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Quadratic Zonotopes

An extension of Zonotopes to Quadratic Arithmetics

Assalé Adjé, Pierre-Loic Garoche, Alexis Werey

Onera, the French Aerospace Lab, France
Université de Toulouse, Toulouse, France

Abstract. Affine forms are a common way to represent convex sets of R
using a base of error terms € € [—1, 1]™. Quadratic forms are an extension
of affine forms enabling the use of quadratic error terms €;e;.

In static analysis, the zonotope domain, a relational abstract domain
based on affine forms has been used in a wide set of settings, e.g. set-
based simulation for hybrid systems, or floating point analysis, providing
relational abstraction of functions with a cost linear in the number of
errors terms.

In this paper, we propose a quadratic version of zonotopes. We also
present a new algorithm based on semi-definite programming to project
a quadratic zonotope, and therefore quadratic forms, to intervals. All
presented material has been implemented and applied on representative
examples.

Keywords: affine form, quadratic form, affine vectors, quadratic vec-
tors, zonotopes, static analysis

1 Affine arithmetics and Static Analysis

Context. Affine arithmetics was introduced in the 90s by Comba and Stolfi [CS93]
as an alternative to interval arithmetics, allowing to avoid some pessimistic com-
putation like the cancellation:

x—x =[a,b] —7 [a,b] = [a — b,b—a] # [0,0]

It relies on a representation of convex subsets of R keeping dependencies between
variables: e.g. x € [—1,1] will represented as 0 + 1 = €; while another variable
y € [—1, 1] will be represented by another € term: y = 0+ 1 * e5. Therefore x — x
will be precisely computed as €¢; — e; = 0 while x — y will result in €; — €9, i.e.
denoting the interval [—2, 2].

In static analysis, affine forms lifted to abstract environments, as vectors
of affine forms, are a friendly alternative to costly relational domains. They
provide cheap and scalable relational abstractions: their complexity is linear in
the number of error terms — the ¢; — while most relational abstract domains have
a complexity at least cubic. Since their geometric concretization characterizes
a zgonotope, i.e. a symmetric convex polytope, they are commonly known as
zonotopic abstract domains.
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However since zonotopes are not fitted with lattice structure, their use in pure
abstract interpretation using a Kleene iteration schema is not common. The def-
inition of an abstract domain based on affine forms requires the definition of an
upper bound and lower bound operators since no least upper bound and great-
est lower bound exist in general. Choices vary from the computation of a precise
minimal upper bound to a coarser upper bound that tries to maintain relation-
ship among variables and error terms. For example, the choices of [GGP09| try
to compute such bounds while preserving as much as possible the error terms of
the operands, providing a precise way to approximate a functional.

Related works. Zonotopes are mainly used in static analysis to support the for-
mal verification of critical systems performing floating point computation, e.g.
aircraft controllers. One can mention a first line of works in which zonotopes are
used to precisely over-approximate set of values: 1. hybrid system simulation,
for example set-based simulation [BMC12]; 2. or floating point error propaga-
tion [Goul3|. In those cases, a join operator is not necessarily needed nor a
partial order check.

A second line of work tries to rely on this representation to perform classical
abstract interpretation. Zonotopes are then fitted with a computable partial
order and a join e.g. [GGP12JGPV12|. The approach of [GGP0Y] is available in
the open-source library APRON [JMO09].

Back in the applied mathematics community, variants of affine arithmetics
have been studied in [MT06] among which the quadratic extension of affine forms
allowing to express terms in €;e;.

Contributions. In the paper, we ambition at using zonotopes based on this
quadratic arithmetics. We propose an abstraction based on an extension of zono-
topic abstract domains to quadratic arithmetic. Our approach fully handles float-
ing point computations and performs the necessary rounding to obtain a sound
result. Furthermore, while keeping the complexity reasonable, i.e. quadratic in-
stead of linear in the error terms, quadratic forms are best suited to represent
non linear computations such as multiplication. Interestingly, the geometric con-
cretization a set of quadratic forms characterizes a non convex, non symmetric
subset of R™, while still being fitted with an algebraic structure.

Paper structure. A first section presents quadratic forms as introduced in
IMTO6]. Then Sec. |3 presents our extension of zonotopes to quadratic arith-
metics. Sec. [4] motivates our floating point implementation. Sec. [ proposes a
more precise way to project quadratic zonotopes to intervals using semi-definite
programming (SDP) solvers. Finally Sec. |§| addresses our implementation and
the evaluation of the approach with respect to existing domains (intervals, affine
zonotopes variants).

2 Formal Preliminaries: Quadratic forms

We formally introduce here some definitions from |[MTO06| defining quadratic
forms. We refer the interested reader to this publication for a wider comparison
in a global optimization setting.
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Quadratic forms. A (not so) recent extension of affine arithmetics is quadratic
arithmetics [MTO06]. It is a comparable representation of values fitted with similar
arithmetics operators but quadratic forms also considers products of two errors
terms, i.e. in €;¢;. A quadratic form is also parametrized by additional error terms
used to encode non linear errors: e € [—1,1],e; € [0,1] and e_ € [—1,0]. Let
us define the set C™ £ [—1,1]™ x [—1,1] x [0,1] x [~1,0]. A quadratic form on
m noise symbols is a function ¢ from C™ to R defined for all ¢t = (¢, e4,€4,€6_) €
C™by ¢(t) = ¢+ bTe + €TAe + crex + c_e_ + cyeq. A quadratic form is thus
characterized by a 6-tuple (¢, (b)m, (A)m2, cx,c4,c-) € RXR™ x R™*™ x R, x
R, x R,. To simplify, we will use the terminology quadratic form for both the
function defined on C™ and the 6-tuple. We denote by Q™ the set of quadratic
forms.

Geometric interpretation. Let ¢ € Q™. Since ¢ is continuous, the image of
C™ by q is a closed bounded interval. In our context, the image of C™ by ¢
defines its geometric interpretation.

Definition 1 (Concretization of quadratic forms). The concretization map
of a quadratic form vg : Q™ — p(R) is defined by:

vo(q) ={zeR|Ite C™ s.t. x =q(t)}
Remark 1. We can have yg(q) = vo(q') with ¢ # ¢’ e.g. ¢ = €3 and ¢’ = €3.

The concretization of ¢ consists in computing the infimum and the supremum
of ¢ over C™ i.e. the values:

b? £ inf{q(z) | x € C™} and BY £ sup{q(z) |z € C™} . (1)

To compute b? and B? is reduced to solve a non-convex quadratic problem which
is NP-hard [Vav90]. The approach described in [MT06] uses simple inequalities to
give a safe over-approximation of vo(q). The interval provided by this approach
is [b%,7, BY,r] defined as follows:

m m

b(JI\/ITéC_Z|bi|_ Z |Aij|+Z[A7;7;]_—C_—CJ_r
i=1 i=1

ij=1,...m

m J#i . (2>
Blr 2+ > bil+ D) [Ayl+ Y [Ault +ep +es
i=1 ij=1,...,m i=1
! J#i
where for all € R, [2]T = z if # > 0 and 0 otherwise and [z]” =z if 2 <0

and 0 otherwise.

In practice, we use X7 (q) £ [b%,,, B%,;] instead of 7g(q). In Sec. |5 we
will present a tighter safe over-approximation of ygo(¢q) using SDP.

We will need a "reverse" map to the concretization map yg: a map which
associates to an interval a quadratic form. We call this map the abstraction map.
Note that the abstraction map produces a fresh noise symbol.
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First, we introduce some notations for intervals. Let Z be the set of closed
bounded real intervals i.e. {[a,b] | a,b € R, a < b} and 7 its unbounded extension,
ie.ae Ru{—mw},be Ru{+w}. V[a,b] € Z, we define two functions lg([a, b]) =
(b — a)/2 and mid([a,b]) = (b + a)/2. Let wz be the classical join of Z that is
[a,b] Uz [c,d] £ [min(a, ), max(b,d)]. Let mz be the classical meet of intervals.

Definition 2 (Abstraction). The abstraction map ag : T — Q' is defined by:
ag(la1,az]) = (¢, (b)1,(0)1,0,0,0) where ¢ = mid ([a1,az]) and b =1g([a1, az])

Property 1 (Concretization of abstraction). vo (ag ([a1, az2])) = [a1, az2].

Arithmetic operators. Quadratic forms are fitted with arithmetic operators
which complexity is quadratic in the number of error terms. We give here the
definitions of the arithmetics operators:

Definition 3 (Arithmetics operator in Q). Addition, negation, multiplica-
tion by scalar are defined by:

(C7 (b)m7(A)m2 C+,C4,C )+Q( ! (bl)ww(Al)mz cl-&-vcl-t,-vcl ) =
( (b+b')m,(A+A)mz et + e+ e+ )
( (b)m7( )m2 Ct,Cq, C— )= <_C’ (_b)mv(_A)mQ C+,C—, C+)
)‘ *Q (C,(

c+
b) ( )m27ci7c+7 —) = ()‘Ca A(b)mv )‘(A)mQa ‘)"Civ |)‘|C+a |/\|C—)
The multiplication is more complex since it introduces additional errors.
(Ca (b)ma (A)mzvciv Ct, C*) X9 (Clv (b,)mv (A/)m2 C/-H C/Jr’ c ) =

(cc, & (D), +¢(0 ) ms € (A)mz + c(A) 2 + (0)m (V)] L, L, e with
ch=ch A+t Vre{+ — +}

Each ¢}, accounts for multiplicative errors with more than quadratic degree, ob-
tained in the following four sub terms: (1) eTAe x eTA’e (2) bTe x eTA’e and
b'Te x €T Ae (8) multiplication of a matriz element in A, A’ times an error term
in +,+,— (4) multiplication between error terms or with constant ¢, ¢'. Their
precise definition can be found in [MTO06, §3].

3 Quadratic Zonotopes: a zonotopic extension of
quadratic forms to environments

Quadratic vectors are the lift to environments of quadratic forms. They provide
a p-dimensional environment in which each dimension /variable is associated to a
quadratic form. As for the affine sets used in zonotopic domains [GP09], the dif-
ferent variables share (some) error terms, this characterizes a set of relationships
between variables, when varying the values of € within [—1, 1]™. The geometric
interpretation of quadratic vectors are non convex non symmetric subsets of R?.
In the current paper, we call them Quadratic Zonotopes to preserve the analogy
with affine sets and zonotopes.
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Ezample 1 (quadratic vector). Let us consider the following quadratic vector ¢:

_ $:—1+€1—62—61’1
¢ y=1+2€2+6172

Fig. [I] represents its associated geometric interpretation, a quadratic zono-
tope.

We denote by ng such quadratic
vectors of dimension p: (¢7) € Zgm = .
(. 0, (A7) & BP
Rpxm x Rpxmxm x RE x RE x R P

The Zonotope domain is then
a parametric relational abstract do-
main, parametrized by the vector of m
error terms. In practice, its definition
mimics a non relational domain based
on an abstraction 2%, of p(RP). Op-
erators are (i) assignment of a vari-
able of the zonotope to a new value
defined by an arithmetic expression,

using the semantics evaluation of ex-  pjs 1. Zonotopic concretization of the

pressions in.Q and the“substitution in quadratic vector q € 2P, of Ex.
the quadratic vector; (ii) guard evalu- vz (q)
Q

ation, i.e. constraint over a zonotope,
using the classical combination of forward and backward evaluations of expres-
sions [Min04} §2.4.4].

Geometric interpretation and box projection. One can consider the geo-
metric interpretation as the concretization of a quadratic vector to a quadratic
zonotope.

From now on, for all n € N, [n] denotes the set of integers {1,...,n}.

Definition 4 (Concretization in Z2{,). The concretization map Vzg
Z8m — 9 (RP) is defined for all ¢ = (q1,...,qp) € Z5m by:

vz, (@) ={z eRP[Ite C™ s.t. Vk e [p], xx = qi(t)}

Remark 2. Characterizing explicitly such subset of RP as a set of constraint is not
easy. A classical (affine) zonotope is the image of a polyhedron (hypercube) by an
affine map, hence it is a polyhedron and can be represented by a conjunction of
affine inequalities. In the quadratic vectoring, such representation as conjunction
of quadratic or at most polynomial inequalities is not proven to exist. This makes
the concretization of a quadratic set difficult to compute precisely.

To ease the later interpretation of computed values, we rely on a naive pro-
jection to boxes: each quadratic form of the quadratic vector is concretized as
an interval using vo.
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Preorder structure. We can fit quadratic vectors with a preorder relying on
the geometric inclusion provided by the map vz, .

Definition 5 (Preorder in ng). The preorder Cz, over ng is defined by:

Tz, Y = 7z,(2) Sz, (y) -

Remark 3. Since vz  is not computable, x & 2, Y is not decidable. Note also
that, from Remark|I} the binary relation = 2, cannot be antisymmetric and thus
cannot be an order.

Remark 4. The least upper bound of Z < ng i.e. an element 2’ s.t.
(Vz €Z,2Cz, 2 A2 € Z],,,N2€ Z, 2 Cz, z”) = 2/ Cz, 2" does not
necessarily exists.

Related work [GP09IGGPOIIGGP10JGGP12IGPV12| addressed this issue by
providing various flavors of join operator computing a safe upper bound or a
minimal upper bound. Classical Kleene iteration scheme was adapted to fit this
loose framework without least upper bound computation. Note that, in general,
the aforementioned zonotopic domains do not rely on the geometric interpreta-
tion as the concretization to p(R).

We detail here the join operator considered in this paper. It is the lift of
the operator proposed in [GP09] to quadratic vectors. The motivation of this
operator is to provide an upper bound while minimizing the set of error terms
lost in the computation.

First we introduce a useful function argmin: it cancels values of opposite sign
but provides the argument with the minimal absolute value when provided with
two values of the same sign:

Definition 6 (Argmin). We define for all a € R, sgn(a) = 1 if a = 0 and
-1 otherwise. The argmin function, argmin : R x R — R is defined as: Ya,b €
R, argmin(a, b) = sgn(a) min(|a|, |b|) if ab = 0 and 0 otherwise.

We also need the projection map which selects a specific coordinate of a
quadratic vector.

Definition 7 (Projection). The projection map my : 24 — Q™ is defined
by: Vg =(q1,---,qp) € 25m, VE € [pl, m(q) = qr-
When a quadratic form q is defined before a new noise symbol creation, we have

to extend ¢ to take into account this fresh noise symbol.

Definition 8 (Extension). Let i,j € N. The exstension map ext;; : Q" —
Qititm s defined by: Vq = (¢, (b)m, (A%, ca,ch,c) € QM ext;i(q) =
(¢, (0)ixjarm, (A)(i4j+m)2s C+,Cyrc) € Q" where by, = by if i+ 1 <k<m+i
and 0 otherwise and A;C’l =Ap—ii— if i+ 1<k, I<m+1i and 0 otherwise.

Property 2 (Extension properties). Let i, j € N.
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1. Let t = (€,é4,64,6) € C™ and ¥/ = (¢, e4,e4,6e_) € CTHIg t.Vi+ 1<
kE<m+i, €, =ex—i. Then q(e,ex,€e4,e_) = ext; ;(q)(€,€x,€4,€_).
2. For all ¢ € Q™, v9(q) = volexti;(q)).

Now, we can give a formal definition of the upper bound of two quadratic vectors.

Definition 9 (I_lzg: Upper bound computation in ng). The upper bound
UZQ : ng X ng i ZgnH—p is deﬁned, fOT’ all q = (Ca vaaCichracf)aq, =
(0, Ay dy,d) e Z8m by:
q UZQ ql = (eXtO,p(qg))ke[p] + qe € ngﬂﬂ
where ¢" = (", (b")E,, (A" ., P, P, ") e 28, with, for all k € [p]:
= ("), = mid(vo(mk(q)) v va(mk(q)));
- Vte {iv +, _}7 cf‘,/,k = argmin(ct,ka C;_]k);

Vie[m], (b")k,; = argmin(b,, by ;);
= Vi, jem], (A")k,,; = argmin(Ag j, Ay ; ;)3

and Vk € [p], q; = ext(erk,l)’(p,k) (OzQ (Ck [ C;c)) with Cy, = ’YQ(ﬂ'k(q) —
m(¢")) and Cy = vo(mi(d) = mk(q")) -

Let us denote the Minkowski sum and the Cartesian product of sets by re-
spectively D1 @DQ = {dl + d2 | d1 € Dl, d2 € DQ} and H? Dl = {(dh e ,dn) |
Vi € [n], d; € D;}. We have the nice characterization of the concretization of
the upper bound given by Lemma

Lemma 1. By construction of ¢" and q° previously defined:

p
V2, ((exto@(q?é))ke[p] + qe) =7z, (¢")® [ [ vam+r(af)
k=1

Proof. See Appendix.

Now, we state at Theorem [I| that the L 2, operator computes an upper bound
of its operands with respect to the preorder = Zg-

Theorem 1 (Soundness of the upper bound operator). For all q,q' €
ng, GCz, quz, q and ¢ Cz, quz, q.
Proof. See Appendix.
Example 2. Let Q and @' be two quadratic vectors:
T=—14+€ —€e—€11 T = —2€— €11 + €4
o-{ o

y=1+2€2+€1,2 Y 1+61+€2+6172

The resulted quadratic vector Q7 = Q L z, Q' is

Q" = T = —€ —€1,1 + 2€3
y:1+62+61,2+64
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Yy Yy
Guard !
H Q
5 4 \ 4
U N\
BN /\
T PZR\
\ > \
_ Q_— \
M / \
Q o, .
1 2 ) 2 3 3 1 2T 0 2 &
Q 2 2
(a) Upper bound computation (b) Guard evaluation

Fig. 2: Zonotopic concretization of operations on Quadratic Zonotopes

Transfer functions. The two operators guard and assign over the expressions
RelExpr and Expr are defined like in a non relational abstract domain, as
described in [Min04l §2.4.4]. Each operator relies on the forward semantics of
numerical expressions, computed within arithmetics operators in Q:

Definition 10 (Semantics of expressions). Let V be a finite set of variables.
We denote by []o(V — Q) — Q the semantics evaluation of an expression in
an environment mapping variables to quadratic forms.

[v] o(Env) = 7, (Env) where k € [p] is the index of v eV in Env
[ex bop es]o(Env) = [er]o(Env) bopg [e2]o(Env)
[wop elo(Env) = wopglelo(Bnv)

Guards, i.e. tests, are enforced through the classical combination of forward
and backward operators. Backward operators are the usual fallback operators,
eg [zr+y]” = (@rg(z+y] —cv),y mo ([xr + y] —o z)) where mg denotes
the meet of quadratic forms. As for upper bound computation, no best lower
bound exists and such meet operator in Q has to compute a safe but imprecise
upper bound of maximal lower bounds.

The meet over Q™ works as follows: it projects each argument to intervals
using o, performs the meet computation and reinject with a fresh noise sym-
bolthe resulting closed bounded interval to Q thank to ag. Whereas, the meet
over ng is the lift to the meet over Q™ to quadratic vectors. Formally:

Definition 11 (rg, mz,: Approximations of maximal lower bounds).
The meet Mg : Q™ x Q™ — Q' is defined by:
Va,ye Q" x oy = ag (vo(z) Nz v0(y)).
The meet Mzg ng X ng — Z’ép is defined, for all x,y € Z5,. by
z=1nz Y€ 24, where:

Vi € [p], zi = mi(x) mg mi(y) when m;(x) # m;i(y), m(x) otherwise.
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Ezample 3. Let @ be the following quadratic vector. The meet with the con-
straint  + 1 > 0 produces the resulting quadratic vector @Q’:

Q- LL’=—1+61—62—61’1 Q,: $=—%+%€3
y:1+2€2+€172 y:1+2€2+61)2

Proof. Guard(Q,z +1>0) = Q nz, (ag(vo(z +o 1) mz [0,+x[) —g 1). We
use the more precise concretization over-approximation map fySDP that will be
introduced in Sec. [5t v3PF (e1 — €2 — €1,1) = [~3,1.25]. We focus on z since the
meet is performed component-wise and ag (yo(e1 — €2 —€1,1) Mz [0, +0[) —g
1=u0ag ([—3, 1.25] nz [0, -‘rOCD —ol=ag ([O7 1.25])—Q1 = (5/8+5/863)—Q1 =
—3/8 4+ 5/8¢3 where €3 is a fresh error term introduced by ag.

4 Floating point computations

All the operators presentation above assumed a real semantics. As usual when
analyzing programs, the domain has to be adapted to deal with floating point
arithmetics.

We recall that our use of quadratic zonotopes is to precisely over-approximate
reachable values as set of reals. We relied on the approach proposed by Stolfi
and De Figueiro [SDF97], creating a new error term for each operation. Other
approaches such as generalized intervals [Han7h| are typically used in Fluc-
tuat [Goul3|. Their definition in the quadratic setting is given in [MT06]. How-
ever, according to [SDF97] the approach with error terms instead of interval
arithmetics is more precise but can generate an important number of error terms.

In this specific case of quadratic forms, the term in e is used to accumulate
floating point errors: the number of error terms does not evolve due to floating
point computation. The extension to zonotopes is direct since numerical opera-
tions are evaluated at form level.

We illustrate the extension to quadratic form of [SDF97]:

Addition. According to Knuth [Knu97, §4.2.2] algorithm, the exact computation
of u+visu+v+ewheree=(u— ((u+v)—v))+ (v—((u+v) —u)) with all
operations performed in floating point arithmetics. Let e (u, v) be such additive
error e.

We consider the addition of two quadratic forms x = (o, (z;), (z4), T+, T4+, 2_)
and y = (yo, (¥:), (¥ij), Y+, Y+, y—). The addition of z and y is modified to con-
sidered these generated errors:

(LEO, (961'), (zij),xi>x+,$—) +o (yo, (yi)a (yij)vyia:‘H-ay—) =
(xo + yo, (xi + ¥3), (ij + ¥ij), v+ + y+ + rounded_err, x4 + y4, 2 +y—)

where
n n
—err = Y e (@i, y)+ et (@ y) et (e, ys) et (w, ) +et @,y ).
ij=1 i=0
— rup denotes the rounding up;
— rounded__err = max(|rup(err)|, | — rup(—err)|)
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Ezxternal multiplication. Similarly, the algorithm of Dekker and Veltkamp charac-
terizes the multiplicative error obtained when computing u x v. It relies on a con-
stant C' depending on the precision used. For single precision floats, C' = 227 4 1.
We denote by e* (u,v) such multiplicative error and refer the interested reader
to Dekker’s paper [Dek71].

The operator *g is modified to account such multiplicative errors:

/\*Q($07 (xl)a (xij)vxia Z‘+,J?_) = ()"TOa )‘(xi)7 A(xij)a |)\|$J_r+’l“_€7"’l", ‘/\|$+, ‘/\|.13_)

where

—err= Y eX(Nx)+ X eX(Nzi) +eX(Nzr) e (N o)+ e (A zy).
i=1 ij=1
— r_err = maz(|rup(err)|, | — rup(—err)|).

All other operators behave similarly: each operation computing an addition
or a product generates an additive and a multiplicative error, respectively, ac-
cumulated in the z4 term.

5 Improving concretization using SDP

In this part, we propose a method based on semi-definite programming to com-
pute an over-approximation of the interval concretization of a quadratic form.
This method provides tighter bounds than b%,. and BY,, defined at Equa-
tion .

Let consider a quadratic form g = (¢?, (b%),, (A9)m, L, cl,c?) € Q™. Recall
that C™ = [—1,1]™ x[—~1,1] x [0,1] x [~1, 0], we remind that the concretization
of ¢ is the interval defined [b?, B?] where b? = inf{q(z) | z € C™} and B? =
sup{q(z) | z € C™}.

In general, a standard quadratic form 7 from R™*3 to R is defined by z —
r(zr) = 2TA"x+0"Tx +c" with a (m+3) x (m+3) symmetric matrix A", a vector
of R™*3, b" and a scalar ¢". We can cast ¢ into a standard quadratic form Tqs
leading to r4(z) = ¢(z) for all € C™. Indeed, it suffices to take the following
data :

A - A1 4 AT . )
AT = <ij:i§)) with A = 7—; , bl = (b‘”,cqi,ci,cq) and ¢’ = ¢

Let us denote by tr, the trace function which associates to a matrix the sum of
its diagonal elements and let = € R™*3. A simple calculus yields to:

T 17 T
re(z) = tr (M"X) where M" = (121T:T 2;:) and X = (f) (T)
2

To only deal with matrices, we have to translate the constraints on the vector x
into constraints on the matrix X. Let us introduce the set C™ of (m+4) x (m+4)
symmetric matrices Y such that:
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Yimt2),(me3) € [— 1,01 (3d)
Yim+2),(m+4) € [0,1]  (3e)
Yim+3),(m+a) € [ —1,0]  (3f)
Yinta),(mya) =1 (3g)

Vi,je[m+3],i<j, Yije[—1,1] (3a)
Vie [m + 1]a Yvi,(m+4) € [_ L, 1] (3b)
Vie[m+3], Y;,;€[0,1] (3¢)

Note by symmetry of Y, for all 4,j € [m + 3], i < j, Y;; € [—1,1]; for all
(S [m + 1]7 Y—(m+4),i € [_17 1]? Yv(m-&-4),(m+3) € [_ 1, O] and Yv(m+4),(m+2) € [07 1]

+
' T
Y=[-1,1]n ..+_+ m+2
T —I+]= m+3
+|— K1} m+ 4
ERCNG
X X X

We denote by S;' the set of semi-definite positive ﬁlaﬂic%s of size n xn i.e. the
n x n symmetric matrices M such that for all y € R, yTMy > 0. We recall that
the rank of a matrix is the number of linearly independent rows (or columns).
We denote by rk(M), the rank of the matrix M.

Lemma 2 (Constraint translation). The following statement holds:

T
{XES;+4|rk(X)=17 XECm}= {XGS;L+4|3x€Cm s.t. X = <:_f) <T) }

Proof. See Appendix.

Lemma |2| allows to conclude that optimizing r, over C™ and optimizing
X — tr(M"X) over {X €S/ ., | tk(z) =1, X € C™ } is the same. However,
the rank one constraint on X leads to a non-convex problem which makes it
difficult to solve. A natural and a commonly used relaxation is to remove the
rank constraint to get a linear problem over semi-definite positive matrices. This
discussion is formulated as Proposition [I]

Proposition 1. The interval bounds of the concretization of ¢ can be computed
from the two following non-convexr semi-definite programs:

b? = inf tr(M"™ X) BY = sup tr(M" X)
XeCm d XeCm

s.t.{ XeSh.,, an s.t.{ XeS}.,

rk(X) =1 rk(X) =1

By removing the rank constraint:

bl,p = inf tr(M"X) < b4 B, p = sup tr(M"™ X) > B?
st{ XeClm and st{ XeClm

XeSni X €S,
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Finally, the interval bounds of the concretization are safely approximated by
using b, p and B, » and we write 3P (¢) £ [b%, p, B%, p]. Moreover, those

bounds improve the ones provides by [MT06].

Theorem 2 (Bounds improvements). Let ¢ € Q™. The following inequali-
ties hold:

val(q) S WSDP(q) c WgT(q) i.e. bl <bl,p<b? A BI<B,, <B} .

Proof. See Appendix.

In term of complexity, SDP problems can be solved in polynomial time to an
arbitrary prescribed precision by the ellipsoid method [GLS88|. More precisely,
let @ > 0 be a given rational, suppose that the input data of a semi-definite
program are rational and suppose that an integer N is known, such that the
feasible set lies inside the ball of the radius N around zero. Then a feasible
solution — the value of which is at most at a distance « from the optimal value
— can be found in a time that is polynomial in the number of bits of the input
data and in —log(«). This latter feasible solution can be found in polynomial
time by interior point methods [NN94] if a strictly feasible solution is available.
The advantage of interior methods is that they are very efficient in practice. We
refer the reader to [RP96] for more information.

Corollary 1. The reals b, and B, can be computed in polynomial time.

The Figure [3] illustrates such concretization on the quadratic zonotopes defined
in Example

Y y

(a) using [MT06] (b) relying on SDP programming

Fig. 3: Projection to intervals

In terms of related works, the use of semidefinite programming to compute
interval concretisation of nonlinear operation for affine forms already appeared
in [Gholll, Prop. 5.1.2]. This approach appears to be the dual version of the
semidefinite programs that we presented in this paper.
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6 Experimentation

All presented materials has been implemented in an open-source tool written in
OCamﬂ This tool is used for teaching purpose and only consider simple im-
perative programs without function calls. It implements interval analysis, affine
and quadratic zonotopes and provides a binding to APRON to evaluate the more
complex T1P domain [GGP09], an affine zonotope domain with constraints. The
reduced concretization is not integrated through the use of the CSDP or Mosek
SDP solvers. Due to the increase cost in terms of computation time, it can be
globally or locally activated when calling the analyzer.

The quadratic zonotope domain has been evaluated on examples provided in
APRON T1P source code, or Fluctuat distribution, as well as simple iterative
schemes. We present here the results obtained on an arctan function, the example
of [CS93| and the Householder function analyzed in [GGP09].

Let us first consider the arctan function defined in Figure [ and the analysis
results in Table [1l

if (x> 1.) { .
y = 1.5708 — 1/X*(1fCI/x2+C2/m4+CB/m6+ with the constants defined
C4/a5+C5 ) x104C6 /2 24 CT /21 44C8 /210 as:

} Cl  0.0028662257
if (x < 1.) { C2 —0.0161657367
y = —1.5708 — 1/x%(1—C1/x*+C2/z*+C3/z%+ C3  0.0429096138
C4/2%+C5 /210406 /22 +CT /24 +C8 /210 C4  —0.0752896400
} C5  0.1065626393
else { C6  —0.1420889944
y = x#(1—Clsxa®+C2xz* +C3x 25+ C7  0.1999355085
Cax2® 1 Coxx 01 Cox2 2 1 CT x4 C8x2'6) C8 —0.3333314528
' Fig.4: Arctan program
ze[—1,1] x € [—10, 10]
Domain Bounds Bounds
Interval [-1.919149, 1.919149]|[[-1.919149, 1.919149]

Affine Zonotopes

[-1.919149, 1.919149]

[-2.364846, 2.364846]

Quadratic Zonotopes

-1.002866, 1.002866

-1.597501, 1.591769

Affine Constrainted Zonotopes (Apron)

-1.349407, 1.349407

-1.477535, 1.477535

Table 1: Arctan program analysis results

! Tool and experiments available at https://cavale.enseeiht.fr/QuadZonotopes/
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In [CS93] the authors considered the function /(22 +2—1/2)/4/(#?+1/2) and
the precision obtained using affine arithmetics while evaluating the function on
a partition of the input range as sub-intervals. Figure [5a] illustrates the obtained
results with our different abstractions for a division from 1 to 14, higher partition
divisions (eg. 500) converge in terms of precision. Quadratic zonotopes shows
here to be a good alternative to interval or affine zonotopes abstractions.

About the Householder function, it converges towards 1/ VA:

xo =274
0
Tn1 = xn(l + %(1 — AZ‘%) + %(1 _ Ax%)Q)

We analyzed it using loop unrolling with A € [16,20] and compared the global
errors obtained at the ¢ —th iterate: the difference between the max and min val-
ues. Figure [5b] presents the precision obtained with different analyses. Quadratic
zonotopes provides here better bounds than affine or interval analysis and shows
to scale better than all other analyses.

For the sake of comparison we also compared with the zonotope analysis pro-
vided in Apron as the T1P (Taylor 1 plus) abstract domain [GGP09]. We recall
that this domain is not just based on affine arithmetics but also embed linear
relationships between error terms in the zonotope. It shows better performance
than affine zonotopes and a similar extension of our quadratic zonotopes should
be considered.

Finally a disappointing result is the cost of the optimized concretization.
This algorithm can potentially be used when converting a quadratic form to
intervals and impact the computation of meet and join operators. However since
meet operators are widely used in backward semantics [Min04], the global cost
impacts widely the timing results. Moreover, in most cases the precision is not
widely impacted.

I T T 10732 F1 T T =
—— Intervals —o— Intervals
" —=—  Zonotopes —a— Zonotopes
10° —e— Quad. Zonotopes || L0 |- —e— Quad. Zonotopes l
—+—  Apron T1P —+—  Apron T1P
- 5 T
2 =
E = 10104 | N
g 2
5 2
o @
10%0 |- i
10° [ N
il L L L L L L | 10724 L L L L
0 2 4 6 8 10 12 14 0 5 10 15
# of subdivisions # Iterations

(a) Stolfi [CS93| example evaluated on  (b) Householder precision wrt. number of
partitioned input range unrolling.
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Generally speaking, T1P abstract domain gives in most of the case better
bounds in presence of several guards in the program. It provides a way to keep
the noise symbols when computing "meets" in such a way that the relationships
between the variables are maintained. On the other hand, the quadratic zono-
tope abstract domain is very efficient when working with polynomial program
computing non-linear operations such as products. It is also more effective than
the affine set abstract domain in term of precision but our implementation does
not rely on the constrained mechanisms developed in T1P.

All experiments are developed in the Appendix

7 Conclusion

Zonotopic abstractions are the current more promising analyses when it comes
to the formal verification of floating point computations such as the ones found
in aircraft controllers. The presented analysis seems an interesting alternative to
affine zonotopes, increasing precision while keeping the complexity quadratic in
the number of error terms. Quadratic zonotopes seems more suited than linear
abstractions when analyzing non linear functions such as multiplications. Among
the zoology of abstract domains, they belong to the small set of algebraic do-
mains with non convex and non symmetric concretization. This may be later of
great impact, e.g. when considering properties involving positivity of products
of negative error terms.

Perspectives. On the theoretical side, it would be interesting to compare the
abstraction generated by quadratic form with respect to the classical zonotopes,
generated by affine forms. While graphically speaking quadratic zonotopes seem
strictly included in their affine counterpart, the existence of a Galois connection
between the two abstraction is non trivial to exhibit, if ever it exists.

On the application side, our comparison in the benchmarks with affine zono-
topes was a little bit biased (against us) since we considered a naive meet opera-
tor like the one we provided. The work of [GGP09], represented as Apron T1P in
the benchmark evaluation, proposes to enrich zonotopes with linear constraints
over error terms to encode intersection. This extension of the domain seems
a feasible approach in our setting. It would then allow a stronger comparison
between affine and quadratic zonotopes.

Last, both affine and quadratic arithmetics can be seen, respectively, as a
first and second order Taylor polynomial abstraction. It would be interesting to
evaluate how this approach can be extended and how it combines with other
methods aiming at regaining precision such as branch-and-bound algorithms.
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Appendix

Proofs of Join Soundness
Proof (Proof of Property @)

1. Let 4,5 € N. Let e € [—1,1]™ and € € [—1,1]™"*J such that for all i + 1 <
k< m+ie, = ex—;. Let (ex,e4,€e-) € [—1,1] x [0,1] x [—1,0]. By definition
of A’, b’ and €, we have:

exti (Q)(ela €+, €4, 6_)

m+i m-+i m+1
! i ! /]
= Z Z €A €y + Z b€, +Ccrer +Ccrep + e
l=i+1n=i+1 n=i+1
m+i m+1i m+1
= Z 2 €1—iAl_in—i€n_i + Z br—i€n—i + C1€x + e + €
l=i+1n=i+1 n=i+1

m m m
= 3D it Y b+ cxes +eres +oe = glecsiere)

I=1n=1 n=1
2. From the first point:

— Vte C™, 3t e C™Ps.t.q(t) = ext; ;(q)(t') hence vo(q) < vol(ext; ;(q))-
— Vt' e C™*P 3t e C™s.t.q(t) = ext; ;(q)(t') hence vo(q) 2 vo(ext; ;(q))-

Proof (Proof of Lemma . By definition, ag creates a fresh noise symbol when
it is called, then g do not share noise symbols with anyone else and a ¢j only
depends on the m + k-th noise symbol:

V(er,eq,e-), (€, €y, € ) e [=1,1] x [0,1] x [-1,0], Yk € [p],
Vu,ve [-1, 1] s.t. Uik = Uk, Go(U €t €64,6-) = qf(v, €, €, €)
(1)
Let t = (€,€4,€4,e_) € C™ P, Define ¢’ € [—1,1]™ such that €] = ¢, for all
ke [m] and t" = (¢”,e4,e4,e_) € C™. From Property [2[ and since ¢” € ng,
for all k € [p], g/ (t") = exto,(q})(t). Now define for all k € [p], ¥ € [-1,1]™*P
such that € = €,,4 if i = m + k and 0 otherwise and t* = (¥, ¢/, ¢, €_).
From Equation , for all k € {1,...,p}, qi(t) = qf(t*). Hence, for all k € [p],
(extop(qy) + qf)(t) = extop(ql)(t) + qi(t) = qr(t") + ¢f(t*). Finally, for all
t € C™TP  there exists t” € C™TP and t!,... t? € C™*P such that for all k € [p],
extop(af) () + gE(t) = qLt") + gf(t*) and thus 7z, ((extop(a))iery + 4°) ©

V24 (@") @[ Tiey vam+e (a)-

Now let us take t” = (€”,e4,e,,6_) € C™ and t!,... ,tP € C™"P. Let us
define ¢ = (€,e4,€64,6-) € C™*P by for all i € [m + p], & = €/ if i € [m] and
€ = € if m+1 < i < m+p, then from Property [2, exto,(¢")(t) = ¢"(t")
and from Equation ({), ¢°(t) = (¢f(t*))1<k<p. Finally, for all t" € C™ and
th,...,tP € C™TP_ there exists ¢t € C™P such that ¢"(t")+) = (qx(t*))repp) =

(extop(q”) +¢°)(t) and thus vz, (extop(q”) +¢°) 2 vz, (¢") @[ [i=y vom+» (af

).
Proof (Proof of Theorem . We only prove that ¢ Sz, gLz, q ie. Yz, (q) <
Yz, (extop(q”) + ¢°). By Lemma (1} it is the same to prove that vz (q) <
vz, (") @[ 14—, vom+»(gg). This is equivalent to show that for all ¢ € C™, there
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exists ¢” € C™ such that for all k € [p], i (t) — q(t") € vo(qf) = [b%,B%]. Let
for all k € [p], rx = qx — qf, € Q™ and r}, = ¢}, — g, € Q™. From Property [1| and
the second point of Property we have [b% B9 | = yo(ry) Lz vo(r},) and from

the definition of Liz, we have b% = min (brk7b7"§v) and B% = max (B"k,B’"%).
Finally, it suffices to show that that for all ¢ € C™, there exists t’ € C™
such that for all & € [p], qi(t) — ¢/(t") > min (br’“,brz) and qi(t) — ¢/(t") <

max <Brk,BT§c). Let ¢ € C™ and let us take t” = ¢, we have for all k € [p],
min(b™, b'+) < b < g (") — g (t") = qi(t) — ¢/ (") < B™ < max (Brk,Br?c).

Proofs of bounds improvements

We remind a classical result on semidefinite positive matrices: (X € S} A
rk(X) =1) if and only if 3z € R™ s.t. X = xzT.

Proof (Proof of Lemmal3). Recall that C™ = [—1,1]™ x [-1,1] x [0, 1] x [-1,0].
Let X €S}, such that rk(X) = 1 and X € C™. Since X € S, and rk(X) = 1,
there exists u € R™*3 and v € R such that X = 227 with = (u v) and thus
for all 4,5 € [m + 4], X;; = w;z;. Now since X € C™, from Constraint (Bg),
TmtdaTmia = v2 =1 and then v € {—1,1}. Using the fact that X = (—z)(—x)T,
we can choose v = 1. Now from Constraint , for all i € [m + 3], X; mta =
TiTmia = T; = u; € [—1,1]. Finally, from Constraint , we get Xmt2,mid =
Tm42Tmid = Tmi2 = Umt2 € [0,1] and from Constraint (3f), X,4+3m+a =
Tmi3Tmid = Tmi3 = Umss € [—1,0]. We conclude that u € C™*+3.

Now let us take X of the form X = xzT such that x = (u v) with u e C™*3
and @,14 = v = 1. Since for all i,j € [m + 4], X; ; = z;x; and u € C™ "3, we
have readily Constraints .

Proof (Proof of Theorem@)‘ We only prove the proposition for the upper bounds,
the proof for the lower bounds can be done similarly. Let X > 0 be in C™. We
can write X as a the following block matrix (the notations around the matrix

indicates the sizes of the blocks):

m 3 1
— =

X4 X0 xt \}lm

x0T  x00  xec }3

Xt o xet 1 ) jl
We now rely on the fact that tr is linear and satisfies for all square matrices M,
tr(MT) = tr(M) and for all matrices M, N such that M N and NM are square
matrices, tr(MN) = tr(NM). Considering this and the symmetry of X, we have
after simplifications: tr (M"1X) = tr (A9X4) + b9TX" + X T(cy,cq,c) + 4.
Constraints and yield to tr (A9X4) < 27 Yot m [(A9); ] +

o

E
>t [(A7);:]T. Constraint implies that b9 X" < 3", [b7;| and Con-
straints and imply that X°T(c4,cq,c_) < ¢4 + ¢4. By summation, we
conclude that tr (M X) < Bf,,. for all X > 0in C™ and then B, < B}, .
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The following table summarizes the numerical results obtained when comparing
interval arithmetics, zonotopic domains with affine arithmetics and the quadratic
extension. The T1P domain is an extension of the affine zonotopes with addi-
tional linear constraints over error terms.

Numerical values have been truncated to ease their display. However, even
in presence of similar values, the highlighted ones were more precise before the

truncation.
Intervals Affine Z. Quad. Z. T1P

val ms|val ms |val ms|val ms
atan [1.01,1.01]| 7 [[-1.01,1.01] | 1I |[[-1.00,1.00] | 3 |[—1.34,1.34] | 13
atan10 [~1.91,1.91]| 0 |[~2.36,2.36] 6 |[-1.59,1.50] | 8 |[~1.47,1.47] | 8
stolfil [0., 0] 0 |[~o0, +o0] 0 [[-0.85,3.25] | 5 [[0.,3.60] 6
stolfi2 [0.,3.60] 7 |[~0, +o0] 3 |[~o0,+0] |6 |[<0.,251] |5
stolfi3 [0.,5.38] 6 [[-2.98,10.81] | 3 |[-0.62,3.24]| 4 |[-0.,1.75] | 6
stolfid [0.,2.23] | 11|[=o0, +oo] 8 1[-0.33.3.26]| 0 |[0.35,1.71] | 8
stolfis [0.,2.18] 0 [[-0.42,3.03] 4 |[0.08,2.38] | 4 |[0.34,1.55] | 7
stolfi6 [0.,2.18] 3 [-0.71,2.91] 9 |[0.11,2.30] |11 [0.38,1.65] | 8
stolfi7 [0.,1.89] 6 {[0.19,2.23] 3 1[0.29,1.97] | 6 |[0.45,1.46] | 8
stolfis [-0.,1.82] |4 [[0.20,2.] 0 |[0.29,1.88] | 3 |[0.47,1.40] | 3
stolfi9 [0.,1.73]  |10([0.26,1.89] 6 |[0.33,1.75] |10 |[0.47,1.40] | 7
stolfi10 [0.,1.71]  |11][0.32,1.82] 0 1[0.36,1.75] | 5 [[0.49,1.38] | 0
stolfill [0.,1.67] 3 [[0.34,1.74] 3 [0.39,1.67] | 4 |[0.51,1.36] |15
stolfil3 [0.,1.61]  |10([0.38,1.67] 0 |[0.41,1.61] |8 |[0.51,1.35] | 6
stolfi30 [0.35,1.43] |10([0.48,1.44] 13 |[0.48,1.43] |16 [[0.53,1.31] |11
stolfi40 [0.40,1.40] | 11[0.49, 1.40] 15 {[0.50,1.40] |14 ([0.53,1.31] |15
stolfi50 [0.43,1.38] |12][0.50,1.38] 24 1[0.50,1.38] |26 |[0.53,1.30] |18
stolfi55 [0.44,1.37] |14][0.51,1.37] 28 |[0.51,1.37] |27 |[0.53,1.30] |19
stolfi100 [0.48,1.34] |27([0.52,1.34] 69 |[0.52,1.34] |52 |[0.54,1.30] |30
stolfi200 [0.51,1.32] |40[0.53,1.32] 272 |[0.53,1.32] |209/[0.54,1.30] | 48
stolfi300 [0.52,1.31] |50([0.53,1.31] 710 [[0.53,1.31] |439|[0.54,1.30] |90
stolfi400 [0.52,1.31] |67([0.53,1.31] 1359([0.53,1.31] |842([0.54,1.30] |111
Lnlpx [—0.00,0.46] | 4 |[—0.00,0.40] 8 ([=0.00,0.40]| 5 |[=5.14c—05, 3

0.40]

householder orig|[0.11,0.11] | 5 |[0.11,0.11] 7 ([0.11,0.11] | O |[0.11,0.11] | 2
householder _orig|[0.17,0.18] | 0 |[0.17,0.18] 8 [0.17,0.18] | 0 |[0.17,0.18] | 7
householder _orig|[0.21,0.24] | 4 |[0.21,0.24] 7 1[0.21,0.24] | 0 |[0.21,0.24] | 9
householder _orig|[0.17,0.29] | 6 |[0.22,0.25] 6 [[0.22,0.24] |11[0.22,0.25] |3
householder _orig|[0.03,0.42] | 0 |[0.22,0.25] 10 {[0.22,0.24] | 3 |[0.22,0.25] | 3
householder _orig|[—0.90,1.66] | 7 |[0.22,0.25] 12 [0.22,0.24] | 5 ([0.22,025] | 0
householder _orig|[—1117.82, |11[0.22,0.25] 26 |[0.22,0.24] 7 1[0.22,0.25] 3

1899.48]
householder _orig|[—2.18¢18, | 3 [0.22,0.25] 16 [0.22,0.24] | 3 [[0.22,0.25] |14

3.70e 18]
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Intervals Affine Z. Quad. Z. T1P
val ms|val ms |val ms|val ms
householder_orig|[—6.19¢7°%, | 4 |[0.22,0.25] 32 [[0.22,0.25] |12 |[0.22,0.25] |11
1.05¢795]
householder _orig|[—o0, 0] 4 1[0.22,0.25] 39 |[0.22,0.25] | 7 [[0.22,0.25] | 4
householder _orig|[—o0, 0] 8 1[0.22,0.25] 34 1[0.22,0.25] | 6 |[0.22,0.25] |7
householder _orig|[—0, 0] 7 1[0.22,0.25] 37 1[0.22,0.25] | 4 [[0.22,0.25] | 8
householder _orig|[—o0, o0] 11[0.22,0.25] 20 |[0.22,0.25] | 7 |[0.22,0.25] | 3
householder _orig|[—o0, 0] 0 [[0.22,0.25] 22 [[0.22,0.25] | 6 |[0.22,0.25] | 7
householder _orig|[—a0, 0] 3 1[0.22,0.25] 11 |[0.22,0.25] | 7 |[0.22,0.25] |10
householder _orig|[—o0, 0] 4 [[0.22,0.25] 21 ([0.23,0.26] | 3 |[0.22,0.25] |9
householder _orig|[—o0, 0] 7 1[0.22,0.25] 21 [[0.24,0.27] | 6 |[0.22,0.25] |11
householder [0.11,0.11] | 7 [[0.11,0.11] 2 |[0.11,0.11] | 4 |[0.11,0.11] |7
householder [0.17,0.18] | 5 |[0.17,0.18] 10 [[0.17,0.18] | 10[0.17,0.18] | 3
householder [0.21,0.24] | 4 [[0.21,0.24] 7 1[0.21,0.24] | 5 |[0.21,0.24] | 3
householder [0.17,0.29] | 0 |[0.21,0.25] 6 [[0.22,0.25] |11[0.21,0.25] | 5
householder [0.03,0.42] | 4 [[0.20,0.26] 12 [0.21,0.25] | 20[0.21,0.26] |11
householder [—0.90,1.66] | 6 |[0.19,0.27] 4 [[0.21,0.25] |16 [[0.20,0.26] |12
householder [—1117.82, 0 [[0.17,0.29] 11 |[0.21,0.25] 13 |[0.19,0.27] 4
1899.48]
householder [—2.18¢T18 | 3 |[0.12,0.34] 10 [[0.21,0.25] | 9 |[0.17,0.29] | 7
3.70e*18]
householder [-6.19¢79, | 3 |[~0.16,0.64] 6 [[0.21,0.26] |16 [[0.14,0.33] |10
1.05¢795]
householder [0, 0] 3 [[~14.08,14.55] | 8 [[0.20,0.26] |15 [[0.00,0.47] | 9
householder [—00, 0] 0 [[—98003775.36, | 11 |[0.20,0.27] |22 |[—1.45,2.24]| 9
98003775.83]
householder [—o0, 0] 7 [[-1.35¢+%2, 11 [[0.18,0.30] |16 |[-5335.40, |10
1.35¢+42] 8226.73]
householder [—a0, 0] 4 |[-6.88¢212, | 9 [[0.15,0.35] |11 |[-3.66¢*2, | 5
6.88¢+212] 5.65¢+21]
householder [—o0, 0] 3 |[—o0, + 0] 13 [[0.04,0.52] |11 |[-5.61e™10 | 7
8.65¢™110]
householder [—00, 0] 5 |[—0, +0] 7 |[-1.41,2.27] | 11 |[—o0, 0] 6
householder [0, 0] 5 |[—o0, +0] 10 [[-2570.28, |11 |[—o0, 0] 16
2582.02]
householder [—o0, 0] 0 |[—o0, +0] 10 [[-2.85¢T18, | 7 |[—o0, 0] 6
2.85¢ 18]
householder [—00, 0] 5 |[—o0, +0] 17 [[-4.62¢t93, | 18 |[—o0, 0] 11
4.62¢+93]
controller [-0.21,0.21]| 7 [<0.15,0.15] | 53 [[~0.15,0.15] | 21 |[[=0.15,0.15] | 10
controller [~0.42,0.42] | 12 [[<0.19,0.19] | 191 |[=0.19,0.19] | 20 [[~0.19,0.19] | 18
controller [—0.65,0.65] | 20 |[—0.20,0.20] 518 |[—0.20,0.20] | 49 |[—0.20,0.20] | 21
controller [-1.25,1.25] |30 [[~0.23,0.23]  |1865|[-0.23,0.23] | 74 |[-0.23,0.23] | 35
SinCos (0.86,1.18] | 8 |[0.99,1.01] 10 ([0.99,1.00] | 7 [[0:99,1.00] | 2
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