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Abstract

In this work, we introduce a notion of entropy at infinity for the
geodesic flow of negatively curved manifolds. We introduce the class of
noncompact manifolds which admit a critical gap between entropy at in-
finity and topological entropy. We call them strongly positively recurrent
manifolds (SPR), and provide many examples. We show that dynam-
ically, they behave as compact manifolds. In particular, they admit a
finite measure of maximal entropy.

Using the point of view of currents at infinity, we show that on these
SPR manifolds the topological entropy of the geodesic flow varies in a
C'-way along (uniformly) C'-perturbations of the metric. This result
generalizes former work of Katok (1982) and Katok-Knieper-Weiss (1991)
in the compact case.

Résumé

Dans ce travail, nous introduisons une notion d’entropie & l’infini pour
les flots géodésiques des variétés a courbure négative. Nous introduisons
la classe des variétés, dites fortement positivement récurrentes (SPR),
dont entropie a ’infini est strictement inférieure a I’entropie topologique.
Nous donnons de nombreux exemples de telles variétés. Nous montrons
que d’un point de vue dynamique, ces variétés ressemblent a des variétés
compactes. En particulier, elles admettent une mesure finie maximisant
I’entropie.

A Tl’aide du point de vue des courants & 'infini, nous montrons que
sur ces variétés SPR, Pentropie topologique varie de maniére C* le long
de perturbations C* uniformes de la métrique. Ceci généralise des résul-
tats passés de Katok (1982) et Katok-Knieper-Weiss (1991) dans le cas
compact.

O

1 Introduction

1.1 Variation of the topological entropy: An overview

The initial motivation of this work was to answer the following simple question.
Consider a hyperbolic surface of finite volume and a smooth compact pertur-
bation of the metric. Does the topological entropy of the geodesic flow vary
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regularly ? More generally, what happens for a smooth perturbation of the
metric of a noncompact negatively curved Riemannian manifold ?

The answer has been known on compact manifolds since almost thirty years
IKKW91, KKPWS9, [Flad5], and has been extended to the convex-cocompact
case in [Tapll]. A similar argument gives the regularity of the topological
entropy for a perturbation of an Anosov flow, cf [KKW9]].

Compactness of the underlying space is crucial in the above results, and no
result was known until now for manifolds with a non-compact non-wandering
set. Even the case of a smooth compact perturbation of the metric of a finite
volume hyperbolic surface was not accessible with their arguments. Let us recall
the two main steps of their argument to understand why.

The key step is the following inequality, due to Katok in [Kat82] for surfaces,
extended in [KKW91] to all dimensions.

Theorem 1.1 (Katok 1982 ; Katok-Knieper-Weiss 1991). Let g1, g2 be Rieman-
nian metrics with negative sectional curvature on the same compact manifold
M. Then the entropies of their geodesic flows satisfy

htop(91) < heo(g2) X /S ol dm (o). (1)

where |v|” = \/g2(v,v) and Mm%, is the normalized Bowen-Margulis measure
on the gi-unit tangent bundle S9* M for the g1-geodesic flow.

Reversing the role of g1 and g, also provides a lower bound for Ao, (g1), and
a first order power expansion gives the following smoothness result.

Theorem 1.2 (Katok-Knieper-Weiss 1991). Let (g:)-e(—1,1) be a C'-family of
C? Riemannian metrics with negative sectional curvature on the same compact
manifold M. Then € — hiop(ge) is Ct, and its derivative is given by

d

d
e htOP(gs) = _htoz)(gO) X /

= [0l dmh, (v). (2)
e=0 g

e=0

where Mm%, is the normalized Bowen-Margulis measure on the go-unit tangent
bundle S9° M for the go-geodesic flow.

In the previously quoted works, the proofs of strongly use the compact-
ness of the non-wandering set. In the first part of our paper, we use a different
approach to generalize it to the non-compact setting. This improves it even in
the compact case, providing an explicit transformation rule for the entropies,
equality which immediately implies (1)), and has other interesting consequences.

The previously known proofs of use the compactness of M for a crucial
point: to ensure the finiteness and the continuity of the normalized Bowen-
Margulis measures m%,, in the weak-* topology as € varies. Neither finiteness
of the Bowen-Margulis measure nor its continuity under a variation of the metric
can be ensured in general. Maybe the most striking fact of our work is that we
introduce a new wide class of manifolds, which we call SPR manifolds, SPR
meaning strongly / stably positively recurrent. The terminology Stably positively
recurrent has been introduced by Gurevic-Savchenko [GS98| in the context of
countable Markov shifts. Sarig [Sar0l] modified it, in the same context, into
strongly positively recurrent, terminology which has been used later by other



authors as Buzzi [BBGI4]. See also the very recent work of Velozo [Vell7], who
follows also this terminology. Both terminologies are meaningful, and had not
yet been considered in a geometric context.

The class of SPR manifolds that we define here has the remarkable property
that the Bowen-Margulis measure is finite, and moreover stays finite and varies
continuously along small perturbations. In particular, under uniformly C? vari-
ation of such SPR Riemannian metrics, the topological entropy is C! and its
derivative is given by .

These SPR manifolds include finite volume hyperbolic manifolds, and more
generally almost all known examples where the geodesic flow admits a (finite)
measure of maximal entropy, as geometrically finite negatively curved mani-
folds with spectral gap [DOP00|, Schottky product examples from [Pei03], and
unpublished examples of Ancona [Anc|. The class of SPR manifolds is much
larger than only the above mentioned examples. We postpone the extensive
study of SPR manifolds to a later paper [ST|. Therefore, the second half of our
paper will be devoted to the presentation of a geometrical setting, as large as
possible, where this finiteness and continuity of Bowen-Margulis measures can
be ensured.

Let us now present our main results with more details.

1.2 Invariant measures and change of Riemannian metrics

Let (M, g1) be a complete Riemannian manifold, and g, be another Rieman-

1
nian metric on M such that there exists C' > 1 with 691 < g9 < Cg1. We

assume moreover that both g; and go have pinched negative sectional curva-
tures with uniformly bounded derivatives: this implies that g;-geodesics are
g2-quasi-geodesics and the visual boundary of the universal cover (M,g;) is
canonically identified with the visual boundary of (1\7 ,g2); we will denote it by
OM. We will use extensively this correspondance to compare the dynamics of
the geodesic flows on S9' M and S92 M. .

Let T' = m (M) acting on the universal cover M, let m be a locally finite
measure on S9 M, invariant by the geodesic flow (gt );cr, and m its lift to S M.
We write 92M = (M x OM)\Diag. In gi-Hopf coordinates (cf Section ,
S91 M ~ 92 M x R, and m has a local product structure of the form dm = duxdt,
where p is a T-invariant geodesic current on M. We write therefore m = mit.

We can now define a measure mg? on 592 M , given in go-Hopf parametriza-
tion by the same local product formula m{> = dp x dt: by I'-invariance, this
induces a locally finite measure mf? on S92 M, which is invariant for the geodesic
flow (g5)ier. The ergodic properties of (S9' M, g, mg}) and (S92 M, g5, m9?) are
strongly related.

Well known facts imply that if mJ' and m? are finite then one is ergodic
or conservative if and only if the other is. The reader may believe that, since

1
591 < g2 < Cgp, then mﬁl is finite if and only if mfgf is. We will indeed show

that it is the case and relate the masses and entropies of these measures.

In this purpose, let us introduce the instantanous geodesic stretch £91792 :



591 M — R defined for all v € S91 M by

d d
ENTI2(y) = 7 o Bi% (mmrgfv) = P o Bg% (o, 71'97{'0)3

where 7 : $9' M — M is the canonical projection, and BZ@I (.,.) is the Busemann

function for go based at the endpoint of the g-geodesic generated by v. By I'-
invariance, it induces a map £91792 : S91 M — R. We will see in Section [2.3
that this is the derivative along g;-geodesics of a natural Morse correspondance
o192 o S9N — S92 M between the g1 and g2 geodesic flows. This Morse
correspondence is a global homeomorphism, which sends ¢;-geodesics to go-
geodesics up to a time rescaling. In particular, it induces a homeomorphism
from the non-wandering set 29! of the geodesic flow on S9*M to the non-
wandering set 292 of the geodesic flow on S92 M ; see next section for precise
definitions. This implies the following.

Proposition 1.3. For all mJ?-measurable map G : S9>M — R, the map G o
WI=92 45 mt -measurable and

/ deZQ — / G o \1191%92 X 591%92 dmﬁl .
S92 M S91 M

In particular, the masses of mJ? satisfies

gz = [ e
S91 M

Some other versions of the geodesic stretch has already been considered in
[FE93] of [Kni95]; we explain in Section [2.3]the relationship with these references
and the interest of our new definition. We then introduce in Section Bla notion of
local entropy for invariant measures, which is an analogous in the non-compact
setting to Brin-Katok entropy, and which coincides with the classical metric
entropy for Gibbs measures. This also allows us to relate the local entropies of
(891 M, gf, mg}') and (S92 M, g, m?%?).

Theorem 1.4 (See Theorem . Let (M, g;), i = 1,2 be two equivalent Rie-
mannian metrics on M with pinched negative curvature and uniformly bounded
derivatives. Let p be any geodesic current and mji the associated invariant
measure on S9 M under the geodesic flow (gt). Assume that these measures are
finite and ergodic. Then the local entropies of (g1, m3') and (g5, mJ?) are related
as follows.

hloc(ng7g2) = Iu(g% gl) . hloc(mzlzgl) )

where
1

Lu(92:91) = a7 £979 (v) dmi? (v).

[mi? || o2

The combination of the previous theorem with the variational principle for
entropy implies the following result, which is an optimal improvement of .

Theorem 1.5 (See Corollary and Theorem [3.18)). Let (M, g;)), i = 1,2 be
two equivalent Riemannian metrics on M whose curvature is negatively pinched
and has uniformly bounded derivatives. Assume that the geodesic flow on S92 M



has a finite measure Bowen-Margulis measure m%,,, i.e. a finite measure with
mazimal entropy. Then

hiop(g2) < I92 (92, 91) - hiop(91)-

MmeMm

Moreover, equality holds if and only if the geodesic flow on S9* M also has a fi-
nite Bowen-Margulis measure and there exists a Morse correspondence F91792 ;
SS9 M — S92 M which conjugates the flows on the non-wandering sets of S9* M

and S92 M up to a global time scaling by Ztozjggli: forallv € Q9" and allt € R,
top\Y2

ggtop(gfz)t o F91792(y) = F9N1792 o g?top(gl)t(v).

This has been shown by Knieper in [Kni95] for compact manifolds. The
relation between the Morse correspondences F'91 792 and W9 92 will be precised
in Theorem Note that in general, when two negatively curved metrics are
equivalent, one may have a finite Bowen-Margulis measure whereas the other
may not. See examples given in Section [} The previous theorem has the
following striking corollary.

Corollary 1.6. Let (M, g;)), i = 1,2 be two equivalent Riemannian metrics on
M whose curvature is negatively pinched and has uniformly bounded derivatives.
Assume that the geodesic flow on S92M has a finite measure Bowen-Margulis
measure m%,, and that

hiop(92) = Ips2, (92, 91) - Trtop(g1)-

Then the marked length spectra of g1 and g coincide up to a global scaling by
htop(gl)

htop (92) ‘

Section [ is devoted to the study of Gibbs measures and their behaviour
under change of metrics. It happens to be crucial in the proof of the above
Theorem We show that a (g{)-invariant measure mf! is a Gibbs measure
for the potential G : S9* — R if and only if the associated (g5)-invariant measure
mg? is a Gibbs measure for the potential G o W927791 x £92791. We also give
some applications of this last fact to a comparison between the length spectra

of (M, ¢1) and (M, g2), see Corollary

1.3 Entropy at infinity, SPR manifolds and Bowen-Margulis
measures

Let (M, g) be a Riemannian manifold with pinched negative sectional curvatures
whose derivatives are uniformly bounded. We introduce a notion of entropy at
infinity (see Section , which measures the highest possible complexity of the
(topological) dynamics outside a compact set in the manifold. Note that an-
other definition of entropy at infinity appears in [BBGI14], RV19| [Vel17], which
is somehow the maximal entropy of a sequence of invariant probability mea-
sures diverging to infinity. See also [EKPI5, [ELMV12| for related works in
finite volume rank one homogeneous dynamics. It follows from [RV19] in the
geometrically finite case and [Vel17] more generally that this entropy at infinity
coincides with our definition.



We call the Riemannian manifold (M, g) strongly positively recurrent, shortly
SPR, if the entropy at infinity is strictly smaller than the topological entropy
of the geodesic flow. This SPR property implies that the geodesic flow admits
a finite Bowen-Margulis measure, which is then the unique measure of maximal
entropy, according to [OP04], see Theorem, and also that this fact remains
true under a nice small perturbation of the metric, and that these measures vary
continuously in the narrow topology (i.e. in the dual of bounded continuous
functions).

Let us comment on this terminology of strong positive recurrence. It comes
from the world of symbolic dynamics with the works of Gurevich-Savchenko
[GS98| and Sarig [Sar01]. In Pit-Schapira [PS18], it is shown that their notion
of recurrence is equivalent to the conservativity and egodicity of the Bowen-
Margulis measure, whereas positive recurrence corresponds to finiteness (and
therefore conservativity and ergodicity) of this Bowen-Margulis measure.

Let us summarize the main results that we establish here on the SPR prop-
erty. A more detailed study of this property and its consequences will be the
aim of the future paper [ST].

Theorem 1.7. Let (M,g) be a Riemannian manifold with pinched negative
curvature.

1. The SPR property implies that the geodesic flow admits an invariant prob-
ability measure of mazimal entropy m%,,, the so-called Bowen-Margulis
measure. In the terminology of [PS18], the SPR property implies that the
geodesic flow is positively recurrent.

2. Geometrically finite manifolds with critical gap (see [DOPO0]) have the
SPR property,

3. Topologically infinite examples of [And] presented in Section have
the SPR property,

4. Schottky product examples of [Pei(3] have the SPR property.

Typical examples of manifolds which do not have the SPR property are
infinite covers of compact negatively curved manifolds, or geometrically finite
manifolds without critical gap (see [DOP00] once again).

As mentionned above, this SPR property is stable in the following sense.

Theorem 1.8. Let (M, go) be a SPR manifold with pinched negative curvature
and bounded derivatives of the curvature. Let (ge)ee(—1,1) be a Ct-uniform vari-
ation of the metric. Then there exists eg > 0 such that for all € € (—¢eq,e0), the
manifold (M, go) is SPR. Moreover, the Bowen-Margulis measures (m$;,,) vary
continuously at € = 0 in the narrow topology.

Let us recall here that the narrow topology is the dual topology of bounded
continuous functions, whereas the vague topology is the dual topology of contin-
uous compactly supported functions. In the above Theorem, continuity in the
vague topology is not a big problem, whereas noncompactness of the manifold
creates huge difficulty to get convergence of the total mass of the measures, and
therefore continuity in the narrow topology. It is the key place of the paper
where we really absolutely need the SPR property to get convergence of the



masses of measures, whereas at several other places the assumption is either not
needed, or could be slightly weakened.

This allows us to show the following regularity property for the topological
entropy, which answers our initial question. We refer to Section [7] for technical
details on the assumptions.

Theorem 1.9. Let (M, go) be a SPR manifold with pinched negative curvature
and bounded derivatives of the curvature. Let (g.) be a C*-uniform variation of
the metric with negative sectional curvatures. Then the map € — hyop(ge) is C1
near € = 0, with derivative at 0

d d
— h =—h X — v|% dm®,  (v).
E| sl = “haglao) > [l dm, o)
90
the normalized Bowen-Margulis measure mjy,, = ”:zg’;oM” being the invariant
B M

probability measure of mazximal entropy for the go-geodesic flow.

Let us emphasize the fact that this theorem is valid in a much greater gener-
ality than what we thought initially possible. On the one hand, SPR manifolds
are a very general and interesting class of manifolds, much larger than the well
known and well studied class of finite volume, or even geometrically finite hy-
perbolic manifolds, as illustrated by Theorem It may be an optimal class
to get such result in the sense that we guess that phase transitions for the en-
tropy can happen when the manifold is not SPR. (see [ST]), analogous to those
obtained by Riquelme-Velozo [RV19] for the pressure when varying a potential
on geometrically finite manifolds.

On the other hand, we allow much more general perturbations than only
compact ones since we deal with noncompact C?-perturbations of our metric,
as soon as they are not too wild at infinity.

The paper is organized as follows. In Section [2] we develop the point of
view of geodesic currents at infinity, which allows us to associate to an invariant
measure mj! for the geodesic flow for (M, g1) an invariant measure mJ? for the
geodesic flow on (M, g2), and compare their ergodic properties.

In Section [3] we introduce different notions of entropy and develop methods
of section |2| to relate the entropies of m' and mfz.

In Section [] we recall general fact about Gibbs measures on non-compact
manifolds, we show that mJ! is a Gibbs measure if and only if m? is and give
applications to the length spectrum.

In Section [5| we show some continuity results for geodesics, Busemann func-
tions and non-normalized Bowen-Margulis measures which will be needed in the
sequel. .

In Section @ we first show that for a fixed geodesic current p on 92M,
the metric entropy € — h (gé, mis) is C! under a C!-uniform variation of the
Riemannian metrics g.. We then show in a very similar proof that, if under
a Cl-uniform variation of Riemmanian metrics the normalized Bowen-Margulis
measures mY,, vary continuously in the narrow topology, then the topological
entropy is also C'.

Eventually, in Section[7] we introduce entropy at infinity and SPR manifolds,
we show that they have finite Bowen-Margulis measure, and that under a small



C!-uniform variation of Riemmanian metrics they remain SPR. On the way, we
give some properties of the entropy at infinity of independent interest.
Theorem follows from results of section where we provide many
examples of SPR manifolds. Theorem is a reformulation of the second part
of Theorem|[7.1] At last, our main variational formula for the topological entropy,

Theorem follows from Theorems and (or [71).
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2 Hopf parametrization and geodesic currents

2.1 Hopf parametrization and geodesic flow

Let (M, go) be a complete manifold with pinched negative sectional curvatures
satisfying —b? < K, < —a® < 0, and derivatives of the curvature bounded.
The bounds on the curvature are crucial, particularly the upper bound, at
many places of the paper. But the assumption on the derivative will be used
(implicitely) only when speaking about the Bowen-Margulis measure and its en-
tropy. Indeed, this allows to get regularity of strong (un)stable foliations, which
is used in the paper [OP04] that we shall use later, see Theorem

Let M be the universal cover of M, equipped with the lifted metric which we
will still denote by go, and let dyy M be its visual boundary. Let I' = 71 (M) be
the fundamental group, acting properly by diffeomorphisms on M. Denote by
pr indistinctly the projection M — M and its linear tangent map T'M — T'M.
A metric g on M (or equivalently, a I'-equivariant metric g on M) will be called
admissible if it has pinched negative sectional curvature, if the derivatives of the
curvature are bounded, and if there exists a constant C(go,g) > 1 such that at
all z € M,

= g <g<Cigo, . 3
Cilgog) 059 1(90,9) 90 (3)

This implies that g-geodesics are gg-quasi-geodesic. By Morse-Klingenberg
lemma (see for example [BH99, Th.1.7 p401] for a proof), they are contained in
the Cs(go, g)-neighbourhood of gg-geodesics, where C3(go, g) only depends on

C1(90,9) - L

In particular the visual boundary d,M of (M,g) is canonically identified
to the visual boundary of (M ,g0), and they will therefore both be denoted by
OM. Moreover, this identification is H6lder continuous w.r.t the visual distances
induced by both gy and g, so that M has a natural Hélder structure.

The limit set Ap C OM is the set of accumulation points of any orbit I'.z on
the boundary. The radial limit set Al C Ar is the set of endpoints of geodesics



which, on the quotient manifold M, return infinitely often to some compact set.
None of these limit sets depend on the chosen admissible metric.

Let us fix once for all a point o € M. Let g be any admissible metric on M,

and d9 the distance induced by g on M and M. Denote by SIM (resp. SIM)
the unit tangent bundle of (M, g) (resp. (M, g)), and M = (8M>< BM)\Diag.
We write 7 : TM — M and 7 : TM — M the projections from the tangent
bundle to its base, and by (g')er the geodesic flow on SIM or SYM. For any

v € SIM, write v? and v for the negative and positive endpoints in OM of
the geodesic {mg'v;t € R}.

Remark 2.1. We keep track in our notations of the metric g since we will soon
compare these quantities for two different admissible metrics ¢g; and gs.

For all ¢ € OM , let ng be the Busemann function at £ defined, for any x,y € M ,
by
BY(a,y) = lm d*(z, 2) — (3, 2).
z—E€

The map

g . g9 ,9
H .v»—><v ,v+,Bvi(0,7w)>

is a Hélder homeomorphism from S9 M to 92 M x R, called the Hopf parametriza-
tion of the unit tangent bundle. .

The action of I by (differentials of) isometries on S9M can be written in
these coordinates as

v.(v7 vl t) = (Py.v‘z,v.vi,t—i— Bgi (v Lo, 0)) )

Let us emphasize the fact that this action of " on 92 M x R, and more specifically
on the third factor, depends strongly on the cocycle BY, and therefore on the
metric g.

2.2 Geodesic currents and invariant measures

In the coordinates given by the Hopf parametrization of S9J M , the geodesic flow
(g%) acts by translation on the last factor: for all v € SYM, and s € R,

it H9(v)= (v_,vy,t) then HI(g°v)= (v_,v4y,t+s).

Therefore, any positive Radon measure m on SYM invariant by the flow lifts to
a measure m on SYM of the form m = (H9)*(u x dt), where dt is the Lebesgue

measure on R, and p is a I'-invariant locally finite positive measure on 9%M.

Definition 2.2 (Geodesic current). A T'-invariant geodesic current, or simply
geodesic current, is a I'-invariant positive Radon measure on 0°>M.

Given any geodesic current p and any admissible metric g on M, we will
denote by m{, the unique measure on SYM invariant by the geodesic flow (g%

whose lifts on S9M is my = (H9)*(dp x dt). The non-wandering set Q9 C SIM
of the geodesic flow (g*) is the image on S9M of the I-invariant set Q9 on SIM
defined by B

Q9 = (H9) " ((Ar x Ap)\Diag x R) .



It was shown by Eberlein [Ebe72] that for the geodesic flow of a negatively curved
manifold, this definition coincides with the usual definition of the nonwandering
set of a flow.

It follows from (3)) and [BH99, Thm 1.7 p401] that Q9 is compact (i.e. (M,g)
is convex-cocompact) if and only if Q9 is. We will mainly be interested in the
case where 9 is not compact.

The measure mf, is locally finite, but may have infinite mass as soon as
(M, g) is not convex-cocompact. We will use all over this paper the fact that
many properties of the measure mJ, only depend on the geodesic current p and
not on the chosen admissible metric g.

Recall first that an invariant measure is ergodic if every invariant set either
has measure zero or its complementary set has measure zero.

Recall also that a sequence of measures (m,,) converges to me, in the vague
(respectively narrow) topology if for all continuous compactly supported (respec-
tively bounded) function f, we have [ fdm, — [ fdmu.

An invariant measure is periodic if it is (proportional to) the Lebesgue mea-
sure on a periodic orbit. The measure m is conservative if it satisfies the con-
clusion of Poincaré recurrence Theorem: for all sets A of positive measure
m(A) > 0, and m-almost all vectors v, the orbit (g'v) returns infinitely often in
A. The measure m has a product structure if the associated geodesic current is
equivalent to a product of measures on M. The measure m is strongly mixing
if it is finite and satisfies m(ANg'B) — m(A)m(B) when ¢t — +oo for all Borel
sets A, B. It is weakly mizing if it is finite and + fOT Im(ANg'B) — m(A)m(B)|
goes to 0 when T' — +oo for all Borel sets A, B.

First well known properties are given in the following proposition.

Proposition 2.3. Let o be a geodesic current, let g1 and g be two admissible
metrics on M. Then

1. the measure mf} is supported by a (finite number of) closed geodesic(s) if
and only if mJ? is ;

2. the measure mJ! is ergodic for the geodesic flow (gt) if and only if mi? is

ergodic for the geodesic flow (gb) ;

3. the measure mj! is conservative for the geodesic flow (g%) if and only if

mg2 is conservative for the geodesic flow (g5) ;

4. the measure m{}' has a local product structure iff the measure mJ? has a
local product structure.

Proof. The measure mJ! is supported by a closed geodesic if and only if x is

carried by the I-orbit of a couple (£_,£4) € 92 M where &_ and &, are the fixed
point of a hyperbolic element v € T'. Since this property does not depend on
g1, it shows 1.

The measure mJ! is ergodic for the geodesic flow (¢t) if and only p is ergodic

under the action of T' on 92M (cf for instance [Rob03, p. 19]). This property
only depends on pu, which shows 2.

The measure m{! is conservative for the geodesic flow (gt) if and only i gives
full measure to A} x Al [Rob03| proof of (b) page 19] where AJ. is the radial limit
set, which does not depend on the (admissible) metric g;. This shows 3. O

10



One should note that in general an invariant measure m, even with finite
total mass, has no reason to be a probability measure.

We will see further nontrivial relationships between mJ! and mf? later. It
would be interesting to know if this kind of result can be extended to (strong)
mixing property. All known explicit examples of strongly mixing measures have
a local product structure. But there exist mixing measures without such a
product structure, for which the above question is relevant.

2.3 Geodesic stretches
Let g1 and g9 be two admissible metrics. For all v € S9' M, define the quantity

ot -y £ o

where ¥ is a lift of v to S9M. This does not depend on the choice of v. Knieper

showed in [Kni9%) that if m is any invariant measure for (g%), then for m-almost
every v € S9* M,

91792 (y) = lim M. (5)

t—+o0 t

This asymptotic geodesic stretch has been studied by many authors, among

which [FF93|, [Kni95], [Glol5]. Sambarino uses a different point of view of

reparametrization of the geodesic flow (see for example [Sam15|) which is very

close from our point of view below.
Recall that, £ € OM being fixed, the Busemann function Bg(-, -) is C? on

M? [HIHT77), prop. 3.1]. Therefore, for all v € S9 M, we can define
d

N2 (y) = o

4
dt

BZ;?? (70, mgiv) = Bz% (0, mgiv), (6)

t=0+ t=0t

where 7 € §91 1M is any lift of v, v{" is the positive endpoint in the boundary
of the gi-geodesic associated to v, and Biﬁl (.,.) is the Busemann function for

g2 based at the endpoint of the g;-geodesic generated by v. This definition was
inspired by Ledrappier’s paper [Led94]. In his notations, our geodesic stretch
satisfies £91792(v) = a92(v), where a92 is the harmonic 1-form on the g;-stable
foliation associated to the Busemann cocycle of the metric gs.

Definition 2.4 (Geodesic stretch). The maps €91 792 : S91M — R and E91792 :
SS9 M — R will be called respectively the asymptotic and instantaneous geodesic
stretch of go with respect to g .

Anyway, we will most of the time call them both without distinction geodesic
stretch.

By construction, for all v € S M, £91791 (v) = 91791 (v) = 1. Observe that
there is no obvious relation from the definition between e91792 (resp. £91792)
and e927791 (resp. £92791).

If m is ergodic, then €91 792 is m~-almost everywhere constant. Of course its
value strongly depends on the measure m. On the opposite, the map £91792 is
defined everywhere and does not depends on the chosen measure. It is in general

2We omit the tilda for boundary points to avoid too heavy notations
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A go-horosphere
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+
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T ’
A g1-geodesic

Two ga-geodesics

Figure 1: Geodesic stretch

non-constant, globally Holder on S9' M [Bal95, Appendix of Brin|,[PPS15, thm
7.3], and C* along g;-geodesics (as Busemann functions are C?, see [HIHT7]).
We will need the following basic estimate.

Lemma 2.5. Let g1 and g2 be two admissible metrics, and m any g1 -invariant
measure. For m-almost all v € S9' M,

691—>92(U) S/ H,UHQQ dm,
S91 M

whereas for all v € SN ]T/f,
ENT9(v) < fof**

Proof. The first estimate was shown in [Kni95l p.44]. The second follows from

triangular inequality. Indeed, for allt > 0, B, (7(v), 7(g{v)) < d% (7 (v), 7(g7v)),
+

and these two quantities vanish at ¢ = 0 so that their derivatives at ¢ = 0 satisfy

the same inequality. Moreover, d92(m(v), w(giv)) is smaller than the gs-length

of the curve (7(gjv))o<s<t, whose derivative at zero is exactly ||v||4,. O

Lemma [2.6] and Corollary [2.§ below justify the common name of geodesic
stretch given to the two maps €91 792 and £91792. Before stating them, recall a
well known feature of negative curvature. On a geodesic space X, each triangle
(z,y, z) admits an interior triangle (p, ¢, r) such that d(r,z) = d(q,x), d(q, z) =
d(p,z) and d(p,y) = d(r,y). If g is a metric with negative curvature, there exists
a universal constant A(g) such that for any geodesic triangle (z,y, z) in M, the
associated interior triangle has sides smaller than A(g) (see for example [BH99,
p 399] for a proof).

Lemma 2.6. There exists Cs = Cs(g1, g2) > 0, depending only on the constant
Ca(g1,92) (defined just below (3J)) and the hyperbolicity constant A(gs), such
that for all v € S9*M and for all T > 0,

T
d% (70, mglv) — Bgﬁl (o, ﬂngﬁ)’ = |d% (70, g D) —/ ENT92(ghy)dt| < C3(g1,90) -
- 0

12



Proof. Let v € S9 M and T > 0 be fixed. We write 2 = 70, xp = 7gi v, and
zr be the intersection between the go-geodesic (x,v¥!)? and the go-horosphere
centered at vff passing through xp.

We will need at several occasions the following estimate.

Fact 2.7. With the above notations, d92(xr, zr) < 2C3(g1, g2) + A(ge).

Let us first prove this fact. Consider the gs-geodesic triangle x, z7,v{" and
its interior triangle, say p € (z7,v%'),q € (z,27),7 € (z,v]).

g2-horospher

g2-geodesics

g1-geodesic

Figure 2: Proof of lemma [2.6

Then by definition of zr, d92(zp,r) = d%(xr,q), so that d92(z7,z1) <
2d92(xr,q) + d9%2(q,r). Now, the definition of (p,q,r) and Morse-Klingenberg
lemma (see section imply d9 (z7,q) < d%(xr, (z,v7")) < C2(g1,92). The
fact follows.

By definition @,

T
/ £9=92(glT)dt = BY%, (v, Tgiv) = d%(z, 27).
0 +

Thanks to the above fact, we get
|d%?(z, x7) — d(x, zr)| < d% (27, 27) < 2C2(91, 92) + A(g2) -
The result of the lemma follows, with C3(g1,92) = 2Ca(g1, 92) + A(g2). O

Corollary 2.8. Let m be a —g%)-invariant probability measure on S9*M. Then

/SQIM eN 792 (v)dm(v) = /SglM £91792 () dm(v) .

Moreover, when m is ergodic, for m-almost every v € ST M and all lifts v €

SS9 M of v,

g2 e Tr 1 T
im ZE0TRY) g, 1 | e = [ enorndm).
T—+o0 T T—4o00 T 0 S91 M
Proof. Tt follows from the previous lemma that for all € > 0, there exists Ty > 0
such that for all T'> T, and all v € S91 M,

1 P ~
— |d% (70, Tgi ) —/ ENT92 (gt dt| < e.
0

13



It yields the first equality.
When m is ergodic, for m-almost all vectors v € S9t,

1 T
/ £92% (p)dm(v) = lim ~ / £9129 (g1 5 dt
S91 M T 0

T—4o0
and .
d92 (0 '3t
/ eI 792 (p)dm(v) = lim M,
S91 M T—+o0 T
which concludes the proof of the corollary. O

Let us emphasize the fact that the measures which we will consider will
usually have finite mass, but may not be probability measures. We will denote
by ||m|| the mass of a finite measure m on T'M.

Definition 2.9 (Geodesic stretch with respect to a geodesic current). Let u

be a geodesic current on 92M such that mg, is finite. We will call (average)
geodesic stretch of gy relative to g1 with respect to p the quantity

L) = o [ Mm@ @) = o [ en ) dmg (o).
[mia || Jso1 ar g lmia | Jso1 ar ’

By Corollary I,(91,92) coincides with the definition of the geodesic
stretch studied in [Kni95] (note that Knieper only considers invariant probability
measures).

When (M, g) has finite volume and p is the Liouville geodesic current of ¢,
then

I#(glng)'VOI(SglM) = i(glng)v
where i(g1,92) is the intersection between the metrics g1 and go studied in
[FF93].
It follows from the definition that for all geodesic current p such that m is
ﬁnite> Iﬂ(glvgl) =1

Remark 2.10 (Geodesic stretches and Thurston metric). Given two nega-
tively curved metrics g1 and go on a compact surface S, the Thurston distance
drr (g1, g2) is defined as the supremum over all periodic orbits of the ratios of

their lengths:
92(y) £ (7))
€91 ()" €92 ()

With our notations, this distance could also be defined as the following supre-
muim

drn(g1,92) = sup <
5

drn(g1,92) = sup (1,(91,92), 1,(92, 91))
m

over all currents p associated to ergodic measures. Indeed, considering periodic
measures immediately shows that Thurston distance is smaller than the above
supremum. In the other direction, the density of periodic measures in the set
of ergodic measures, see [CS10], gives the above equality.

14



2.4 Morse correspondences and geodesic stretches

To compare dynamics of the geodesic flows on S9* M and S92 M, it is natural
to consider their dynamics modulo the I'-action on S9' M and S92M. Hopf
coordinates are a good motivation to consider the map

$I—92 — (H9)~ o HS S S9N s S92 .

It is a Holder homeomorphism, but it is unfortunately not I'-equivariant, as
both I'-actions on each unit tangent bundle S9° M are different. In other words,
as said earlier, on 9?M x R, these I'-actions involve different cocycles on the R
component.

Despite its non-invariance, this map is sometimes useful, because it has the
nice property to commute with both geodesic flows. But we need to find another
map from SglM to S92 M which will be I'- equivariant. We proceed as follows.
For all v € S9M, let w = = W91792(y) be the unique vector in 5920 on the
go-geodesic joining v?' to v satisfying qu}% (m(v), m(w)) = 0.

G>-horosphere

Figure 3: Morse correspondence

Lemma 2.11. The map ¥91792 is Holder continuous. Moreover, for all v €
SS9 M, we have
as (77'1}7 7T\II91_>92 (’U)) < C3(91; 92) 3

where C3(g1,92) is the constant given by Lemma .

Proof. It is Holder continuous as composition of the maps ®9: 792 and some time
93 of the geodesic flow, with 7 = 791792 (v) depending Holder-continuously of v
(see formula in lemma (4) below).

The bound on d9% (rv, m¥91792(v)) has already been proved in Fact O

By construction, the correspondence U992 is T-invariant. We denote by
P91792 the induced map from S9* M to S92 M. It is a homeomorphism homo-
topic to identity sending (g%)-orbits to (g4)-orbits, i.e. a (g1, g2)-Morse corre-
spondence in the sense of [FF93].

By definition of both correspondences, the following lemma holds. It says
that the geodesic flows (g}) and (g5) on the unit tangent bundles S9 M are
conjugated by ®9:792 and conjugated up to reparametrization by the Morse
correspondance W91792,

15



Lemma 2.12. With the above notations, we have for all v € S9 M
1 B9 6 gt (1) = gho BN ().
2 HI27I9 — ((I)g1—>gz)—1 )

9. W= 9r0gt(v) = g3t oW (o), with $91792 (1, v) = B, ((v), 7(g}v)).
+

4. o192 (v) = g;magz(v) o PIL—92 (v), with

T2 (y) = Bgf]l (o, 7(v)) — B;q)él (0,7(v)).
4 +

5. w99 0w9 92 () = g7 PO ) with 091792 (v) = B, (m(v), m (T 7920)).
Ut

Let us emphasize that ®9: 792 and its inverse are not I'-invariant, W91 792 and
its inverse are I'-invariant, the map 791792 is not I'-invariant, whereas g9t 792
and the cocycle $91792(t, v) are I-invariant.

Proof. The fact that ®9'792 commutes with the geodesic flows of g; and go is
immediate by definition of Hopf coordinates. The property about its inverse is
also obvious.

By definition of W91792  the vectors W91 792(glv), for ¢t € R, all lie on the
g2-geodesic joining v?' to v>. The only question is to compute

S92 (t ) = 3331 (m (W99 (1)), 7 (T 92 (gl0))) .
+
By definition of W91—92

B, (m0 792 (gjv), m(giv)) = 0 = B, (m0" 79 (v), 7(v)) .

+ +
Using the cocycle properties of Bgil, we deduce immediately that s91792(t, v)
+
is the algebraic go-distance Bg;gﬁ (m(v), 7(giv)).
The next affirmation follows from the computation

PO () = B, (901709 (0), W% (1) = B, (0.7(v) — Bl (0,897 (v)
+ + +

= ngl (07 7T'(’U)) - Bgél (Ov U) .
U+ ’U+

The last statement follows easily from the previous one. O

2.5 Change of mass

We will need the following variant of Lemma [2:6] which shows once more that
£91792 behaves asymptotically as the infinitesimal reparametrization of the flow
given by Morse correspondance W91792 : S91 M — S92 M.

Proposition 2.13. Let G : S92M — R be a continuous map and G:S%2M —
R be its (T'-invariant) lift to S92M. Then for all v € S"M, T > 0, and
w = WIL792(v), we have

s91792(Tw) T _
/ Glgsu)ds = [ Gownm(glo) x en-m(glu) dr,
0 0
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with s91792(T,v) = B, (m(v), 7(g¥v)) as in Lemmal|2.14
+
If moreover G is bounded, then there exists C = C(G,g1,g2) such that for
allve SM, T >0, and w = V91792 (v), we have

92 (v,g7v) _ T
/ G(gow),ds — / G o W9 792(gly) x £91792(glw) dt| < C'.
0 0

If G is not bounded, then for all compact sets K C S9* M there exists another
constant C' = C'(G, K, g1, g2) such that for allv € S9*M and T € R such that

both v and g¥v project inside K, K C 591]\7, we have

d92 (v,g7 v) _ T _
/ G(gSw),ds—/ G o U992 (gly) x E1792 (gly) dt| < C”.
0 0

The geodesic stretch £91792 can therefore be understood as the instanta-
neous reparametrization of the flow (g%) in the correspondance w9192,

Proof. The first equality is a simple change of variable using Lemma [2.12] The
second follows using Lemma [2.6] and the fact that G is bounded. Indeed,

d92 (v,gTv) _ T _
/ G(gsw),ds — G o U979 (gly) x £91792(ghy) dt
0 0

d92 (m(v),m(g9] v)) _
/ G(gsw)ds

(T,v)
< 116l x [d% (x(v), w(gTv) = B2, (x(v), m(gtv))
T
— Gl % |d (n(o) m(gT o)) ~ [ &m0 (gfu)ds
0
< C1Glloo

The last assertion is a variation on the second one. If v and g{ v are in a
compact set K, for any parameter s such that |s| < Cs(g1,92), ngiSv belongs
to the C3(g1, g2)-neighbourhood of K, on which G is bounded. The above
computation therefore applies verbatim. O

Remark 2.14. Propositionfollows immediately. Given any m?-measurable
map G : §92M — R, the map G o W91792 is mfl-measurable and G on S92 M,
and we have

/ G dm9z = / Go PI1—792 gg1—>92 dm9Ir .
S92 M a S91 M K

The corollary below follows immediately from the above Remark. It gives a
nice interpretation of the geodesic stretch I,,(g1, g2)-

Corollary 2.15 (Mass transformation law). Let u be a geodesic current such
that mJ} is ergodic and has finite total mass, denoted by ||m?*||. Then

[m2 (| = L.(g1,92) % [[mg*] -
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In particular m3} has finite mass if and only if m3? has finite mass. Moreover,
when it is the case,

L mz
I = = K
nl91:02) = TS =

Remark 2.16. The previous formula is very natural if 1,,(g2, 1) is interpreted
as the average dilation of the reparametrization of the flow via the Morse corre-
spondance ¥91792. Indeed, in the case where (g}) and (g4) are suspension flows
over a (fixed) compact basis for distinct ceiling functions, the above formula is
well known [Abr59].

2.6 Periodic orbits and geodesic stretch

In this section we relate geodesic stretch and lengths of periodic orbits. The
results will not be useful in the sequel of the paper, but are enlightening about
the geodesic stretch.

For ¢ = 1,2, for any hyperbolic element v € I, let 79 be the closed g;-
geodesic associated to the conjugacy class of v. Let ¢9:(y) be its g;-length,
and d¢9' be the Lebesgue measure along the geodesic v9'. Observe that, up
to normalizing constants, the periodic measure dﬁgﬂ i = 1,2, induce the same
current at infinity.

Since my! is finite and ergodic, there exists a sequence (vk)ken of hyperbolic
elements such that in the weak topology,

dl_s g1
Tt nmy

lim = ,
koo 091 () [mil' ]|

see for instance [CS10L Lemma 2.2]. This convergence holds a priori in the dual of
continuous functions with compact support. But as all measures involved above
are probability measures, this convergence also holds in the dual of bounded
continuous functions of S9' M.

We can moreover suppose that klirgo 09 (yg) = +o0.

The following proposition shows that the same happens on S92 M, and that
the ratio of lengths of periodic orbits in both metrics allows to recover the
geodesic stretch.

Proposition 2.17. Let (M,g;), i = 1,2, be two admissible Riemannian struc-
tures with pinched negative curvature. Let p be a geodesic current such that

both measures mf} are finite. Let (k) be a sequence of hyperbolic elements such
g1 mS 1

de g
that ﬁ converges weakly to W in the dual of bounded continuous func-
T
g2 g2
~ m

de .
tions. Then Wﬂ?&) converges weakly to W in the dual of bounded continuous
- w

functions.
Moreover, the ratios of lengths satisfy

92
m G (k)
k—+4oc0 Egl(yk)

= IM(QI)QQ) .

The proof is separated in two lemmas. The first one asserts that viewed
on S92 M, the sequence of periodic probability measures associated to (i) also

18



converges to g2H in the dual of bounded continuous functions. The second

llm
says that the ratio of lengths £92 () /€9 (%) converges to the average geodesic

stretch 1,,(g1, g2)-

Lemma 2.18. With the previous notations, for the same sequence (yx), in the
dual of continuous bounded functions of S92 M

- degz _ ma? .
koo £92(yg)  [[mi’|

091
Proof. First, as the sequence of probability measures 5 (”"k) converges to the

‘71

91 aes
probability measure TII’ the I'-invariant lift of éql( -~ to S91 M converges

I
in the dual of continuous functions with compact support towards

™ 91
i+ U
ing Hopf coordinates, we deduce that the geodesic current on M assomated

dl_gq
through H9' to leizk) converges weakly (in the dual of continuous functions

with compact support) to . Using the same argument in the other direction,
v92
we obtain that the sequence of probability measures ﬁ converges weakly

(in the dual of continuous functions with compact support) to some multiple of
mi /| mg2 |
It is not exactly the desired result. To get the convergence towards the prob-
ability measure mf2/|[mJ2||, and in the dual of bounded continuous functions,
we need to avoid a possible loss of mass at infinity. ;];O establish this conver-
égdf( does not diverge. In
other words, we want to check that for all € > 0, there exists a compact set
Ke C S92M, such that for all £ > 0 large enough,
atz;
€92 ()

It follows easily from the fact that there exists a constant C' = C(g1,g2) such

gence, it is necessary and sufficient to prove that

(K)>1—e¢.

that any go-geodesic of M stays in a C(g1, g2)-neighbourhood of the g;-geodesic
with same endpoints at infinity. Let us write the detail of the argument.

Choose first some £ > 0, and some compact set Ky C M such that ”(87“”[(1)
1 —¢/2. By convergence of 4 (’v L for all £ > ko large enough, we also have
ELETE)
Tt =T f

_ Now, choose a relatively compact preimage K S M , its go-convex closure
K5 and K3 D Ky a larger compact convex set of M containing a 2C(g1, g2)-
neighbourhood of K, for both metrics g1 and go. B

Consider a lift 37" of the gi-geodesic 7{* which intersects K1, and the asso-
ciated lift 77 of the go-geodesic 77*, at distance at most C(g1, g2) from 77" Let
a,b be two points on 7;* such that the length £92 ((a,b)) = £92(vyx). We want
to estimate the proportlon of go-length of [a, b] out51de I'K=T.592Kj.

By convexity of K3, we can write (a, b)N(I'.K3)¢ as the disjoint union Li(as, b; )
of finitely many intervals. Thus, we have to show that

022 (K°) _ > 022 (@i, b;
092 () £92 ()
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a a b Tk

Figure 4: Proof of Lemma [2.18

Choose two points ¢; and d; on 37" whose projections (for the metric g)
on the go-geodesic 77* are exactly a; and b;. Such points are not necessarily
unique but always exist: take ¢; in the intersection of 57' with the hyperplane
orthogonal to 77* at a;. Denote by (¢;, d;) the gi-geodesic segment on 77", and
let A > 0 be such that 1g2 < g1 < Aga. We have

€22 (a;, b;) = d(a;, b;) < d%(ci, d;) <09 (c;,d;) < VA (¢, d;) .
We deduce that
B e (ei,di) (ST K1) nF)
02 () TS () T 91 () ’

the last inequality coming from the fact that, as a; and b; are in the boundary
of T. Kg, and ¢; and d; are at distance at most C(gi, g2) resp. from a; and dl,
they cannot belong to I'. KQ, so that the segment (¢;, d;) does not intersect I". K1
This proves that

092 (ke
'Yk( ) < )\57
€92 ()
which concludes the proof (up to changing € in /). O

Moreover, the lengths £9* () and £92(~y;) are related as follows.

Lemma 2.19. With the previous notations, for the same sequence (yg),

092 ()
k—+o0 £91 () - Iu(glagz) .

Proof. For all k € N, let v{* (resp. v{*) be a tangent vector to v/* (resp. 7{*)
such that d% (mvi", m);'?) < Cg(gl,gg) where Cg(gl,gg) > 0 is the constant
defined just after Let o' € 59 M and © e S92 )M be lifts of vf" and v}
such that again, dg2 (szl,ka ) < Cy (gl,gg) It follows from Proposmon
applied to F' = 1 that there exists ¢; > 0, only depending on C3(g1, g2) and the

bounds on the curvature, such that

291 (vk)
o) [ g <.
0
Therefore,
092 1 291 () B
(1) _ / €90 (ghmydt| < L
0 (vg) 97 (k) Jo 091 ()
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By Lemma [2.1I8] as £91792 is bounded and continuous, we know that

1
091 ()

so that the conclusion follows. O

291 ()
/ E£91792 (g D) dt > I (g1, 92)
0

3 Entropy of finite measures

In this section, given two admissible metrics g; and g, as before, and a geodesic
current g on 9?M, we wish to compare the entropies of the measures mi}
and mJ?. Theorem establishes that their ratio is the average geodesic
stretch between g1 and go w.r.t u, but in the reverse direction compared to the
relation between their masses, which leads to Corollary which states that
the product of the entropy of mf by its mass ||m¥ || remains constant under an
admissible change of metric.

First, we will recall some definitions and relations between dynamical balls
(subsection. In subsection we compare two notions of entropy of a mea-
sure, the Kolmogorov-Sinai entropy and the local Brin-Katok entropy, recalling
well and less known results of Brin-Katok and Riquelme. It allows us to prove
Theorem [3.11] and Corollary [3.12]in subsection [3.3]

3.1 Dynamical balls and shadows

If (') is a continuous dynamical system on a metric space (X, d), a dynamical
ball is a ball for the dynamical distance dr(x,y) = supg<;<p d(o'z, p'y).

We will restrict ourselves to geodesic flows associated to a Riemannian metric
gon S9M. For such geometric dynamical systems, it is more convenient to work
with the Riemannian distance induced by the metric g on M or M instead of
the distance coming from the Sasaki metric on TM or TM. We refer to [Bal95,
p.70] and [PPS15, p.19-20] for a discussion about the fact that it is the good
thing to do in this case. .

For all e,7 > 0 and v € SIM, we will call dynamical ball of center v,
diameter € and length 7" the set

BI(v,T,e) = {w € SIM, d*(n(g'v), 7(g'w)) < e, for al 0 < t < T} .
Note that B9 (v, 0, ¢) is the e-ball with center v for the distance d9 defined above.

Remark 3.1. On the quotient, for v € S9M, one can either consider the
quotient dynamical ball BY(v,T,e) = pr(B?(v,T,¢)), v being any lift of v to
S9M. There is also a more dynamical definition, as

g
den

(v,T,e) = {w e SIM, d?(n(g'v), m(g'w)) < e, forall 0 <t < T} .
Of course, if 7 € S9M and v = pr(v) € S9M, one has the obvious inclusion

BI(v,T,e)) = pr(B(v,T'¢)) C By

dyn (0 T5€) - (7)

One can easily see that this inclusion is an equality when the injectivity radius
of M is uniformly bounded from below, as soon as ¢ is small enough. However,
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when the injectivity radius of M is not bounded from below, one can build
examples where this inclusion is not an equality [Bell7l [Vel17].

It turns out that in many cases, the most natural dynamical ball to consider
is the small ball pr(B9(v,T,e). Therefore, we will call it the small dynamical
ball and denote it by B9(v, T, ¢).

This problem has not been emphasized in [PPS15], where only these small
dynamical balls are considered (see [PPS15l 3.15]). However, in various defini-
tions of local entropies, the large dynamical balls have to be considered.

We will also need the following variant, for v € S9M and 7,7 >0:
BI(v;T,T',¢) = {w € SIM,d*(x(v),m(w)) <e, forall —T' <t<T}.

Observe that BI(v;T,T",e) = g7 (BY(g~ " v,T + T",)). As mentioned in the
above remark we consider on S9M the small dynamical balls B (v; T, T, &) =
pr(BI(W; T, T, ¢)).

Recall the following well known fact in negative curvature.

Lemma 3.2. Let (M, g) be a manifold with pinched negative curvature. For
all 0 < a < b, there exists a constant ¢ = ¢(a,b) > 0 such that for all vectors
v,w € SIM, and all T > 2¢, if d9(x(gyv), w(gew)) < b for all 0 < t < T, then
dI(giv, grw) < a forallc<t <T —c.

Proof. This is an exercise using standard comparison results. Note that the
constant c¢(a,b) also depends on the upper bound of the curvature. O

Lemma 3.3. Let (M,g) be a manifold with pinched negative curvature. For

all 0 < €1 < g9, there exists C(g,e1,e2) > 0 such that for all v € SIM and
T, 7" > 0, we have

BY(v;T+C(g,e1,€2), T'+C(g,e1,€2),62) C BY(v; T, T',e1) C B (v; =T, T, e3).

Proof. The right inclusion is obvious. The left one comes from Lemma [3.2
above. O

The shadow OY9(BI(y, R)) of the ball BI(y, R) viewed from z w.r.t. the

metric g is the set of positive endpoints in M of g-geodesic rays starting from
x and intersecting BY(y, R).

Recall Lemma 3.17 from [PPS15].

Lemma 3.4 ([PPS15]). For allr,a >0 and T,T" >0, and v € S9IM such that
B, (m(v),0) =0, if x; denotes the footpoint of g;(v), we have
+

BI(v; T, T',r) C (HY)! (ogf (Bg(mT,Qr)><O;’.T(Bg(x_T/,Qr))x]—r,rD, and

ald

(H9)! (og (B (wp,7) x O (B (x_7/,7))x] — a,a[) C BI(o; T, T, 2r+20) .

T_

When ¢; and go are two admissible negatively curved metrics on M, recall
that any g;-geodesic between any two points is at distance at most Ca(g1, g2)
of the go-geodesic joining the same endpoints, and vice versa, for some constant
C2(g1, g2) depending only on ¢ and go. This leads immediately to the following
lemma.
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Lemma 3.5. Let g1 and g2 be two admissible negatively curved metrics on M,
and x,y two points on M. Then

09 (B (y, R)) C OP(B”(y, R+ C2(g1, 92)) C OF (B (y, R + 2C2(g1, 92)) -
These lemmas will have the following very convenient corollary.

Corollary 3.6. Let g1 and g2 be two admissible negatively curved metrics on
M. For all € > 0, there exists C > 0 and ¢/ = €'(¢) > 0 such that for all
v € SITM, we have

B2 (09792 (v), S+C,8"+C,e) C W9 792(B9 (v, T, T',€)) C B> (W9 79%2(v), S, 5" &),

’

where S = BY%, (7(v),n(g{v)), ' = B%, (r(v), 7(g;7 " v)) and & = (5 +
+ ¥
C1(91,92)) + C2(91, g2) + 2C3(91, g2)-

Proof. As the sets considered in the above statement are typically small, we can
prove them on TM instead of TM. Without loss of generality, we can assume
that 7(v) = o. Indeed, all lemmas stated above are valid with o an arbitrary
point, for example the basepoint of v. In particular, we have W91792(v) =
9192 (y).

We start with the right inclusion. Given u € B9 (v,T,T",e), we want
to control the distance d92(g5W9 792y, g5V 7920). As u € B9 (v,T,T’,¢),
79192 (u) < e(1+4C1(g1, g2)) so that d92 (@91 792 (u), U992 (u)) < £(1+C1 (g1, g2))-
Therefore, ¥917792 B9t (v; T, T, ¢) is included in the e(14+C1 (g1, g2))-neighbourhood
of @92 (B9 (v; T,T",€).

Let w = 091792 (y) = P91792(v). Denote by ws (resp. zs) the basepoint
7(gsw), for s € R, of gjw. (resp. of g52). Let S = B (o,7(9{v) and S’ =
Y+

—qu}% (0,m(9; T v)). By lemma [2.6] we know that

|S—d? (n(v), 7(g7v))| < Cs(g1,92) and  [S'=d* (m(v), (9" 1)) < C3(g1,92) -

Moreover, the distances d92 (wg, vr) and d92 (w_gs, v_7+) are uniformly bounded.
Indeed, by Lemma W91=92(gTy) = g5W9—92(y) so that d9?(wg,vr) =
d% (m (¥ (g{ v), 7(g{ v)) < C3(g1, go)-

Lemma and elementary geometric considerations in negative curvature
give the inclusion

o7, (B (vr,2) x OF (B (z_17,2¢)) x| —¢,¢[C
oy (B9 (wg, 2 + C2(g1, g2) + 2C5(g1, 92)) ¥
O (B (y_s,2e + Ca(g1,92) + 2C3(91,92))) %] —&,¢].

Lemmaimplies the right inclusion ®91792 B9t (v; T, T' ) C B92(w; S, S’, de+
C2(91,92) + 2C5(g1, g2)). The relation between ®91792 and W91 792 gives

p9r792 g (’U; T7 Tl? 6) C B” (\1191492 (’U), Sa Slv 6(5+Cl (gla 92))+02(gla 92)+2C3(gla 92)) .

We proceed in the same way for the left inclusion, but we need in addition
the help of Lemma [3.3
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Reasoning similarly as above gives the inclusion
B%(w; S, 8", ) C W79 (B (v; T, T, (42 + Ca(g1, g2) + 2C3(91, 92)) (1 + Ci(g1, 92))) -

As T,T',& are arbitrary, using lemma [3.3] we obtain easily the existence of a
constant C' > 0 such that

B%(w; S+ C,S8" + C,e) C U979 (B9 (v; T, T, ¢)) .

O

3.2 Kolmogorov-Sinai, Brin-Katok and topological entropies

The Kolmogorov-Sinai entropy of a dynamical system 7" w.r.t an invariant prob-
ability measure p is the supremum over all measurable partitions of the expo-
nential growth rate of the complexity of a partition, when iterated by T, and
measured by p. By Shannon-McMillan-Breiman Theorem, it also equals (the
supremum over all partitions of) the exponential decay rate of a typical atom
of the iterated partition.

Instead of iterating a measurable partition, when X is a metric space, en-
dowed with the Borel o-algebra, one can consider exponential decay rate of the
measure of typical dynamical balls, which will give us a notion of local entropy,
introduced by [BKS83].

When T is a continuous map on a compact space X, Brin-Katok [BK83|
showed that this Kolmogorov-Sinai entropy coincides with the exponential decay
of dynamical balls, also called the local entropy. This equality also holds when
T is a lipschitz map of a noncompact manifold, as has been verified in [Riql6,
Thm 1.32].

We shall not define the classical Kolmogorov-Sinai entropy, denoted by hxs(T, m),
because we do not really use it in this work. But we recall below some definitions
of local entropy and the statements of Brin-Katok and Riquelme.

For (¢!) : X — X a dynamical system and m a finite invariant measure,
define the lower local entropy

hypo(Tym)) = ess inf lim lim inf —% log m(Bayn(z,T,¢)), (8)

zeX =0 T—oo

and the upper local entropy relative to compact sets

J-Com, 1
By (T, m)) = sup ess sup lim  limsup —— logm(Bayn(z,T,€))  (9)
K zeK 07 500 oTack 1 )

For the geodesic flow in negative curvature, dynamical balls should be defined
relatively to a distance on S9M, but, as mentioned in the above subsection,
the "natural" Sasaki distance on SYM is equivalent to the distance d(v,w) =
SUP_q<t<o d9(m(gev), m(grw)), so that, when studying asymptotic quantities as
entropy, we can use the distance d? on M instead of the Sasaki distance on
SIM.

The following result is essentially due to Brin-Katok and Riquelme.
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Theorem 3.7 (Brin-Katok [BKS83], Riquelme [Riql6] [Riq18] ). Let (M,g) be
a Riemannian manifold with pinched negative curvature. Let m be an invariant
ergodic measure under the geodesic flow on S9YM.

—comp

hKS(mvg) = hloc(mvg) = hloc (mag) . (10)

Proof. This result is due to Brin-Katok in the compact case. Their proof of the
inequality hxs(m,g) < hy,.(m, g) extends verbatim to the noncompact case. In
|[Riq16 Th.1.32], Riquelme proved the equality hxgs(m,g) = h;,.(m,g) for any
Lipschitz dynamical system. In [Riq16, Th 1.41], he established the inequal-
ity hyp(m,g) < hjen " (m,g), and the inequality T.. — (m,g) < hxs(m,g) is
established in the proof of [Riql6l Th 1.42]. O

As observed in Remark [3.3] there are two notions of dynamical balls and the
small ones are more relevant for us. Therefore, we define what we will call the

local entropy, denoted by h{oc(m, g) in the sequel, as follows.

1
bl (m,g) = sup esssup lim limsup —= logm(BY(v,T,e))  (11)
i KCSIM  veK €07 400 gToek 1

It follows from Theorem [3.7] and inclusion [7] that
hKS(mag) = hlcs:lp(mvg) < hlr;)c(mag)’ (12)

with equality as soon as M has an injectivity radius bounded from below or m
has compact support.

Remark 3.8. Let us emphasize that all definitions of entropies above are sen-
sitive to the scaling of the metric but not sensitive to the scaling of the measure.
In particular, if m is finite but not a probability measure, then

hoe(m, 9)
v

Remark 3.9. Observe that contrarily to Kolmogorov-Sinai entropy, the above
definitions of local entropy make perfectly sense for an infinite invariant ergodic
and conservative Radon measure. In particular, the Bowen-Margulis measure
(see Section which, when finite, is the measure of maximal entropy of the
geodesic flow, always has a local entropy with respect to small dynamical balls
and return times into compact sets which coincides with the topological entropy
of the geodesic flow, see Proposition

hh (m,g) = h};c()\m,g) and hfoc(mJ\g) =

loc

Lemma allows us to choose some ¢ > 0 without need to take the limit
when € — 0. Moreover, the invariance of the measure allows to consider shifted
dynamical balls. It is the result below.

Lemma 3.10. Let (M, g) be a manifold with pinched negative curvature, and p
a geodesic current. Let mf, be the g-invariant measure associated to pn on S9M.
One can compute its local entropy as

1
hlroc(mﬁ, g) = supsup ess lim sup — o logm(BY (v; T, T, €)) .
K  veK T4T'—o0,gTveK, g~ T veK T+T
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Geometers usually are more interested in topological entropy than measure-
theoretic entropy. We shall not define topological entropy topologically, but
through the variational principle. Denote by M1 (g) the set of invariant proba-
bility measures for the metric g.

The topological entropy of the geodesic flow (¢g*), denoted by hyo,(g), satisfies

htop(g) = sup hKS(mvg) . (13)
meMl(g)
This variational principle is due first to [Din70, [Goo71], [Mis76] and later
Handel-Kitchen [HK95] on noncompact spaces. It follows from [OP04] that
this supremum is achieved iff the so-called Bowen-Margulis measure is finite
(see later subsection for details). In this case, it is the unique measure
maximizing entropy.

3.3 Entropy transformation law
Our goal is to prove the following result.

Theorem 3.11. Let (M,g;), i = 1,2 be two admissible Riemannian metrics
with pinched negative curvature on M. Let i be a geodesic current and m9: the
associated invariant measure on S9 M under the geodesic flow (gt). Assume
that these measures are finite and ergodic. Then their local entropies are related
as follows.

h}—‘oc(mzz ’ 92) = IM(QZa gl) . h{;c(mi]; ) gl) .
Thanks to Corollary the corollary below follows.

Corollary 3.12. Under the same assumptions, we have

hioe(mf2, g2) X |Imf2]| = hioe(mf!, g1) x [mft|].

Let us prove Theorem [3.11

Proof. Without loss of generality, we will assume u to be ergodic. It follow from
Lemma that the entropy may be computed as

hloe(mJ?, g2) = sup sup ess lim sup —

!

log m$? (B9 (v; =T, T",¢))
’

K veK pi7ih00,9TveK, gy T veK

1
T+1T
for some fixed € > 0, the essential supremum being relative to m{2. The above
limsup is constant along (gz)-orbits, so that by ergodicity, it is m{?-almost surely
constant. Observe also that when K grows, the quantity on the right also grows.

Choose some large compact set K C T'M large enough to contain an open

subset of 29" N S9 M for i = 1,2, and to have positive mJ’ measure. Choose

I

it large enough so that it allows to estimate entropies h;,.

small arbitrary «. In other words,

(mdi, gi), up to some

logmf (B9 (v; =T,T",¢))| < .

1
h};c(mzi, gi) — supess lim sup o T

vEKNSi M T+T'—o0,9T vEK, g;T/veK

Choose a typical v € S9* M N K, which realizes the above essential supremum
on K, and the almost sure conclusion of Corollary when T' — +oo. With
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the notations of Corollary let w = W91792(v). As observed in the preceding
section, we have m% = 91792 x W' 7 mg1. But £9179 is uniformly close to
1 on B9 (v,¢).

Thus, up to some constants e*¢(":¥) by corollary we have

e_c(”"g)mﬂ2 (B9 (w; S+ C, 8" 4 C,e) <m¥ (B9 (v;T,T'¢)) < ec(”’a)mff (B (w; S, S",¢"))
with w = ®91792(v), § = d9 (r(w), 7(g93 w))£C5(g1, g2) and S" = d92 (7r(v),7r(g2_T/w)):|:
C3(91, 92)-

Observe also that the condition gfv € K (resp. gl_T/v € K ) implies
that g5w (resp gz_s/w) belongs to the C3(g1, g2)-neighbourhood of K for any
of the two metrics g1 or go. It remains true for g§+cw and g, 5'=Cy in-
side the C5(g1,92) + C-neighbourhood of K for the metric g;. Set K’ =
VCB(91792)+C(K) D K.

By definition of T, 7", S, S’, we also have T + T’ — +oo iff S + 5 — oo.

Therefore, taking the limsup of ﬁ log of the above quantity, we get

1
lim sup —
S+S’~>oo,g25wEK’,gz_S/w€K’ S+
T+71 o -1
S+S" T+T

log m% (B (w, S, 5", ¢')

lim sup

logm% (B9 (v, T, T, €))
7
T+T'—=00,gTveK, g7 T vEK

By Corollary 2.8 we know that

T+T’_ T+T T+T

S+5 Bl (g " ), m(gi'v)) T g9 (gle) dt

converges when T + T — +oo to

92
g2—g1 dmﬂ

: /
dm91 = g2
fsglM £91—92 H;znﬁ S92 M ([ ||

We deduce easily, by taking the supremum in K, that

g2
dm,

hioe(md?, ga) = /S . 92791 hloe (M9, g1) = Li(g2, g1) X Rjpe(m3t, g1) -
2

[mii]

O

3.4 Bowen-Margulis measures and comparison of topolog-
ical entropies

We define now the so-called Bowen-Margulis measure, and use it to deduce
from Theorem [3.11] a corollary about the comparison of topological entropies
of two metrics g; and go. The construction below is due to Patterson [Pat76]
for compact surfaces, to Sullivan [Sul79, [Sul84] for geometrically finite hyper-
bolic manifolds, and Yue [Yue96] extended Sullivan’s work in variable negative
curvature.
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Let (M, g) be a negatively curved manifold, with pinched negative curvature.
Choose some point 0 € M. Consider the Poincaré series

Rt = T e

~el’

Let d(g) be its critical exponent. This exponent is finite, and when T" is nonele-
mentary, it is positive. The pair (T, g) is said to be divergent when the above
series diverges a s = d(g).

The following lemma is immediate from the definition of §.

Lemma 3.13. Let (g:)_1<e<1 be a family of negatively curved metrics on M =
M, such that e=*go < g. < e*go. Then e~=/%5(go) < 6(g=) < €*/%6(go).

We need to ensure that the above series diverges at s = §(g), which could
be false. We will modify PZ(s) into PZ(s) as follows. The Patterson trick
[Pat76] is the following. Define a continuous map h : (0,+00) — (0,+00) as
the exponential of continuous piecewise affine maps: h(z) = exp(exx) on the
interval Iy, with e, — 0 and I a sequence of adjacent intervals of increasing
length. It is possible to do it in such a way that h is positive, increasing,
continuous, with slow growth, : hg&j)t) is bounded by exp(ext), and therefore
converges to 1 when ¢ — +oo uniformly in ¢ty > 0. Moreover, ; and I can be
chosen in order to ensure that

Pi(s) =Y h(d’(0, - 0))e*"" (1)
~yel

has exponent d(g) but now diverges at s = d(g).
Define for all x € M and s > §(g) a probability measure
1
F(s)

s _
l/l.—

ST h(d (0, - 0)e A,
yel’

on M= MU GM, where A, denotes the Dirac mass at the point . Choose a
decreasing sequence s, — 0(g) such that v5* converges to a probability measure
v9 on M. Choose for all z € M a subsequence si; of sj such that V;kj converges
to a measure v9 on M. By construction, as P(6(g)) diverges, all these measures
are equivalent finite measures supported on Ar C oM , the measure vJ is a
probability measure, and this family (v¢) 7 satisfies two crucial properties for
all z,y € M, almost all ¢ e OM and all vyel:

dvd

g &) = e (=0g)Be(y)) - and qevg = vl (14)

A family of measures satisfying is a I'-invariant §-conformal density on the
boundary. From these properties follows the Sullivan’s Shadow Lemma.

Proposition 3.14 (Sullivan [Sul79]). Let (v9) be a T'-invariant -conformal
density on Ap. Then for all R > 0 large enough, there exists a constant ¢ =
¢(R) > 0 such that

%eXp(%(g)dg(O,’w)) < 15 (Oo(B(yo, R))) < cexp(=d(g)d?(0,70)) .
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A Bowen-Margulis measure on S9 M is a measure obtained from such a family
(v9) by the following formula on SYM, with v = (H9)™*(v?, 0%, t)

iy (v) = exp (3(9)BLy (0, 7(v)) + 8(9)Bls (0, 7(v)) ) dvg (v%)dwd (v )t
(15)
This formula being I'-invariant, it induces on the quotient a Bowen-Margulis
measure m%,, on SIM.

It is well known (see the above references, or Roblin [Rob03| for the most
general version) that PZ diverges at s = d(g) iff the Bowen-Margulis measure
is ergodic and conservative, and in this case, the family of measures () is in
fact unique. In particular, when this measure mf%,, is finite, it is ergodic and
conservative and PZ diverges at d(g).

Otal-Peigné proved the following result, due to Sullivan in the case of geo-
metrically finite hyperbolic manifolds.

Theorem 3.15 (Sullivan [Sul84], Otal-Peigné [OP04]). Let (M, g) be a manifold
with pinched negative curvature and bounded derivatives of the curvature. Then

6(9) = htop(g)

is the topological entropy of g. Moreover, when m%,, is finite and normalized
into a probability measure, it is the unique measure maximizing entropy in the

9
sense that hKS(%,g) = hiop(g9). When m%,, is infinite, there is no proba-
bility measure maximizing entropy.

It follows from [PPS15, Prop. 3.16] and [OP04] that, finite or not, the
Bowen-Margulis measure satisfies the following equality.

Proposition 3.16. Let (M,g) be a negatively curved manifold with pinched
negative curvature and bounded derivatives of the curvature. Let m%,, be a
Bowen-Margulis measure. Then

hlroc(m%M7g) = 6(9) . (16)

Moreover, when m$%,, is finite, it satisfies
h};c(m%M7g) = 6(9) = hKS(m%M7g) : (17)
Proof. The first equality is a computation done in [PPS15, Prop. 3.16], the
second is one of the main results of [OP04]. O

This equality suggests that we could be able to prove a variational prin-
ciple for infinite measures, using local entropies instead of Kolmogorov-Sinai
entropies. We postpone this study to a further paper.

Corollary 3.17. Let (M,g;), i = 1,2 be two admissible Riemannian metrics
on M whose curvature is negatively pinched and has bounded derivatives. As-
sume that S92 M has a finite Bowen-Margulis measure m%,, and let p93,, be its
geodesic current. Then

hiop(g2) = 8(92) = hioe(MBars 92) = Luo2 (92,91) X hipe(m?s, ,g1)

HeMm

IN

Lz (92,91) X Tiop(gn) -
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Proof. Let us first note that by Theorem [4.2] the measure m?%, is a Gibbs

HBMm
measure. Moreover, [PPST5, Thm 1.3] ensures that the Gibbs measure associ-

ated to a given potential, when finite, is the unique equilibrium measure of this

potential. Therefore hlroc(mf;q2 ) = hKS(mf;q2 ), and the variational principle
BM BM
ensures that h KS(mZ§2 ) < hiop(g1), which gives the last inequality. O
BM

In the compact case, the inequality hiop(g2) < IH?M (92, 91) X htop(g1) is due
to Knieper [Kni95|. Katok had a similar weaker inequality [Kat82], proving that

hiop(g2) < / [0l dm%ag X heop(an)
S92 M

Our inequality above is valid on any manifold, compact or not, with finite
Bowen-Margulis measure. It follows from Lemma [2.5] that it implies Katok’s
inequality. Let us mention however that it is this weaker version which is really
used in the proof of our main theorem of differentiability of entropy.

Let us now study the equality case in Corollary[3.17] as was done in Theorem
1.2 of [Kni95].

Theorem 3.18. Let (M, g;), i = 1,2 be two admissible Riemannian metrics on
M whose curvature is negatively pinched and has bounded derivatives. Assume
that the geodesic flow on S92M has a finite Bowen-Margulis measure m%,, and

htop(g2) = Im?M (92, gl) . htop(gl)~
Then we have the following facts.

1. The geodesic flow on SI*M also has a finite Bowen-Margulis measure
mi -
2. The geodesic currents p%h,, and p%,, associated to the Bowen-Margulis

measures of g1 and go coincide up to mormalization. In particular the
Patterson-Sullivan densities of g1 and go are equivalent.

3. For allv € S9 M with v{" € Ar, there exists a unique real number 7(v)

such that
dvil

g2
dv > )
e

() =1.

oW91792 (v)

Moreover, the map F9'792 defined on S91 M by
F91792(y) = g;(v) o W91 92(y)

is T'-invariant and induces a Hélder continuous Morse correspondance be-
tween the non-wandering sets F91792 : Q91 — Q92

4. The map F91792 conjugates the flows on the non-wandering sets of S9* M

hto
and S92 M up to a global time scaling by M: for all v e Q9 and all

htop (.92)
t R,

g;top(gg)t ° Fg1—>92 (’U) — Fgl_)QZ o g?top(gl)t(v).
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Proof. Assume that the geodesic flow on S92M has a finite Bowen-Margulis
measure m4 B i with geodesic current p%,,

Since m%,, is a Gibbs measure with maximal entropy, we have hi,(g2) =
hics(m%,,) = hL (m%,,). Since by Theorem [4.2| the measure mlg;gQ is also a

BM
Gibbs measure, we have

g _ 3 g
hks (mulgz ) = hye (mulgz ) .

Therefore, if hiop(g2) = 1, 92 (gg7 91) - hiop(g1), it follows from Theoremw
that

his (milm ) = htop(gl)~
BM
Therefore, Theorem by Otal and Peigné implies that m (which is a

finite measure by Corollary is, up to normalization, the umque Bowen-
Margulis probability measure m% of g1. This shows Item 1.

It implies that there exists A > 0 such that
W = M-
By definition of these currents, see , it follows immediately that the Patterson-
Sullivan measure v9' is absolutely continuous with respect to v92. This shows
Item 2. Moreover, also furnishes an explicit expression of the Radon-
Nikodym derivative of v§* w.r.t. vf2, for any two points z,y € M, which is

therefore not only defined almost surely but is a positive Hélder continuous
function defined everywhere on Ar.

The rest of the proof is inspired from [Kni95, Prop. 3.8 p.52], with the
adaptations needed due to the non-compactness of M.

Let v € §91 M. Since the Patterson-Sullivan measure for g, is & (g2)-conformal
(see (14)), for all v € S9* M and all ¢ € B, we have

dvdy v, (W)

(v9') = e 0(g2)t
* dVﬂ\ymﬁgz (v)

dv??

mgh Low9i—92(v)
In particular, for all v € 5911 such that vy =v{ € Ar there exists a unique
7(v) such that
dvii
() =1,

1%
Wg;(”)oq/mﬂm(y)

It follows from the I'-invariance of v9*, 192 and W91 792 that the map v — 7(v)
is also I'-invariant. Therefore the map

F91792 () = gT(U) o W9 792 ()

is well defined for all v € S9M with v % € Ar, is Hélder continuous and is
I-invariant. Slnce any non-wandering vector v € 9! is the image of a vector
v € §91 M with v{" € Ar by the universal covering map, this shows Item 3.

The end of the proof follows [Kni95, p 53]. For all ¢ € R and all v € S9 M
with £ = v,

g1 g1

eSlg1)t — Wrgio €)= W (g10)

92 g2
dvis AV g1 s )

(&) = 65(92)3,
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where s € R is such that

FO792(giv) = gy P9 792 ().

Therefore s = gg;gt and we get for all t € R and all v € S91 M with v € Ap

gg(gz)t o 9192 (’U) — 91792 (gf(gl)t’v).
This concludes the proof of Theorem [3.1§ O

Corollary [I.6] is an immediate consequence of the above few lines.

4 Gibbs measures

This section, particularly Theorem [£.2] is crucial in the proof of Corollary [3.17]
and therefore in our approach of Theorem [I.9]

Theorem [£.2] is new on noncompact manifolds, the explicit change of poten-
tial being new even on compact manifolds. Corollary [1.4]is new even on compact
manifolds.

Gibbs measures are, for a hyperbolic dynamical system, a family of measures
with strong stochastic properties, each one associated to a weight, i.e. a Holder
continuous potential, describing somehow that all possible dynamical behaviours
typically happen w.r.t one of these measures. For the geodesic flow on the unit
tangent bundle of a compact manifold, their geometric construction, adapted
from the Patterson-Sullivan construction described in the above section, has
been done by Ledrappier in [Led95]. He proved there, on compact manifolds,
that being a Gibbs measure does not depend on the metric. In other words,
if g1 and g> are negatively curved metrics on M, an invariant measure mJ' on
S91M is a Gibbs measure iff the measure mJ? on 592 M is also a Gibbs measure.
However, his proof strongly relies on the compactness of M. Our goal in this
section is to prove this result differently on noncompact manifolds.

4.1 Definitions

We refer to [PPSI5] for details on all notions presented here. Let (M,g) be
a negatively curved manifold, with pinched negative curvatures and bounded
derivatives of the curvature. Let F' : SYM — R be a Holder continuous map.
The pressure of F' is the quantity

PI(F)= sup (hKS(ma9)+

de) ) (18)
meM?(g)

S9IM

the supremum being considered over all invariant probability measures m €
M!1(g). An invariant probability measure m is an equilibrium state for F if it
realizes the above supremum.

Assume that PI(F) is finite. An invariant measure m under the geodesic
flow (g') satisfies the Gibbs property for the potential F' if for all compact sets
K C S9M and € > 0 there exists a constant C(K,€) > 0 such that for all v € K
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and T > 0 with g”v € K, we have

T
C(K.2) eXP( ; F(g'v) dt—TPg(F)> < m(B9(v,T,¢))

< O(K,e) exp ( S P (gto) dt — TPQ(F)> (19)

A variant of the Patterson-Sullivan construction presented in subsection
provides a measure mp which satisfies see [PPSI15, Prop. 3.16]. More-
over, when finite and normalized into a probability measure, it is the unique
equilibrium state, i.e. the unique measure realizing the supremum in (see
[PPSI15, Th. 6.1]). When this measure mp is infinite, there is no equilibrium
state for F'. Let us summarize what is useful in the present work in the following
proposition.

Proposition 4.1. Let (M, g) be a negatively curved manifold with pinched neg-
atiwe curvature and bounded derivatives of the curvature. Let F': S9M — R be
a Holder potential. If the measure mp is finite and normalized, then

PY(mp) = hgs(mp,g) + Fdmp = hl, .(mp,g) +/ Fdmp.
S9 M S9M

4.2 Being a Gibbs measure does not depend on the metric

Theorem 4.2. Let (M,g;) be two admissible metrics with pinched negative
curvature and bounded derivatives of the curvature on M. Let F : S9"M — R

be a Holder map, and mF the associated Gibbs measure. We assume m% ergodic

and conservative. Let p% be the associated current on 9?M. Let mu . be the
F
go-invariant measure associated to the same current.

Then mi’fql is also ergodic and conservative, and satisfies the Gibbs property

(@ for the ?Jé'lder potential
G = (F — p9 (F)) o PI27791 « £92791

Moreover, P92(G) = 0. In other words, for all compact subsets K C S92M and
e > 0 there exists C > 0 such that for all w € K and S > 0 with g5w € K, we
have

é ef()s G(gsw)ds < m (Bgz (ﬂ) S 6)) S CerS G(gsw)ds

If we assume moreover that the measure m$ is finite, and is therefore the
equilibrium measure associated to F, then m /Hm || is the equilibrium mea-

sure associated to G.

Remark 4.3. Reversing the role of g1 and go, we observe that the same re-
sult holds with the potential H = ((F — P9 (F)) x (£9792)~1) o (g91792) "1,
Therefore, they must be cohomologous.

Proof. Conservativity and ergodicity depend only on the current at infinity and
not on the (admissible) metric, as said in Proposition

Gibbs property for the potential G follows from Corollary[3.6] Let us explain
it more in details. We stated Theorem[£.2]in the most natural way, starting from
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g1 and going to go, but in view of all the statements proved above that we shall
use, we will reverse the role of g; and go, F' and G, in the proof below. Assume
that mZ is a Gibbs measure w.r.t. the potential G on S92M, let p = pf be
its current at infinity, and let us prove that mJ' is a Gibbs measure w.r.t. the
potential F' = (G — P92(G)) o W91792 x £91792,

First choose some compact set K9t C S9M and some ¢ > 0. Let v €
K9 and T > 0 such that ¢g”v € K9'. Define a compact set K92 as the C-
neighbourhood of W91 792 (K91 )U(W92791)~L K91 where C is given by Corollary
0.0l

We will use Corollary [3.6] and first part of Proposition and the fact
that m# = W 79 (£91792 x myr).

As £91792 is continuous, it is uniformly continuous on K9' so that for all
ve K9 and u € B9 (v,¢), £91792 (u) = eTe(E1:6) £91292 (). We deduce that

— g1
e—c(K91e)

—  m92 g1—92 g1
£91—92 (U) m (\II <B (U’T’ E))

IN

ma (B9 (v,T,e))
ce(K916)

S Fammp) ™ (TP B (@, Te).

Now, using Corollary with w = 97929, and S = BY, (m(v), 7(gTv)),
+

we get

—c(K91 )
€ g g . g g9
MBS+ C.08) € mpE T
eC(K 1) ,
mm:ﬁz <B92 ('LU7 S,E )) .

As mJ? is a Gibbs measure, and w, g5w, but also g;cw and g25+cw belong
to K92, there exists a constant C(G, K92,¢') coming from the Gibbs property,
such that

e—c(K1,e) JEEC(G=P92(G))(g5w) ds

En—92(v) C(G,K92 ¢

IN

mi} (B9 (v, T )
cc(K9e)

92 N\ elo (G=P2(G))(g5w) ds
- 591_&2(0)0(6',[{ 2,e)elo 2 :

As G is (Holder) continuous, it is bounded on K92, so that the integral ffg C(G—

P92 (G))(g5w) ds is, up to a constant ¢, uniformly close to fOS (G—P%2(G))(g5w) ds.
The next ingredient is Proposition [2.13] which gives

e—c(K91.e) e ¢ ST F(gtw) dt < 91 (B9 T
0
gon—a:(v) O(G,K92,e)° < miH (B (v,T,¢)
K91,
QC(G K92 5/)ef0TF(g§w)dt
ggli)g2(v) b b) )

with F' = (G — P92(G)) o 91792 x £91792_ Tt is exactly the Gibbs property for
mit wr.t. F.
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It remains to show that P9 (F) = 0. To simplify notations, let us assume
that P92(G) = 0. Let p be any geodesic current on 9>M. By definition,

P9 (F) = sup <hKS(mﬁ1,91) —|—/ defj) ,
P 591 M

the supremum being taken over all currents p such that mg' is an invariant
probability measure. The change of mass and change of entropy (Corollary

and Theorem [3.11]) give
P E) = sup Ly(gn,n) (W ge) + [ G ) <.
P
The same computations with p = p = p& give P9 (F) = 0. O

4.3 Length spectrum and change of metrics

Let g1 and g2 be two quasi-isometric negatively curved metrics. There is a
particular case where the above results have an easy but striking illustration

Corollary 4.4. Let (M, g;) be two quasi-isometric complete negatively curved
metrics on the same connected manifold M. Assume that the Bowen-Margulis
measure of g is ergodic and conservative, and let 193, be the associated geodesic

current. Then the measure ml’fql is also ergodic and conservative. It is a GGibbs

BM
measure associated with the potential G = —hyop(g1)E9>791.

Moreover, for all primitive hyperbolic elements v € I', if w, is a periodic
vector of S92 M associated to vy, for all € > 0 there exists C > 1 such that for
all T > 0, we have

1 o) TELD) —htop(g1)TEL0)
ge rTme < ml, (B%(wy, Tye)) < CeMer@ TG
Proof. Tt is an immediate application of Theorem with F' = 0. First write
T as T = nl92(y) +r, with 0 < r < ¢92(). The only thing to notice is that

f(fgz ) gga—a1 (g5w~) ds = £92(v) x 927791 (5) so that

T g1
—/ hiop(g1)EP2 791 (g5vy) ds = —hiop(g1) X T X 1 (v) + constant,
0 092 ()

the error term in the above inequality being smaller than hyop(91)09% (7)[|€9> 79 || oo
O

5 Convergence of geodesics, Busemann functions
and invariant measures

In this section, we study the continuity of geodesics, Busemann functions, and
Bowen-Margulis measures under a Lipschitz perturbation of the metric with
uniform negative curvatures. .

Let (ge)—1<e<1 be a family of metrics on M with sectional curvatures satis-

fying K, < —a?, such that Ve > 0, at all z € M, e %90 < ge < €%gp.
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We first show that the g.-geodesic between two points at infinity converge
uniformly in the Hausdorff topology of M to the gg-geodesic with same extrem-
ities, and that the Busemann functions of g. converge uniformly on compact
sets to the Busemann functions of gg.

When the variation of metrics is continuous in C!'-topology, this also implies
that the Morse-correspondances ®9°79: and W9 79 converge to the identity
uniformly on compact sets in the C°-topology of S9M, and that the geodesic
stretch £9079= converges to 1.

Eventually, we show that under suitable assumptions, the Bowen-Margulis
measures vary continuously in the weak-* topology.

5.1 Convergence of geodesics and Busemann functions

The following lemma is a classical and very useful consequence of the uniform
upper bound on the curvature.

Lemma 5.1. Let a > 0 and (M, g) be a complete simply connected manifold
with sectional curvatures satisfying K, < —a®.

1. For all C >0, all £ € 8]\7, T,y € M with dI(z,y) < C, and t > C, if
Tt = Ya,e(t), we have

Bi(z,y) — (d(w,z¢) — d*(y, x¢))| < 20e™ .

2. For all T,K,o > 0, for all R > Ry = T —
(72(t))ier are g-geodesics with

%ln e i (71(t))ter and

d9(y1(—R),72(~R)) < K and d?(n(R),72(R)) < K,

then for all t € [T, T,

d?(71(t),72) < o

Proof. We will omit the subscript ¢ in the proof. Let us first prove 1.

Assume d(z,y) < C. We can also assume that Be(z,y) > 0. Denote by z’
the unique point on [z, &) such that Be(2',y) = 0. By convexity of the horoball,
d(z,2") < C and d(z',y) < C. Let x5 (resp. ys) be the points on [2/,£) (resp.
[y,€) at distance s of o’ (resp. y). It follows from [HIH77| that for all s > C,

d(zs,ys) < d(z’,y)e” ™ < Ce™ .

Observe also that ‘Bg(m,y) — (d9(x,xs) — dg(y,ys))’ = |Be(xs,ys)| < d(zs,ys),

so that |B{(v,y) — (d7(z, zs) — dg(y,xs))‘ < 2d(ws,ys) < 2Ce™%.

To prove 2, denote by x4 the point of [y1(—R),v1(R)] at distance s from
v1(—=R), ys the point of [y1(—R),v2(R)] at distance ¢ from 7, (—R) and distance
say ds from v2(R) and z, the point of [y2(—R), v2(R)] at distance d; from v, (R).
Observe immediately that |ds — 2R + s| < K.

By the above, we have d(xs,ys) < d(x2r,y2r)e”*°. But elementary consid-
erations in the triangle (z2g, y2r, ¥2(R)) lead to

d(z2r, y2r) = d(11(R),y2r) < d(11(R),72(R)) + d(v2(R), y2r) < 2K .
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Thus d(zs, ys) < 2Ke™ .
Similarly we get d(ys, zs) < 2Ke™ %% < 2K eKe—a(2E=5) We deduce that

d(zs,7v2) < d(zs,25) < 2K6K(67a5 + e 0(2R-s)

Now, choose Ry = T — %ln 1. Fort € [-T,T], we have 7i(t) = g4 and

R+t>Ry—Tand 2R— (R+1t) > Ry — T, so that

d((t),72) < d(71(1), 2re) < 4K e < o,

11 (=R)

v2(—R)

Figure 5: Proof of Lemma [5.1]

Let us now show that the g.-geodesic segments converge to the go-geodesic
segments in the Hausdorff topology of M.

Proposition 5.2. Let gy be a complete metric on M with Ky, < 0. For all
0 < e <1 small enough let g. be a complete metric on M such that at all x € M,
e “go < g- < €“go. .

Then for all x,y € M, any minimizing g.-geodesic . joining x to y is
contained in the D.-neighbourhood of the go-geodesic [x,ylo from x to y, with
D. < \/ed®(x,y).

Proof. Let gg and g. as above, and z,y € M. Set Ly = d%(z,y) and L. =
d% (z,y). Let vo : [0, Lo] — M and 7, : [0, L] — M be minimizing geodesics
from x to y respectively for go and g., parametrized with unit speed. Note that
Yo is unique. Let [ € [0, L.] be such that

d?* (ve(1), [z, ylo) = e d*(7e(t), [, ylo) = D- .

We call z = ~.(1) € M. Consider the go-geodesic triangle with vertices z,y, z.
Set [y = d9%(x, z) and Iy = d9%(z, y).
We have

l LE
h S/ 17 (®)lg, dt and 1y S/ 7 (®)ll, dt- (20)
0 !
Since e"“go < g < €°go, we have |¥.(1)], < es/? for all t € [0,L.] and
190, < es/? for all t € [0, Lg]. Therefore, by Equation ,

L

L £
L. < / Fo()l,, dt <L and L +1> < / le(O)l,, dt < ¢L.
0 0
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Since Ky, <0, the distance d satisfies CAT'(0)-triangle comparison prop-
erty (cf [BH99| p161): D. is less than the height D from z of the compari-
son triangle (Z,7,2) in the Euclidean plane with side lengths d°““!(z,7) = Lo,
d(z,z) = l; and d®““(y,2) = ly. Moreover, for all such Euclidean triangles

_ L
with [y 4+ o < €Ly, the height D is maximal if and only if I; = [ = ¢ 5 v,

Therefore,
e*L3 L2

D?<D?*< <el?

as soon as €% — 1 < 4e. It proves D. < /ed%(z,y) and ends the proof of
Proposition O

Proposition together with Morse-Klingenberg Lemma and Lemma [5.1
imply that when the curvatures have a uniform negative upper bound, the com-
plete geodesics on M converge uniformly for the go-Hausdorff topology under a
variation of the metric. Let a > 0 be fixed.

Proposition 5.3. Let (g:)—1<c<1 be a family of metrics on M with sectional
curvatures satisfying Ky, < —a?, such that for alle € (=1,1), e gy < g- < €°go
on each tangent space TQCM, x € M. Then there exists a (—=1,1) — [0, +00),
with gig%)a(s) =0, such that for all e € (=1,1) and all (n,€) € 9*M, the g.-

geodesic with extremities n and £ is contained in the a(e)-neighbourhood of the
go-geodesic with extremities n and €.

Proof. First, recall (see Section that the geodesics for go and g. are at
uniform bounded distance Cs(go,g9:) < C2(go,91). Let vy be the go-geodesic
from £ to n. Choose its origin v¢(0) arbitrarily. For any large p > 0, we
have d(yo(%£p),7:) < Ca(go,g1). Consider the gp-geodesic segment v; joining
the nearest point to vyo(p) on . with the nearest point to vo(—p) on 7.. This
geodesic segment has gg-length equal to 2R = 2p+2C5(go, g1). Choose its origin
in such a way that d9% (yo(£R), 11 (£R)) < 2C2(g0, 91)-

For all o > 0, Lemmaapplied with K = 2C5(go, 1), /2 and T = 1 gives
some Ry > 0 such that when R > Ry, for all ¢ € [—1,1], d% (y1(t),70(t)) < a/2.

By Proposition [5.2] d% (v1(0),7.)) < 2R\/.
Therefore,

d? (70(0),7e) < d?(70(0),71(0)) + d” (71(0),7:)) < /2 + 2Ry/e.

Choose R > Ry and ¢ > 0 such that 2R/ < a/2 to get d9 (79(0),7:) < a.
As the origin on g is arbitrary, the result follows. O

Observe that, in the above proof, the dependence between o and £ can be
made relatively explicit. For K = C(go,91), T = 1 and /2 in Lemma we
_ 2C2(g0,91) 1,, 2C2(90,91) —
get Ry = 14 =409 ]y 209091 andg—lg‘—Rg.
Moreover, our proof only uses Ky, < —a? < 0 and that for all g., the g.-

geodesic between two points at infinity is unique. The negative lowerbound on
the sectional curvatures K, does not need to be uniform.

Proposition 5.4. Let (g:)—1<c<1 be a family of complete metrics on M with
K, < —a? such that for alle > 0, and all x € M, e gy < g- < €°go on the
tangent space T, M.
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Then the map B9 : (z,y,£) — Bge (z,y) converges to B9 as e — 0, uni-
formly on compact sets 0f]\7 x M x OM.

Proof. Any compact set K C M is contained in some (noncompact) set of the
form Ho = {(x,y,f) € M x M x 8M;d9°(x,y) < C’}, for some C' > 0. It is

enough to show that B9 — B9 as ¢ — 0, uniformly on each H¢.
Let C > 0 be fixed. For all € € (—1,1) and all (z,y,¢) € He,

d% (x,y) < 2d(z,y) < 2C.

Let n > 0 be fixed. Choose z; at distance ¢ from x = zy on the go-geodesic
(z,€), and let y; be the point on the go-geodesic (y, £) such that Bgo (z,y) =0.
Let xf be the projection of z; on the g.-geodesic from z to . Proposition
ensures that d9% (a;, z5) < a(e). Let us write

B (w,y) ~ BE(w,y)| < |BE(w,y) - d (w,0)) + d (y, )
1A (@ 2f) — A7 (y,xf) — d% () + A% (3, )|
() — A (@) — A (g, ) + A (g, 00)]

+[BE @ y) - (@2 + A (g, )

For t > 2C, by Lemma [5.1] the last term on the right hand side is bounded
from the above by 4Ce™ . For t > 2Ce® + a(e), we also have d9% (z,z5) > 2C
so that again by Lemma [5.1] the first term is bounded from the above by
4Ce~ @ (@27 < 4Ce*E)e=at/2 By triangular inequality, the second term is
bounded from the above by 2a(e). The inequality e gy < g. < e®gp allows to
bound the third term by 2(ef — 1)(¢t + C).

At last, we get

BE (x,y) — B (z,y)| < 4Ce™©e "2 4 2a(e) + 2(e° — 1)(t + C) + 4Ce ™"

Let 1 > 0 be fixed. Choose first gg so that for £ < &g, a(e) < 1. Chose t > 2C
large enough to guarantee that the first and the last term are each bounded from
the above by 7/4. Choose €1 < g¢ small enough to guarantee that for ¢ < &1,
a(e) <n/4 and 2(e® — 1)(t + C) < n/4. Thus, |BE (z,y) — B (z,y)| <n. This
gives the desired result. O

Remark 5.5. Eventhough this section is written in a Riemannian setting, all
the previous proofs apply verbatim to a family of distances (d:)_j<c<1 on X
such that for all € € (—1,1), the metric space (X,d.) is CAT(—1) and e™°dy <
de S eedo.

5.2 Higher regularity, Morse correspondances and geodesic
stretch

In this section, we consider metrics g. — go in the C'-topology. To emphasize
the necessity of this assumption, observe that g. — go in the C°-topology does
not imply the convergence of the curvatures nor the convergence of the geodesic
flow.
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In particular, one can "add mushrooms" on a hyperbolic manifold, and make
the mushrooms as small as we want, and build a sequence of manifolds with
many points of nonnegative curvature converging to a hyperbolic manifold. The
geodesic flow of such g. will not converge in general to the geodesic flow of gg.

In view of its importance in the sequel, recall the convergence that we shall
use.

Definition 5.6. A family (9:)—1<e<1 of complete Riemannian metrics on M
(or M) converges in the C'-topology, uniformly on compact sets, to go if:

1. (ge) converges to go uniformly on compact sets, i.e. for all compact sets
KcTM,
lim sup |g. (v, v) — go(v,v)| = 0;
e—0 veEK
2. the first derivatives of g also converge uniformly on compact sets to those
of go-

By [GHLO04, Thm 2.79], it implies for all fixed T' > 0 the uniform convergence
on compact sets of the geodesic flows v — ggv. As a consequence, we get the
following result.

Theorem 5.7. Let (g:)—1<c<1 be a family of metrics on M with sectional
curvatures satisfying Kg < —a?, such that for all ¢ € (—=1,1), at all x € M,
e °go < ge < €°go, and ge — go in the C! topology, uniformly on compact sets.

Let @979 and W99 be the Morse correspondances between S9°M and
S9 M defined in section .NThen @979 — Id and W79 — Id uniformly
on all compact sets K C S9% M in the uniform topology of CO(K,TM).

Proof. Let K be a fixed compact set, of 59 M and v € K, with v¥° the endpoints

of its gp-geodesic in OM. Denote by (70(t))ter the parametrization of this
geodesic such that 74(0) = v. Let v be the parametrization of the g.-geodesic
with same endpoints, with v, = .(0) = $9079= (v).

By Proposition and definitions from Section uniform convergence of
P99 on compact sets will follow from the convergence of 9079 . So let us
prove the latter. .

We will use the distance d(w,w’) = sup,eg 1 d% (7(ghw, ghw') on TM and
show that for all a > 0, if € is small enough, for all v € K and t € [0,1],
d% (m(g6v), m(ghve)) < .

Choose some « > 0. By Propositions and [5.4] for ¢ small enough, uni-
formly in v € K, and t € [—1, 1], we know that 7. is in the «/2-neighbourhood
of 79, and 7 (¢) is uniformly close to vo(t). It implies that v. = .(0) and
vo = 74(0) are uniformly close. As g. — go in the C'-topology, uniformly on
compact sets, it implies that for € small enough, for all ¢t € [—1,1], m(gt(v.))
and 7(g§(v:)) will stay «/2-close. In particular, m(gf(v:)) will stay a-close from
~o(t), for t € [-1,1]. That is the desired convergence. O

Remark 5.8. Adapting Theorem [5.7] and the definition of the geodesic stretch
in the setting of CAT(—1) spaces would require a careful definition of the tangent
bundle on such spaces with its topology, which we will not do here.

Let us conclude this section by a key technical ingredient.

40



Theorem 5.9. Let (ge)-1<e<1 be a family of metrics on M with sectional

curvatures satisfying K,. < —a?, such that for all e € (—1,1), at all x € M,

e g0 < g- < €go, and ge — go in the Cl—tggology, uniformly on compact sets.
Then uniformly on compact sets of S99 M, we have

lim sup £9°79= (v) < 1.
e—0

Moreover,

9079 — 1 mf> — almost surely.

Proof. Observe that Lemmal[2.5|gives the obvious upper bound lim sup £9° 79 <

e—=0
1, uniformly on S9 M. For the same reason, limsup £9 79 < 1, uniformly on
e—0
S9¢ M. By Corollary one easily deduces that
[[mge |
g — 1 when e—0 (21)
([ |

Combined with the fact that limsup£9°79% < 1, this implies in turn that
e—0
£9079 — 1 mf-almost surely. O

5.3 Narrow convergence of measures associated to a fixed
geodesic current

Recall that if p is a I'-invariant geodesic current and g an admissible metric on
M, we denote by my, the locally finite Radon measure on S9M whose lift to
S9N is given by

dmf,(v) = (H?)*(u x dt).

The results of the previous paragraph imply the following fact.

Proposition 5.10. Let (g:)—1<c<1 be a family of metrics on M whose sectional
curvatures satisfy K, < —a?, and such that for all e € (—=1,1), at all x € ]\7,
e g0 < gx < €go, and g. — go in the C'-topology, uniformly on compact sets.
Let p be a I'-invariant geodesic current. Then the measures mjs converge to mg?
in the dual of bounded continuous maps on TM (i.e. in the narrow topology).

Proof. By definition, for alle € (—1,1) we have m{s = (@9 7%), (£9079= x mff).
Therefore the weak-* convergence (in the dual of continuous compactly sup-
ported functions) is an immediate consequence of Theorem and dominated
convergence Theorem.

We also showed that ||mf|| — [[m|, see Equation . It is classical
that it implies the convergence of the above measures in the dual of bounded
continuous functions. The result follows. O

5.4 Weak convergence of Bowen-Margulis measures

We now show that, provided they are unique, the Bowen-Margulis measures are
continuous in the weak-* topology under Lipschitz deformations of the metric.
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Proposition 5.11. Let (g9.)_1<c<1 be a family of metrics on M with sectional
curvatures satisfying K, < —a?, such that (T, go) is divergent and for all €, at
all z € M,€7690 < g. < ego.

Then for all x € M, any Patterson-Sullivan measures for g. normalized at o
converge: gl_l’)r(l) vIe = v in the weak-* topology, uniformly in x on compact sets

of]Tj.

Proof. For all e € (—1,1) \ {0}, let v9= be any Patterson-Sullivan measure on
Ar, normalized into a probability measure. (Observe that such a measure is not

necessarily unique for € # 0, because only (I, go) is assumed to be divergent.)
Let v, = slniglo l/gsi be any of its weak limits. Define for all x € M a measure Uy
on Ar by '
dv,
dv,
It is a [-invariant, §(go)-conformal family of measures as defined in (14), nor-

malized at 0. By uniqueness of such a family, it coincides with (v{°) _77. O

(€) = ¢S o)

Recall that p%,, denotes the g-Bowen-Margulis geodesic current on 92M
given by

dpy (0, €) = dv(n)dvg (§) = e @ ELDTECD g () avg (€)

where z is any point on the g-geodesic with endpoints (1,£). We get the imme-
diate corollary of Propositions [5.4] and

Corollary 5.12. Under the same assumptions, in the weak-* topology of 82]\7,
lim 5 = pighy-

e—0

Remark 5.13. Once again, Proposition [5.11] and Corollary [5.12 are still valid
if we consider a family of I'-invariant distances (d:).e(—1,1) on M such that

(M,d.) is a CAT(—1) and e <do < d. < e°dy forall € € (—1,1).
We end this section by the convergence of Bowen-Margulis measures.

Theorem 5.14 (Convergence of Bowen-Margulis measures). Let (ge)_1<c<1 be
a family of metrics on M with sectional curvatures satisfying K, < —a?, such
that for all e € (—=1,1), at all x € M, e g0 < ge < €°go and g- — go In
the Ct-topology, uniformly on compact sets. Assume that T is divergent for all
metrics g.. Then in the weak-* topology of T M,

lim m%,, = m%,,.
SV BM

Proof. Let ¢ be a continuous map with compact support on T'M. Write the

difference / odm?s. — / wdm?S, as
TM HBnm M BM

</ gpdmii,e —/ @dmi%e >—i— (/ @dmz%g —/ odm?, )
TM BM TM BM TM BM ™ KM

By Corollary [5.12] the second difference converges to 0.
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Proposition [2.13] allows to rewrite the first difference as

— —
/ <pdmi§q5 */ godmlg;_’qs = / (o WIoT9e 5 £90779e _ () dmzf’qs .
TM BM TM BM TM BM

By Corollary mZ‘LE converges weakly to mZ‘;O in the dual of contin-
BM

BM
uous functions with compact support.

By Theorem as limsup £9°79 < 1, if ¢ > 0, we have lim sup o W90 7% x
e—0 e—0
E£9079 — » < 0. As the support of these maps is included in a fixed compact

set, we deduce that

lim sup/M (o WIO9e 5 £9079= _ ) dm®,. < 0.
T

ge
e—0 KM

Now, rewrite this first difference as

- (/ @dmlglgla _/ QdeZZE ) = —/ ((p o \I}gs_>90 X 895_>90 _ L)0) dmffgs .
TM™ BM TM BM TM BM

Observe first that, by the same arguments used in the proof of Equation
lm?%. |l
(21)), the ratios of masses 7“"15}1\4 [ goes to 1 when € — 0.
nEm
For the same reason as above, limsup,_,,&% 7% < 1, so that for ¢ > 0,
by Theorem uniformly on T'M, the limsup of ¢ o W9=790 x £9:790 — (5 ig
nonpositive. By convergence of the ratio of masses mentioned above, and by

convergence of mi%g to m7%, , its integral also has a nonpositive limsup, and

. . . LM MBI\/I . .
the sign minus in the above expression gives

liminf/ odm?s,. —/ edm?,. >0.
e—0 ™ KM ™ H“BM

The result follows. O

6 Differentiability of the metric and topological
entropies

In this section, we show differentiability of topological and measure theoretic
entropies at € = 0, when along a variation (g.).c(—1,1) of metrics of a negatively

curved Riemannian manifold (M = M /T, g0). We will focus on two distinct
situations. .

First, let p be a I'-invariant geodesic current on 9> M, and for all € € (—1,1),
let mJs be the associated invariant measure for the geodesic flow (g) (see Section
. Assume that the total mass of m{ is finite. We will show that the measure
theoretic entropy € — h(mJ, ge) is C', with explicit derivatives.

We then focus on the topological entropy. Provided that Bowen-Margulis
measures of each geodesic flow (g!) are finite, and that their masses vary contin-
uously, we show that the topological entropy is also C', with a similar formula
for its derivative. The proofs are similar in both situations, and inspired from
[KKW91] and [Tapli].
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Definition 6.1. Let M be a (non-compact) manifold. We say that a family of
complete Riemannian metrics (ge)ee(—1,1) on M converges to go uniformly in
the C!-topology if:

1. g. = go in the C' topology, uniformly on compact sets, as in Definition
[5.6;

2. there exists k > 0 such that for all ¢ € (—1,1) and all v € TM with
HU”gO S 17

< K;
ds -

3

gs(v,v)

s=¢€

‘ d

A C? variation of metric with compact support, or with non-compact support
but uniformly bounded second derivative, is a typical example of such uniformly
C! family. If (g.)ce(—1,1) is such a uniformly C* family of complete metrics on
M, one immediately see that there exists B = B(C1,e) > 0 such that at all
x € M and for all € € (—1,1),

e P9y < g. <ePgo,

which allows us to apply the results shown in the previous section.

6.1 Variation of metric entropy

This paragraph is devoted to the proof of the following result, which seems to
us new even in the compact case.

Theorem 6.2. Let b > a >0, ¢ > 0 and let (g:)ee(—1,1) be a family of com-
plete metrics on M = M /T’ whose curvatures and derivatives of curvatures are
uniformly bounded, and moreover such that for all e € (—1,1) and at all points,
—b? < K, < —a®. Assume that g — go uniformly C'. Let p be a I'-invariant
geodesic current on 0°M such that mge is finite.

Then the local entropy € — h};c(mff,ge) of the (gt)-invariant measures mge
is differentiable at ¢ = 0 with derivative given by

d r

d
h e S 90 X
de o loc(mu 795) loc(mu 790) /SQOM d=

oo ST
ol T

Proof. Let pu be a I'-invariant geodesic current on 9?M such that mgP is finite.
It follows from Proposition [2.15] that for all ¢ € (=1, 1), the measures mJ: are
mYe m9Io

finite. M by Coroll 5.10, Li 9e = m9° and li B
nite oreover, by Corollary gl_rg% mj my’ an 61_% ] [ in

the narrow topology.
By Theorem [3.7] if g1 and g» are admissible metrics on M, we know that

B (82 go) = /S &R ) (0) Wi g0). (22)
g2

By Theorem this implies that the local entropy h{oc(mﬂf,gg) converges
to h};c(mz", go) when € — 0. Moreover, and Lemma also imply that

B (m2, gy) < [S ol dmf (0)B ).
g2

44



Applying it with g1 = g¢ and go = g, first, and second with g = g. and g2 = go,
we get

1
Phclong o) 1) 00 - A an)
loc m fSQOM ||’U||g5 }ZJL() (U) loc m € loc i

< oo ([ ang - 1)),
S9e M
which yields to
90 _||pl9 , _
hl ( 90 go)fsgoM Mdmi"(v) < h{‘oc( zsvgé‘) - h};c(mﬂ),go)
oct M fsgoM "U”gE dmlgto ('U) - €
go __ B
< o) [ I ),
SINM €

Now, dominated convergence theorem continuity of € — hi .(m mi, g.) at € = 0,

9
and narrow convergence of "EH towards qUH give

Hn

[of* dmf? (v) .

e=0

d d
h 9ge = —h g0
de o lov( ,u 796) lor'( [L 790) x /SQOM de

This is the desired result. O

Remark 6.3. In the above approach, we used lemma to bound from the
above £917792 by the smooth quantity |[v||92. A slightly more direct approach
could have been to use in the above computations the fact that

d
gr79 () =1+e—|  [v]* +eale,v),
de e=0
where «a is uniformly bounded on (—1,1) x S9°M and for all v € S%M,
lir% a(v,e) = 0. However, the proof of such estimate would be long and techni-
E—r

cal, and would require additional assumptions of regularity on the variation of
metric.

6.2 Variation of topological entropy

We now show differentiability of the topological entropy hiop(ge) at € = 0. It
is not a corollary of Theorem since we have to consider Bowen-Margulis
geodesic currents u%,, depending on the metric gE However, the strategy
of proof is very similar, as by Theorem m%,, — m¥%,, in the weak-*
topology. The only missing ingredient is the convergence of Bowen-Margulis
measures in the dual of bounded continuous functions. It is therefore required
in the assumptions of Theorem We refer to Section [7] for the study of the
large class of the so-called SPR manifolds, which will satisfy this assumption.

Theorem 6.4. Let b > a > 0, and let (g:)ze(—1,1) be a family of complete
metrics on M such that

1. for alle € (—1,1) and at all point, —b* < K, < —a? ;
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2. g. — go uniformly in the C* topology as in Deﬁnition ;

3. foralle € (—1,1), the Bowen-Margulis measure mS%;,, of the geodesic flow
(gL)ter on S9 M has finite mass;

=~

the map € — |m%,,| is continuous at € = 0.

Then the entropy € + hiop(ge) is Ct at € = 0 with derivative given by
d

de

lo]% dmy (v) .
=0 Hm%)M I

Prop(2) = ~hianlon) [ 4

S90 M df‘:

e=0

Proof. As the preceding one, our strategy of proof is inspired from [KKWO9T]
and [Tapll]. Corollary shows that if g1 and go are admissible metrics M
with finite Bowen-Margulis measures, then

dm%,,(v) dm%,,;(v)
hiop(g2) < / ENT9(v) ﬁ'hmp(m) < / lvlg, W-htw(gl),
S92 M BM S92 M BM

where the last inequality follows from Lemma [2.5] Applying it to g. and go on
both sides, we get for all € € (—1, 1),

Fons o 0ol dmigy (o)
S90 M A

Imgnll o Top(9r) = uop(go0)
Jsoone 01 ot A

Im &l

htop (90) X

[0 = [v]* dmiEa (v)

IA

anla) < [
> S9e M € ||mJg§M |

The assumptions of the Theorem are now exactly done to make the above in-
tegrals converge. We deduce that topological entropy is differentiable at £ = 0,
with

d d
E| ela) = huton) < [

S90 M

[0l dmiEy, (v) .-
e=0

O

7 Entropy at infinity and Strongly Positively Re-
current groups

In this section, our goal is to propose a wide class of manifolds and metrics to
which Theorem will apply. In view of this goal, proving differentiability of
entropy, this section is apparently technical. However, the definition of this class
of manifolds, and the related concepts studied here, is probably one of the main
novelties in our paper. We refer to [ST] for further results on these manifolds.

We define the entropy at infinity doo(M, g) of a negatively curved manifold
(M, g) (see Definition , as the maximal exponential growth of the dynamics
away from any given (large) compact set. In particular, it is invariant under
any C? compact perturbation of a negatively curved metric.

We introduce the class of strongly positively recurrent manifolds (M, g), de-
fined as those negatively curved manifolds whose entropy at infinity is strictly
smaller than the total topological entropy of the geodesic flow.
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As said in the introduction, the notion of strong positive recurrence appeared
in [Sar01] in the context of symbolic dynamics over an infinite alphabet, and
has been used later by some other authors among which [BBG14]. A former
terminology due to [GS98] was stable positive recurrence. This terminology
could be more adapted to the kind of results that we prove here. In any case,
as will be seen below and in [ST], the acronyme SPR is perfectly adapted to the
concept.

The simplest nontrivial examples are geometrically finite hyperbolic mani-
folds, but this class also includes most known examples of non-compact mani-
folds with negative curvature whose geodesic flow has a finite Bowen-Margulis
measure, and many new ones (see Section .

Our main result is the following.

Theorem 7.1. Let (M, go) be a manifold with pinched negative curvature and
bounded derivatives of the curvature.

If (M, go) is a strongly positively recurrent manifold, then the Bowen-Margulis
measure of its geodesic flow is finite.

Moreover, if (g)ee(—1,1) s a uniformly C*-variation of smooth complete met-
rics on M with pinched negative curvature and bounded derivatives of metrics,
satisfying all K, < —a* <0, then

1. For e € (—ep,€0) small enough, all metrics g are strongly positively re-
current.

2. The mass of the associated (finite) Bowen-Margulis m¥;,, varies continu-
ously on (—&p,€0).

The first part of this theorem (finiteness of Bowen-Margulis) has been proven
independently and simultaneously by A. Velozo [Vell7] by a different approach.

As a corollary, all assumptions of Theorem [6.4] hold for such a variation
of metrics, so that we get the following result, which answers positively the
question at the origin of this work.

Corollary 7.2. Let (gc)ee(—1,1) be a uniformly CY family of complete metrics
on the manifold M with pinched negative curvature and bounded derivatives of
the curvature. Assume that for all e € (—1,1), —b* < K, < —a? for some
b>a > 0. Then the entropy € — hiop(ge) is C* around e = 0, and its derivative
is given by

d

d
d7€ o htop(gE) - _htop(g()) X /SgoM d7€

"UHgs dm%’M(v) -
£=0 ImEal

In view of the length of this section, let us present the strategy of the proof.

Heuristically, the SPR assumption allows to neglect the dynamical contri-
bution of the complement of a large compact set to the dynamics. We develop
this idea in two introductive parts and defining the growth of the fun-
damental group outside a compact set, the entropy at infinity and the class of
Strongly Positively Recurrent manifolds.

In Subsection [7.3] we provide an illustration of this concept, by describing
different families of examples of SPR manifolds.

A criterion of finiteness of the Bowen-Margulis measure from [PS18§]| is used
to prove the first part of Theorem Subsection [7.4] is devoted to this proof.
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All entropies considered here are continuous for a negatively curved pertur-
bation (ge)_1<e<1 satisfying e “go < g < e®go. Thus, the SPR assumption,
which is the existence of a critical gap between the entropy at infinity and the
topological entropy is stable under such small perturbations. And the existence
of a large compact set concentrating the most part of the dynamics allows to
prove that its complement is of small Bowen-Margulis measure, uniformly in
the perturbation. These ideas are developped in subsection [7.5, where we prove
that for a variation of a SPR metric as above, the mass of the Bowen-Margulis
measures varies continuously.

As said in the introduction, these results imply all Theorems stated in the
introduction. Theorem [I.7]is an immediate consequence of section [7.3] and the
first part of Theorem Theorem is a reformulation of the second part of
Theorem [7.1] At last, our main result, Theorem follows from Theorems

and (or [7.1).

7.1 Fundamental group outside a given compact set

Let (M, g) be a complete Riemannian manifold with pinched negative curvature
—b? < K, < —a® < 0, whose fundamental group I' = 71 (M) is non-elementary.

Let pr : M — M be the universal covering map. Let o € M be a point, fixed
once for all. For any set W C M, we will write W¢ = M\W.

Definition 7.3. Let W C M be a compact pathwise connected set which is the
closure of its interior, and whose boundary is piecewise C!. A nice preimage of
W is a compact set W C M such that

1. pp(W) = W and the restriction of pr to the interior ofAW/ 1S 1njective ;
2. W has a piecewise C boundary.

Remark 7.4. We will often refer to and use results of [PS18§|. In this reference,

W is a subset of S9M and W is an open set inside pfl(W) such that pr : W —
W is onto. As we deal with several metrics and several unit tangent bundle, it
is better here to work with W C M. The reader can think to W as S9W. The
fact that W is compact here, and W open in [PS18] is just a matter of taste in
some arguments.

We gather in the following lemma elementary useful facts.

Lemma 7.5. Let W be a compact pathwise connected set with piecewise C*
boundary, which is the closure of its interior.

1. A nice preimage W of W exists.

2. If Wo D W1, then they admit nice preimages Wg D Wl,

3. If v #1id thenv'WﬂW:@

4. The set {yel'; ~- Wnw # 0} is finite. We call such vw the adjacent
elements of W.
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Proof. Choose some w € W, lift it to @ € pp' (W) and construct the Dirichlet
domain .
W={ze€pr'(W), VyeT, dzw) < d?(z,yw)}.

It is a compact set with C'-boundary which satisfies the properties stated in the
lemma. If W) C W, choose some w € pp' (W) C ppt(Wa). For i = 1,2 the
Dirichlet domains Wy C Wy C pp 1(WZ) satisfy Fact 2. O

The following notion was introduced in [PS18].

Definition 7.6. Let W C M be a compact set and W a nice preimage of W.
The fundamental group of M out of W is the set F?/T/ of elements v € I such

that there exists x,y € W and a g-geodesic segment ¢, joining x to vy such that
forallh e, o N
ey Npp'W=c, NTW Cc WUy -W.

By compactness ofW we will always assume that x,y € ow.

Heuristically, as explained in [PS1§], FQW, represents loops pr([z,yy]) which
go outside W at the beginning, and come back to W only at the end. This
heuristics does not work perfectly, depending on the topology of W, for example
when it has holes.

The set F%‘V/ will help controlling what happens far at infinity. In particular it
follows immediately from the definition that it is not sensitive to small compact
perturbations of the metric g, as stated in the proposition below.

Proposition 7.7. Let (M, go) be a complete negatively curved metric and W C
M be a compact set, with nice preimage W. For any proper compact subset

K CI/?/ and any metric g such that g1 = go outside K, we have F% = F%V%.

By definition, idr € F%, and v € F% iff v71 € FQW' When (M, g) is a
geometrically finite manifold, for suitable choice of W, F?/T/ is a union of groups.
But in general, FQW is not a group at all, as shown in the following proposition.

Proposition 7.8. With the previous notations, let W C M be a compact path-
wise connected set with piecewise C' boundary and W be a nice preimage of w.
If v € I'yy; is a hyperbolic element whose axis A, intersects the interior of W,
then there exists N = N(v) > 0 such that for alln > N, y" ¢ F%.

Proof. Let v € F€~V be such an hyperbolic element. Its axis A, intersects W,

o

and therefore also VW and all iterates W”W. Choose some zy € A,N W and let
do = d9(xo,dW) > 0. Let 2,y € W. By lemma [5.1| (2), with K = diam(W),
a = dy/2, we know that if d9(x,y"y) = nl9(y) £ 2diamW > 2Ry, all points in
the middle interval of length 27" = ¢9(y) of the g-geodesic segment from x to vy
would be at distance less than dy/2 from A, and therefore some of them would
be inside Y*IW, for some 1 < k < n—1. This implies nf9(v) < 2R+ 2diam(W),
which proves the proposition. O

The set I';; depends on W and the choice of its preimage W, but not too
strongly as illustrated by the following proposition.
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Proposition 7.9. 1. Let W C M be a compact set (with piecewise C* bound-
ary), and W be a nice preimage. let o € T'. Then FZW = af%cfl.

2. If Wy and Wy are compact sets of M (with piecewise C* boundary) such

that W1 CWs with respective nice preimages /V\V/l C WQ, there exists k > 1
and o, ..., € I' such that

k
FW2 C U a,»l“wl(aj)_l.

4,J=1

s If Wi and Wg are nice preimages of W, then there exists a finite set
{a1,....;ar} C T such that

p
-1
FWZ - U aile(aj) .
Q=1

Proof. The first item of the proposition is obvious. Let us show 2. Set
D = 2diam(W;) and 7 = inf{d?(w,0Ws); we Wi} > 0.

Let v € I‘gw . There exist zs,y2 € 8W2 such that the g-geodesic segment
2
[x2,vy2] intersects W only in Wy U~yWs. Now, choose some x1,y; € OW.
By Lemma there exists L = L(D,n) > 0 and R = R(D,n) > 2L
such that for all z1,y1,22,y2 € M with d9(x1,22) < D, d?(y1,y2) < D and

d?(x2,y2) > R, the g-geodesic segment (21,1) is contained in the J-neighbourhood
of (2,y2) except inside the balls BI(x1, L) and BY(y1, L).

Let aq, ..., € T be the (finitely many) elements such that dg(Wl, aiwl) =
inf{d?(a,b), a € Wy,b € a;W1} < L.

Let Wl C Wg be included nice preimages of W; and W5, and let v € FWZ
such that d9(o,v0) > R+2D. Then there exists z3, y2 € W, such that (z2,7Yy2)

does not intersect p. L(W5). By construction there exists 1,7, € Wi such that
d?(x1,22) < D and d9(y1,y2) < D. The geodesic (x1,7 - y1) is 3-close to the
geodesic (xa,7 - y2) outside the balls BI(x1, L) and BI(7y - y1, L), hence does
not intersect pp 1(VVl) except maybe in these balls. Thus, there exist a;,a; in
the above finite set, such that the geodesic segment (x1,~yy;) does not intersect
le between aﬁl and Vajwl. Therefore, a; 17047- S le or in other words,

-1
v E aifwlaj

The proof of the last item is similar, and we let it to the reader. O

7.2 Entropy at infinity

Proposition 7.10. Let W C M be a compact set and W a nice preimage of W.
The critical exponent dye(g) of the Poincaré series Z e (79 s equal to
velw

1 €T, d9(0,70) <R
e (g) = limsup og# {7 € Ty, d(0,70) < R}
R—o0 R
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and does not depend on the choice of a nice preimage WcM of W noro € M.
We call it the entropy out of W of (M, g).

Proof. It follows from the triangular inequality that oy <(g) does not depend on
the choice of 0. Let us show that it does not depend on the choice of preimage.
Let W1 and W2 be two nice preimages of W. By Proposition |7.9, there exists
k>0 and aq,...,ar € I' such that

F~CU0¢Z ot (23)
3,j=1
Set
k
D =max<{ d?(w,0) ; w e Wy U U A ACHN !
,j=1

Define for i = 172 and R > O,
Iy, (R) = {’Y €Ty ; d?(0,70) < R} .

It follows from and triangular inequality that for all R > 0,
k
I, (R) € | il (R+2D)(a;) 7",
i,j=1
and therefore # D' (R) < k°# D' (R + 2D). This gives immediately

1 1
limsup = log #I'= (R) < limsup — log #I' (R).
im sup g #L', ( )7R—>+o£)R g #l' (R)

By symmetry, the reverse inequality also holds, and the result follows. O

Proposition 7.11. Let (M, g) be a complete negatively curved metric.

1. For any proper compact subset K CI/IO/ and any metric g2 such that g1 = g2
outside K, we have dye(g1) = dwe(ga).

2. For all compact sets W1, Wy such that Wy CWoC M, we have dwe > dwy .

Proof. Item 1 follows from Proposition [7.7] Item 2 can be proven similarly to
Proposition thanks to Proposition O

For a global variation of the metric (i.e. beyond W), even small, the be-
haviour of dw<(g) is not clear since the set I'i; depends on the metric.

Definition 7.12. The entropy at infinity of (M, g) is
0o (g) = inf {dw(g), W C M compact set } .

Proposition[7.1T]implies the following natural characterization of the entropy
at infinity.
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Proposition 7.13. Let (M,g) be a complete negatively curved manifold and
(W;)ien be an increasing exhaustion of M by compact sets. Then
doo(g) = lim dwe(g) .
71— 00
Moreover, it is invariant under any negatively curved perturbation of the metric
with compact support.

This entropy at infinity is a dynamical analogous to the bottom of the es-
sential spectrum of the Laplacian in spectral geometry. We will use this fact in
some of the examples given in Section [7.3]

Definition 7.14. The complete manifold (M, g) is called strongly/stably pos-
itively recurrent (SPR), if ds0(g) < dr(g). We will also call this property a
critical gap at infinity.

By definition, if (M, g) is strongly positively recurrent, there exists a compact
set W C M such that oy < dr.

Remark 7.15. The reader may have noticed that the definition of I'y; given
in [PS18] p.4 is slightly different to ours, since it is written for an open set U

[e]
which projects onto U =W . Nevertheless, these definitions almost coincide_in
the following sense. Let W C M be a compact set with nice preimage W C M,

let U C M be an open set which projects onto U =V([)/. Let T'y be defined as in
[PS18], and Iy be defined as above. Then there exists oy, ...,ax € I' such that

k k
'y C U aiFW(aj)*l and Ty C U il (o)t
i,j=1 ,j=1

Therefore I'y; and I'yy; have the same critical exponent and all results stated in
[PS18] to characterize the finiteness of Gibbs measures in terms of I'y are also
valid for our definition of I's;.

7.3 Examples of SPR manifolds

We present here three classes of SPR manifolds. The first examples are geomet-
rically finite manifolds with critical gap studied in [DOP00]. Schottky products
furnish also plenty of examples, generalizing the examples of [Pei03]. At last,
we describe examples inspired by Ancona’s examples in [And.

These examples are almost the only known examples of non-compact mani-
folds with finite Bowen-Margulis measure. To our knowledge, the only exception
is the construction of Peigné [Peill] of geometrically finite manifolds with finite
Bowen-Margulis measure but without critical gap, see [Peill].

7.3.1 Geometrically finite manifolds with critical gap

The convex core CC(M) C M is the image on M of the convex hull of the limit
set Ar inside M. The nonwandering set {2 C S9M of the geodesic flow is the
set of vectors v € SIM such that v* € Ap. By definition, Q C SICC(M). A
parabolic subgroup P of I' is a subgroup which fixes a point at infinity, and
therefore stabilizes any horoball H centered at this point.
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A cusp is the image on M of such a horoball.
The manifold M is geometrically finite if its convex core can be written as
a finite union

OC(M):COI_ICHLI---I_ICK,

where Cj is a compact set and the C; are finitely many cusps, images through
pr of horoballs H,; stabilized by parabolic subgroups P; of I'.  The complete
reference on such manifolds is [Bow95]. Parabolic subgroups have a positive
critical exponent. The preimage on M of a cusp C; is the orbit of a horoball
‘H;, and the stabilizer of any horoball vH; is conjugated to the stabilizer P; of
Hi in I

A convex-cocompact manifold is a geometrically finite manifold without cusps;
in other words, it is a manifold whose convex core is compact.

Proposition 7.16. Let (M, g) be a manifold with pinched negative curvature.
If (M, g) is convex-cocompact, its entropy at infinity vanishes. If (M, g) is geo-
metrically finite with k cusps represented by parabolic subgroups Py, ..., Px C T,
then

500(9) = mnax {6P1 (9)7"'76'Pk (g)} .

In particular, a geometrically finite manifold is strongly positively recurrent if
and only if

max {6p, (9), ey 0Py (9)} <dr.

This condition is precisely the critical gap criterion introduced by Dalbo,
Otal and Peigné in [DOP00]. It is satisfied in particular by locally symmetric
geometrically finite manifolds and their small compact C? perturbations. The
notion of SPR manifold allows to generalize many results of [DOP0Q] and others
on geometrically finite manifolds to all strongly positively recurrent manifolds.

The result follows immediately from Proposition below.

Proposition 7.17. Let (M, g) be a manifold with pinched negative curvature.

If (M, g) is convex-cocompact and W is a compact set such that CC(M) CV?/,
then 'y is finite.
If (M, g) is geometrically finite with k cusps, then there exists a compact
set W C M with nice preimage W, a finite set T, finitely many elements
. W
at,...,an €T, and parabolic subgroups P1,...,Pr C I' such that

r% =T% ulJai (Pru..UPL) ;.
i

Proof. Assume first (M, g) be convex-cocompact and CC (M) CW. Let D be
the diameter of W and n = inf {d?(w,0W) ; w € CC(M)} > 0. Let v € 1"9”7,

—_—~—

z,y € OW and choose 1,y € CC(M) such that d(z,z1) < D and d(y,y1) < D.
By Lemma 5.1} there exists some Ry depending on D, 7 such that if £9(y) > Ry,
there exists some z € (x,7y), z1 € (z1,7vy1) such that d9(z,z1) < n/2. But

—~— ——

CC(M) is convex, so that z; € CC(M) and z is at distance 1n/2 of CC(M)

and therefore inside TWW. Thus, v ¢ T'i:. Therefore, all elements of I'z; have
bounded length less than Ry, so that I'y;; is finite, included in {y € T',#9(y) <

Ro}.
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Assume now that M is geometrically finite with cusps, and let CC(M) =
Co U (UF_,C;) be a decomposition of the convex core into a compact part and

finitely many disjoint cusps. Let W C M be a compact set such that I/f/D
CC(M). Choose some nice preimage W and disjoint horoballs H;, 1 < i < k
whose boundary intersect W. Let P; be the stabilizer of H; in I'.

Let v € 'z be such that £9(y) > R and x,y € 0W. As noticed above, by
Lemma the geodesic segment (x,~vy) is (except at the beginning and the

—_~—

end, inside balls B9(x, L) and BY(yy, L)) in the 7/2 neighbourhood of CC(M).
As already said in [PS18], if v € T'y, except for a bounded amount of time
at the beginning and the end, the geodesic segment pr(z,~y) has to leave the

compact part Cy and enter in some cusp C;. Therefore, there exists a finite set
{au,...an} such that for some 1 < i,j < N, the geodesic segment (o, va,y)
stays in some horoball H;. As in the proof of Proposition one deduces
that I'y; C FOW U Ui,jJalPiaj_l with FOW C {v € T,09(vy) < Ry} as in the
convex-cocompact case. O

7.3.2 Schottky products
We present now a family of geometrically infinite examples first studied in
[Pei03]. Let G and H be discrete groups of isometries of a complete manifolds

(M, g) with pinched negative curvature. They are in Schottky position if there

exists disjoint compact sets Ug, Uy C M UOM such that for all g € G\{id} and
all h € H\{id}, we have

g ((JTIU aM)\UG) CUg and h ((Mu aJTI)\UH) C Un.

In particular, by Klein’s ping-pong argument, they generate a free product:
I' = (G,H) = G« H. The entropy at infinity behaves nicely under Schottky
products, as shown by the following theorem.

Theorem 7.18. Let G and H be discrete groups of isometries of a complete
manifold (M, g) with pinched negative curvature which are in Schottky position.

Let T = (G,H) = G x H. Denote respectively by Mr = M/F, Mg = M/G
and My = M/H the associated quotient manifolds endowed with the quotient
metric induced by g. Then

000 (Mr) = max {000 (Ma), 6oo(Mp)} .
As an immediate corollary, we get the following result.

Corollary 7.19. Let G and H be discrete groups of isometries of a complete
manifold (M, g) with pinched negative curvature which are in Schottky position.
Let Mg, My, and Mgy be the quotient manifolds. Their critical exponents
satisfy

0G+H > Mmax {(5(;, 5H} > max {(500(Mg)7500(MH)} = 600(MG*H) (24)
In particular,

1. if G and H are Strongly Positively Recurrent, then G x H is also.
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2. if dgem > max{doo(Mg), 0oo(Mp)}, then G x H is strongly positively re-
current.

In both cases (M /T, g) has a finite Bowen-Margulis measure.

It was originally shown by M. Peigné in [Peill] that if p > max{dg,dn}
then (M /T, g) has a finite Bowen-Margulis measure. The above corollary with
Theorem guarantees this finiteness under a weaker condition.

It was shown in that if G C T is a divergent subgroup, then dg < dr.
We get therefore the following corollary.

Corollary 7.20. Let G, H be discrete divergent groups of isometries of a com-
plete manifolds (M, g) with pinched negative curvature which are in Schottky
position. Then T’ = (G, H) = G x H is strongly positively recurrent.

This last corollary allows a lot of topologically infinite examples. For in-
stance, if G and H are discrete subgroups of the group of isometries of the hy-
perbolic space, whose limit set are not the whole boundary, they can be settled
in Schottky position by taking suitable conjugation with hyperbolic elements.
If G and H are Z-covers of convex-cocompact groups, they are divergent and
their Schottky product gives a SPR manifold, hence with finite Bowen-Margulis
measure, whose fundamental group is not even finitely generated.

<~ N &g

<

0(7

< N
\%

Figure 6: Schottky manifold

Proof. Our proof relies on the ideas of Section 9 of [PS18]. Let Ug and Uy be
the sets ensuring the Schottky position of G and H. Since they are compact in
M UOM and since K, < —a? < 0, a key point is that there exists p > 0 such
that all geodesics from Ug to Uy intersect the ball BY(o, p). Moreover, without
loss of generality, we can assume that the point o is neither in Ug nor in Ug.

Let Mr = M/T, Mg = M/G and My = M/H. Let pr : M — Mr,
PG - M — Me and py : M — My be the associated covering maps.

For all R > p, define W& = pr(BY(o, R)) C Mr, Wk = pe(B?(o,R)) C Mg
and W§ = py(B9(o,R)) C My. Let Wﬁ,ﬁg,ﬁﬁ C M be nice preimages
(Dirichlet domains viewed from o) of W, Wg, WE. respectively for the actions
of I', G, H. By definition of W&, W&, W} and of a Dirichlet domain, one easily
checks that they all lie inside BY(o, R). Moreover, as pg and pg are intermediate
covers between M and My, we have o € W C WC{? NWE c B0, R).
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Let PWIE cT, ng C G and HW}} C H be the fundamental groups respec-
tively of I', G and H respectively out of /WIB, Wg, Wﬁ, according to Definition
LL.0l

A key fact is the following.

Lemma 7.21 (Pit-Schapira, [PS18|). For all R > 0, there exists a finite set
S C T such that
G

It implies that 6o (Mr) < 6y r)(I') < max{d¢,dn}, and therefore, if op >
max{dg,dn} then T is strongly positively recurrent.

We precise this inclusion in the following lemma, which implies immediately
Theorem [Z.18

Lemma 7.22. With the previous notations, for all R > p + 1, there exist a
finite set F' such that

a,BEF

Proof. Let us first show the left inclusion. It follows from the previous lemma
that I'j.r C GU H U S. Moreover,
r

G W& =G -B9%0,2R) CT-W2* =T B90,2R).
For each v € I'z7r N G, there exist z,y € WER C WéR such that
T

[z, vy] ﬂF.WﬁR C WERUW.WER, whence [z, vy] ﬂG~WC2;R C WéRU’yWC%R,

so that v € Gijzr. It shows that I'jzor NG C Giar-
G r G

Similarly, I'izor N H C Hygor.
r H

Let us now prove the right inclusion. We want to show that there exists a
finite set F' C I' such that GWgR Cc Fu U QFWFRﬂ, the case of HW%R being

a,BEF
similar.

Define Fyg as Faxr = {y € I',vB9(0, AR) N BY(0, AR) # 0}.
First observe that for A > 2, we have

W2E Cc WER C Uner, ,o. Wi . (25)
Let g € Gyer, g ¢ F. By definition, there exist x,y € WéR such that (z, gy)
G
intersects G.WéR only in WéR and gW(%R. We will show that (x, gy) intersects
Wit = I‘.Wg only inside WC%R and gWéR. By equation 7 as in the proof
of Proposition it will imply that g € Uq ger, ral'528. In fact, we will show
T

that if (z, gy) intersects some v.W¥, then either v or g~1v is in the finite set
F, so that by the same argument, g € Uy ger, n 078 8.
T
By contradiction, assume that the geodesic segment (z, gy) intersects YW,
with v # id, g, and v, g1y ¢ F\g. In particular, d(o,v0) > 2\R and d(go, yo) >
2AR. As g € Gizr, we know that v ¢ G. Denote by z, € (x,gy) the closest

2R
We&
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point to yo in (z,y) N ’Wlf"' By the above, we have d(z, zy) > d(0,70) — 3R >
(2A — 3)R.

By definition of a Schottky product, as 0o ¢ Ug U Uy, either yo € Ug or
vo € Up. Assume first that yo € Upy. Recall that go € Ug. Therefore, the
geodesic segment (o, go) intersects the ball B(o, p). As d(yo,go) > 2AR and
d(vyo, zy) < R, d(go, gy) < 2R, the geodesic segment (z,, gy) intersects the ball
B(o, p+2R). Let w, be a point in this intersection. Therefore, we get d(z, w,) <
d(z,0) + d(o,wy) < 4R+ p < 5R. However, d(z,w,) > d(z,zy) > (2X — 3)R,
which leads to a contradiction as soon as \ > 4.

Therefore, the first case holds, yo € Ug, so that v has a reduced form as
v =gh~, with ¢ € G\ {id}, ' € H\ {id}, v € T'. We will distinguish the
cases ¢ € Fand ¢’ ¢ F.

If ¢’ ¢ F, consider the segment [(g')~to,h'y'0]. It goes from Ug to Uy so
that it intersects the ball BY(o, p). It follows that [o, yo] intersects ¢'.B(o, p) at
a point y with d(o,y) > 2AR — p. By Lemmal5.1] for A large enough, the point
y is at distance less than p from the geodesic segment (x,~v0), and therefore at
distance less than R + 1 from the geodesic segment (z,z,). Thus, we deduce
that (x,z,) intersects the ball ¢'B(o, p+ R+1). As we assumed R > p+ 1, this
ball is included in ¢’B(0,2R) C G.WéR. Moreover, as ' ¢ F, this intersection
(x,2y) N ¢'B(0,2R) is disjoint from WéR, and as v ¢ F, and the intersection
is between = and z,, this intersection is also disjoint from g.WéR. This is a
contradiction with the hypothesis g € GWgR'

It remains the case ¢’ € F, which implies in particular ¢’ # g. Consider in
this case the geodesic segment [h'y'0, (¢')~1go]. It goes from Uz to Ug, so that
it intersects the ball BY(o,p). It follows that [vyo, go] intersects ¢’ B(o, p). The
same arguments on [z, gy] instead of [, z,] lead once again to a contradiction
with the hypothesis g € G

W2R~
It concludes the proof, fgr F = F)\g, for some X\ > 4 determined by the use
of Lemma .11 O
O

7.3.3 Ancona-like examples

We present now a family of surfaces inspired by examples of Ancona [And],
which is particularly easy to handle using the entropy at infinity introduced
before.

Theorem 7.23. There are plenty of examples of geometrically infinite hyper-
bolic surfaces S =H? /T with §o0(S) < r(S).

By Theorem all these examples have finite Bowen-Margulis measure.
We postpone a more detailed study of these examples and relations between
SPR property and spectrum of the Laplacian to our future paper [ST].

Before beginning the proof, recall that on on hyperbolic manifolds, the dy-
namics is strongly related to the spectrum of the Laplacian. In particular, a well-
known theorem of Patterson and Sullivan relates the entropy ér of M = H"+!/T
with the bottom of the spectrum of the Laplacian Ao(M):
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Figure 7: SPR surface

Theorem 7.24 (Patterson 1976, Sullivan 1979 - 1987). Let M = H"*'/T be
a complete hyperbolic manifold. If oy < 5, then Ao(M) = "72. If or > 5, then
)\()(M) = (5F(TL — (5{‘)

Proof. Let N = H?/T be a complete hyperbolic surface wit 5 < dr <n. De-
note by go its metric. For example, by [Bro85|, N can be build as a nonamenable
regular cover of a compact hyperbolic surface Ny. In any pair of pants decom-
position of N, choose finitely many pairs of pants P, ... Px. Change the metric
of N to a metric g-, which is equal to gg far from the pants P;, and modified in
the neighbourhood of the P; by shrinking the lengths of the boundary geodesics
of the pants P; to a length €. Let I'. be a discrete group such that the new
hyperbolic surface (N, g.) is isometric to H?/T..

As the perturbation is compact, for all ¢ > 0, doo(g:) = doo(go) < n. An
elementary computation (see for example [CCAV88, Prop. I1.2 (ii)] ) gives
gi_r)r(lj Mo(N,g:) = 0, therefore &11_1)% or, = n. This implies that for ¢ > 0 small

enough, (N, g.) has a critical gap at infinity : or, > 0, > 0oo(ge)- O

7.4 SPR manifolds have finite Bowen-Margulis measure

This paragraph is devoted to the proof of the first part of Theorem: if (M, g)
is a strongly positively recurrent manifold, then the Bowen-Margulis measure
of its geodesic flow has finite mass.

This finiteness result had been shown in [DOP00] on geometrically finite
manifolds, under the assumption that max {dp, (g9),...,9p,(9)} < dr, which is
exactly the SPR assumption in the geometrically finite context, although they
did not introduce this concept.

As said earlier, this result (finiteness of Bowen-Margulis measure) has been
obtained independently, by a different approach, in [VellT].

Our proof will rely on the following theorem shown in [PSIS|.

Theorem 7.25 (Pit-Schapira [PS18]). Let (M, g) be a complete manifold with
negative curvatures. Then the Bowen-Margulis measure of (M, g) is finite if and
only if T' = m (M) is divergent and there exists a compact set W C M with nice
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preimage W such that Iy satisfies

Z d(0,~0)eord070) < 40,

’YEFVV

Let (M, g) be a complete strongly positively recurrent manifold: there ex-
ists a compact set W C M such that dwe(g) < dr(g). The second condition
Z d(0,70)e~0r4279) < 40 is then automatically satisfied for W a nice lift

vElyw
of W. Therefore, Theorem follows immediately from the following.

Theorem 7.26. Let (M, g) be a strongly positively recurrent manifold. Then
its fundamental group T is divergent.

We give first the strategy of the proof. Let (M, g) be a SPR manifold, with
I' = m(M). Tt follows from Hopf-Tsuji-Sullivan theorem (see [Rob03l p.18])
that I" is divergent if and only if any Patterson-Sullivan measure v9 (cf Section
gives full measure to the radial limit set Af.

Theorem follows from a careful study of A}.. More precisely, if W is

a nice set with dye < 0r and nice lift W, we introduce a kind of limit set
Ly of the subset I'z; of I', see Definition and Proposition We

show in Proposition that v9(Lywe) = 0. By definition, GM\ L. consists
in asymptotic directions of geodesics returning infinitely often in the compact
set W. In particular, it is included in the radial limit set. We deduce that
vI(A}) = 1, which implies that I is divergent by Hopf-Tsuji-Sullivan Theorem.

Definition 7.27. Let W C M be a compact subset and W C M a nice preimage
of W. Introduce the set

sz{geAps.t.axeﬁ,[x,gmr-WcW}.

We call limit set of I" out of W' the set Lyye =T"- Ag;.

The following proposition shows that all elements of Ay are limit points of
I'i7 -0 in the boundary at infinity, and that the only limit points of I'j;; - 0 which

are not in Ag;; are endpoints of geodesic rays which do not come back inside the
[e]

interior I'- W, after leaving W but touch the boundary 9(T - W)

Proposition 7.28. Let W C M be a compact subset and W C M a nice
preimage of W. Then

Ay C Tp-o\l'f-0 C {56Aps.t.ﬂxew,[x,f)ﬁPWCW}.

Proof. Without loss of generality, assume o € W. We show first the left inclu-
sion. Let £ € A C Ap. There exists a sequence (7,) of elements of I' such

that v,0 — £ Moreover, by definition of Ay, there exists x € W such that
the geodesic [z,£) does not intersect T' - W after leaving W. Thus, for n large
enough, the geodesic segment [z, ,0] also leaves W before returning to ~,W.

59



Let 7y, - W be the first image of W crossed by the geodesic segment [z, v,,0] after
leaving W. By construction, 7, € I'j;. Moreover, we have

lim d9(xz,y,0) = +00. (26)

n—-+oo

Indeed, for all R > 0, there exists n > 0 such that inside the (compact) ball
B9(x, R), the distance between [z,&) N BY(x, R) and T"- W\W is at least 7.
Moreover, it follows from Lemma [5.1] that the sequence of geodesic segments
([, vn0])nen converges to the half geodesic [z, ] uniformly on BY(z, R). Thus,
for all n large enough, [z,v,0] N BY(x, R) and [z,&] N BY(x, R) are 3-close, so
that [z, v, - 0] does not meet I'- W\W on BY(z, R), whence d?(z,3,0) > R.

It follows from the above that the sequence of geodesic segments ([x, ,0])nen
also converges to the half geodesic [z, ], so that

£= ngrilooino €l'g-o\l'y 0.

Let us now show that 'z - 0\I'z7-0 C {f € Ar s.t. dz € W, [,6)NT- Wc W} .

Let € € F o\F . There exists a sequence (v, )nen of elements of fW such

that y,0 — f and d-"(o, Yn-0) — +o0. By definition of I';, for all n > 0 there ex-
ist p, Yn € W such that the geodesic segment [x,,, VnYn] intersects T W only in
W and Yn * w. Up to taking a subsequence, we can assume that x,, — T € W
and Y, — Yoo € W as n — +oo0. Once again, it follows from the compactness of
W and Lemma5.1{that the sequence of geodesic segments ([Z oo, YnYoo))nen CON-
verges t0 [Zoo, €] umformly on compact sets. Therefore [z, &) cannot intersect

the interior of I" - W. O

dV\ée gather in the following proposition elementary properties of the sets Ay
an We.

Proposition 7.29. Let (M, g) be a manifold with pinched negative curvature.

Let W C M be a nice compact set, and W a nice preimage. With the above
notations,

o the set Lye =1+ Ay 1s the set of endpoints of geodesics which eventually
leave T - W :

Lye =T-Ag = {v+ € Ar; Jve SIM, AT >0 s.t. YVt > T,mgto ¢ r.vT/} .
o The limit set out of W, Lyye =T'- Az does not depend on the choice of
nice preimage W.
o [f W1 C W, we have Lyg C Lwe.
o Ap\ (Lwe) C AL, where A} is the radial limit set.

Proof. The first property is left to the reader.
The set {v+ €Ar; e SIM,IT >0s.t. ¥Vt >T,rglv ¢ T - W} only de-
pendson T'- W = pr ' (W), which is independent of the choice of w.
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If W1 C Wa, then for all nice preimages Wl and W27 we have
D Wi =pp'(Wh) Cppl (W) =T - Wa,

which shows the third point. .

The radial limit set is the set of £ € Ap such that there exists x € M and a
compact set K C M such that the geodesic ray [z, ) intersects infinitely often
the preimage pfl(K). If £ € Ar\ (AW)’ by the above proposition, the geodesic
ray [z, €] intersects infinitely often the set T - W = pr' (W), which shows the
last claim. O

As seen in Section basic examples are given by geometrically finite man-
ifolds. The following proposition is an immediate consequence of Propositions

[[.17 and [.28]

Proposition 7.30. Let (M, g) be a geometrically finite manifold with pinched
negative curvature, with k cusps C1,...,Cx. Let W = B9(x, R) be a large ball.

It admits a nice preimage W such that

AW = {gla "'a§i}7

each point &1, ..., & € Ar being a parabolic point fized by a parabolic group P; < T
representing the cusp C;.

The following proposition is a detailed version of Theorem [7.26] with addi-
tional properties which will be useful in section

Proposition 7.31. Let (M = M/l",g) be a complete manifold with K, < —a?,
with T = m (M) its fundamental group. Assume that (M,g) is SPR. Then T is
divergent.

Moreover, for all compact sets W C M such that dywe < O0r, for all n €
(0,01 — dwe), there exists C = C(g, W, n,a) > 0 such that for all nice preimage

W of W and all T > 4diamy,(W), if
Ur = Up(W, g) = {5 eMUIM ; 3z e W s.t. ¥t € [0,T), [z, &lr N\TW C W.}

then the unique Patterson-Sullivan density (v§), .5 on Ar such that v§(Ar) =1
satisfies
vI(Up) < Ce~Or—dwe=—m)T"

In particular,
vI(Agr) = vi(Nr>oUr) = 0.

Proof. We start with any Patterson-Sullivan density (#2) on Ar obtained as a
weak limit of an average as in section We will show that there exists C' > 0
such that for all T > 0 large enough,

vI(Ur) < Ce~Or=dwe=—mT (27)

By definition, Ur is the set of points joined by a geodesic from W wich, after
exiting W, does not enter I' - W before time T', so that

A=) Ur.
T>0
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Therefore, implies
vy (Ayy) =0 sothat vI(Lwe)=0 and vJ(A})=1

By Hopf-Tsuji-Sullivan Theorem, it will imply that T" is divergent and the
Patterson-Sullivan density is unique. .

If € M and £ € MUOM, set [z,&]r = (7g'v)sejo,r], where v € SIM is the
tangent vector at z of the geodesic [z, £].

Recall notations from Section[3:4 We omit the mention of the metric g here.
As in [Pat76], choose a positive increasing map h : Rt — RT such that for all
1 > 0, there exist C}, > 0 and 7, > 0 such that

Vr>r,, Vt>0, h(t+r)<Cue™h(r), (28)
and the series Pp Z h(d —5d(079) diverges at the critical exponent
yel

dp. Construct a Patterson-Sullivan density (v;) s.t. for all x € M, the measure
v, is a weak limit as s — 6;5 of the positive finite measures

1
V)= = Z h(d(x,~0))e U9,

Pr(o,s) o

For all v € Ty, define Oz (- W) as the set of y € M UAM such that there
exists v € SIW such that the first intersection of the geodesic ray (mg'v)i>o
with I" - W, after the first exit of W is in v - W, and the point y belongs to

(7g'v)io0.
By definition of Ur and I'yy;, and triangular inequality, for all ' > 0 and

a € T, if ao € Ur, there exists v € T’y such that ao € Op(y W) and
d(o,v0) > T — 2D, with D = d1am( ). Indeed, choose y so that AW is the

first copy of W intersected by all geodesic segments from W to ao after exiting
W inside IT'W.
In other words, we have

I'onUr C U OW(7~W). (29)
Y€l ,d(0,v-0)>T—-2D

Fix s > ér and recall from section that for all z,y € M and el o,

% — e—s(d(y &)—d(z,£)) "\\I»S /) h’( (y g))
dv; ) h(d(x,§))

Therefore, for all v € 'y,
v (Om(r- W) = i, (0, (7))

_ sy to)—d0) Md 10, 8))
- Mo 6) )

Moreover, there exists C' > 0 such that as soon as d(o,v0) > 2D, for all £ €
O»er(W)’ d(y t0,€) > d(y o,0) + d(0,&) — C, which implies by that
_s(d('y’lo &)—d(0,8)) h( ( ‘o 5)) < esCCne—s(d('yflo,o)end('yflo,o) )

h(d(0,¢))
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Therefore, as VO((?'M ) = 1, there exists C;, > 0 such that for all v € I';; with
d(o,~v0) > 2D and s > dr,

i (O (y ) < Cpelermtona).
By , for all T > 4D, we get

vy(Ur) < Cy Z e(=st+md(oy-0)
YET
d(o,y-0)>T—2D

Taking any weak limit as s — (511”' , we obtain

vi(Urp)<C, Y elTtrmdleno)
~yEI
d(o,y-0)>T—2D

As 6r — 1 > Swe, the right hand side decreases exponentially fast as T" — +oo.
As mentioned as the beginning of the proof, by Hopf-Tsuji-Sullivan, we deduce
that T is divergent so that Theorem [7.26] is proven.
Let us prove now the end of the statement of Proposition[7.31} The Patterson-
1
Sullivan v is the weak limit as s — ot of v = Z e~34(27°)  Repeting
Pr(o,s) =
exactly the same computations, setting h = 1, we get that there exists C, > 0,
depending only on the curvature upperbound, such that for all T'> 4D

vi(Ur) <efrCe 3T elindleno),
WGFW
d(o,y0)>T—2D
We get therefore that for all 7' > 4D,

vI(Ur) < e (Cat2D) o —(6r—bwe—m)T Z ¢~ (Owetnd(oo)

Y€l
which is precisely the desired estimate with
Ci g, W,a) = ™ (CH2D) 5y e lowetadtosel, (30)
vElw

Under the above assumption, the Patterson-Sullivan measure v gives full
mass to the set of endpoints of lifts of geodesics of (M,g) which come back
infinitely often in W. This set is in general strictly smaller than the radial limit
set. The product structure of the Bowen-Margulis measure (see Section
implies the following useful fact.

Corollary 7.32. Under the same assumptions, let W C M be any compact set
such that dwe(g) < dr(g). Then the Bowen-Margulis measure of SIM is finite
and gives full mass to the set of bi-infinite geodesics which intersect infinitely
often W in the past and in the future.
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7.5 Entropy variation for SPR manifolds

As mentionned earlier, the original motivation of this article was to find rea-
sonnable geometric assumptions on non-compact manifolds with negative cur-
vature such that the entropy is regular under a small variation of the metric. In
this subsection, our aim is to finish the proof of Theorem [7.1]

Let (9<)ze(—1,1) be a uniformly C ! family of complete metrics on the manifold
M such that for all € € (—1,1), —b* < K, < —a? for some b > a > 0, and
(M, go) is SPR.

Let W C M be a compact subset such that dywe(go) < dr(go), and let W be
a nice preimage of W. For r > 0, denote by W, = {z € M;d?% (x,W) < r} the
(9o, 7)-neighbourhood of W. Note that dwe(go) < dwe(g0) < doo(g0) < Ir(go)-
Denote by WT a nice preimage of W, such that W c Wr. Observe that -y - WT
is the (go,r)-neighbourhood of v - W.

Lemma 7.33. For all r > 0, there exists a finite set F C I' and €9 > 0 such
that for all € € (—eg,€0), we have

T, (90) € |J ol (908 and Ty (g2) € |J oTy(90)8-
a,BEF a,BEF

Proof. We prove the right inclusion, the left one is proved similarly.

Let D = diamg, (W) and D’ = e'(D + 1), so that for all £ € (—1,1),
diam,, (WT) < D'. Tt follows from Section [5| that there exists €9 > 0 such that
for all € € (g9,€0) x,y € Wr, and v € FVV}’ the g.-geodesic between x and vy
is at distance less than r to the gg-geodesic between x and y. Reasoning as in
Proposition [7.9] leads to the desired result. O

This lemma leads to the following corollary, which implies the first item of
Theorem [7.11

Corollary 7.34. Let (g:)ee(—1,1) be a uniformly Ct family of complete metrics
on the manifold M such that for all e € (—1,1), —b* < K, < —a?® for some
b>a >0, and (M,go) is SPR. Then for all « > 0 and r > 0, there exists
€0 > 0 such that for all € € (—eg,c0), we have

e 0w, (90) < 0w, (ge) < e*0we(go)-

In particular, the entropy at infinity € — 0oo(ge) is continuous at € = 0, and if
a > 0 is small enough, g. is SPR for e € (—&p,€0).

Proof. Let r,ac > 0 be fixed, and choose ¢¢ as in Lemma [7.33] For all v € T,
we have d% (0,70) > e /2d% (0,~v0). Therefore, for all ¢ € (—eg,e0) we get
Sw, (ge) < e/?8we(go) < e*Swe(go) up to reducing gy. The other inequality is
proved similarly. O

Let us show now the last item of Theorem that is that the mass of
the Bowen-Margulis measure of g. varies continuously. This will rely on the
following estimate, which is a uniform version of Proposition
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Lemma 7.35. For all 5o € (0,r(g90) — ds0(g0)) and B € (0,00), there exists a
compact set W C M with nice preimage W, g > 0 and C > 0 such that for all
e € (—ep,€0), we have oér(g:) — dwe(ge) > 6o and

Vgs (UT(W7 gE)) < Ce_ﬁT )

where UT(W, ge) is defined as in Proposition|7.31,

Proof. Let 69 € (0,dr(go) — doo(g0)) be fixed. By the above corollary, for |¢|
small enough, (M, g.) is SPR and has therefore a finite Bowen-Margulis. Choose
a > 0 small enough and a large enough compact set W C M so that do(g0) <
dwe(go) < e*5(go). Let » > 0 small enough and €9 > 0 given by Corollary
be such that for all ¢ € (—&g, &),

e “owe(g0) < 0w, (9) < edwe(go) -

Up to decreasing « > 0, we can therefore assume that for all € € (—¢g, £9),
or(ge) — 6W7‘(95) >80 >0.

Let 8 € (0,dp) and WT nice preimage of W, be fixed. Define D > 0 as D =
sup diam(W,). For all € € (—¢q,e0), let U7 = Up(W,, g-) be defined as in
e€(—¢€0,e0)
Proposition [7.31] By the last estimate in the proof of Proposition [7:31] there
exists C, > 0, only depending on the curvature upperbound of the metrics g,
such that for all T' > 4D,
Vge (U%) < e9r(9e)(Ca+2D) ,—BT Z e~ (0w, (ge)+B)d% (0,70)

’YEFW7‘(95)

Therefore,

Vi (Us) < efePT 3T e (e dwlon)ta)eed® (oo),

YET T (40

where K € R is independent of €. Up to reducing > 0 and g9 > 0, we can
suppose that e=“ow (go) + B)e™% > dw(go) + g Therefore, we get that for all

€€ (_60750)7

v (Uz) < Ce 7T, (31)
with C' > 0 being independent of . This concludes the proof of Lemma [7.35]
the compact set W of the statement being the set W,. of the proof. O

Let us now conclude the proof of Theorem Let W C M, W cM
and f,£9,C > 0 satisfy the conclusion of Lemma [7.35] For all R > 0, set as
usual Wr = {x € M;dg (x,W) < R}. We have shown in Theorem that,
under our current hypotheses, the Bowen-Margulis measure ¢ — m¥,, varies
continuously for the weak-* convergence, i.e. on the dual of compactly supported
maps. In particular, for all fized compact set K C M with m%,,(0S°K) = 0,
the map ¢ — m¥%,,(59% K) is continuous at e = 0. Therefore the following
lemma will imply Theorem
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Lemma 7.36. With the above notations, for all « > 0, there exists Ry > 0
such that for all R > Ry and all ¢ € (—eg,e0), we have

migy (8% (M\Wg)) < a

Proof. Let R > 8diam(W) be fixed and let Op = M\Wg. By Corollary [7.32]

for all € € (—¢, £¢), since dwe(ge) < dr(ge), the Bowen-Margulis measure m$%,,

gives full mass to the set of vectors which hit infinitely often W in the past and
in the future. In particular,

g g — 9 5
mE (89 Or) = mEy, H Oy |
n>R—1

where Oy, is defined for all integers n > R — 1 by
0, ={veS%0g; It nn+1[st. Vs € [0,t),mg v ¢ W and 7g_'v € W} .

Therefore, since the Bowen-Margulis measure m$;,, is invariant under the geodesic
flow (g),

SQEOR Z m Z m *n Os))

n>R—1 n>R—1

Now, by definition for all v € gZ™(O%), there exists ¢ € [0,1) such that w =
g-""tv € 89 W and for all s € [0,n], we have Tg°w ¢ W.
Let us write

n

Az = {U € S%W;3t € [n,n+1) s.t. Vs € (0,t), mgiv ¢ v+ W and mg'v € ’yW}

The reader will easily check that U g3As C S9 M projects onto g~"(O%).
s€(0,1)
Moreover, as soon as g is small enough, since g > e °gy > 19 L0, all vectors

v E Ag have a point at infinity v which satisfies v, € Un/Q(W ge). As the

map

v e(sF(gs)(Bv+ (0,mv)+By_ (0,7v)

is uniformly bounded in v € W and € € (—¢q, &p), the product structure of the
Bowen-Margulis measure (see Section [3.4]) implies

mip, (05) = miy, (97"(05)) < 2K (Ar) x v3- (UZ),
which eventually gives by Lemma
My (05) < 2KCe 3,
where C' and « do not depend on €. Therefore, we get

m%5,,(89°0R) < 2KC Z et <¢
n>R—1

as soon as R is large enough. O
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