeed write that

ue(t) — (ue(t) + el (t/e))], < |ue(t)—(uo(t) + eur(t) + eull(t/e))],
+ Juo(t) + e (t) — ue(t)] -
The estimate (4.52) then yields |ug(t) + eui(t) — ue(t)|; < ce? whereas we obtain from Theorem 4.9
that |uc(-,t) — (uo(t) + eus (t) + eull(x,t/¢))|; < ce? and this completes the proof. O

We have thus obtained the initial-layer for a two term Chapman-Enskog expansion, extending the
results of [9]. It is remarkable that, even though there exists a zeroth order initial-layer term gl for the
nonequilibrium system, the reduced equilibrium system is nevertheless a good approximated system
from (4.53).

Appendix A Equivalence of equilibrium systems

Proposition A.1 The reduced equilibrium system (2.15) coincides with that obtained in the framework
of entropic symmetrizable systems [9].

Proof. The convective matrices have been obtained previously [9] in the form HéAZ-()uUCq. Since

I I
017 Az: ) auUeq:|: :|7

OuVeq
and dyveq = (Myy) My at equilibrium, a direct calculation yields ITL A;0,Ueq = A7 — AT (T00) ™ T
which is easily shown to coincide with 0, F®(u, veq(u, 0)) = 8, fi(u,0) that is the convective matrix of
(2.15).
The same calculation may be applied to the first part of the diffusion matrices and this yields the
identity IILB;;0yUcq = B;'® — B (1lyy) Ty S0 that these terms in both formulations also coincide.

e,e e,r
Ai Ai

H =
¢ A AT

The remaining part of the diffusion matrices obtained previously is in the form Hegi/lgjauveq =
HC/LA/LHC&%C where A; = A;0pv = A;(027)~* and A is the generalized inverse of L = —8,Q with
prescribed nullspace AgE and range (AgE): = Ay EL where Ay = 0,U = (92n) 1. After some algebra,
it is obtained that A; = 9,U 4; &, w and using O, w = Oyw(dyv) ! that

O — [ (ﬁuu - ﬁuvﬁ;vlnvu)71 _(ﬁuu - ﬁuvﬁ;vlnvu)ilﬁuvﬁ;vl ]
v — .
0 I

Using the special structure of £ = R™ x{0} it is then established that

0 Tyullow | [0 0 0 0
O ]I O g_l 77'[7’0177’071, ]I

A direct calculation then yields that II% ,,U 4; = [0y fi, 0,fi] and O,w A (O,w)" simplifies into

A:

dw A (Oyw)' = 00
R e
Finally L
LA AAGTT, = T1L0,U 4; 0,wA(Dyw)' (4;)'(0,U) Tl = 9, £i S~ (0, f5)",
and this completes the proof. 0
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Appendix B The inner layer residual

Proposition B.1 The residual difference R. may be written 6R. = eF. with F. = Feey + Fesr +
Flqs + Foqa where

1 . . . .
Foeo = Z / 9, (wo + ew1 + a(wg + ewl)) da (wh + ewi)d; (w1 + Ro)
jep”0

1
+ Z / 0,25 (wo + w1 + a(wh + aw‘ll)) do w0 wh
0

jED

1 1 . . . .
+ Z / / 92 4; (wh + awy + Be(wr + aw) + Ro)) (w1 + aw! + Ro)dadf wh 0wk
sepJoJo

1
+ E / Owj (wg +wh + ae(wr + wi + Ro)) da (w1 + Wi + Ro)ajw})l
0

jeD
+ Z a; (wo +ewr + wé)l + Ewill) ajwill7

j€D

1
F = / 8wL(wo +ewy + oe(wbl +5w'11)) da (wf)l +5w'11)721
0
1 . . .
+ / 8WL(wo + ewi + a(wé)l + Ewlll)) da wilwn (0)
0
1 1 . . . .
+ / / 5 L(wh + awl + ef(wr + aw! + Ro)) dp (w1 + aw! + Ro) da whw: (0)
0Jo
1 . . . .
+ / OuwL(wh + wh + ea(wr + wi + Ro)) de (w1 + ! + Ro)w}
0

11
+ / / o L(wh + wh + caf(wr + @ + Ro)) adadfB (w1 + @ + Ro) (w1 + wi + Ro)wh
0Jo

+ 0w L(wh + wy) (Ro + Ra)wp,

1 . . . .
Foge= — Z ) (/ 9Bij (wo + cwt + a(wg + ew'))da (wp + ew')d; (wo + ewr)
i,jED 0

— Z 0; (Qiij (wo +ew + wh + Ewill)ﬁj(w(i)l + zswill))7
i,jED
Foqa =— Z Mij (wo + ewr + wh + Ewill)ai(wé)l +ewl) 9;(wh + ew?)
i,jED

- Z M (wo +ewy + wé)l + Ewill)&-(wo +ewr) @(w}} + Ewill)
i,jED

- Z Mij (wo + ewr + wh + Ewill)ai(wi)l + ewl) 9;(wo + ewr)
i,jED

1 . . . .
- Z / Dy Mij (wo + cwr + awp + ew?)))da(wh + ew') di(wo + cwi) 8 (wo + ewn).
i,jeD 0
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Proof. It is first established directly that the difference d R, may be written

SR. = Oy(wl) + eal) (B.1)
1 . . . .
+ Z / 9,4 (wo + w1 + a(wh +ew?)) da (wh + ewl))d;(wo + ewr)
jep 0
+ Z ;i (wo + ewy + wpy + ewl) 0j(wh + cw})
JED

1
+ / OuwL(wo +ewy + a(wl + swill)) da (2! + ew'l)w
0
1

+ —L(wo +ewr + wh + awill) da (wh +ew!) + eF g + el g
€

The full expression of §R. = F. is then obtained by using the governing equations of w{ and »l, in
order to eliminate the time derivatives 9;wil and 9w, and after lengthy algebra. O

The residual R, = eF;. may also be expanded in the form eF. = ¢ F} + 2 Fy, where F} is directly
associated with the second-order initial-layer corrector w!. In particular, by adding both @/} and w!]
contributions to the truncated expansion =2, one may cancel both first order residuals ¢G; and eF}.

Proposition B.2 Denote by wi = (ull, ¢t the second-order initial-layer corrector. Then we have
the ordinary differential equation

Orwh+L(wh + wy)wy + DL (wh + wp)wy wh (B.2)
+ L(wh + wl) wa(0) + D L(wh + wh)ws (0)w) = —F1.

Proof. The expression of Fj is directly obtained by taking the limit ¢ — 0 in F.. The ordinary
differential equation for w! is then obtained from the €' inner expansion relation deduced from (2.7)
after lengthy calculations. 0
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