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Abstract

In this communication, we consider a numerical scheme for the shallow-water system. The scheme under
consideration has been proven to preserve the positivity of the water height and to be fully well-balanced,
i.e. to exactly preserve the smooth moving steady state solutions of the shallow-water equations with the
topography source term. The goal of this work is to prove a discrete entropy inequality satisfied by this
scheme.
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1. Introduction

In this work, we consider the shallow-water approximation of free-surface flows in a longitudinal channel.
In one space dimension, this model is governed by the following system:

Oth + 029 = 0,

2 1

where h(z,t) is the water height, ¢(x,t) is its discharge (equal to hu, where u is the water velocity), g is
the gravity constant and Z is the smooth given bottom topography. In order to shorten the notations, we
rewrite (1) under the classical form of a conservation law with a source term 0;W 4 9, F (W) = S(W), where

we have set:
W= (h) rovy= (e L), sovy = ( 0 )

In the present work, we assume that the flow is always far from dry areas. The conserved variables W thus
lie in the set of admissible states €2, which prescribes a physically admissible positive water height:

Q={W="h,q) € R*|h >0}

In addition, note that the following natural entropy inequality, satisfied by the admissible entropy weak
solutions, arises from this system:

atn(W) + awG(W) S _gqawZa (2)
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where the entropy n and the entropy flux G are defined by:

¢ 1, q(1¢ 2
W) =54 +39 an W)= 1575 +9
Note that, according to [5], the non-conservative entropy inequality (2) can be recast under the following
equivalent conservative form:

O (n(W) + ghZ) 4+ 9, (G(W) + gqZ) < 0. (3)

Preserving the steady state solutions of the shallow-water equations, i.e. solutions of (1) such that
;W = 0, has been a major challenge of the last two decades. The steady states at rest, describing motionless
water over a possibly complex bottom topography, are obtained by assuming ¢ = 0 as well as ;W = 0, to
get 0, (h+ Z) = 0. These steady states have been the focus of much work, and several relevant numerical
schemes have been developed (see for instance [1, 2, 4], but this list is far from being exhaustive). Such
steady solutions are widely encountered in real-world applications, and being able to preserve them is crucial
for a numerical method. Conversely, less work has been undertaken on so-called fully well-balanced schemes,
which exactly preserve the smooth moving steady state solutions, defined by:

q = cst,

2 (4)
q _
o2 +g(h+2) =cst.

In particular, few first-order schemes have been developed (see for instance [8, 3, 10]). Nice properties for a
scheme to possess are, in addition to being well-balanced, the preservation of the admissible set Q (i.e. the
preservation of the water height positivity, also called the robustness property) and a discrete analogue to
the entropy inequality (2).

In [3], the authors derive a scheme with the three previous properties. However, in practice, this scheme
is computationally too costly, since it involves finding the roots of a fifth-order polynomial. The scheme
proposed in [10] corrects this cost shortcoming by introducing an approach taking into account a generic
source term, leading to a suitable linearization. However, an entropy inequality was not exhibited. The goal
of the present work is to establish an entropy inequality satisfied, in some sense to be prescribed, by the
numerical scheme proposed in [10].

2. Presentation of the numerical scheme

In this Section, for the sake of completeness, we give the numerical scheme developed in [10]. It falls
within the framework of finite volume schemes, and more specifically of Godunov-type schemes (see [9] for
instance). As usual, we introduce a discretization of the one-dimensional space domain R by defining cells
of constant volume Axz. The cell ¢; = (x;_1/2,%;11/2) has center located at x;, with x,4,,9 = x; £ Az /2.
The time step is denoted by At and it is restricted according to the following CFL-like condition:

Az . I R
At < A with A = max (—)\i+1/2, )‘i+1/2) , (5)

where )‘¢L+1 /2 and )\ﬁl /o are approximations of the characteristic velocities u4+/gh of the hyperbolic system,
to be defined. As prescribed by the finite volume framework, the solution of the shallow-water system (1)
is approximated, at time t", by the following function, piecewise constant in each cell ¢;:

WA((E,tn) = W,Ln if x S (mi_1/2,$i+1/2).

Godunov’s scheme is based on the exact solution of the Riemann problems arising between the piecewise
constant approximations at the interfaces of two consecutive cells. Using exact solutions, however, is inadvis-
able in practice. Indeed, source terms and nonlinearities prevent the derivation of analytical exact solutions
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to Riemann problems. Thus, we turn to a Godunov-type scheme, where a consistent approximation of the
exact solution are introduced. The updated solution, at time ¢ + At and within the cell ¢;, is then given
by:

1 it1/2
wett = / W (e, " + At) da, 6)

i—1/2
where we have set
T —Tity1/2

W(m,t”th)—WR( ;

;W ﬁs—l) for x € (x4, iy1),

with Wx (x/t; Wr,,Wg) a relevant approximation of the solution to the Riemann problem for (1) between
arbitrary states W, € Q and Wx € Q. As a consequence, the updated approximate solution at time ¢"*1! is
also piecewise constant on each cell, and it is given by

WA(l',tn+1) = Win+1 ifx e (xi_1/2,$i+1/2).

In [10], the authors prescribe the following two-state approximate Riemann solver in order to recover
necessary properties of consistency and well-balance:
Wr, if o/t < A\p(Wp, Wg),
Wi(W,Wg) if AL(WL,Wg) < z/t <0,
Wir(Wr,Wg) if0<z/t < Ag(Wr,Wg),
Wr if x/t>/\R(WL,WR).

Wr (% WL7WR) = (7)

Note the presence of a stationary wave, of velocity 0, separating the states W; and W3j. This wave corre-
sponds to the action of the source term. We then get the following relation by computing the integral in
(6): A
n n R,x n
Wit = W= 28 N (Wi = ) = AR (W = W) (8)
where we have set: R
)‘1+1/2 =AW, z?}H)a AL 1/2 = AR(WiLy, W),

Wht = WE WP W), W, = W, W),

In (7), the velocities A, (W, Wg) and Ag(Wr, Wg) are approximations of the characteristic velocities
u £ v/gh of the hyperbolic system. For instance, these approximations can be defined as follows:

AL = min (*|UL| —Vghr,—|ur| — v/ ghr, *€A> ) AR = max (|UL| + vV ghr, |ur| + /ghr, 5,\) ;

where we set €y = 10710 to ensure that A\; < 0 < Ar. Let us underline that finer choices, where
AL # —Ar, can be adopted (for instance see [12]). The intermediate states are W; (W, Wg) = *(h},q*)
and Wi (W, Wg) = t(h%, ¢*), where the intermediate heights and discharge are given by:

* = 2o Rt = hypp — —B2 27 R = hppp — —E2 20
¢ =gHLL T N AL L HLL O =)’ R HLL 2O — A (9)
In (9), we have introduced the intermediate state of the HLL solver (see [9]), defined as follows:
harr AR AL 1
Whrr = = Wg - Wy, — F(Wg) — F(WL)). 10
et <QHLL> YD Pt R VRN W D VN (F'(Wr) (Ww)) (10)

Moreover, the quantity « is given by a = —(¢*)?/(hrhgr) + g(hz + hg)/2. Finally, the quantity S is a
consistent approximation of the source term —ghd, Z, given by:

- Mihn ]
SAy = —g——(Zp— 7 O 11
v ghL+hR( L)+2hL+hR ( )
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where [h]. is a cutoff of [h] = hg — hy, defined with a positive constant C' that does not depend on Ax:

[ . hR—hL 1f|hR—hL|§CA$,
" |sign(hg — hy) C Az otherwise.

After [10], this cutoff turns out to be essential to ensure the required consistency of S with the continuous
source term.

The numerical scheme from [10] is thus recalled. Let us finish by remarking that the time update (8)
can be rewritten under the usual flux-source formulation:

Wit =W = 1 (P = Flage) + 5 (Staje + STage) ()

where the expressions of the numerical flux function F and the numerical source term S are explicitly given
in [10]. Note that the numerical scheme is in conservative form if the topography is flat, i.e. if 9,Z = 0.
We finally state the following result, proven in [10].

Theorem 2.1 ([10]). Assume that W] € Q for all i € Z. Then, under the CFL-like condition (5), and for
a small enough Az, the scheme (12) is:

o consistent with the shallow-water system (1);
o robust: for alli € Z, if W € Q, then VVl-”Jr1 € Q;

o fully well-balanced: if the flow is a steady state according to (4), i.e. if there exists two constants qo
and ®o such that, for alli € Z, q' = qo and 2 2(h")2 +g (Y + Z;) = ®y, then, for alli € Z, Win—s-l =W

3. An entropy inequality

According to [9], a Godunov-type scheme applied to the homogeneous system (i.e. with 9,7 = 0) is
entropy-satisfying if the following inequality is satisfied under the CFL condition (5):

1
Ax

At

/M/Q n(WR (At WL,WR)) dz < ( (We) +0(Wr)) =

—Az/2

- (GWR) = G(WL)), (13)

where WR is the approximate Riemann solution (7). As soon as the topography is non-flat, the above
formula contains a new term, denoted by T (W, Wr) and consistent with the source term —gg0,Z in (2).
In addition, let us underline that, in order to correctly prove the well-known Lax-Wendroff Theorem (see our
main result, Theorem 3.3), the estimation (13) must be divided by Az. As a consequence, we immediately
note that (13) can relax up to O(Az'*?%), with § > 0 (see for instance [6, 3]). In the present work, we will
obtain a relaxed estimation with § = 1. Also, according to the two-state definition of WR, the integral of the
left-hand side of (13) can be computed explicitly and recast with respect to 0} := n(Wj) and 0} = n(W}),
as follows:

ArNh — Aunh < Arnr — Apnn — (Gr — GL) + T (W, Wg) Az 4+ O(Az?), (14)

where, with clear notations, we have set 1, := n(Wp), Gr := G(Wp), and so on. After [9], let us underline
the following inequality:

(Ar = AL)nmre < Arnr — Ane — (Gr — GL),
where we have set g, = n(Wyrr), with Wy, defined by (10). Therefore, (14) holds as soon as the
following estimation is established:

Arni — Ani = (Ar — Au)nmee + T(We, Wg) Az + O(Az?).



Lemma 3.1. For a smooth topography function, the following estimation holds:
AR — Ann; = Ar = Ap)nmre + T(We, Wr) Az + O(Az?), (15)
where the term T (W, Wg) is consistent with the topography source term —gqd,Z, and it is given by:

g 2hphr qurr Zr — 21
hp+hghgr, Az

T(Wp,Wg) =

Proof: By definition (2) of the entropy function n, we immediately have

\ L1 ") q*)? \ \
ArNg — ANt = = )\R( *) - )\L( *) +9 (Ar(h)? = AL(h})?) . (16)
2 h, hy 2
The core of this proof lies in a relevant expansion with respect to Az of the intermediate states h}, b and
q* given by (9). Indeed, since the topography function is assumed to be smooth, we get Zr — Z, = O(Ax).
As a consequence, the definition (11) of the approximate source term yields the following relation:

2hrhr

SAz = —g————
v ghL+hR

(Zr — Z1) + O(Az®). (17)

Equipped with such an expansion, the intermediate states turn out to be a perturbation of the HLL
intermediate state (10). Indeed, plugging (17) into (9), we have the following estimations:
ghAZ
AR — AL

ghAZ g
A — AL

hAZ )
+O(AZ®), Wy = hgpp+P- =2 — 2 LO(AZ?),
« )\R — )\L

¢ =qurL— +0(Az?),h} = hpro+

where we have set AZ = Zr — Z;, and h = sﬁi’ﬁ As a consequence, we obtain the following relations:

ghAZ

(€")? =dhpL — 2auLL~——— + O(A2?),
AR — AL
1 1 1 ghAZ  \g ) N ghAZ  \p )
B hmin Wy a am—ag DOBT) ()= 2han T R 4 O(A),
1 1 1 ghAZ X WAZ A
B 2 -+ O(AmQ), (h})z =h¥+ 2hHLLgT L4 O(Afc2).

@Z hHLL h%ILL (6] )\R_/\L )\R_)\L

Arguing the above relations and performing straightforward computations yields the following estima-

tions:
*\2 *) 2 2 B
)\R@ - )\L@ =(Ag — )\L)M — QMghAZ + (’)(Amz),
hy hy, herr hurr
Ar(hR)? = AL(h1)? = (Ar — Ap)hELp, + O(A2?).

Combining these estimations into (16), we immediately get:

* * 1 ; 7
ArNR — ALng = (Ar — AL) ~ L + gh%ILL —gh qHLL AZ + O(Ax2)a
2hprr 2 hurr

which is nothing but the expected estimation (15). The proof is thus achieved. g
We now state the discrete entropy inequality satisfied by the numerical scheme.

Theorem 3.2. The numerical scheme (12) satisfies the following discrete entropy inequality:

; < i — Ax (g(Wz SWity) = GWiy, WY )) + At 7;71/2 + O(A$2)’

5



where the numerical entropy fluz G is given by:

G0V W) = Gu b~ [ (W (W) )
L,VWR)— UL 2At77L At o n Atv L, VWR xz,
and where the numerical entropy source term '7711/2 is defined by 7711/2 = T(W], W), with the func-

tion T (W, Wg) introduced in Lemma 3.1.

Proof: The proof of this result follows immediately from the application of Jensen’s inequality and from
Lemma 3.1. For more details, the reader is referred to [11]. O

We conclude this work by an extension of classical Lax-Wendroff theorem, whose proof can be found
in [7] for instance.

Theorem 3.3 (Lax-Wendroff). Let us introduce the notation W2 (x,t) = W for x € (Ti—1/2, Tit1/2)
and t € (t",t""). According to (12), there exists a consistent numerical flur F and a consistent approzi-
mation S of the topography source term —ghd,Z such that

At At
1
Wz‘n+ =W - Az ( in+1/2 - ]'—z‘n—l/z) + 9 ( in+1/2 +Szn—1/2) :
In addition, according to Theorem 3.2, there exists a consistent numerical entropy flurz G and a consistent
approximation T of the entropy topography source term —gqd,Z such that
At

<= 5

Assume that Ax tends to 0 while preserving a constant ratio At/Ax. If, in addition, W* is valued in some

compact set K € Q, and the sequence W2 converges in L, (R x Ry; Q) towards some W, then W is an
entropy weak solution of (1).

Tije = Gl ja) + AL, o + O(A2?),

Note that the converged solution W will immediately satisfy the non-conservative version (2) of the en-
tropy inequality. However, according to [5], the conservative version (3) is equivalent to the non-conservative
one, and thus the converged solution will also satisfy this conservative entropy inequality. The numerical
scheme under consideration therefore converges towards an entropy weak solution of (1).
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