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Contemporary Mathematics

Pure spinors and a construction of the F,- Lie algebras

Marcus J. Slupinski and Robert J. Stanton
This paper is dedicated to our friend and collaborator Gestur Olafsson.

ABSTRACT. Let (V,g) be a 2n-dimensional hyperbolic space and C(V,g) its Clifford algebra.
C(V,g) has a Z-grading, C*, and an algebra isomorphism C(V,g) = End(S), S the space of
spinors. E. Cartan defined operators Ly : End(S) — C* which are involved in the definition of
pure spinors. We shall give a more refined study of the operator Lo, in fact, obtain explicit formulae
for it in terms of spinor inner products and combinatorics, as well as the matrix of it in a basis of
pure spinors. Using this information we give a construction of the exceptional Lie algebras ¢¢, ¢7, ¢s
completely within the theory of Clifford algebras and spinors.

1. Introduction

Constructions of exceptional Lie algebras over quite general fields have been given by many
people and from various perspectives. While the list is too long to give, error free, we must mention
Freudenthal and Tits. The perspective of this paper is that of spinors. When the base field £ is
R, the classification by E. Cartan of irreducible Riemannian symmetric spaces of the noncompact
type already provides an example, the case of eg, for which the pair (so(16,R), Sy ) occurs. More
recently, J. F. Adams [Ad] gave a construction of compact exceptional Lie groups using compact
spin groups and the relationship of some to Jordan algebras. Moroianu-Semmelman [MoSe] gave
a construction of exceptional Lie algebras of compact type by refining Kostant’s [K] invariant 4-
tensor characterization of certain holonomy representations and coupled with the compact spinor
material from [Ad]. Our point of view is to present natural properties of Clifford algebras and their
spinors for a hyperbolic space over a very general field k, and then to derive the existence of the
FE.-series using these properties and the combinatorics of pure spinors, thus a construction intrinsic
to spinor algebra.

The paper is essentially self-contained and written with Lie theorists in mind, such as a master
like Gestur, hence includes some standard material on spinors known to experts. We begin with a
Clifford algebra C'(V, g) and its basic isomorphism with End(S), S the spinors. Then we relate
properties of C'(V, g) and S, including fundamental material about the spinor norm. The key tool in
the paper is the operator introduced by Cartan, Ly : S x S — Cs. After we give a new description
of Lo, we obtain an explicit formula for Ly in terms of Clifford elements. The formula is intrinsic to
Clifford theory as the operator is completely specified by various spinor norms and combinatorics.
Then using the basis of pure spinors we compute the matrix of Lo and express its entries in terms of
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spinor norms and combinatorics. This treatment is completely general for a hyperbolic space (V, g)
and a field k of characteristic not 2 or 3.

In the last section we specialise the formula for the matrix of Ly to three specific dimensions and
show that various entries of the matrix vanish for combinatorial reasons yielding a Jacobi identity
for the various Lie algebras in the F,-series.

There are several potential future directions. The choice of a hyperbolic g was made to avoid
field extensions of k - indeed there are metrics of other signature that could be considered. Also,
the combinatorics that arise in the computations mirror properties of the Weyl group quotient that
parametrises Schubert cells in the flag variety of projectivised pure spinors. We did not consider
whether other topological properties of the cells are responsible for the various combinatorial iden-
tities. Finally, since the spinor algebra is a universal linear construction, we expect the spinor algebra
constructions, in particular Lo, to transfer to vector bundles.

2. Background on Spinors

Let V be a 2n-dimensional vector space over a field k of characteristic not 2 or 3. We shall
assume that V' has a nondegenerate symmetric bilinear form g of Witt index n (i.e. a hyperbolic
form). The hyperbolic case allows us to give a rather complete presentation of the results without
any base extension of k. This was highlighted by Chevalley and today seems even more relevant. A
good reference for much of the basic material of this section is [Ch].

2.1. Clifford algebra.

Let C = C(V,g) be the Clifford algebra of V' with respect to g. Then C has the usual Z,
grading C' = C;. @ C_ inherited from the tensor algebra of V. As g is hyperbolic, C' is isomorphic
to the algebra of 2™ x 2" matrices over k. We can choose a 2"-dimensional k-vector space .S, up to
equivalence, called the space of spinors, and obtain an algebra isomorphism

C = End(S).

Hence C has a natural trace that we denote 7'r : C(V,g) — k.

The vector space V' is naturally included in C'_ so, from now on, we consider V' as a subset
of C. By the universal property of A*(V), the exterior algebra of V', one can extend the inclusion
of V into C_ to an O(V, g)- equivariant linear (but not algebra) isomorphism @ : A*(V) — C by
defining

1 ag
Qur AN+ Nug) = T Z(_l) Uo(1) """ Vo(k)>
at least if k is of characteristic 0. If vy, ..., vy are orthogonal this formula implies that

Q(vl/\.../\ka) :"Ul""Uk
and one uses this property to characterize () when k is of positive characteristic (see [Ch]).

We set CF = Q(A*(V)). Hence if {v1,...,vo,} is a basis of V and i1 < iy < --- < iy, then
the collection {Q(vi, A--- Awv;, )} is a basis of C*. The collection of subspaces C* then give C the
structure of a Z graded vector space.

C'is also a filtered algebra where D is generated by products of at most k elements of V. We
have then an isomorphism of the associated Z graded space determined by the filtration onto the Z
graded Q(A*(V)).

The following commutator relations are well known:

[ct,clicc?, et emcem, [C* e =0.
Consequently, C?, C' @ C? and C? @ C?" are Lie algebras.
The composition with @ of any o(V, g)-equivariant isomorphism

o(V,g) = A*(V)
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defines a Lie algebra isomorphism o(V, g) = C2.

Similarly one shows easily that the orthogonal Lie algebra of a vector space of dimension 2n+1
of maximal Witt index is isomorphic to C' & C?.

The canonical anti-automorphism of order 2 of C'(V,g), namely the one extending v — v
for v € V, is inherited from the tensor algebra. It will be denoted 2 + . Using the canonical
anti-automorphism 7" and the trace 7' one can give C' a norm, namely ||c||? = Tr(c'¢c).

PROPOSITION 2.1. Let gy be the natural extension of g to A*(V'). Then

2"ga (e, B) = Tr(Q(a) " Q(B)),

i.e. Q is a multiple of an isometry.

REMARK 2.2. By an orthonormal basis of V- we mean a basis {e1, . .., ea, } which satisfies
glei,ej) = £6;;.
Orthonormal bases exist because (V,g) is isometric to an orthogonal sum of hyperbolic planes.
Later we will use ordered orthonormal bases.
For the Z grading C' = ®C* and with respect to an orthonormal basis there is a formula for the
projection 7y, : C' — C*:

1
() = on Z glei ei)...g(ei, e, )Tr(ei ...ec)eq ... e,
iy < i
as follows easily from the fact that {Q(v;, A -+ Av;, )} is a basis of C¥ and Q(e;, A--- Ae;) =
€i1 " Egy-
There is a natural Zs grading of .S, S = 57 @ 59, into a direct sum of two 27=1 dimensional
subspaces compatible with the Zy graded action of C, i.e.,

Ci-51C85, Cp-85CS, C_-5CSandC_ -5 CS.

Elements of Sy or S9 are called half-spinors. An element of C' that implements such a grading of .5,
i.e. which is the identity on one half-spinor space and minus the identity on the other, will be called a
grading element. They are usually denoted by ¢ and are elements of C*". Note that if {ey, ..., e2,}
is an orthonormal basis of V' then
E=e€1...€y
satisfies €2 = 1 and is a grading element. The graded decomposition of S corresponding to this
particular £ will be denoted S = S, & S_.
PROPOSITION 2.3. If¢ is a grading element, then for all 1 < k < 2n and all c € C,
Tan—k(€C) = emi(c).

Proof. This is essentially 111.4.3 in [Ch]. QED

2.2. Spinor norms.
Recall that V' is of dimension 2n and that g is hyperbolic.

DEFINITION 2.4. A spinor norm is a bilinear map B : S X S — k such that
B(v-¢,¢) = B(¢,v-v) VveV,Vp, ¢ €S.

Hence, given a non-zero spinor norm B, the canonical anti-automorphism of C, x + xT, is, via
the isomorphism C = End(S), the transpose relative to B.

PROPOSITION 2.5. (E. Cartan) The space of spinor norms is one dimensional.
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The symmetry type of a spinor norm, symmetric or alternating, as well as the type of its restric-
tion to the half-spinor spaces is summarized in the next result.

PROPOSITION 2.6. Let B be a spinor norm.
(i) If n = 0 mod 4 then B is symmetric and even, i.e., B(Sy, S2) = 0.
(ii) If n = 1 mod 4 then B is symmetric and odd, i.e., B(S1,S1) = B(S2,52) = 0.
(iii) If n = 2 mod 4 then B is antisymmetric and even.
(iv) If n = 3 mod 4 then B is antisymmetric and odd.

We shall fix a non-degenerate spinor norm, B. It is natural to have the relationship of the Z
grading of C'to B. If ¢p,1p € S, 1 < k <2nandvy,...,v; € V are orthogonal, it is clear that

Bvy v+ 6,) = (~1)2F VB (6010 1)),
Hence we have
COROLLARY 2.7. If k = 2 or 3 (mod 4), then
B(c-¢.¢) + Blg,c-p) =0 Vee CF,
i.e., a spinor norm is invariant under the action of C* iff k = 2 or k = 3 (mod 4).

Since B can have either symmetry type, symmetric or alternating, we denote by aut(S, B) the
endomorphisms of S that leave invariant the spinor norm.

COROLLARY 2.8. Identifying C'(V, g) with End(S), we have

@ C* = aut(S, B).

k=2 or 3 (mod 4)

Proof. By Corollary 2.7 the LHS is included in the RHS. The result follows from a dimension count
for the corresponding symmetry type of B:

2
> (:) =27 1(2" — 1) =dimso(S,B) (n=0,1 mod 4)
k=2 or 3 (mod 4)
and
2n n—1/9n .
Z i =2""1 (2" + 1) =dimsp(S,B) (n=2,3 mod 4).
k=2 or 3 (mod 4)

QED
COROLLARY 2.9. Ife is any grading element and we set
auty (S, B) = {c € aut(S, B) : ce = £ec}
then
@ CF = aut, (S, B), @ C* = aut_(S, B).
k=2 (mod 4) k=3 (mod 4)
Proof. This is immediate from the previous Corollary. QED

From Prop. 2.6 we see that the spinor norm B is even if and only if n is even. In this case B
restricts to nondegenerate forms B and By on the half-spinor spaces S7 and .S, respectively. Thus
for n even and grading element ¢, the Lie algebra aut (S, B) is a direct product

auty (S, B) = aut(S1, By) @ aut(Se, Bs).

To realise this decomposition of aut (S, B) in the Clifford algebra we use the grading element.
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COROLLARY 2.10. Let n be even. Let ¢ € C(V, g) be a grading element and S = Sy & So the

associated grading (the 1 eigenspaces of ). Set e = %ie)

(i) Then

P c*= P Creye P cre

k=2 (mod 4) k=2 (mod 4),k<n k=2 (mod 4),k<n

(ii) With respect to the decomposition S = S1 @ So, the two summands of (i) are:

k o aut(Sl,Bl) | 0
D - ( 0 | 0

k=2 (mod 4), k<n

k. (0 | 0
%) J@C = ( 0 | aut(Ss, Ba) )

k=2 (mod 4)

and

Proof. Part (i) basically follows from the fact that

1 1
1==(1 —(1—
S(+e)+5(1—¢)
decomposes the identity of C' as a sum of two orthogonal idempotents. Part (ii) is straightfor-
ward. QED

REMARK 2.11. Ifk < n, both C*c | and C*c_ are isomorphic to A*(V') as absolutely irre-
ducible s0(V, g)-representations. If k = n, E. Cartan showed that C"c . and C"<_ are absolutely
irreducible, non-isomorphic representations of the same dimension. The proposition therefore gives
an explicit reduction of aut(Sy, B1) and aut(Sy, Bs) into their s0(V, g)-irreducible components.

2.3. Tensor Product S ® S.
As usual, a choice of B on S gives a C?-equivariant isomorphism 7 : S ® S — End(S):

T(¢ @ ¥)(&) = B(, .
Since

B(r(¢ ®¢)(€),n) = (~1)z""VB(&, (v ® ¢)(n)),

it follows that
TRV -1 @) €aut(S,B) if n=0,1 mod 4,
TRV +19YR¢p) €aut(S,B) if n=23 mod 4.

Identifying End(S) with the Clifford algebra C' and using the preceding Remark one can reduce
symmetric and antisymmetric spinors as so(V, g)-representations.

PROPOSITION 2.12.
(i) Ifn = 0,1 mod 4 then T induces so(V, g)-equivariant isomorphisms:

NS = Pt S8 ¢ c*.

k=2 or 3 (mod 4) k=0 or 1 (mod 4)

I

(ii) If n = 2,3 mod 4 then 7 induces so(V, g)-equivariant isomorphisms:

NS = Pt s et

k=0 or 1 (mod 4) k=2 or 3 (mod 4)
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3. Cartan’s operator Lo

The operators Lo and Lo, to be defined in this section are among the operators L, that appear
in Cartan and Chevalley, where mostly they are used to characterise pure spinors. The interesting
properties of Lo to be described herein appear to be new.

Composing 7 : S ® S — End(S) with the projection m5 : C' — C? we can define a C2-
equivariant map Ly : S x S — C?:

1
(D La(o,¥) = o5 > leie)gles, e) B(o,eje; - P)ese;,
i<j
where {eq, ..., eg,} is any orthonormal basis of V.

PROPOSITION 3.1.
(i) If n = 0 mod 4 then Lo is antisymmetric and even, i.e. Ly(S1,.52) = 0.
(ii) If n = 1 mod 4 then Lo is antisymmetric and odd, i.e. L2(S1,S1) = L2(S2,52) = 0.
(iii) If n = 2 mod 4 then Lo is symmetric and even.
(iv) If n = 3 mod 4 then Lo is symmetric and odd.

L has an interesting formulation in terms of orbit maps.

DEFINITION 3.2. For ¢ € S wedefine ¢ :V — Sand ¢* : S — V by

2) pv)=v-¢, (V) = Zg(ei,ean, e; - )e;

where {e1, ..., e} is any orthonormal basis of V.
The maps ¢ and ¢* are adjoints for the respective norms, i.e.,

Thus we have

)

B(¢(v2), ¢ (v1)),
1 Qb ))7

vy
B(p(v1), p(ve

9" 0 ¢(v2),v1)

{g<¢* o (v1),v2)

hence
9(6" 0 (v1),v2) = (1) 7" Vg(4h* 0 P(v2), v1).

Similarly, equation (3) implies

B0 ¢*(€),n) = 9(6"(£), 0" () = B(¢ 0 v*(n), &),
hence
B0 ¢*(€),n) = (~1)2"""VB(£, 6 0 v* (n)).

The next Proposition follows immediately from the above.
PROPOSITION 3.3. Let ¢, € S be spinors. Then
(1) Dyt og—gtoy,  (—1) Dyt ogt g0y
are respectively antisymmetric and symmetric endomorphisms of (V, g), while
(1) Vot —goy’, (1) Vpog+ oyt

are respectively antisymmetric and symmetric endomorphisms of (S, B).



PURE SPINOR ALGEBRA

Consequently the first expression of Proposition 3.3 defines a bilinear form on .S with values in
s0(V, g), and even/odd depending on n mod 4. By Proposition 3.1, the bilinear form Lo also takes
values in so(V, g) and can be seen to have the same parity properties. Analogously, the third ex-
pression also defines a bilinear form on S with the same parity properties as Lo but taking values in
aut(S, B). Taken together, they suggest a type of curvature operator. The exact relationship between
them will be described next.

In fact it will be convenient to ‘renormalise’ Lo as follows:

DEFINITION 3.4. Define Ly : S x S — C2 by
Zg = 2n_1L2

PROPOSITION 3.5.
(i) For all ¢, € S,

2L9(¢, 1) = (—1)2""Vp* 0 ¢ — ¢* 0 ¢

in the sense that for allv € V,

4) 2La(,9),v] = (~1)F" "V 0 $(v) — ¢ 0 Y(v).

(it) For all ¢,7 € S and allv € V,
5) 2B(6, )0 = (—1)E" "Dy 0 6(v) + ¢ 0 Y(v).
Proof. Let {e1,- -+ , ey, } be an orthonormal basis of V. For any ey, in this basis, by equation (1) we
have

[La(¢, ), ZQ ei,ei)g(ej,e5)B(o, eje; - ¥)[eiej, ex],
z<]

and using

0 ifi £k, j#k,
[eiej, ek] = —QQ(Gk, ek)ej ifi = k‘,
2g(ex,ex)ei if j =k,
this simplifies to

[Lo(6, ) ex] =D glei, e)gler, ex)* B, exei - ¥)ei,

i#£k
which, since g(eg, ex)? = 1, reduces to
6) [La(6, ), ex) = glei, e) B(o, exes - )es.
i#k
To calculate the RHS of equation (4) acting on ek we have
( ) n(n 2 ¢ ¢(ek) nn 2 Zg 62,62 ¢7ezek ¢)

- Zg 62762 ezek ¢ 1/})

@) = Z.g €i, ez qb, €L€i - T;Z))eiy
and
®) ¢" o P(ex) Zg ei,ei)B(¢, eiex - V)e;.

Since ey, is an arbitrary basis element, both parts of the proposition follow from equations (6), (7)
and (8).
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QED

In the same way there is a C?-equivariant map Lo, : S x S — C?" obtained by composing
7:5®8 — End(S) = C and my, : C — C?". Explicitly,
1

) Lon(¢,v) = 2—ng(€1,€1) ...g(ean, e2,)B(d, €2, ...€1-)ey ... e,

where {e1, ..., ea,} is any orthonormal basis of V. The symmetry properties of Lo, follow readily
from the preceding.

PROPOSITION 3.6.
(i) If n = 0 mod 4 then Lo, is symmetric and even.
(i) If n = 1 mod 4 then Lo, is antisymmetric and odd.
(iii) If n = 2 mod 4 then Lo, is symmetric and even.
(iv) If n = 3 mod 4 then Lo, is antisymmetric and odd.

3.1. Graded spinor norms.

Spinor norms are invariant under C2 but not under C'!, as follows from Corollary 2.7. In order to
get something invariant under the action of the Lie algebra C'* @ C? one can use a grading element.

PROPOSITION 3.7. Let B be a spinor norm and € € C be a grading element. Define the
associated graded spinor norm B; : S x S — k by
B:(¢,¥) = Ble- ¢,¥) Vo, ¥ € S.
Then
B&(U : (baq/}) = _B€(¢7U . ¢) Vv S ‘/7 V¢7¢ S 57

and graded spinor norms are characterised by this property.

Ifp, e S, 1<k<2nandwvy,...,v; €V are orthogonal, it is clear that

Be(vy...vp - ¢,9) = (1) 2F DB (60 v - )
and hence we have

COROLLARY 3.8. A graded spinor norm is invariant for the action of the Lie algebra C* & C?.

PROPOSITION 3.9. Let B, be a graded spinor norm.
(i) If n = 0 mod 4 then B, is symmetric and even.
(ii) If n = 1 mod 4 then B. is antisymmetric and odd.
(iii) If n = 2 mod 4 then B is antisymmetric and even.
(iv) If n = 3 mod 4 then B is symmetric and odd.

COROLLARY 3.10. If ¢, € S, 1 <k <2nandwv,...,v €V are orthogonal, then
Be(g,v1...vp ) = (~1)ZEDFRREIN B (4 oy ).
Using B, we can define a C' @ C?-equivariant map 7. : S x S — End(S) by
7e(0,9)(§) = Be(9, ).

One can now repeat the preceding but using the graded versions.

Using B. we can define a C! @& C?-equivariant map L. : S x S — C' @ C? by composing
7.:5®8 — End(S) = Cand m; @73 : C — C' @ C?. (To avoid excessive notation we suppress
the subscripts 1, 2.) Explicitly,

Le(¢, ) = 2% > glei,ei) B¢ e e+ Y glei,ei)gle;, e5)Be(d, ejei - Pese; |

1<j
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where {e1, ..., eg,} is any orthonormal basis of V.

PROPOSITION 3.11.
(i) If n = 0 mod 4 then L. is antisymmetric, w9 o L. is even and w1 o L. is odd.
(ii) If n = 1 mod 4 then L. is symmetric, wo o L is odd and w1 o L. is even.
(iii) If n = 2 mod 4 then L. is symmetric, mo o L. is even and 7 o L. is odd.
(iv) If n = 3 mod 4 then L. is antisymmetric, w9 o L. is odd and 71 o L. is even.

4. Maximal isotropic subspaces and polarisations

A maximal isotropic subspace of V' is an n-dimensional subspace Z of V' such that the restric-
tion of g to Z vanishes. By Witt’s theorem the group O(V, g) acts transitively on the collection of
maximal isotropic subspaces. The stabiliser of Z, S(Z), is a maximal parabolic subgroup of O(V, g)
(see e.g. [Wo]). The natural map from S(Z) to GL(Z) is surjective, giving rise to the exact sequence
of groups

1-A—S7)—GL(Z)— 1.
A description of A can be obtained as follows.
If a € A, then (a — Idy)(V') C Z, hence there is a unique « : V' — V such that

(10) (i) a=Idy +«
(1) (ii) |z =0, (V) € Tand g(a(v),w) + g(v,a(w)) = 0.
This shows that A is abelian and a +— « identifies it with a subgroup of the vector space
Hom(V/Z,T).

Since Z is maximal isotropic the metric defines a duality pairing V/Z ® Z — k, and hence there
is an S(Z)-equivariant isomorphism

Hom(V/Z,I) =T ®T.
One checks that the composition of maps A — Hom(V/Z,7) = Z ® T is an S(Z)-equivariant

isomorphism of A with A?(Z), the space of antisymmetric two tensors on Z. Notice that A acts
trivially on A, Z, and V//Z so that this factors to a S(Z)/A = GL(Z)-equivariant isomorphism

(12) A~ NN(T),

as a module for GL(Z). Finally, under this isomorphism the cone of decomposable elements in
A2(T) is the image of the set T of elements a of A with the property that there exist v,w € Z such
that

a(x) =z + g(z,v)w — g(z,w)v VreV.
Alternatively, T is the set of elements of A which are the identity on some 2n — 2 dimensional sub-

space of V' containing Z. The subspace determines the group element essentially uniquely and then
restriction of the above isomorphism to 7" corresponds to the Pliicker embedding of its orthogonal
in A%(Z).

We can realise S(Z) as a group of affine transformations of an affine space of which A is the
group of translations. Consider the exact sequence of vector spaces:

0T —-VEVv/I-o,
and let
A={se€ Hom(V/Z,V): pos = Idy and Ims is maximal isotropic }
={s€ Hom(V/Z,V) : g(sop(v),i) = g(v,i) Vv € V,i € T and Im s is maximal isotropic }

be the space of isotropic splittings. (One can also identify A with the space of maximal isotropic
complements of Z by s € A — Im s).
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This is not a linear subspace of Hom(V/Z, V') but it is stable under the natural action of S(Z):

frrgofog™
and then the group A acts on A as follows: if s € A and if we write a € A as a = Idy + «, then

a maps s to s’ = s + a. To check that s’ € A first note that po s' = po s = Idy 7 and so s’ is a
splitting. Further,

(13) g(s" o p(v), 5" 0 p(w)) = g(s 0 p(v), 0 p(w)) + g(ev o p(v), s © p(w))
(14) = 9(v,a o p(w)) + g(aro p(v), w)
(15) = 9(v,a(w)) + g(a(v), w) =0,

and hence s’ € A. It s clear that s — s’ defines a free group action of A on A.

To see that A acts transitively, take s, s’ € A. Thena = s’ — s € Hom(V/Z,Z) and
(16) 0= g(s" o p(v),s" o p(w)) = g(s o p(v), & 0 p(w)) + g(ev 0 p(v), s 0 p(w))
(17) = g(v, a0 p(w)) + g(ero p(v), w),
and the difference s’ — s of the two isotropic splittings is in A.

With respect to this affine structure the group S(Z) acts by affine transformations on A. The
tangent space at any point of A is canonically isomorphic to A and hence carries a cone structure
induced by 7" C A and this is clearly preserved by the affine action of S(Z). From the theory of

3-graded Lie algebras one can see that S(Z) is exactly the group of affine transformations of .4
which preserve this cone structure.

REMARK 4.1. Of course for vector spaces V defined over R or C some of the above is standard
(e.g. [Wo]).

Let Z be a fixed maximal isotropic subspace of V. An Z-polarisation of (V, g) is a decompo-
sition V' = Z @ & such that £ is a maximal isotropic subspace of V, i.e. an element of A above.
Choose a basis i1, ...,i, of Z and let eq, . . ., e,, be the basis of £ satisfying

. 1
g(ea,zb) - 5 ab-

The Clifford algebra relations xy + yx = 2g(x, y)Id imply that for all 1 < a,b < n,
1qly + 1plq = 0
eq.ep + epeqg = 0
(18) 1a€b + €plg = Ogp-
In terms of this basis the grading operator has the following expression:
PROPOSITION 4.2.
e= (i1 —e1)(i1+e1)...(in — en)(in + €n), in particular e € C*".

For a maximal isotropic subspace Z, an Z-polarisation V' = Z& &, and bases {i, }, {e, } of Z and
€ as above, since g(i,teq, iptep) = £4p and g(iqg+eq,ip—ep) = 0, the set {igzte, : 1 <a < n}
is an orthonormal basis of V" as used in §1. For 1 < a < n, set

E,=¢eq+tq,Fz =eq — iq-

Then {E1, Ey, ..., E,, Ez} is an orthonormal basis with g(E,, E,) = 1 and g(F3z, Ez) = —1. We
order this basis by
1<1<2<2<...n<n.

The use of e; in two different ways in a basis, as in §1 and here in §5, hopefully does not lead to
confusion.
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5. Pure spinors

E. Cartan found a beautiful relationship between the maximal isotropic subspaces of V and
a distinguished subset of spinors in S. More precisely, he showed that to each maximal isotropic
subspace 7 there is a unique (up to scalar multiplication) nonzero element vz € S such that

o vi=0 Vl<a<n.

In the language of E. Cartan v is called a pure spinor, and in the language of physics a vacuum.
Take an Z-polarisation of (V, g), so that V' =7 @ £, and with bases as in §4. Then the grading
operator, € € C, defined there determines the spaces of half-spinors
€Y =dYy Vipp € Si.

Repeated use of (18) shows that v is in the half-spinor space S associated to e.
A basis for S is obtained by applying succesive “creation operators” e, to the “vacuum” vz, so
that S is then the space of “even particle states”, S_ the space of “odd particle states”:

St =< vz,ep€iy...6, vy 1<y <ipg<...ip <n, kiseven >
S_=<ejepy...e, v 1< <ipg <...ip <n, kisodd > .
(19)
Notice that e;, €;, . .. €;, - vz is a pure spinor with
Anny(ej €y ... €5, - VT) =< ep,ig: p € {i1, - ,ix}, ¢ & {ir, - i} >,
a maximal isotropic subspace.

REMARK 5.1. The basis of pure spinors is an effective computational tool in spinor algebra.
Essentially, its use converts computations to combinatorial statements about the parameters for
pure spinors.

An easy example of this is the matrix of the spinor norm B. It is helpful to compare this to
Proposition 2.6.

PROPOSITION 5.2. If K = {ki,...,k,} and J = {j1,...,jq} are ordered subsets of
{1,2,...,n} weset e = e, ...ex,, €5 = ¢€j ...e;, and ey = 1. Then
(20) (a) Blex-vr,eyj-vz)#0 = KnNnJ=0and KUJ={1,2,...,n}ie J=K°,
(21) (b) B(vz,ereges...en-vy) #0.

For another easy example, take an Z-polarisation V' = Z @ £ and define the following element
of the Lie algebra C?:

n

(22) H= % > (€aia — iata)-

1

This is independent of the choice of bases {i, }, {e, } above. It is an element of C? since the set
{eqey,iaip: 1 <a < b<n}U{eqip—ipeq : 1 < a,b<n}isabasis of C2.

PROPOSITION 5.3. Forl1 <a<nand1l <i3 <--- <1 <mn,
. . n
(a) [H,eq) =e€q; (b) [H,iq) = —ia; (c) Hejeiy...€, v =(k—=)ei€py...€i V1.

2
H is a useful substitute for what is called the number operator in physics, N = > 0~ e4iq,

which is not in C2.
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6. Computations of L,

6.1. The operator L.
Recall the definition of the operator Lo:

La(¢.9) = 57 Zg ei,ei)g(ej, €;)B(o, ejei - )eie;.
1<j

Using the basis {E,, Ey } from §4 we obtain an alternative expression for 1~Lg = 27~11, which
is more convenient for the computation of the matrix of Ls.

PROPOSITION 6.1. In terms of the basis of C? : {eqep, iqiy : 1 < a < b < n} U {eqiy — ipeq :
1 <a,b<n}wehave

Lo(Y1,42) = Z B(eqep - 11, Y2)iqty + Z B(iqiy - V1, 12)eqep + Z B(eqiy - ¥1,%2)(1ah — €pia)
ab a#b a#b

1 . . . ;
(23) + 5 Za: B((eaza - Zaea) : 1/}17 ¢2)(Za€a - €a'la).
Proof- In a basis {Ea, E;}

Lo(Y1,1h2) = ZQ E;, E;)g(E;, Ej)B(yn, B E; - o) E; B

z<j

and using the ordered basis this sum can be split into two subsums:

1
(24) 3 Z 9(Es, Ey)g(E;, B;) B(Yr1, ERE; - o) B E;
and
5> (o(Be B (B, E)) B, EiEr - vo) BB,
1<j

+9(Ei, Ei)g(Ej, E;)B(Y1, E;E; - h2) B E;
+9(E;, E5)g(Ej, Ej)B(Y1, B E; - 2) EE
(25) +9(E;, B)g(Ej, Ey) B, B3 E; - 2) EiE; ).

Since
Eq Eq = —eqiq + Z‘aeaa EaEq = —igeq + €q4lq
the sum (24) reduces to

(26) _% Z B(¢17 (eaia_iaea) 'w2)(iaea_eaia) = % Z B((eaia_iaea) '¢17¢2)(iaea_eaia)

and this is the last term in (23).
To simplify (25) we first observe that

EaEb = €qb + eaib + Z‘aeb + Z'aiba EaEl_) = €a€p — eaib + Z‘aeb - Z‘aib7

(27) EaEy = eqp + €qip — ia€p — iy, Faly = eqep — eqlp — ia€p + iaip,
Hence for fixed a < b, the coefficient of e, in (25) is
1
= (B(1, EyEq - 1p2) — B(4p1, EgE, - 2) — B(y1, EyEg - 12) + B(1, EyEq - 12))
2

which can be written )
B, (By — Ep)(Ea — Eg) - 12),



PURE SPINOR ALGEBRA

13

that is
B(t1,ipia - 2) = 2B (iadp - P1,12).
Summing over all a < b we get
2 > Bliaiy - 1, ¥2)ea
1<a<b<n

which is the second term in (23). Similarly, looking at the coefficients of i, and i,e;, — epi, in (25)
we get the first and third terms of (23). QED

6.2. The matrix of INJ2.

Next we use the basis of pure spinors to simplify the expression. Let vz be a pure spinor defined
by the maximal isotropic subspace Z. Recall from §5 the basis of pure spinors and take 1 = ey - vz
and 1y = ey - vz. Most terms in the formula for Lo (e - vz, e - v) vanish by Proposition 5.2:

(a) Blegever-vr,ey-vz)#0 < INJ=0and I°NJ° = {a,b}.

(b) Bligiper - vz eg-vr) #0 <  INJ={a,b}and I°NJ° = (.

(¢) Blegiper-vz,ey-vr)#0anda#b < INJ={bland I°NJ° = {a}.
(d) B((eqiq —igeq)er - vr,eg-vr) #0 < INJ=0and I°NJ° = (.

REMARK 6.2. Note that (I N J) U (I¢ N J¢) = (IAJ)® where IAJ denotes the symmetric
difference of the sets I and J.

From this we can calculate the matrix of .2/2(6 1 - vz,ey - vr) in the basis of particle states
{e K Vz}.

PROPOSITION 6.3. EQ(E[ -vz,ey-vr) Z 0iff I and J satisfy one of (a), (b), (c), (d) above. In
those cases in terms of the basis {ef - vz} we have

() IfINJ =0and I°N J° = {a,b} then

Zg(ej *vVz,€ej - Vz)eK V7 = 2B(eaebef *Vz,€e7 VI)iaibeK V7.
() IfINJ ={a,b} and I° N J = () then

INJg(e[ -vr,eg-vr)eg - vy = 2B(igiper - VI, e - VI)eaepex « V1.
(o) IfINJ ={b}and I° N J° = {a} then

E2(e[ -vr,eg-vr)eg - vy = 2B(eqiper - VI, €5 - VI)ig€heK « V7.
(@) IfINJ=0and I°N J° = () then

REMARK 6.4. Given two pure spinors 1,1 such that Lo (1, 9") # 0, the intersection properties
of the associated maximal isotropic subspaces Anny (1)), Anny (¢)) determine La(),1)") up to a
constant:

o if B(¥,¢') = 0 then dim(Anny (1)) N Anny (¢)) = 2 and Lo(v), 1)) is proportional to
Q(w) for any nonzero w € A*(Anny () N Anny (¢')) (see [EC]).

o if B(1),1) # 0 then dim(Anny (/) N Anny () = 0 and La(v),) is proportional to
the operator H associated to the polarisation V. = Anny (¢) & Anny (1)) (see (22)).

This is a weaker but ‘geometric’ version of Proposition 6.3. For example, if ¢ = e - vz and
W' = ey - vz are as in Proposition 6.3 (a), we have

B(,¢") =0, Anny(¢) N Anny (@) =< g, i, >

1
Lo(er -vz,ey-vr)eg - vy = §B(61 cvr,ey-vr)(n=2[INK|—-2|I°NK)ek - vr.



14

SLUPINSKI AND STANTON

and this result implies that Lo (v, v is proportional to Q(iq Niy) = iqis, whereas more importantly
Proposition 6.3 also gives the constant of proportionality.

There is still some simplification possible in the parameters I, .J, K. Looking at the above more
closely we see that Lo(ey - vz, ey - v)eg - vz is ‘symmetric’ in I, J, K in the following sense.

COROLLARY 6.5.
(i) If either INJN K # Qor I°NJ°N K€ # () then

EQ(@[ -vr,ey-vr)eg - vy = 0.
(i) IFINJNK =0 and I°NJ°N K¢ = () then
Ly(e - vz, ey - vi)ex - vz is proportional to e(INT)U(JNK)U(KNT) * VI-
Now three subsets I, .J, K of {1,2,...,n} satisfying the conditions
(28) INJNK=I°NJ°NK* =10
define a partition of {1,2,...,n} into six disjoint subsets:
(1,2,....0} =(INJ)UJNE)UE NI UINI)U(JNKS) U (KN I°)

and in terms of this partition
I=INnJ)UKENI)U(J°NK°
J=(JNK)YUINJ)U(KNI°

(29) K=(KnIu(JNK)uU{I°nJ°.
The simplest example of three subsets satisfying the conditions (28) is given by three pairwise
disjoint subsets of {1,2,...,n} whose union is {1,2,...,n}. In fact this is the general case.

PROPOSITION 6.6. Let I, J, K be three oriented subsets of {1,2,...,n}. Suppose that
INJNK = 0and I°NJ*N K = (. Then there is a polarisation V. = T' ® ' and oriented subsets
I',J K" of{1,2,...,n} such that

(iJer-vr=¢€p, v, ey-vr=é€, v and ex-vr=eéy -vr.
(i) I'nJ =0,K =1r°nJe<andl’ UJ UK ={1,2,...,n}
(iii) If I, J, K are of the same parity then I', J', K' are of the same parity, i.e S4 or S_.
Proof. Set
T' = Vect < eq,ip: a€ (I°NJYU(J NKYU(KNI)be(INJ)U(JNK)U(KNI) >,
&' =Vect <eg,ip:ac (INJ)UJNK)UKNI),be (I°NJ)UJNK)U(K NI >.
Then it is clear that V = 7’ & £’ is a polarisation, and that
VI = e(In)U(JNK)U(KNI) * VI
is a pure spinor defined by Z'. It is equally clear that if
I'=(J°NK)U(JNK),
J =(K°NnI)U(KNI),
K' =({I°nJYu(InlJ),

then I'NJ =JNK' =K'nI'=0and ' UJ UK'={1,2,...,n}.
Define
e ifae(I°NJYUJNK)U (K NI,
ic fae(INJ)UJNK)U(KNI)
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and
R ifac(INJ)U(JNK)U(KNI),
“ Nig iface(INJ)U(JNKS)U(KCNITE).
Then {€, i, : 1 < a < n} satisfy the Clifford relations
iniy, + iy, =0
ene, + epel, =0
(30) iney + eyin, = dap
and up to signs,
6'1/ Vo = eJchCiJmK€(mJ)u(JmK)u(KmI) " VI = €JenKe€(InJ)u(Knl) " VI-
Since (J°N K¢)U (INJ)U (K NI)=1I this means (up to signs)
6/11 *Vzr =€y V1.

Similarly €/, - vor = ej - vz and €}, - vzr = e - vz. This proves (i). Parts (ii) and (iii) follow
immediately. QED

PROPOSITION 6.7. Let I,J, K be three oriented subsets of {1,2,...,n} that are pairwise
disjoint, INJ =JNK=KNI=0,and I°NJ°N K= (. Then

(i) I+ |J| + | K| =n.
(ii) If | K| is not equal to O or 2, then EQ(@[ -vr,ey-vr)eg - vy = 0.
(iii) If | K| = O then
Ly(er - vr,es-vr)ex - vr = Bler - vz,es - vr)(|I| — g)VZ-
(v)If | K| =2and K = {a)z} then
I~J2(€[ -vr,e5-vr)eg - vy = 2B(egper - VI, €5 - VI)VT.

Proof. Part (i) is clear since as we observed before I, J, K define a partition of {1,--- ,n}. Parts
(ii), (iii) and (iv) follow from Proposition 6.3 since I N.J = P and K = I° N J°. QED

In §8 we will need an expression for Lo,. Recall from (9)

1
Loy (1,12) = 279(61761) .. g(€ean,e2,)B(1, €2, ... €1 - 2)eq ... €.

A simplification of this in terms of pure spinors is rather straightforward.
PROPOSITION 6.8.

Lon(1h1,v2) = 2%3(%75 “1ha)e.

6.3. Résumé.
Let

e (V,g) be a 2n-dimensional vector space with a hyperbolic metric g;

e S be a space of spinors (i.e., we identify C'(V, g) with End(S) for some 2"-dimensional
vector space S

e B: S xS — kbe aspinor norm (Cartan form).

e V =7 & & be apolarisation of V;

e v be a pure spinor associated to Z (i.e., v - vz = 0 forall v € 7);
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® iy,...,inand ey,..., e, be bases of Z and £ respectively such that
iaip + ipia = 0
eq.ep + epeqg =0
€2y ia€h + €pla = Oab;
o Ly:S xS — C2%(V,g) be the normalised projection operator:

Lo(thr,02) = Y Bleaeothr, ha)iain + Y Bliaivth, 2)eacs + »_ Bleaivth, t2) (iaeh — evia)

a#b a#b aFb
1 . . . )

(32) + 5 Ea: B((eqiq — iq€a) - ¥1,02) (ig€a — €qla)-

Then for all oriented subsets I, J, K of {1,...,n} we have shown that:

° EQ(G['VI,GL}'VI)GK'VI:OUHIGSSIQJQK:@and[CﬂJCQKCZQ.
e IfINJNK =(and I°N J°N K¢ = () there is a polarisation V = 7’ & £’ and oriented
subsets I, .J', K’ of {1,--- ,n} such that

(Z) €r vV =e¢€y v/, ej-vVrg =¢€j - Vg, €K VI = €K’ V7.
(33) (i) I'nNJ =@and K’ =I°n.J°.

PROPOSITION 6.9.
Let I, J, K be three oriented subsets of {1,2, ... ,n} satisfying INJ = Qand K = I°NJ°".
Then

() I+ |J]+ |K| = n.
(ii) If | K| is not equal to O or 2, then .Z/Q(ej -vr,eg-vr)eg - vy = 0.
(iii) If | K| = 0 then
Lo(er -vr,ey-vi)ex - vz = Bler - vz, ey -vr)(|I| — g)vz.
(iv) If|K| = 2 and K = {ba} then
Ly(er -vr,ey-vi)er - vz = 2B(eqper - VI, €5 - VI)VT.

e In all cases EQ(@[ - V7,ej - Vr)ek - vr is proportional to enJy(JnK)(KnI) " VI-

7. Potential Lie algebra structures

As Cartan’s operator Ly (or Ly + Lay,) maps from S; x S; (or S x S) to C? (or C? @ C?™) it
provides a natural candidate for a type of “curvature”operator on S; (or S). Cartan’s calculation of
curvature operators for symmetric spaces then motivates possible Lie triple system structures.

If n = 0 mod 4, we can now define (: = 1, 2) a unique antisymmetric map

(C?a S) x (C*@ S;) - C?aS;

such that

(34) [A,B] = AB—BA ifA BeC?
(35) A =A-¢p ifAeC? YesS;
(36) [6,¢] = La(o,9)  if ¢, ¢ € 5.

Similarly, If n = 1 mod 4, we can define a unique antisymmetric map
(C?eCeS)x (C2aC™aS) - C*aC e S
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such that

(37) [A,B]= AB—BA ifA,BeC?a®C*™
(38) A =A-¢ ifAeC?aC™ ¢yes
(39) [6,9] = La(,¥) + Lon(¢,¥)  if 6,4 € 5.

The question is: do these brackets define Lie algebra structures on C2 & S; (n = 0 mod 4) and
C?’®C*™3 S (n =1mod 4) respectively? Since C2, C? @ C?" are Lie algebras , since S;, S are
representations and since Ly:8;x8S;— C%and Ly + Loy : S x S — C2@® C?" are equivariant
maps, this will be the case if and only if the following Jacobi identities are satisfied:

Lo(1,12) - 3 + La(¥2,3) - 1 + La(ts,91) 12 =0 (n = 0 mod 4)

and respectively if for some a,b € k*

(aLa+bLoy) (Y1, ) s+ (alo+bLoy) (12, ¥3) b1 +(ala+bLay) (Y3, 11) e =0  (n = 1 mod 4).

Note that if n = 8, C2 @ S; is of dimension 248 and that if n = 5, C2 ® C?" @ S is of dimension
78.

8. Spinor constructions of exceptional Lie algebras

8.1. Construction of split eg.

Let (V,g) be a sixteen-dimensional vector space with a nondegenerate hyperbolic symmetric
bilinear form g. Choose a 256-dimensional space of spinors S = S; & S and an isomorphism
C(V,g) = End(S). Sincen =8 =0mod 4, B: S x S — k is even symmetric and Ly : S x S —
C?(V, g) is even antisymmetric (Proposition 2.6 and Proposition 3.1).

On the 248-dimensional vector space

E=C*V,9)® S

following the procedure above we define [ , | : £ ® E — FE to be the unique antisymmetric
bilinear map such that:

(40) [A,B] = AB - BA if A,B c C%

(41) A=A fAecC? ¢esSh;

(42) [6,¢] = La(, ) if ¢, ¢ € Sh.

where Ly is given by (23). The bracket [ , | defines a Lie algebra structure on F iff

(43) Lo(1h1,92) - bs + La(2,3) - 1 + La(ths, 1h1) - tha = 0 Vapy, 1o, ¢b3 € St
Choose a polarisation V' = 7 & £ of V such that a pure spinor vz corresponding to Z is in S7 and
bases i1,--- ,i, and e, - - - , e, of respectively Z and £ such that

Talp + 1plg = 0

eqtp + epeg =0
(44) i0€h + €pla = Ogp-
Then

{ef-vz: |I|isevenor}

is a basis of S and to prove the Jacobi identity (43) it is sufficient to prove that
45) La(er vz, e5-vr)-ex v+ La(es vz,ex V) er-vi+Lo(ex vz, ef-vr)-ej-vy =0

for all even subsets I, J, K of {1,2,3,4,5,6,7,8}.
By the résumé above, all terms in this equation vanish unless INJNK = () and I°NJNK° = ().
So in fact we need only prove (45) for even subsets of {1,2,3,4,5,6,7,8} satisfying these two
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conditions. But then, again by the résumé, by changing the polarisation if necessary, we can always
assume that

InNJ=0, K=I°nJ°
and then all terms in (45) vanish unless one of the sets I, J, K has 0 or 2 elements. So in the end, to
prove that the bracket [ , ] defines a Lie algebra structure on F it remains to prove only that

(46) Lo(er-vz,e5-vr)-ex-vi+La(es-vr,ex -vr)-er-vi—+ Lolex -vr,er-vr)-es-vr =0
for those oriented subsets I, J, K of {1,2,3,4,5,6,7,8} such that

e |I|,|J| and | K| are even;

o [I|+|J|+ |K|=S8;

eINJ=JNK=KnI=1{

e One of |I|,|J| or | K] is equal to O or 2.
Up to permutations of I, .J and K the only possibilities are

(i) [I] =0,|J] =0and |K| =8;
() [I| =0, |J| =2and |[K| = 6;
(iii) |[I| =0,|J| =4 and |K| = 4;
(v) [I| =2,|J| =2and |K| = 4.

Since |K| # 0 and | K| # 2 in all four cases we have

Ly(er - vr,eq-v)-ex vz =0
and hence proving (46) reduces to proving that
(47) Ly(es - vz,ex - vr)-er v+ La(ex - vr,er-vr) ey vz =0
for all subsets I, J, K of {1,2,3,4,5,6,7,8} satisfying one of (i), (ii), (iii) or (iv).
Case (i): Wehave ] = J = Q) and K = {1,2,3,4,5,6,7,8}. By Proposition 6.9 (iii) this means
that B
Lo(ey-vr,ex -vy)-er-vy = —4B(vy,ex - vI)vr
and R
Lg(eK . VI,VI) c€ej Vg = 4B(6K . VI,Vz)Vz.

Hence B B

Lo(ey - vz,ex -vz)-er vz + La(ex - vr,ef-vr)-ej vy =0
since B is symmetric.
Case (ii): We have I = () and without loss of generality we can suppose J = {1,2} and K =
{3,4,5,6,7,8}. By Proposition 6.9(iii) this means

Lo(ey - vz,ex - vz) - er vz = —2B(e12Vz, e345678 - VI)VT
and by Proposition 6.9(iv) that
Ly(ex - vz,er-vr) ey vz =2B(ea1 - esasers - VI, VI)VT.

Hence from B(e12 - vz, 345678 - VI) = B(ea - v, e1esus67s - VI) = B(VT, e2e1€345678 - v7) and
the fact that B is symmetric it follows that

.Z/Q(@J'VI,@K‘VI) -€]’V1+I~/2(€K 'VI,ej-Vz) -€J-VI:O
Case (iii): We have I = () and without loss of generality we can suppose J = {1,2,3,4} and
K = {5,6,7,8}. By Proposition 6.9 (iii) this means (4 = %!) that

ZQ(GJ‘Vl',eK -Vz) '6]'VZ:0

and by Proposition 6.9 (ii) that

Lo(ex -vz,vr)-ey-vz =0.
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It follows immediately that
.Z/Q(ej'VI,eK‘VI) -€]’V1+I~/2(€K 'VI,€]’VZ) ‘€J‘VI:O

Case (iv): We can suppose without loss of generality that I = {1,2}, J = {3,4} and K =
{5,6,7,8}. By Proposition 6.9(iv) this means that

Lo(ej - vz,ex - vz)-er-vr = —2B(e12€34 - VI, €5678 - VI)VT
and that
Lo(er - vz er-vr) -ej- vz = 2B(e43e5678 - VI, €12 - VI)VT.
Hence from B(ej2e34 - V1, e5678- V) = B(Vv7, eqezeseresers - vr) and the fact that B is symmetric
it follows that
LQ(GJ-VI,GK -Vz) '6]'V1+L2(6K-VI,€[ 'Vz) '€J-VZ:0.
PROPOSITION 8.1. The Lie algebra constructed above is simple.

Proof. The Lie bracket we have just defined on the 248-dimensional vector space
E=C3(V.g)& S
has the following properties:
(i) C?(V,g) is a simple Lie subalgebra;
(ii) the bracket of C?(V, g) with S; defines a nontrivial irreducible representation of C?(V, g)
on S1;
(i) dim(C?(V,g)) > dim(S1);
(iv) [S1,81] = C*(V.g) -

We denote by w2 : E — C%(V, g) and g, : E — S the projections defined by the direct sum
decomposition E = C%(V, g) @ S;. Clearly these are C%(V, g)-equivariant maps whose respective
kernels are S; and C?(V, g).

If 7 is a nonzero ideal in E then 7o2(Z) cannot be equal to {0} - if so then Z C S; which

would imply Z = S; (cf. (ii)) and this is impossible since Sy is not an ideal (cf. (iv)). From the
equivariance of -2 and the irreducibility of C?(V/, g) it then follows that

(48) me2(I) = C*(V, g)
and similarly, since C?(V, g) is not an ideal (cf. (ii)), we have
(49) s, (T) = Si.

The rank theorem for 2 : Z — C?(V, g) and (48) imply

dim(Z) > dim(C*(V, g))
and by (iii) this means

dim(Z N C*(V, g)) > 0
which by (i) implies
(50) INC*V,g) =C*V,g).
It now follows from (49), (50) and the rank theorem for 7g, : Z — S; that
dim(Z) = dim(Z N C*(V, g)) + dim(zs, (T)) = dim(C?*(V, g)) + dim(S;) = dim(E)
and hence
I=F.
QED
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8.2. Construction of split e;.

Let (V,g) be a twelve-dimensional vector space with a nondegenerate hyperbolic symmet-
ric bilinear form g. Choose a 64-dimensional space of spinors S = S; @ So and an isomor-
phism C(V,g) = End(S). Sincen = 6 = 2mod 4, B : S x S — k is even antisymmetric
and Ly : S x S — C?(V,g) is even symmetric (Proposition 2.6 and Proposition 3.1). Hence
(S1,B,C?(V,g), L) is a symplectic representation of the Lie algebra C'?(V, g) possessing a natural
equivariant symmetric bilinear form Ly with values in C 2(V,g).

Following [Fa] or [GSSR] we can define a Lie bracket on the 133-dimensional space

E=C*V,g) ®sl(2,k)®S1 ® k>
if ﬂg (or a multiple of ﬂg) satisfies the equation

Lo(¥1,v2) - b3 — Lo(th1,13) - P2 = —B(31,02)3 + B(¥1,¥3)be + 2B (Yo, ¥3)¢1

(5D Vip1, ¥, ¥3 € S1.
Choose a polarisation V' = Z ¢ £ of V such that a pure spinor vz corresponding to Z is in S7 and
bases i1, - ,i, and ey, - - - , e, of respectively Z and £ such that

Talp + 1pig = 0
eq€p + epeg =0
(52) 1q€p + €pia = Ogp-
Then
S1 = Vect{es - vz : |I]iseven}
and to prove the identity (51) it is sufficient to prove that

Lo(er - vz,ey-vr)-ex vz — Loer - vi,ex Vi) ey vr =
(53) — B(el “Vz,ej - VI)GK . VI+ B(eI *VZ,€K VI)6J A% + 2B(€J *VZ,€K VI)GI Vg

for all even oriented subsets I, J, K of {1,2,3,4,5,6}.

By the résumé above, the two terms on the LHS of this equation vanish unless I N J N K = ()
and I¢ N J°N K¢ = () and by Proposition 5.2 the three terms on the RHS vanish if I N J N K # (.
Hence we need only prove (53) for even subsets of {1,2,3,4,5,6} satisfying I NJ N K = () and
I°NJen K¢ = () . But then, again by the résumé, by changing the polarisation if necessary, we can
always assume that

INJ=0, K=I°NnJ°
and then all terms on the LHS of (53) vanish unless one of the sets I, J, K has 0 or 2 elements. So
in fact to prove (53) for all even oriented subsets I, .J, K of {1,2,3,4,5,6} it is sufficient to prove
that

Ly(er-vr,es-vr)-ex v — La(es - vr,ex -vr)-e; v =
(54) — B(el “Vz,ej - VI)GK %A + B(eI *VZ,€K Vz)ej -V + 2B(€J *VZ,€K VI)GI Vg
for all oriented subsets I, J, K of {1,2,3,4,5,6} such that
e |I|,|J| and | K| are even;
o [I|+|J|+|K|=6;
eInNJ=JNK=KnI=10
e One of |I|,|J| or | K] is equal to O or 2.
Up to permutations of I, J, K the only possibilities are
(i |I| =0, |J| =0and |K| = 6;
@) |I| =0, |J] =2and |K| = 4;
(iii) |I| = 2.|J| = 2 and |K| = 2.
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Case (i): Wehave I = J = and K = {1,2,3,4,5,6}. By Proposition 6.9(ii) this means that
EQ(G[ 'VZ,6J'VZ) CeK 'VZ:O
and by Proposition 6.9(iii) that
Lo(er - vz ex - vr) - ey v = —3B(Vz, €123456 - VI) V7.
Hence the LHS of (53) is
3B(Vvz,e123456 - VI)VT

which is equal to the RHS of (53) since by Proposition 5.2,

—B(ej ~Vz,ej - VI)GK V7 + B(eI *VZ,€K VZ)€J A% + 2B(€J *VZ,€K VI)GI Vg
reduces to

0+ B(vz,e123456 - VI)VT + 2B(Vz,€123456 - V)er - VI = 3B(Vz, e123456 - VI)VT.
Case (ii): We have I = () and without loss of generality we can suppose J = {1,2} and K =
{3,4,5,6}. By Proposition 6.9(ii) this means that
Lo(er -vr,e5-vr)-ex -vr =0
and by Proposition 6.9(iv) that
Lo(er - vz ex - vz) - ey - vz = 2B(ex vz, €356 - VI)VT.
Hence the LHS of (53) is
—2B(e21Vz, €3456 - VI)VT

which is equal to the RHS of (53) since by Proposition 5.2,

—B(er-vr,e5-Vvr)ex - v+ Bler - vr,ex - vr)ey - vz +2B(ej - vz, ex - vr)er - vr
reduces to

0 + 0 + QB(elg.VI, €3456 * Vz)VZ = —23(621VZ, €3456 * Vz)Vz.
Case (iii): Without loss of generality we can suppose [ = {1,2}, J = {3,4} and K = {5,6}. By
Proposition 6.9(iv) this means that
Lo(er - vz e vr) - ek - vz = 2B(egse12 - VI, €31 - VI)VT
and that B
Lo(er - vz,ex - vz)-ey-vr = 2B(esze12 - VI, €56 - VI)VT.
Hence the LHS of (53) is
2B(egse12 - VI, €34 - VI)vr — 2B(eqze1z - vz, es6 - vr)vr = 0.

The RHS of (53) also vanishes since each term of

—B(e[ -vrz,ej - Vz)eK - V7T + B(el “VI,eK - VI)eJ - V7 + 2B(€J “VI,eK - Vz)EI -V7
vanishes by Proposition 5.2.

PROPOSITION 8.2. The Lie algebra constructed above is simple.

Proof. The Lie bracket we have just defined on the 133-dimensional space
E=C%V,g)®sl(2,k)® S @ k?
has the properties:
(i) C*(V,g) and sl(2, k) are commuting simple Lie subalgebras;
(ii) the bracket of C2(V, g)@sl(2, k) with S; ®k? defines a faithful, irreducible representation
of C%2(V, g) @ sl(2,k) on S ® k?;
(i) [S1 @ k%, S1 @ k*] = C*(V, 9) @ sl(2, k).
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Pick any standard semisimple / in sl(2, k). Then ad(h) : E — F is diagonalisable with eigenvalues
{0,+1,+2} and:

e C?(V,g)®sl(2,k) = E, is the sum of the eigenspaces corresponding to even eigenvalues;
e 5] ® k? = E_ is the sum of the eigenspaces corresponding to odd eigenvalues.

Let Z be a nonzero ideal in E. Then [h,Z] C 7 and hence
I=INE, ®INE_.

IfZNE_ = {0} then Z =ZN E; # {0} which is impossible since no nontrivial ideal of E can be
contained in Ey (E acts faithfully on E_ by (ii)). Hence Z N E_ # {0}.

If ZN E_ # {0} then in fact Z N E_ = E_ since Z N E_ is stable under £y and E_ is
an irreducible representation of £ (cf (ii)). However if Z contains F/_ it contains . by (iii) and
hence 7 = F.

QED

8.3. Construction of split eg.

Let (V, g) be a ten-dimensional vector space with a nondegenerate hyperbolic symmetric bi-
linear form g. Choose a 32-dimensional space of spinors S = 57 & Sy and an isomorphism
C(V,g) = End(S). Sincen =5 =1 (mod 4), B: S xS — k is odd symmetric (Proposition 2.6),
Ly : S xS — C%(V,g) is odd antisymmetric (Proposition 3.1) and Lo : S x § — C'(V, g) is
odd antisymmetric (Proposition 3.6).

Consider the 78-dimensional vector space

E=C"(V,9) & C*(V,g) & S.

Following the procedure in §7 define [ , | : F ® E — E to be the unique antisymmetric bilinear
map such that:

(55) [A,B] = AB — BA if A,BecC*aC

(56) [A, 0] = Ao ifAcC?*aC ¢cS

(57 [W1, 2] = 2La(t1,12) 4+ 96L10 (b1, 2) if 1,99 € 5.

Since C?,C? & C'0 are Lie algebras , since S is a representation and since Lo : S x S — C2 and
2L9+96L1g : S x S — C? @ O are equivariant maps, this map defines a Lie bracket on F if and
only if the following Jacobi identies are satisfied:

(2La + 96L10) (1, 92) - b3 + (2La + 96L10) (12, %3) - b1 + (2La + 96L10) (13,101) - tha = 0
(58) Vpr, 4o, 1p3 € S.

Recall that if ¢ € C19(V, g) is a grading operator then

1
Lio(Y1,92) = gB(l/Jl’E “a)e
so that this is equivalent to

2L (Y1,92) - ¥3 + 2L (1o, ¥3) - 1 + 2La(3,1h1) - b2 =
—3B(¢1,€ - 2)e - 1p3 — 3B(Y,e - P3)e - 1 — 3B(Y3,€ - P1)e - o
(59) v¢17¢27¢3 € s.

A purist would say that in this example we should use the graded spinor norm described in §3.1.
However, the calculations in §6 were all done with the usual spinor norm. For the sake of ease of
verifying the result we shall not use the graded norm but just the usual spinor norm.
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Choose a polarisation V = Z @ & of V such that a pure spinor vz corresponding to Z is in S
and bases i1, -+ ,i, and ey, - - - , e, of respectively Z and £ such that
Talp + 1piqg = 0
eqtp + epeg =0
(60) 1a€p + €pia = Ogp-
Then
S1 = Vect{es - vz : |I]iseven}, So = Vect{es-vz: |I|isodd}
and to prove the identity (59) it is sufficient to prove that
252(6] ~Vz,€ejg - Vz) e VT + 252(6] *V7,€eK - VI).GI -V + 252(6[{ *Vz,€er - VI) €y Vg =
(61)
—3B(€['Vz,E-EJ'Vz)e'BK'VI—3B(eJ'Vz,E-eK'Vz)E'EI-Vz—3B(eK'Vz,E'e['VI)E-eJ'
for all oriented subsets I, J, K of {1,2,3,4,5}. .

If |1],]J]|, |K| are of the same parity, all terms in this expression vanish (Ly and B are odd) and
the identity is true. If | 1], |.J|, | K| are not of the same parity two of them must be even and one odd,
and without loss of generality we can suppose ||, |.J| are even and |K| is odd. Since Ly and B are
odd the identity (61) then reduces to

2E2(€J *VZ,€K VI)-ej %A + 252(6]{ *Vz,€r - Vz) €y -V =
(62) 3B(ej-vze-ex-vr)e-er-vy —3B(ex - vr,e-er-vr)e-ey-vr.
By the résumé above, the two terms on the LHS of this equation vanish unless 7 N J N K = () and
I° N J¢N K¢ = () and by Proposition 5.2 the three terms on the RHS vanish if 7 N.J N K # ().

IfINJNK =@and I°NJ°N K® = () then by changing the polarisation if necessary, we can

always assume that

INJ=0, K=1I°nJS,
and then all terms on the LHS of (62) vanish unless one of the sets I, J, K has 0 or 2 elements. Up
to permutations of I, J, K the only possibilities are

(i) [I] =0,|J] =0and |K| = 5;
() [I| =0, |J| =2and |[K| = 3;
(iii) [I| =0,|J]| =4 and |[K| = 1;
(v) [I| =2,|J| =2and |K| = 1.
Case (i): We have [ = J = fand K = {1, 2, 3,4, 5}. By Proposition 6.9(iii) this means that
~ )
2Ls(ey - vz, ex -vy)-er-vy = 2B(vr,e19345 - vr)(0 — §)VI
and that 5
2Lo(er - vz, er-vr) ey - vz = 2B(e12345 - v, vz)(5 — §)VZ

Hence the LHS of (62) vanishes since B is symmetric as does the RHS for the same reason.

Case (ii): We have I = () and without loss of generality we can suppose J = {1,2} and K =
{3,4,5}. By Proposition 6.9(iii) this means that

~ 5
2Lo(ey - vz, ek -vr)-er- vz = 2B(e12vr, €35 - vI)(2 — §)VL

and by Proposition 6.9(iv) that
2Ls(ex - vz.er-vr) ey vz = 4B(ea1 - €345 - VI, VI)VT.
Hence the LHS of (62) reduces to

3B(ea1 - €345 - VI,VT)VT.
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The RHS of (62) is
3B(ej-vz,e-ex-vr)e-er-vr —3B(ex -vr,e-er-vr)e-ej-vg
which by Proposition 5.2 also reduces to
3B(e12 - v, €345 - vr)vz — 0 = 3B(ea1 - €345 - VI, VT)V7T.
Case (iii): We have I = () and without loss of generality we can suppose J = {1,2,3,4} and
K = {5}. By Proposition 6.9(iii) this means that
2Ly(ey-vr,ex -vr)-er-vr = 2B(e1a34 - VI, €5 - v)(4 — =)vr
and by Proposition 6.9(ii) that
2Ly(ex -vr,er-vr)-ey-vr =0
Hence the LHS of (62) reduces to
3B(e12345 - VI, VI)VT.
The RHS of (62) is
3B(ej-vz,e-ex-vr)e-er-vr —3B(ex -vr,e-er-vr)e-ej-vg
which by Proposition 5.2 also reduces to
3B(e1234vz, €5 - vr)vz — 0 = 3B(e12345 - VI, VI)VT.
Case (iv): We can suppose without loss of generality that I = {1,2}, J = {3,4} and K = {5}. By
Proposition 6.9(iv) this means
2Ly(ey-vr,ex -vz)-er-vr =4B(ea1 - €34 - VI, €5 VI)VT
and .
2Ls(ex - vy, er-vy)-ey-vy = 4B(eq3- €5 vy, €12 VI)VT.
Since
Blea1 - €34 vz, e5-vz)vr = B(ess - €21 - vz, €5 vr)vz = Blear - vz, e43 - €5 VI)Vz
and B is symmetric, the LHS of (62) vanishes as do all terms on the RHS by Proposition 5.2.
PROPOSITION 8.3. The Lie algebra constructed above is simple.

Proof. The Lie bracket we have just defined on the 78-dimensional space
E=C*V.g)®CP(V,9)® S
has the properties:

(i) C%(V,g) is a simple Lie subalgebra and C1°(V, g) is its one-dimensional commutant in
E;

(ii) there exists ¢ € C'(V, g) such that; ad(¢) : E — E is diagonalisable with eigenvalues
{0,£1} and S = E_; @ Ej is the decomposition of S into faithful, non-isomorphic
irreducible C2(V, g)-modules.

(iif) [E-1, Ba] = C*(V,g) & C(V, g).

Let Z be a nonzero ideal in E. Then [¢,Z] C 7 and hence
IT=INEdINE_1®INE.

IfZNE_1 =ZNE;={0}thenZ =7ZnN Ey# {0} which is impossible since no nontrivial ideal
of F can be contained in Ej by (ii) (Ey acts faithfully on S by (ii)). Hence either Z N E_; # {0}
orZN Ey # {0}.
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IfZNE_y # {0} theninfact ZN E_; = E_; since Z N E_; is stable under Fy and F_; is
an irreducible representation of Ej (cf (ii)). However if Z contains F_ it contains Ej by (iii) and
hence Z = E. Similarly, if Z N E; # {0} then Z = E and the proposition is proved. QED

References

[Ad] J.F Adams, Lectures on exceptional Lie groups Edited by Zater Mahmud and Mamoru Mimura. With a foreword
by J. Peter May. Chicago Lectures in Mathematics. University of Chicago Press, Chicago, IL, (1996) xiv+122 pp.

[EC] E. Cartan, Legons sur la théorie des spineurs Vol. 1, Actualités Sci. Indust. No. 643, Hermann, Paris, (1938); Vol.
11, Actualités Sci. Indust. No. 701, (1938).

[Ch] C. Chevalley, The Algebraic Theory of Spinors and Clifford Algebras Collected Works, v.2 Springer Verlag Berlin,
Heidelberg (1997).

[Fa] J.R. Faulkner, A construction of Lie algebras from a class of ternary algebras Trans. AM.S. 155, 397-408
(1971).

[K] B. Kostant, On invariant skew-tensors Proc. Natl. Acad. Sci. USA 42, 148-151 (1956).

[MoSe] A. Moroianu and U. Semmelmann, Invariant four-forms and symmetric pairs Ann. Global. Anal. Geom. 43,
107-121 (2013).

[Se] G. B. Seligman, Rational methods in Lie algebras Lecture Notes in Pure and Applied Mathematics, v.17 Marcel
Dekker, Inc., New York-Basel, viii+346 p. (1976).

[GSSR] M. J. Slupinski and R. J. Stanton, The geometry of special symplectic representations Journal of Algebra 428,
149 -189, 15 April 2015.

[Wo] I. A. Wolf, Unitary representations of maximal parabolic subgroups of the classical groups Mem. Amer. Math.
Soc. 8 (1976), no. 180, iii+193 pp.

IRMA, UNIVERSITE DE STRASBOURG, 7 RUE RENE DESCARTES, F-67084 STRASBOURG CEDEX FRANCE
E-mail address: marcus.slupinski@math.unistra.fr

1937 BEVERLY RD, CoLUMBUS, OH 43221
E-mail address: stanton.2Qosu.edu



