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DETERMINATION OF NON-COMPACTLY SUPPORTED ELECTROMAGNETIC
POTENTIALS IN UNBOUNDED CLOSED WAVEGUIDE

YAVAR KIAN

ABSTRACT. We study the inverse problem of determining a magnetic Schrodinger operator in an unbounded
closed waveguide from boundary measurements. We consider this problem with a general closed waveguide
in the sense that we only require our unbounded domain to be contained into an infinite cylinder. In this
context we prove the unique recovery of the magnetic field and the electric potential associated with general
bounded and non-compactly supported electromagnetic potentials. By assuming that the electromagnetic
potentials are known on the neighborhood of the boundary outside a compact set, we even prove the
unique determination of the magnetic field and the electric potential from measurements restricted to a
bounded subset of the infinite boundary. Finally, in the case of a waveguide taking the form of an infinite
cylindrical domain, we prove the recovery of the magnetic field and the electric potential from partial
data corresponding to restriction of Neumann boundary measurements to slightly more than half of the
boundary. We establish all these results by mean of a new class of complex geometric optics solutions and
of Carleman estimates suitably designed for our problem stated in an unbounded domain and with bounded
electromagnetic potentials.

Keywords : Inverse problems, elliptic equations, electromagnetic potential, Carleman estimate, unbounded
domain, closed waveguide, partial data.

Mathematics subject classification 2010 : 35R30, 35J15.

1. INTRODUCTION

1.1. Statement of the problem. Let € be an unbounded open set of R? corresponding to a closed waveg-
uide. Here by closed waveguide we mean that there exists w a C? bounded open simply connected set of R?
such that the following condition is fulfilled

QCwxR. (1.1)
For A € L>(Q)3, we define the magnetic Laplacian A4 given by

Ap=A+2iA-V +idiv(A) — |A]%

According to [19, Theorem 3.4 page 223], for any u € H'(Q) and ¢ € C5°(), we have up € Wy (), where
Wy (€2) denotes the closure of C§°(Q) in W''(Q). Therefore, using a density argument we can prove that,
for any u € H'(Q2) and A € L*°(Q2)3, we have div(A)u € D'(2) and Au € D'(Q). Thus, for ¢ € L>=(Q;C)
and u € H'(Q), we can introduce the equation

Aju+qu=0, inQ (1.2)

in the sense of distributions. Since we make no assumption on the boundary of 2, in a similar way to [34],

we define the trace map 7 on H'(Q) by 7u = [u] with [u] the class of u in the quotient space %, where

H}(Q) denotes the closure of C§°(9) in H'(Q2). We associate to any solution v € H'(Q) of (1.2) the trace

/ !/
Naqu € (%) , with (gégg;) the dual space of %, defined by

(N4 qu,7g) N / (V+id)u-(V+iA)gdx +/ qugdz, g € H(Q).
Hé(ﬂ) ’Hé(ﬂ) Q Q
1
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Here, by using a density argument, one can prove that this map is well defined for u solving (1.2) since for
g € H}(Q) the right hand side of this identity is equal to 0.

Recall that for Q@ = w x R one can identify gigg; to H2 (0w x R) := L2(R; H2 (8w) N H2 (R; L2(w)).
0

Then, for u € H'(Q) solving (1.2) and A € W'>(Q)3, we have Tu = u|pq and

Nygu=—0,,u=—0u—i(A-v)uec H (0w xR) = (H? (0w x R)),

with v the outward unit normal vector to dw x R. This means that —N4 , is the natural extension of the
magnetic normal derivative in non smooth setting for general unbounded domains satisfying (1.1).
We introduce then the data

Dag = {(Tu,Nau): ue& H(Q), usolves (1.2)}. (1.3)

Note that for @ = w x R, A € W1*(Q)? and assuming that 0 is not in the spectrum of A4 + ¢ with
Dirichlet boundary condition, D4 , corresponds, up to the sign, to the graph of the so called Dirichlet-to-
Neumann map associated with (1.2). In this paper we consider the simultaneous recovery of the magnetic
field associated with A and ¢ from the data D4 ,. We consider both results with full and partial data.

1.2. Physical motivations. Let us first observe that, the problem addressed in this paper is linked to the
so called electrical impedance tomography (EIT in short) method and its applications in medical imaging
and geophysical prospection (see [51] for more detail). The statement of the present inverse problem in an
unbounded closed waveguide can be addressed in the context of problems of transmission to long distance or
transmission through particular structures, with important ratio length-to-diameter, such as nanostructures.
Here the goal of the inverse problem can be described as the unique recovery of an electromagnetic impurity
perturbing the guided propagation (see [10, 25]). Let us also mention that in this paper we consider general
closed waveguides, only subjected to condition (1.1), that have not necessary a cylindrical shape comparing
to other related works like [14, 15, 30]. This means that we can consider our inverse problem in closed
waveguides with different types of geometrical deformations, including bends and twisting, which can be
used in several context for improving the propagation of signals (see for instance [46]).

1.3. State of the art. We recall that the Calderén problem, addressed first in [5], has attracted many
attention over the last decades (see for instance [11, 51] for an overview of several aspects of this problem).
The first positive answer to this problem in dimension n > 3 has been addressed by Sylvester and Uhlmann
in [48]. Here the authors introduced the so called complex geometric optics (CGO in short) solutions which
remain one of the most important tools for the study of this problem. This last result has been extended
in several way. For instance, we can mention the problem stated with partial data by [4] and improved
by [27]. One of the first results about the recovery, modulo gauge invariance, of electromagnetic potentials
has been addressed in [47] where the author proved the determination of magnetic field associated with
magnetic potentials A lying in W2 by assuming that the magnetic field is sufficiently small. The smallness
assumption of [47] was removed by [38] for smooth coefficients. Since then, [49] extends this result to
magnetic potentials lying in C! and [41] extends it to magnetic potentials lying in a Dini class. To our best
knowledge, the result with the weakest regularity assumption so far, for general bounded domain, is the
one of [34] where the authors have considered bounded electromagnetic potentials. More recently, in the
specific case of a ball in R3, [21] proved the recovery of unbounded magnetic potentials. Concerning results
with partial data associated with this last problem, we mention the work of [17, 18] and concerning the
stability issue, without being exhaustive, we refer to [3, 6, 7, 9, 39, 40, 50]. We mention also the work of
[12, 22, 29] related to problems for hyperbolic and parabolic equations treated with an approach similar to
the one considered for elliptic equations.

Note that all the above mentioned results have been stated in a bounded domain. Only a small number
of articles studied such inverse boundary value problems in an unbounded domain. In [37], the authors
combined unique continuation results with CGO solutions and a Carleman estimate borrowed from [4] in
order to prove the unique recovery of compactly supported electric potentials of a Schrédinger operator in
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a slab from partial boundary measurements. This last result has been extended to magnetic Schrédinger
operators by [33] and the stability issue has been addressed by [8]. We refer also to [24, 35, 36, 44, 52] for other
related inverse problems stated in a slab. In [14, 15], the authors considered the stable recovery of coefficients
periodic along the axis of an infinite cylindrical domain. More recently, [30] considered, for what seems to
be the first time, the recovery of non-compactly supported and non-periodic electric potentials appearing
in an infinite cylindrical domain. The results of [30] include also an extension of the work of [37] to the
recovery of non-compactly supported coefficients in a slab. We mention also the work [1, 2, 16, 26, 28, 31, 32]
treating the determination of coefficients appearing in different PDEs on an infinite cylindrical domain from
boundary measurements.

1.4. Statement of the main results. Let us recall that there is an obstruction to the simultaneous recovery
of A, g from the data D4, given by gauge invariance. More precisely according to [34, Lemma 3.1], which
is stated for bounded domains but whose arguments can be extended without any difficulty to unbounded
domains satisfying (1.1), the data D4 , satisfies the following gauge invariance.

Dasveq =Dag, @€ {hg: he WLP(R?:R), V,h € L¥(R?)3, higs\q = 0}. (1.4)

C

Taking into account this obstruction, for A = (a1, az,as3), we consider the recovery of the magnetic field
corresponding to the 2-form valued distribution dA defined by

dA = Z (Oz;ap — Oy az)da; A dxy
1< <k<3
and ¢. Assuming that € is simply connected and with some suitable regularity assumptions (see for instance
Section 4.2), one can check that this result is equivalent to the recovery of the electromagnetic potential
modulo gauge invariance.

This paper contains three main results. In the first main result, stated in Theorem 1.1, we consider the
unique determination of electromagnetic potentials with low regularity from the full data D4 4. In our second
main result stated in Theorem 1.2, we prove, for electromagnetic potentials known on the neighborhood of
the boundary outside a compact set, that measurements restricted to a bounded subset of 92 can also
recover uniquely the magnetic field and the electric potential. Finally, in our last result stated in Theorem
1.3, we give a partial data result by proving the unique recovery of a magnetic field and an electric potential
associated with general class of electromagnetic potentials from restriction of the data Dy 4.

In our first main result we consider general class of bounded electromagnetic potentials and a general
closed waveguide. This result can be stated as follows.

Theorem 1.1. Let Q be an unbounded domain satisfying (1.1), let A1, Ay € L>=(Q)3 N L%(Q)3 be such that
Ay — Ay € LY(Q)3 and let q1, g2 € L*°(;C). Then the condition

DAth = DAqu (1'5)
implies dAy = dAy. Moreover, assuming that ¢ — q2 € L?(Q;C), (1.5) implies q1 = qa.

Let us remark that Theorem 1.1 is stated with boundary measurements in all parts of the unbounded
boundary 0. Despite the general setting of this problem, it may be difficult for several applications, like
for transmission to long distance, to have access to such data. In order to make the measurements more
relevant for some potential applications, we need to consider data restricted to a bounded portion of 9.
This will be the goal of our second result where we extend Theorem 1.1 to recovery of coefficients from
measurements restricted to bounded portions of 9. From now on, we assume that € is a domain with
Lipschitz boundary. For all s € [O, %}, we denote by Hj (95) the set of f € L? (99) such that for any

loc

x € C3°(R?), xf € H*(0Q). For any u € H'(Q), we can define 7ou = ujpq as an element of HI%OC@Q). In
the same way, for U a closed (resp. open) subset of 92 and for u € H'(Q2) solving Aau + qu = 0, with
A€ L>*(Q) and g € L>=(R), we denote by N4 qujp the restriction of Ny qu to the subspace

{rg: g€ H'(Q), supp(rog) C U}
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£ HY(Q)
of Fra)-
normal derivative of u to the set U. For r > 0 and S, = 0Q N (@ x [—r,r]), we can consider the restriction
Dy,q,r of the data D4 4 given by

Dagr = {(Tu,Naqus,) : u€ H' (), usolves (1.2), supp(rou) C S, }. (1.6)

In the spirit of [30, Corollary 1.3], fixing 6 € (0,7/2), we will apply Theorem 1.1 in order to prove the
recovery of coefficients known on a neighborhood of the boundary outside QN (w x (§ — 7,7 — §)) from the
data D4 4. For this purpose we need the following assumption on 2 and the admissible coeflicients.
Assumption 1: For j = 1,2, and for any F' € L*(Q) the equations A 4, u; +qju; = F and Aq,u;j+qju; = F
admit respectively a solution u; € H}(€2).

We mention that Assumptions 1 will be fulfilled if for instance 2 = w; x R, with w; a bounded open
subset of R? with Lipschitz boundary, and if 0 is not in the spectrum of the operators A A;tqj and Ay, +75,
7 =1,2, with Dirichlet boundary condition.

Let n be the outward unit normal vector of 9.1 Since € is only subjected to the condition Q C €; we
may have Q # Q; this is why we use a different notation for the outward unit normal vector of €; and €.
Before we state our result, let us also recall that for any A € L>(Q)? satisfying div(A4) € L*°(), we can
define the trace map A - n as the unique element of

HY(Q) (HY(Q)Y
y (H&(ﬂ)’ (@) )
defined by

((A-n)rg,Th) <H1(9)>/ i = /Qdiv(A)hgdx + /Q A - Vhgdz + /Q h(A-Vg)dz, g,h € HY(Q). (1.7)

Hcl)(Q) ’Hcl)(ﬂ)

Note that here N4 qu|y is the natural extension of the restriction, up to the sign, of the magnetic

Again, by a density argument, one can easily check the validity of this definition by noticing that the right
hand side of the identity vanishes as soon as g € H}(Q2) or h € H}(Q). Here we use again the fact that, for
u e HY(Q) and ¢ € C°(9), we have up € Wy ().

Assuming that Assumption 1 is fulfilled, we state our second main result as follows.

Theorem 1.2. Let 2 be a connected open set with Lipschitz boundary satisfying (1.1). For j = 1,2, let
Aj € L>(Q)2 N LA(Q)3, div(4;) € L™(2), g € L=(;C), Ay — Ay € LY(Q)3. In addition, let Assumption
1 be fulfilled and, for A; -m, j = 1,2, defined by (1.7) with A = A;, let the condition

be fulfilled. Assume also that there exist § € (0,7/2) and two open connected set Qy C Q with Lipschitz
boundary such that

00N (W x (—oo,—r+46]) CIN_, NN (WX [r—4,+00)) C 0N, (1.9)
Ai(z) = As(z), qi(z) =qo(z), ze€Q_UQy. (1.10)

Then, the condition
,DAl,QhT’ = DAz,qz,T’ (111)

implies dA, = dAs. Moreover, assuming that g1 — g € L?(Q;C), (1.11) implies ¢1 = go.
14 s g q q ) p q q

For our last main result we will consider the specific case where {2 = w x R. This time we want to
consider the recovery of the coefficients not from full boundary measurements but from partial boundary
measurements without assuming the knowledge of the coefficients close to the boundary. We remark that
02 = Ow x R and that the outward unit normal vector v to 92 takes the form

v(a' x3) = (V' (2)),0)7, 2 = (2, x3) € 99,

ISince 9 is only subjected to the condition 2 C ; we may have Q # €1 this is the reason why we use a different notation
for the outward unit normal vector of 21 and Q.
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with ¢/ the outward unit normal vector of dw. In light of this identity, from now on, we denote by v both
the exterior unit vectors normal to dw and to dw x R. We fix 6y € S! := {y € R?; |y| = 1} and we introduce
the fp-illuminated (resp., fp-shadowed) face of dw, defined by

Owg, = {x € dw; Oy - v(z) < 0} (resp., dwy, = {z € dw; b - v(z) > 0}).

From now on, we denote by z -y := Zle x;y; the Euclidian scalar product of any two vectors z :=
(x1,...,2x)T and y := (y1,...,yx)” of C¥. We fix V a portion of 90 taking the form V := V' x R, where
V' is an arbitrary open neighborhood of Owg, in dw. We introduce also the set of data

Dagv = {(Tu,Naquy): ue H'(Q), usolves (1.2)}.
Then we can state our last main result as follows.

Theorem 1.3. Let Q = wxR and, for j = 1,2, let A; € L>(Q)3NL2(Q)3, div(A;) € L>*(Q), g¢; € L=(Q;C),
Ay — Ay € LY(Q)3. Let also Ay and Az satisfy (1.8). Then the condition

Day,ar,v =Dasgv (1.12)
implies dA; = dAy. Moreover, assuming that g1 — qgo € L*(Q;C), (1.5) implies also that q1 = go.

1.5. Comments about our results. To the best of our knowledge Theorem 1.1 is the first result of
recovery of a magnetic field and an electric potential in an unbounded domain with such a general setting.
This point can be seen through four different aspects of the theorem. First, Theorem 1.1 is stated in a
general unbounded domain subject only to condition (1.1). This makes an important difference with other
related results which, to our best knowledge, have all been stated in specific unbounded domains like a
slab, the half space or a cylindrical domain (see [33, 37, 14, 15]). In particular, Theorem 1.1 holds true
with domains having different types of geometrical deformations like bends or twisting, which are frequently
used in problems of transmission for improving the propagation. Second, to the best of our knowledge, in
contrast to all other results stated for elliptic equations in an unbounded domain, Theorem 1.1 requires no
assumptions about the spectrum of the magnetic Schrédinger operator associated with the electromagnetic
potential under consideration. Usually such conditions make some restrictions on the class of coefficients
under consideration, here we avoid such constraints. Third, we prove, for what seems to be the first time,
the recovery of electromagnetic potentials that are neither compactly supported nor periodic. Actually
we consider a class of electromagnetic potentials admitting various type of behavior outside a compact set
(roughly speaking we consider magnetic potentials lying in L'(Q)? and electric potentials lying in L?(Q2)).
Fourth, Theorem 1.1 seems to be the first result stated for an unbounded domain with electromagnetic
potentials having regularity comparable to [34], where the recovery of electromagnetic potentials has been
stated with the weakest regularity condition so far for general bounded domains.

The main tools in our analysis are CGO solutions suitably designed for unbounded domains satisfying
(1.1). Here in contrast to [14, 15, 33, 37] we do not restrict our analysis to compactly supported or periodic
coeflicients where, by mean of unique continuation or Floquet decomposition, one can transform the problem
stated on an unbounded domain into a problem on a bounded domain. Like [30], we introduce a new class of
CGO solutions designed for infinite cylindrical domains. The difficulties in the construction of such solutions
are coming both from the fact that we consider magnetic potentials that are not compactly supported and
the fact that we need to preserve the square integrability of the CGO solutions, which is not guarantied by
the usual CGO solutions in unbounded domains. In addition, like in [34], we build CGO solutions designed
for bounded magnetic potentials. The construction of our CGO solutions requires Carleman estimates in
negative order Sobolev space that we prove by extending some results, similar to those of [18, 43], to infinite
cylindrical domains.

Let us observe that the construction of CGO solutions satisfying the square integrability property works
only for domains contained into an infinite cylinder. For instance, we can not apply our construction to
domains like slab or half space. However, in a similar way to [30, Corollary 1.4], applying Theorem 1.1 and
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1.2, one can prove that the result of [33] can be extended to electromagnetic potentials supported in infinite
cylinder.

In this paper we consider electric potentials ¢ that can be complex valued but we consider magnetic
potentials A that take value in R?. Like in [33, 34], we could state our result with magnetic potentials taking
value in C3, but for simplicity we restrict our analysis to real valued magnetic potentials.

1.6. Outline. This paper is organized as follows. In Section 2, we derive some Carleman estimates that
will be useful at the same time for building the CGO solutions and restricting the data in Theorem 1.3. In
Section 3, we use the Carleman estimates in order to build our CGO solutions. Combining all these tools,
in Section 4, 5, 6 we prove respectively Theorem 1.1, Theorem 1.2 and Theorem 1.3. Finally, in Section 7
we explain how our result can be extended to higher dimension.

2. CARLEMAN ESTIMATES

From now on, we fix ; = w x R. We associate to every point x € Q; the coordinates x = (a/, x3), where
z3 € R and 2’ := (z1,22) € w. In a similar way to the discussion before the statement of Theorem 1.3, we
denote by v both the exterior unit vectors normal to dw and to 92;. The goal of this section is to establish
two Carleman estimates for the magnetic Laplace operator in the unbounded cylindrical domain ;. We
start with a Carleman estimate which will be our first main tool. Then, using this Carleman estimate we
will derive a Carleman estimate in negative order Sobolev space.

2.1. General Carleman estimate. In order to prove our Carleman estimates we introduce first a weight
function depending on two parameters s,p € (1,+00) and we consider, for p > s > 1 and § € S?, the
perturbed weight

(o -0

5 r=(2,23) EwxR=0;. (2.13)

ot s(2' 23) = +pf 2" — s

We define

Pyg+.s = e~ P (A + 2iA -V + q)e“’iv*.
Like in [18, 43], we consider convexified weight, instead of the linear weight used in [30, Proposition 31], in
order to be able to absorb first order perturbations of the Laplacian. Our first Carleman estimates can be
seen as an extension of [18, Proposition 2.3], stated with linear weight, to unbounded cylindrical domains.
These estimates take the following form.

Proposition 2.1. Let A € L>(;)? and ¢ € L*>(Q1;C). Then there exist s1 > 1 and, for s > s1, p1(s)
such that for any v € C3(R3) N H}(Q4) the estimate

p/ \8,,v|2\9-1/|d0(x)+sp_2/ |Av|2dx—|—s/ \VU|2dx+sp2/ |v|?da
w40 XR Q Q Q1
(2.14)

2
< C |[[Pag,.svll72q,) +P/

aw;ﬁ xR

\6,,v|2\9 . 1/|da(a:)‘|

holds true for s > s, p = pi(s) with C depending only on Q1 and M = ||g|| < (q,)) + |All (0, )2-

Proof. We start by proving that for all s > 1 there exists p;(s) such that for p > p1(s) we have

He_‘PLSAeWi'SvHiQ(Ql) >p/ 10,0210 - v|do(x) — 8p/ 10,0210 - v|do(x) + s/ |Vo|?dx
2] xR Ow= g XR Q4

w0

sp° 2 -2 2
+ — |v|“dx + csp / |Av|“dx,

2 Q1 1951
(2.15)
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with ¢ depending only on Q7. Using this estimate, we will derive (2.14). The proof of this result being similar
for e~ ¥+ Ae¥+s and e” ¥ Ae¥—=, we will only consider it for e ¥+ Ae¥+=. We decompose e~ #+= Ae#+:s
into three terms

e Attt = Py + Poy 4 Py g
with

Py =N+ |Vp, 2 = Apy s =A+p* —2sp(a’ - 0) + s*(2" - 0)* + s,

Py =02, P3i=2Vp; V' +20¢, =2(p—s(a’-0)0-V —2s.
Here A" := 92 4+ 02, V' := (04,,02,)" and 0 - V' = 0,0,, + 620,,. Using some arguments similar to
[18, Proposition 2.3], one can check that for all s > 1 there exists pa(s) > 1 such that for p > pa(s) and

y € C®(w) N H}(w) we have

29%/ P1 yP3 yda'

37

o [ 0Pl vidota) <8 [ (0P8 vidoa) +5i? [ a4 s [ [9'yPda,
Ow+ 0 [BEN) Q w
Applying this estimate to v(-, z3) := 2’ — v(2’, z3), x3 € R, we obtain

29%/ Piv(23) Py (e, a3)da’ > P/
w

8wi,9

10, 0(-, 23) 2|0 - v|do(x) + s/ Vv (-, 23)2dx

- Sp/ 10,v(-,3)|2|0 - v|do () + sp2/ lv(-, x3)]2da’, x3 €R.
Owx 9 w

Integrating this estimate with respect to x3 € R, we get

2
[1Pr+v+ P v+ Py yvlf2q)

> ||P4v + P2»+U||i2(ﬂl) + 2%/ Py yvPs vde +2R [ P vPs jvde
Ql Ql

(2.16)
> Pt Posolfagy, + 2% [ PosoPigudo+2p [ (000 vldo(a)
Q1 8w+,9 xR

- 8p/ |0,v]2|0 - v|do(x) + spg/ [v|?dx + s/ |V'v|?dz.
Ow_ g XR 1951 (951
On the other hand, integrating by parts with respect to 3 € R and then with respect to 2’ € w, we find

R Py, LvPs Lvdr = f/
Ql Q1

:s/ |0, 0|2 da.
(951

2
i—4 (3 T sup |x’|) L () = pals) + 51,

z/ €W

(p—s(z'-0))0 - V'|0p,v|?dx + 23/ |0, 0] d
o (2.17)

Moreover, fixing

we deduce that, for p > p1(s), we have

2 JUN R 2 JUN 2 sp 2
[P14v + Povll 2,y = 56 p 2 | Prav + P yollfagg,) 2 5207 072 |Av]| 720, — 5 Ivlz2,) -

Combining this with (2.16)-(2.17) we deduce (2.15). Now let us complete the proof of (2.14). For this
purpose, we introduce

Pyy=2A-V+2A Voys+q=2iA-V+2+p—s(z'0))iAd-0+q,
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with A = (a1, a2, a3) and A’ = (a1, a2), and we recall that Py 4+ s = e~ ¥+ Ae¥=< + Py . We find

2
||PA’q’i’SUHL2(Ql)

||e*90i,sA€A0i,sv ﬁ:Z(Ql) )
= 9 - ||P4,:tv||L2(Ql)
2
||_‘P:(:,SA699:(:‘SU |L2 9 ) ) 5
Q Q
Fixing s1 = 48 | A[|7« (g, + 6, we deduce (2.14) from (2.15). 0

A direct consequence of these Carleman estimates is the following result which will be useful for Theorem
1.3.

Corollary 2.2. Let A € L>(Q1)3 and g € L>(Q1;C). There exists py > 0 such that for any u € C3(R3) N
H}(Q4) the estimate

0 fo e € 0% 10, 10 v(@)| do(a) + 92 [y, €20 [uf do + [, e 20 |Tulda o)
_20.2 . 2 —2p0-0 2 .
<C (fﬂl e (A +20A -V + quldu+p fo, e (0’10 ()] da(x))
holds true for p > pi with C' depending only on Q1 and M 2 ||q|| e o,y + [[All o (0, )2 -
Proof. We fix u € C3(R?) N H (1) and we set v = e~%+=u such that
/ e 2Prs|(—A 4+ 2iA -V + q)ul?dr = / |Pag +.sv|?d.
Ql Ql
’ s(x- 2
The fact that v € Hg(£2;) implies dhvjp0, = et o= O, ujp0, and we deduce that
/ |0,v*w - vdo () > / e=200% |9, ulw - vdo (z) (2.19)
8w+19><]R 8w+,9><lR
/ |0, v]2w - vdo(z) > et / e=200 7|9, ulPw - vdo (z), (2.20)
Ow_ xR Ow_ xR
with b = (24 2sup,.¢,, |2’|). Moreover, since
’ S T,/- 2
Vu(z) = V(e v) = (p — s2’ - O)uw + e’ e~ vy, o= (2',23) € w x R,
we obtain
/ e~ 207 Ty da < 2p%e" / |v|2dx + 2¢°0° / |Vo|2dz.
Q1 1 Q1
Combining this estimates with (2.14) and (2.19)-(2.20), for s > s; and p > pi(s), we get
o €200 [Vulide + 2 fo 0l 4 p fy, o0 Dyl o ()
(2.21)
< pest’ faw,,exR e=2007" |9, u|%w - vdo (z) + Ce®’ Jo, e 207" |(—A 4 2iA -V + q)ul?da.
From this last estimate we deduce (2.18) by fixing s = 51 + 1 and p} = p1(s1 + 1).
]

Remark 2.3. By density the result of Proposition 2.1 and Corollary 1.2 can be extended to any v € Hg ()
satisfying Av € L?(Q4) and d,v € L*(0Q4).
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2.2. Carleman estimate in negative order Sobolev space. The goal of this subsection is to apply the
result of Proposition 2.1 in order to derive Carleman estimates in negative order Sobolev space which will
be one of the most important ingredient in the construction of the CGO solutions. We recall first some
preliminary tools and we derive a Carleman estimate in Sobolev space of negative order. In a similar way
to [29], for all m € R, we introduce the space H}" (R3) defined by

m

mm3y _ 3y . 2 2\ 2 . 23
HY'(R) = {u e S'(R°): (|]° +p”)2ae L*(R)},
with the norm

g asy = [ (062 + 22" a(e) P

Here for all tempered distributions u € S’(R3), we denote by @ the Fourier transform of u which, for
u € LY(R3), is defined by

(&) == Fu(§) = (277)_%/ ey (x)d.
R3
From now on, for m € R and & € R3, we set

(&) = (1€ + %)
and (D, p)" u defined by
(Do p)™ uw=F (& p)" Fu).
For m € R we define also the class of symbols
ST = {c, € C¥(R® x R?) : |020 cy(,€)| < Carp (€:0)™ 7, @, 8 € N}
Following [23, Theorem 18.1.6], for any m € R and ¢, € S}, we define c,(z, D,), with D, = —iV, by

oo Do) = @0 [ (@) ds, y e SEY.
For all m € R, we set also OpS}* := {c, (v, D) : ¢, € S'}. We fix
Pyg+ = eszz"e(AA + q)eipx,'e
and, in the spirit of [18, estimate (2.14)] and [43, Lemma 2.1], we consider the following Carleman estimate.

Proposition 2.4. Let A € L>(Q;)% and q¢ € L>(Q;C). Then, there exists ps > 1 such that for all
v € CP (), we have

p! ||UHH/1)(R3) <C ||PA,q,ﬂ:U||H;1(R3) )y P> P2 (2.22)

with C > 0 depending on Q1 and ||q[| < (q,) + 1Al L~ (q,)s-
Proof. Since this result is similar for P4 4 4+v and P4 4 —v, we will only prove it for P4 4 +v. For ¢ , given
by (2.13), we consider

Rig s = ¢ #5 (Ag + g)er
and in a similar way to Proposition 2.1 we decompose R4 4 s into three terms

Rag+s=Pi++ Py + P34,
where we recall that

P =A+p%2sp(a’-0) + 5%z -0)>+s, Poy=2p—s(x'-0)0-V—2s.

Py a=2iA-V+2A Vo, +q—|AP? +idiv(A) = 2iA -V +2(p — s(z’ - 0))iA" - 0 + g — |A]* + idiv(A).

We pick @ a bounded C? open set of R? such that @ C © and we extend the function A and g to R3 with
A=0,qg=0o0nR3\Q;. We consider also 2 = & x R. We start with the Carleman estimate

p~! ||U||H,1J(R3) <C ||RA,q,+,svHH;1(R3) ;v ECHT (). (2.23)
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For this purpose, we fix w € H?(R3) satisfying supp(w) C Q) and we consider the quantity
(D p) ™ (Pry + Pay) (Do pw,

In all the remaining parts of this proof C' > 0 denotes a generic constant depending on 2y and [|Al| < q,)s +
Il L(0y)- Applying the properties of composition of pseudoddifferential operators (e.g. [23, Theorem
18.1.8]), we find

(Dap) ™" (Pry + Pay) (Dayp) = Piy + Pay + Sp(x, Da), (2.24)
where S, is defined by

Sp(@,€) = Ve (6.0) ™ Dulpr (0.9 + 2@, ) € + o

with
P1s(2,€) = —[€lP+p2—25p(a’-0)+52(a-0)2+5, oy (1,€) = 2[p—s(a-0))0-¢'~25, €= (€, &) € R2xR.

Therefore, we have

[~2ips +2is%a’ -6+ 25(0-EN6-&)

Sy (z,&) =
pl:8) €2 + p? (€.p) =400

and it follows
1, (@, Da)wll o gy < C2 ]2 - (2.25)

On the other hand, applying (2.14) to w, which is permitted according to Remark 2.3, with Q; replaced by
Qand A =0, ¢ =0, we get

[Py sw+ oyl sy > C (8207 1800 sy + 8 (V0] ooy + 5720 0] e ) -
Combining this estimate with (2.24)-(2.25), for % sufficiently large, we obtain

”(PL—O— + P2,+) <Dm,p> w”Hp—l(RS)
— [(Dasp) ™ (Pt + Pai) (D)
[(Dep) T (P 4 P (D

> CsV2 (pt Al sy + V0l gy + 2wl ) -

On the other hand, using the fact that w € H?(Q) N H(Q), the elliptic regularity for cylindrical domain
(e.g. [13, Lemma 2.2]) implies

[l g2 (ray = [l g2y < CUlAW L2(q) + lwll f2(q))-
Combining this with the previous estimate, for s sufficiently large, we find
1
(P14 + P24) Dz, p) w||H;1(R3) > Cszp™! HwHHg(RS) : (2.26)

Moreover, we have

1P3. 4,4 (Da, p) wl| =1 gy

< 11210 — 5(a" - 0)A- 6+ (q — [AP)] {Da, ) 0] 1 gy + 214+ 7 (D p) wl 1 e (2.27)

+ idiv(A) (D, p) Wl gy gy -

For the first term on the right hand side of this inequality, we have
1260 — s(a’ - 6)A- 0+ (a — AP (De ) w]] 1 gy < 97 1260 — 5(a” - 6) A+ 0+ (g~ |AP)] (D p) ]|
C|[{Dg, p) wll 2z

<
S Cll(Da; p) wl 2 gsy = C llwll gy sy »

(2.28)
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with ' depending only on [|A| ;w5 + |4l = (q,)- For the second term on the right hand side of (2.27),
we get
[A-V <D’p>w”H;1(R3) <p A V<Dz7p>w||L2(R3)

<P AN oo 0,8 IV (D, 9) wll 2 gy (2:29)
<p! [All Lo (s Hw||Hg(R3) -
Finally, for the last term on the right hand side of (2.27), by duality, we find
||7/d1V(A) <Dx7p> wHH;l(Rs) < P_l ||A Y <Dw7p> w||L2(R3) + H(<Dz7p> w)A||L2(R3)3

o (2.30)
<27t [ Al Lo (@) ||U’||H3(R3)) :
Combining (2.27)-(2.30), we obtain
1P3, 4.4 (Da, p) ] -1 gy < Cp™! [0l 72 sy
and combining this with (2.26) for s > 1 sufficiently large, we get
2 1
[RAq 4.5 (Das p) Wy -1 sy = Cs2p ! [l 22 gy - (2.31)

Now let us set wj, j = 1,2 two open subsets of @ such that @ C w1y, Wi C wa, Wz C ©. We fix 9y € C5°(@)
satisfying o = 1 on @3, w(z’, z5) = Yo(z’) (D, p) "
we get

v(a’, z3) and for ¢; € C§°(w) satisfying ¢1 = 1 on w,

(1= ¢0) (Da,p) ™" v = (1= %0) (Da.p) ™ 1,
where 10 denotes the function (2/,z3) = x — ¢1(2’)v(x). According to [23, Theorem 18.1.8], since 1 — 1
is vanishing in a neighborhood of supp(t1), we have (1 — ) (D, ,0>_1 Y1 € OpS, > and it follows

1 — 1 -1
p ||’U||H;1)(R3) =p H<Dz7p> UHH?(R:S)

<o lwllgyquoy + 07 |[(L=0) (Do) e
P

_ c ||U||L2(1R3)
<7 Wl o sy + — 2
In the same way, we find

”PA,—,SUHH;l(RS) = ||PA,—,3 <Dva> wHH;I(H@) - HPA,—,S <D$7p> (1 - wO) <Da:7p>_1 wlvH

Hy ' (R?)
~1
> 1Pa-s (D )l oy = € | (1 = ) (D) e,
c ||U||L2(R1+n
> 1Pams (D) 0l sy = ——
Combining these estimates with (2.31), we deduce that (2.23) holds true for a sufficiently large value of p.
Then, fixing s, we deduce (2.22). |

3. CGO SOLUTIONS

In this section we introduce a class of CGO solutions suitable for our problem stated in an unbounded
domain for magnetic Schréodinder equations. Like in the previous section, we fix 2, = w x R. Our goal is
to build CGO solutions for the equations (1.2) extended to the cylindrical domain € in order to consider
their restrictions on € for proving Theorem 1.1, since according to (1.1) we have Q C Q.

We consider CGO solutions on {2; corresponding to some specific solutions u; € HY (), j = 1,2, of
Aqur+qrur =0, Ag,us+qaus = 0in § for A; € L*(21)2NL%(Q4)? and g; € L>(Qy;C). More precisely,
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like in [30], we start by considering § € S! := {y € R?: |y| = 1}, ¢’ € 61\ {0} with 1 := {y € R?: y-0 = 0},
€= (¢,&) € R3 with &3 # 0. Then, we define n € S? :={y € R*: |y| =1} by
12
(5/3 _%)

i
VIgr+ 5

We set also ¢ € C§°(R;[0,1]) such that ¢» = 1 on a neighborhood of 0 in R and, for p > 1, we consider
solutions u; € H'(Q1) of Aa,us + qrur =0, Agyus + Gus = 0 in © taking the form

It is clear that

uy (2, 23) = P’ (¢ (p_%x;;) by petPr T ’U}Lp(.’t/,ibg)) , 2w, x3 €R, (3.33)
ug (', 3) = Pl (w (p_%x:g) by, €77 + wgfp(m’,x3)> , 2w, xz3 €R. (3.34)

Here b; , € C*(£;) and the remainder term w; , € H*(;) satisfies the decay property
pEI_POO(p_l ij,pHHl(Ql) + ||wj7PHL2(Ql)) =0. (3.35)

This construction can be summarized in the following way.

Theorem 3.1. For j = 1,2 and for all p > pa, with py the constant of Proposition 2.4, the equations
A ur + qrur = 0, Aayus + Gaua = 0, admit respectively a solution u; € H*(Q1) of the form (3.33)-(3.34)
with wj , satisfying the decay property (3.35).

Remark 3.2. Like in [30], we can not consider CGO solutions similar to those on bounded domains since
they will not be square integrable in Q. In a similar way to [30], we consider this new expression of the
CGO solutions with principal parts that propagates in some suitable way along the axis of Q01 with respect
to the large parameter p. Comparing to [30] we need also to consider here the presence of non-compactly
supported magnetic potentials. This part of our construction, will be precised in the next subsection.

In order to consider suitable solutions taking the form (3.33)-(3.34), we need to define first the expressions
bj,p in the principal part, which will be solutions of some 0 type equation involving the magnetic potential
Aj. Then, we will consider the remainder terms by using the Carleman estimates of the preceding section.

3.1. Principal parts of the CGO. In this subsection we will introduce the form of the principal part b; ,,
j = 1,2, of our CGO solutions given by (3.33)-(3.34). For this purpose, we assume that b; ,, j = 1,2, is an
approximation of a solution b; of the equations

2(0 +1in) - Vby + 2i[(0 +1in) - A1(z)]by =0, 2(—0+in) - Vby + 2i[(—0 +in) - As(z)]ba = 0, = € Qy, (3.36)

here 6 := (6,0) € S%. This approach, also considered in [2, 30, 34, 41], makes it possible to reduce the
regularity assumption on the first order coefficients A;. Indeed, by replacing the functions by, b2, whose
regularity depends on the one of the coefficients A; and Ay, with their approximation b ,, by ,, we can
weaken the regularity assumption imposed on the coefficients A;, j = 1,2, from W2>(Q4)3 to L>=(2;)>.
Moreover, this approach requires also no information about the domain {2 and the coeflicients 4;, j = 1,2, on
0f). More precisely, if in our construction we use the expression b; instead of b; ,, j = 1,2, then, following our
strategy, we can prove Theorem 1.1 only for specific domains and for coefficients A1, Ay € W2°°(Q2)3NL(Q)
satisfying

N3

0%A (z) = 0% A5(x), €09, aeN? |a| <1,
where in our case we make no assumption on the shape of Q (except the condition  C w x R) and about
Aj at 9f.
Let us also mention that comparing to results stated on bounded domains (e.g. [18, 33, 34]), the magnetic
potentials A;, Ay can not be extended to compactly supported functions of R3. However, we can extend
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them into functions of R® supported in infinite cylinder. Combining this with the fact that Aj € L2()3,
we will prove how we can build CGO solutions having properties similar to the one of [34].
In order to define b; ,, j = 1,2, we start by introducing a suitable approximation of the coefficients A;,
j =1,2. Forall 7 > 0, we define B, := {z € R3: |z| < 7} and B, := {2’ € R? : |2/| < r}. We fix
X € C3°(R3) such that x > 0, [ps x(2)dz = 1, supp(x) C B1, and we define x, by x,(z) = pix(piz). Then,
for j = 1,2, we fix
Aipla) = [ xpla = )4

Here, we assume that, for j = 1,2, A; =0 on R3\ Q. For j = 1,2, since A; € L*(R3)?, by density one can
check that
lim ”A]}p - Aj||L2(R3) =0, (3.37)

p—>+o00

and, using the fact that 4; € L>°(R3)3, we deduce the estimates
k
1

HAJ',p”Hk(RB) + HAj,p”vvk,oc(Ra) < Cyp1, (3.38)

with Cj independent of p. We remark that

@)= [ e =) Al)dy = A fa) =~ A (o).

with A = A; — As. Recall that, for j = 1,2, supp(4;,) C Q1 + By :={z+y: z € O,y € B;}. Moreover,
fixing R := sup|a’|, Ry = 2v2(R + 2 + %) and assuming that [(s1,s2)| > Ri, we find |s1] > % or

|sa| = %. In$ae(;dition, since 0 - &' =0, we get
|(s1,82)| = R1 = [510 + 52€'| = [(s1, 52[¢'])| > max([s1],[s2[|€]) > 2R + 4
and, for all z = (', 23) € B, x R, we get
[(51,82)] > R = |2/ — 510 — 59&[ > |10 + s26'| — 2| = R+ 3.
Thus, for all z = (2',x3) € By, x R, the function
(s1,82) — Ajyp(slé + s + )

will be supported in Bf . Thus, we can define

—q O+in)- A — 50 —
b= 5 [ O -tin) - Arpw =18 = sm) )

21 Jre i 81+ 189 i (3.39)
By () = —i (—9+Z77)'Az,p(ﬂ'ﬁ+519—8277)d81d82.
’ 21 Jp2 S1 + 189
Fixing
by p(z) = eP1r@ by (2) = eP20(@) (3.40)
we obtain

(041in)- Vb1, +i[(0+in)- AL p(@)]br, =0,  (—0+in)-Vby,+i[(—0+in)- Az p(x)]b2, =0, z € Q. (3.41)
Here, even if A; ,, 7 = 1,2, is not compactly supported, one can use the fact that the functions
(51,82) > Aj (510 + san + s36), 53 € R,
are compactly supported to deduce (3.41). Moreover, using the fact that
(z — 510 — som) ¢ supp(4;,), € Biryy xR, [(s1,82)] > Ry, j=1,2,
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for all z € By ; xR, j = 1,2, we deduce that

1 A 50—
|®;,(2)| < —/ [Ajp(x s1! 82n)|d81ds2
27 J\(s1,2) | <Ra 51 + is2]

14,01l 1o )
< w/ N s,
2m [(s1,82)|<R1 |(51582)|

<C,

with C independent of p. This proves that
1250l e 3, ) <
In the same way, we can prove that
k

||@j’p||wk,oo(B;%+1XR) < Ckp47 k > 0, (342)
with C} independent of p. According to this estimate, we have

16,5 Whioo(B), | xB) S Ckp4 k> 0. (3.43)
Moreover, conditions (3.41), (3.43) and the fact that

[supp(A4;) Usupp(A4;,)] € Q1 + Bi C Bpyy xR, j=1,2,

imply that
16 +in) - Vbrp +il(0+im) - Aulbrpll oy || [0+ in) - (Ar = A )b1p ] Loy ) 54
”Al Al,p”Lz (R3) >
[(=0+in) - Vbap +i[(~0 + in) - A2]b2vp||L2(B3;+ = [|ll(6 + in) - (A2 — Ao p)]Ib 2.0l ¢ (B ® (3 45

C ||A2 - AQ’P||L2(R3) )
with C' > 0 independent of p. Using these properties of the expressions b; ,, j = 1,2, we will complete the
construction of the solutions u; of the form (3.33)-(3.34).

3.2. Remainder term of the CGO solutions. In this subsection we will construct the remainder term
wj,p, j = 1,2, appearing in (3.33)-(3.34) and satisfying the decay property (3.35). For this purpose, we
will combine the Carleman estimate (2.22) with the properties of the expressions b; ,, j = 1,2, in order to
complete the construction of these solutions. In this subsection, we assume that p > ps with py the constant
introduced in Proposition 2.4. The proof for the existence of the remainder term w, , and ws , being similar,
we will only show the existence of wy ,. Let us first remark that w; , should be a solution of the equation

Py g +w= e PO (A, + qr)e!’ T w = PR (z), € Q, (3.46)
with Fy , defined, for all z = (2, 23) € B, ; xR (we recall that B, = {/ € R? : |2/| <r}and R = sup |z']),
/€W

by
Fip(w) = = 770 (Ay, + 1) |:ep9~$/+ipn~x’(/} (P_%xs) b1,p6_i£w}
- ((_W +div(As) + )y (97%963) + 2ingpie) (/fﬁxs) — 2igsp~ Y (p*%m)) by e &
- [p’%w” (p’%xs) b1,y + 20,,b1 0 31 (p*%m3> — 26 - by (pfimgﬂ ik

—20[(0+in) - Vb, +i[(0 + in) - Ay]by )¢ (p—%$3) it
(3.47)
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Here we consider A; as an element of L>(R?)? N L%(R3)3 satisfying A; = 0 on R3\ ;. We fix ¢ €
C5°(BRyq:10,1]) satisfying ¢ = 1 on BR+1 , and we define

G (2, x3) = p(a")F1 ,(',z3), 2’ €R? z3€R,

K,(z) = G,(z) — p(a' ) (p_%xg) div(A;)by e~ %% 2/ €R?, z3 € R, = (2/,x3).
It is clear that K, € L?(R?) and in view of (3.43)-(3.45) and the fact that, using a change of variable, we

find
ST Y KPS
HX (p mg)‘m(B;”lxR)—i_HX P LQ(B;%+1><1R{)+ XAP s L2(Bf,, xR) e
we deduce that
_ _ 1
1Bl g1 ey < 27 1Kl 2 sy = £ 1||KP||L2(B}H_1><]R) S C([A1 = A1 pll L2 rsys + 7 %) (3.48)

In the same way, since supp(div(4)) Cw x R C B}, x R, we have
2

o(x' )y (p_%xg) div(Ay)by, =9 (p_ixg) div(A;)byp.

Moreover, fixing
1

crple) = (o7
for any h € H}(R?), we obtain

JL‘3> bip(z), x= (2" 23)€ R? x R,

‘ le(A )Cl’p, h>H—1

(R3),H}(R?)

+ <Cl7p,A1 . Vh,>

< [{Ar Vewp, ) s, L2(89)
+ ’<Cl,p’ (A1 — Ayp)- Vh>L2(JR3)
< (levpllyseqany 141l zaayys 74+ llew
< (2llex,s

Here we use the fact that supp(A;,,) C Q1 + By C By, x R. Combining this with (3.38) and (3.43), we
find

N

+ ’<Cl,p7A1,p . Vh>L2(]R3)

‘ Al Vey p7 L2(R3)

| oo By, ) 141 = ALyl L2(]R3)3) 1Pl 3 sy + ‘<diV(CLpALp)» h) L ()

wree sy, @) A2 + 140l @sylo™ + ol e sy xmy 141 = Ay ILZ(JR3)3) 15ll 73 (s -

‘(div(Al)ch, -

(R3),H} (R3) < Cp™ i + (1A — AlaPHLQ(Rf’)3) ||hHH;(R3)

and it follows

|0 (¢~ Fas) div(ar)o, | <O 1+ AL = Ayl paasys)-

H, (R9)
Then, (3.48) implies
_1

||GP||HP_1(]R3) < C(”Al - Al,p”Lz(Ra)a +p 8)~ (349)

From now on, combining (2.22) with (3.49), we will complete the construction of the remainder term w; , by

using a classical duality argument. More precisely, applying (2.22), we consider the linear form T, defined
on Q:={Ps, g,—w:we ()} by

Tp(Pa, g7,-v) i= <Gl)aeiipn‘$v>H;1(]R3),H;(R3)7 v € Cg° ().
Here and from now on we define the duality bracket (-, -) H'(R3), H1(R3) in the complex sense, which means
P “ip

that
(0, 0) g1 (o), 1 sy = (VW) L2(gs) :/ vivdz, v € L*(R%), w € H'(R?).

R3
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Applying again (2.22), for all v € C§°(21), we obtain
TPy )] < 16l ™™ol
<20Goll =1 oy 7" 10l a1y )
<Cp ||Gp||H;1(R3) ||PA17qT,fU||H;1(R3) )

with C' > 0 independent of p. Thus, applying the Hahn-Banach theorem, we deduce that 7T, admits an
extension as a continuous linear form on H;!(R*) whose norm will be upper bounded by Cp |G|l -1 gs)-
P

Therefore, there exists w; , € H}(R?) such that

<PA11471»*’U’wLP>H;1(R3),H;(R3) = TP(PAMIT,*U) = <GP’e_ipn'zv>H;1(R3),H;(R3)7 NS Cgo(Ql), (3.50)

||w1,p||H;(1R3) <Cp ||GpHH;1(1R3) : (3.51)
From (3.50) and the fact that, for all z € Oy, G,(z) = F1,,(z), we obtain

(Payan,+101,0:0) priqy) ceo ) = (Pavar—0; w17P>H;1(R3),H;(R3)
= <GP7 e_im'x@

= <eip77-3:F1

H, ' (R3),H}(R3)
,va>D/(szl),cg°(Ql) :
It follows that wy , solves Pa, 4, +w1,, = €T F} ,in Q and uy given by (3.33) is a solution of A 4, u+gqiu = 0
in Q; lying in H*(;). In addition, from (3.49) and (3.51), we deduce that
p~! ||w1,p||H1(Ql) + ||w17P||L2(Q1) <27t ||w1.,p||H5(R3) <CO(J|Ar = Al,p”Lz(RS)s +p7F) (3.52)

which implies the decay property (3.35). This completes the proof of Theorem 3.1.

4. UNIQUENESS RESULT

In this section we will use the result of the preceding section in order to complete the proof of Theorem
1.1. Namely under the assumption of Theorem 1.1, we will show that (1.5) implies that dA; = dAs.
Then, assuming A = A; — Ay € C(R?), we will prove that ¢; = g2. For j = 1,2, we assume that 4; €
L= (R3)3 N L2(R3)? and ¢; € L°°(R3;C) with A4; and ¢; extended by 0 on R?\ 2. We use here the notation
of the previous sections and we assume that A = A; — Ay € L'(R?). We start with the recovery of the
magnetic field.

4.1. Recovery of the magnetic field. In this subsection we will prove that (1.5) implies that dA; = dAs.
Let us first remark that A, = A; , — A2, = X, * A and, since A € L'(R?)3, by density one can check that

i [[4, — All gy = 0. (4.53)

For j = 1,2, we fix u; € H () a solution of Ag,u1 + qrur = 0, Ag,us + Gauz = 0 in Q; of the form
(3.33)-(3.34) with p > py and with w; , satisfying (3.35). In view of (1.1), we can see that the restriction of
uy (resp. ug) to Q is lying in H'(Q) and it solves the equation A4, u; + gru; = 0 (resp. Aa,us + Gaug = 0)
in . From now on, we consider the restriction to € of these CGO solutions initially defined on ;.

In view of (1.5), we can find vy € H'(Q) satisfying A4,v2 + gava = 0 with 7vg = Tuy and Ny, 4, u1 =
Na,,q,v2. Therefore, we have

0= (Na, g u1, Tu2) — (N, q,02, Tu2) = (Nay g, u1, Tu2) — (Na, z3u2, TV2)

= <NA1,Q1’U’17TU2> - <NA2,(T2U2;TU1>

= z/ (A - Vuy)uzde — z/ u1(A - Vug)dr + / quitzdz,
R3 R3

R3
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where G = |A3|? — |A1|? + ¢, with ¢ = ¢1 — ¢2 extended by zero to R®. According to (3.35), (3.43) and the
fact that A € L*(R?), multiplying this expression by —ip~1271 and sending p — +oco, we find

lim (A- (é +1in)) exp (<I>1$p + <I>2,p) ey

p—r+00 R3

= lim 2 (p~as)(A- (0 +in))exp (@1, + o) e Edx = 0.
p—+o0 Jps
Here we use (3.42) and the fact that by Lebesgue dominate convergence theorem
. 2t
sy -]

Combining this with (3.42) and (4.53), we obtain

L1 (R3)

pEI}rloo R3 (Ap - (0 +in)) exp (Prp + P2,p) e dz = 0.

On the other hand, one can easily check that
—i (0 +in) - Ay(x — 510 — s2m)

D, = Dy, = — ds1dss.
r e + 2.0 27 R2 S1 + iSQ 51052
and we deduce that
Jim [ (A @+ im)etren e =0 (4.54)

Now let us consider the following intermediate result.

Lemma 4.1. We have
/ (A, - (5 +in))etre " dy = (5 +1in) - (/ Ap(x)e”'gd:z:> = (27r)%(9~ +1in) - F(A,)(&). (4.55)
R3 R3

Proof. For A, compactly supported this result is well known and one can refer to [34, Proposition 3.3] or [42,

Lemma 6.2] for its proof. Since here we deal with non-compactly supported magnetic potentials, the proof of

the result will be required. From now on, to every x € R3, we associate the coordinate (z”, x.) € R? xR, with

2" = (2, 24) = (z-0,2-n) and x. = % Recall that supp(A4,) C B, xR and, fixing A, : (2", z.) — A,(z),

in a similar way to Subsection 3.1, we find

(R+1) R+1
&g

Thus, fixing @, : (", x.) — ®,(z), for |2”| > Ry we have

- —i 0+in)- A, (y", xs
@p(x//’x*) — 27\/ (/ /'Z) P(ly /)dy//.
7 ) x =y i(zh —yh)

supp(A4,) C (-R—1,R+1) x (— > xR C By, xR.

Ry
It follows that ,
1Al e a1 B

‘(i)p($”,$*)| < |$H| > Ry, zo €R

2n(|z"| — Ry)
and in particular, for every z, € R, we get
O, (2", 2) = O =1y, 4.56
Pyl = 0 (1) (456)

On the other hand, using the fact that
(O, + 1057) @ (2", ) = (0 + in) VP, = —iA, - (6 + in)
and the fact that A, € L*(R3), by Fubini’s theorem we find
/ (4, - (§+ in))ePreEdy = Z/ (/ (azll + i@xé)e‘ip(aﬂ/,z*)dwn> et l€l g (4.57)
R3 R2

R
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Moreover, for all r > 0 fixing n = (n1,n2) the outward unit normal vector to B.., we have

/ (0t + 10y ) (@2) " —/ @2 () +ing)do(2").
|z | <r

ja7|=r
Applying (4.56), we find
P ) =148, w)+ O (l2"]7?)

|z | =400

and it follows

/ (az,lJriax,z)e‘i’p(ﬂ””@*)dx” :/ (n1+m2)da(x”)+/ D, (2", ) (n+ins)do(z")+ O (r71).
|z |<r |z |=r |z |=r

r—-+4oo
(4.58)
In addition, we get
/ (n1 + ing)do(z") = / (O + 110y )1da” = 0,
|z |=r |z’ | <r
/ d, (2", 2.)(n1 + ing)do(z") = / (0, + 104Dy (2, 2, )da”
|z’ |=r |z |<r
and sending r — +oo in (4.58), we obtain
/ (A, - (0 +in))ePee™™ 5da:—z ( (Ot + 10y ) o2z )da! ) —iwll g,
R3 R2
/ </ 0 +1in) (2 Q:*)dl’”) e~ lEl g .
RQ
From this identity, we deduce (4.55). O

Combining (4.53) and (4.54)-(4.55), we obtain
(0 +in) - F(A)E) = lim (6 +in) - F(A,)(€) =0.

p—>—+o00

In the same way, replacing 1 by —7 in our analysis, we find (6 —in) - F(A)(&) = 0 and it follows 8- F(A)(£) =
n-F(A)(€) = 0. Combining this with the fact that (6,7) is an orthonormal basis of £+ = {y € R? : y-& = 0},
we find

C-F(A) () =0, ¢(ett. (4.59)
Moreover, for 1 < j < k < 3, fixing ¢ = &re; — &jex, with

e;=(0,...,0, 1 ,0,...0), ex=(0,...,0, _1_,0,...0),

~~
position j position k
(4.59) implies
ErF(a;)(€) — &F (ar)(§) =0, 1<j<k<3, (4.60)

where A = (a1, as,a3). Recall that so far, we have proved (4.60) for any & = (£/,€) € R? x R with ¢ # 0
and &3 # 0. Since A € LY(R?)? we can extend this identity to any ¢ € R? by using the continuity of F(A).
Then, we deduce from (4.60) that

—iF(Opy a5 — Op;a)(§) = ExF (a;)(§) — & F(ar)(§) =0, 1<j<k<3, E€R.
This proves that in the sense of distribution we have dA = 0 and dA; = dA-.
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4.2. Recovery of the electric potential. In this subsection we assume that (1.5), A € L>®(R?)?, dA =0
are fulfilled and we will prove that ¢; = ¢o. We start, with the following.

Lemma 4.2. Let A= (ai1,...,a3) € L®(R3)3. Assume that dA =0, and fix
1 (
p(x) = / A(sx) - zds, =€ R> (4.61)
0

Then, we have p € W5°(R3) and Vo = A.

oc

Proof. Note first that since A € L>°(R?)3, we have ¢ € L° (R?). Let ¢ € C§°(R?) and consider j € {1,2, 3}.
We have

<aa:j(paw>D/(R3),Cgc(R3) = <307 an’(/}>L2(R3)

3 1

=— O, dsd
kz_l/]R?’/O rray(52)0y;(v)dsd
3 1

=— O, dxds.
I;/o /11&3 rray(5x)0y, Y (x)dxds

Applying the change of variable y = sz and then ¢ = s~!, we obtain

3 1
<8m_7S071/)>D,(R3),Cgo(R3) = 72\/0' 374 (/]RS y]a](y)amﬂ/}(esly)dy) ds
j=1
3 400
==y / t° / yra(y) O, (ty)dydt
k=171 Re

= /+Oot <<9$j (Z wk%) ,¢(t')> dt,
1 k=1

D’ (R?),C5°(R?)

with, for 7 € R, ¢(7-) := & +— 9 (72). On the other hand, we have

3
<8rj <Z zkak) a¢(t)>
k=1 D’ (R3),C5° (R?)
3
= <aj,’¢(t')>D/(R3)7Cgo(R3) + < (Z xk6xjak> ,¢(t)>
k=1

and using the fact that dA = 0, we get

3
<aTJ (z Ik&k) 71/’(t)>
k=1 D/ (#9) 5 (89)

3
- <aj’¢(t')>D/(R3),cg°(R3) + <<Z a:k&;kaj> ,¢(t-)>
k=1

D' (R?),C5° (R?)

D' (R?),C5° (R?)

3
= -2 <aja w(t')>D/(R3),Cg°(R3) —t <a’ja (Z mkgwk"/](t)> > :
D’(R?),C5° (R3)

k=1
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It follows
<a:zj ®s ’L/)>D/(R3),C§°(R3)
+o0 +oo )
- _/1 2t {aj, (1)) p ray oo (e G _/1 £0h (a5, () pr o), cge (o It
+o0 )
N _/1 B [ (a5, () oy e o
. 2
= <G,j7 ,(/}>D’(R3),C(‘)’°(]R3) - t—li-i-moot <(lj, w(t'>>D’(R3),C(‘]’°(R3) = <aja w>D/(R3)7C(C)>O(]R3) .
This proves that V,p = A and it completes the proof of the lemma. O

According to Lemma 4.2, the function ¢ € WL (R?) given by (4.61) satisfies Voo = A. Since w is

loc
simply connected ; = w x R is also simply connected and R3\ ; is connected. Therefore, according to the

fact that A = 0 in R3\ Q, by extracting a constant to ¢ we may assume that ¢ = 0 on R?\ ;. Thus, we
have p|9n, = 0. Note also that by eventually extending w, we may assume that {2; contains a neighborhood

of Q. Now, for A € L>(Q4)? and q € L>(4) let us consider the set of data

Di,aq:={(ru,N1,aqu): u€ Hl(Ql), Aqu+ qu =0},
where 71 is the extension of the map u — 9o, and, for any solution v € H'(€;) of Asu+ qu =0 on Qy,
Ni a,qu denotes the unique elements of H—3 (09Q1) satistying

(NLAGY TLI) 3 (90,) 1h (902), = /QI(VH'A)U' (VJriA)gdﬂer/Ql qugdzr, g € H' ().

Repeating some arguments of [34, Proposition 3.4] (see also [41, Lemma 4.2]), one can easily check the
following.

Proposition 4.3. For j =1,2, let A; € L>=(4)3, ¢; € L>(Q1) and assume that
Ai(z) = As(z), qi(z) = q2(z), 2 €\
Then the condition (1.5) implies that D1 a, ¢, = D1, 45,4, -
In view of this result and the fact that 41 = As = 0 and ¢1 = ¢2 = 0 on 24 \ Q, we deduce that

Di,41,q1 = D1,4,,q,- Moreover, using the fact that A; — Ay = Vo with ¢ € VVllocoo(Ql) satisfying prs\o, = 0,
we obtain

D1,41,0: = D1,424vp,00 = D1,45,40 = D141 a1 -
Therefore, repeating the argumentation of Section 4.1, with A7 = A, we find
lim q(w)z/;Q(p*ixg)e*im'de =0, (4.62)
p——+o00 R3
for all £ = (¢/,£3) € R? x R with & # 0and &3 # 0. Here we have used the fact that, following our definition,
A, =As, 2, =—P1,and by by, = 1. In (4.62), we can assume for instance that » =1 on [-1,1]. We
fix g,(2', x3) = q(2, 23)0%(p~ i x3), (¢, x3) € RZ x R and we remark that

||]:(Qp) - -7:((1)”%2(]1{3) = ||Qp - QHiz(RS) < /}1&3(1 - ¢2(p7%x3))\q(z)|2dx

</ ( |q<xcx3>|2dx')dx3.
josl2pt \JR2

Combining this with the fact that, according to Fubini’s theorem,

T3 > (/R2 q(x’,x3)2d1'> € L'(R),
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we deduce that
PEI-‘POQ 17 (qp) — ‘F(Q)||L2(R3) =0

Thus, there exists a sequence (pi)ren such that pr — +0o and for a.e. £ € R3 we have

L Flg,,)(€) = Fa)(©):

Combining this with (4.62), we obtain that F(¢) = 0 which implies that ¢ = 0 and ¢; = g2. This completes
the proof of Theorem 1.1.
5. RECOVERY FROM MEASUREMENTS ON A BOUNDED PORTION OF Of2

In this section we will prove Theorem 1.2 and we assume that the conditions of this theorem are fulfilled.
Recall that 7 denotes the extension of the map u — ujgq to u € H* () which takes values in Hlic(aQ).
Consider the sets of functions

Qaq:={uec H(Q): Asu+qu=0},
Qaqr ={u€Qagq: supp(rou) C S;}, j=1,2.
Here we recall that S, = 9Q N (@ x [—r,r]). We have the following density result.

Proposition 5.1. The space Qa,.q,.r (Tesp. Qa,gz,r) s dense in Qa, q, (resp. Qa,gz) for the topology
induced by L2(Q\ (- U Q).

Proof. The proof of these two results being similar, we will only show the density of Qa, 4, in Q4,4 . We
will prove the proposition by contradiction. Assume that @, 4, is not dense in Q) 4, ,4,. Then, there exist

heL?(Q\ (Q-UQ)) and vg € Qa, 4 such that

/ hodz =0, v € Qay g (5.63)
Q\(2-uQy)

/ hvgda # 0. (5.64)
o\(-uay)

Let us mention that in contrast to several other related density result (e.g. [33, Proposition 3.1] and [30,
Lemma 6.1]) we consider a general unbounded Lipschitz domain and we can not apply the Green formula in
the usual sense. To avoid such difficulties, here we proceed differently than other related results.

From now on, we extend h by 0 to Q. In view of Assumption 1, there exists u € HE () such that
A, u+ qru = h. Then, condition (5.63) implies

/(AA1 +quvde =0, v € Qa, q (5.65)
Q
Moreover, for any ¢ € Cg°(Q) and any w € H'(Q), we have
= —2i(div(wA1), ©) pr(q).cz= () (5.66)
= —22’/ diV(Al)goﬁdx—i—/ p(21A1 - Vw)dz.
Q Q

By density we can extend this identity to p € H(Q). Combining this with the fact that u € H}(Q), for any
v € Q4,,q,r, We obtain

/Au@dxf/uﬂdx:/(AAl +qT)u@dx7/u(AAl+q1)vdx
Q Q Q Q

_ / hodz — 0.
o\(@_Ua,)

(5.67)
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On the other hand, in view of Assumption 1, for any F € C§°(R3?), satisfying supp(Flaq) C Sy, we can define
wr € H () solving A, wr + quwp = —As, F+ @ F and v =wr + F € QA, 4, Using this choice for the
element v € Q4, 4, in (5.67), we deduce that

/ Au(wp + F)dz — / u(Awp + AF)dx = 0. (5.68)
Q Q
In addition, since u € Hg(2) and wr € H}(Q), one can check by density that

/Au@dx—/qupdx:—/Vu-Vdea:+/Vu-Vdex:O.
Q Q Q Q

Combining this with (5.68), we get
/ AuFdzx — / uAFdx =0, F €{G € CP(R?) :supp(Gjaq) C Sy} (5.69)
Q Q

We fix 71 an open set of 99 such that y1 C (S, \ [9QN (@ % [0 —r,r —d])]). Then, we consider Q, a bounded
subset of R? \ Q with no empty interior such that Q, N 9Q C v1 and such that Q_ . := Q_ U, is an open
connected set of R3. Applying (5.66) and (5.69), we deduce that the extension of u by zero to Q_ , satisfies

(Aq, +q@)u=0 in Q_ ,,
u€ HY Q- )

Then, applying the unique continuation property for elliptic equations (e.g. [20, Theorem 1.1] and [45,

Theorem 1]), we deduce that ujo_ = 0. In the same way, we can prove that ujo, = 0. Using these
properties, we would like to prove the following identity
/AAluvT)d:r:/uAAlvoalx7 (5.70)
Q Q

where we recall that v satisfies (5.64). For this purpose, we first recall that in a similar way to (5.67), we

can show that
/Au%dm—/uAvod:c:/AAlu%dx—/uAAlvodac.
Q Q Q Q

Thus, we only need to prove that
/ Auvgdr = / uAvgdz, (5.71)
Q Q

for showing (5.70). Let @1, p2 € C§5°(R?) be such that ¢; = 1 on wx [% —rr— %], 2 = 1 on a neighborhood
of supp(¢1) and supp(p2) NN C (W x [g —r,r— g]) Since supp(p2v9) NI C S, and

A, (p2v0) = —qup2vo + 2Vps - Vg + (Aa, p2)ve € L2 (Q),

in a similar way to (5.69), we can apply Assumption 1 and (5.63) in order to get

/ Aupsvgdx — / uA(pavg)dr = 0. (5.72)
Q Q
In addition, using the fact that 2 = 1 on a neighborhood of supp(ip1), we get
/ Au((T = ga)ug)da = / Al(1 - o1)u) (T = pa)v0)da. (5.73)
Q Q

On the other hand, using the fact that

) )
Q_U<w>< [27‘,7'2:| QQ)UQJr
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corresponds to the intersection between a neighborhood of 992 and 2, with the fact that
) )
(1—pu(z)=0, z€Q_U (w X [2 —rr— 2} N Q) UQy, (5.74)

we deduce that the function (1—¢1)u extended by zero to R?, satisfies V[(1—¢;)u] € L?(R3) and div(V[(1—
o1)u]) = A[(1 — ¢1)u] € L?(R?). Moreover, combining (5.74) with the arguments used in the proof of [19,
Theorem 3.4 page 223], we can find a sequence of functions (G )ken lying in C5°(2)3 such that

kETOO 1Gx —VI[(1- 901)“]||L2(Q) = kginoo [div(Gr) — A[(1 - ‘PI)U]HLZ(Q) =0.

Then, we have

/Q div(Gi) (T — p2)vo)dz = (1 — pa)vo, AV(GL)) (e coe (o)

V(1 = p2)vo], Gk>(cw(9)3) oo ()?

/ Gy - VI = pa)ug])dar

and sending & — +00, we obtain

; Al(1 = p1)ul((1 = p2)vo)dz = — . VI =1)ul - (V[(1 = p2)uvo])d.

Then, using the fact that (1 — ¢1)u € H(Q2), we find

/A 1= @1)u]((1 = p2)vo)da = — /V (1= 1)u] - (V[(l—wz)vo])dl:/[(1—wl)U](A[(l—wz)vo])dﬂc-

Q
Combining this with (5.73) and applying again the fact that ¢3 = 1 on a neighborhood of supp(¢1), we find

/ Au((T= pa)uo)de = / (1~ 1)u) (A[T = pa)uo])de = / u(B[T = pa)uo])da.
Q Q Q

From this identity and (5.72), we deduce (5.71) and by the same way (5.70). Applying (5.70), we find

/ hvgdx = / (A4, + G1)uvgdx = / u(Ag4, + q1)vodz = 0.
Q Q Q

This contradicts (5.64). We have completed the proof of the proposition. O

Applying this proposition, we will complete the proof of Theorem 1.2.

Proof of the Theorem 1.2. Let u; € Q4,,q,» and us € Qa, 5. In a similar way to Section 4, we
can prove that (1.11) implies

z/ (A - Vuy)uzde — z/ ui(A - Vug)dr + / Gquitzdr = 0, (5.75)
Q Q Q

with A = A; — Ay and § = |A2]?> — |A1]®> + ¢1 — ¢2. On the other hand, according to (1.8), we have
/ u1(A - Vug)de = — / (A - Vuy)uzde — / div(A)uuzde.
Q Q Q
Combining this with (5.75), we obtain

Qi/ (A - Vug)uzdz + / [G + idiv(A)|uyuzdz = 0.
Q Q

Then, (1.10) implies

22’/ (A - Vuy)ugdr + / [G + idiv(A)|uitzder = 0.
o\ Uay) o\(@_uay)
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Applying Lemma 5.1, we deduce by density that this last identity holds true for any u; € Qa, 4, and any
Uz € Q4,5 Then applying again (1.8) and (1.10), we deduce that (5.75) holds true for any u1 € Qa, q,.r
and any us € Q 4, g;- In the same way, applying (1.8) and (1.10), we can prove that (5.75) holds true for any
U € Qa,,q, and any ug € Q 4, ;- Finally, choosing u1,us in a similar way to Section 4, we can deduce that
dA; = dA,. Then by repeating the arguments at the end of Section 4, we deduce that, for ¢; — g2 € L*(Q),
we have ¢ = ¢s. O

6. THE PARTIAL DATA RESULT

This section is devoted to the proof of Theorem 1.3. For all y € S, r > 0, we set
Owy ry={z€0w: viz) - y>r}, Ow_,,={rcdw: viz) -y<r}

We assume that Q@ = w x R and, without lost of generality, we assume that there exists ¢ > 0 such that
for any 0 € {y € S' : |y — 6p| < e} we have dw_ .9 C V'. We consider p > max(pa, p}), with p} given in
Corollary 2.2 and py defined in Proposition 2.4, and we fix € {y € S* : |y — 0y| < €}, € := (¢/,&) € R3
satisfying &3 # 0 and & € 0+ \ {0}. Then, we fix u; € H*(Q) a solution of As,u; + qru; = 0 in Q and
uy € H'(2) a solution of A 4, u2+qaus = 0 in © of the form (3.33)-(3.34) with p > ps and with w; , satisfying
(3.35). Following the argumentation of Section 3, used for proving the decay property of w; , which is given
for j =1 by (3.52), we can show that

_ _1
pt ij,pHHl(Q) + ij,pHL2(Q) S CO(14; — 45, ‘L2(]R3)3 +p7F)

and assuming that p~& admits a faster decay than || 4; — A; || L2(Reys We get

<C ”Aj - Aj,p”Lz(RS)s . (6.76)

p~! ||wj7pHH1(Q) + [lwj,p ‘LZ(Q)

In view of (1.12), there exists vy € H'(Q) satisfying Aa,v2 + qava = 0 and Tve = Tuq, NA2’q2’U2‘V =

Na, g1}y, Combining this with (1.8) we deduce that u = vo — u; solves the boundary value problem

(6.77)

Ap,u+ gou = 2iA - Vuy + (q + idiv(A) + |A2|? — |A1]*)u;  in Q,
u=0 on 0N.

In particular, we have

Au = —2iAs - Vu — (go + idiv(As) — |Az|*)u + 2iA - Vuy + (¢ + idiv(A) + [As]* — |A1]*)uy € L3(Q)
and, in view of [13, Lemma 2.2], we deduce that u € H?().

Now let us show that d,u)y = 0. We fix w € H 2(Q) satisfying supp(wjaq) C V and using the fact that

NA27112U2\V - NA1741U1|V’ we get

0= (NAz,Q2U27 TU)) - <NA1,L]1U1?Tw>

_ /Q(V—H'Al)ul -mdx—/

qruiwdx — / (V +iAs)vs - (V +iAz)wdz —i—/ qovowdx
Q Q Q

=— / (V+ids)u- (V+idy)wdx + / Guwdxr + / [iug A - Vw —i(A - Vuy)w — (|Az]? — |A1]? + ¢)uiw]dz.
Q Q Q
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Applying (1.8) and the fact that u € H}(Q2), we get

/ ua A - Vw — (A - V)T — (|As? — | As]? + Qour]da
Q

Y / (A-Vu)wde —i | div(A)uwde — / (|As]2 = | A2 + Qurwda
Q Q

Q

:—/(AAQU—F(]QU)@CZI‘

Q

= —/ Au@dzfQi/(ATVu)@d:rfi/ diV(A2)ude+/(|A2|2—q2)u@d1’
Q Q Q Q

= f/ Au@dzfi/(Aqu)wderi/ AgquI+/(|A2|27q2)u@dx
Q Q Q Q

= 7/ Au@dm+/(V+iA2)u~ (V +iAz)wdz 7/ Vu~de7/ geuwdz
Q Q Q Q

and it follows
Oyuwdo(x) = | Avwdz + [ Vu-Vwdz = 0.
o0 Q Q
Allowing w € H?(Q), satisfying supp(wjpn) C V, to be arbitrary, we deduce 0,u;y = 0. In the same way,
multiplying (6.77) by @z and then applying (1.8) and the Green formula, we get

/ [2iA - Vuitiz + (g + idiv(A) + |Az|* — | AP uTz)de = Oyutizdo ().
Q a0
Moreover, we have d,ujy = 0 and we get
/ [2iA - Vuitiz + (g + idiv(A) + |Az|* — | AP uiTz)de = / O utizdo (). (6.78)
Q a\V

In view of (6.76), we have

1 1 1
||w2,p||L2(OQ) <C ||w2-,p||;11(9) ||w2,p||zz(g) < Cp2 [|[A2 — A2,p||L2(R3)3 . (6.79)
Here we use the estimate . L
1fll200) < C ||fH[2—Il(Q) Hf”zz(g) , feH'(),
which can be proved, in a similar way to bounded domains, by using local coordinates associated with dw

in order to transform, locally with respect to 2’ € w for z = (2/,23) € W x R = Q, Q into the half space.
Applying (6.79) and the Cauchy-Schwarz inequality, we obtain

/ Oyutizdo(x) g//
OO\V RJOwy 0
7 2 % 1
<o Jemeaafaoo) (Jo (o)
0w+7519><lR
L2(R3)3 </6w+,s,exR

for some C independent of p. This estimate and the Carleman estimate (2.18) implies
2

Duue™ "0 (4 (p Fas ) ba,pe 5 4w, (1) ) | do(a s

|12 (asz))

+ ||w
12(R) [[wa,p

1
2

< Cp [ As — Ag,,

—pz’-0 2
e 6yu‘ do(x)

/ [2iA - Vuytiz + (g + idiv(A) + |Az|?> — | A1 |?)uitzda
Q

< CP ||A2 - A2,p||iz(R3)3 /

8w+‘€,9 xR

'ef’)x/'e&,uf do(x)
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, 2
< Cps x| | 00 v bldo(a)

8w+,9 xR

, 2
<Oz~ Aoy ([ |+ ] 0)
Q

’ 2
< e~1C HAQ — AQvPHiZ(RS)S (/ ‘e‘pr .0[22.14 -Vuy + (q + Zle(A) + |A2|2 — |A1|2)U1]‘ dl‘)
Q
<e71CP7 (A2 — Aol T2 gsys 1A T2 gs) (6.80)

where C' > 0 is a constant independent of p. Therefore, we have

/ 1204 - Vurwis + (g + idiv(A) + | As]? — | Ay |2 )urTade
Q

S CplAz = Az p| 2 (rsys

1

and multiplying this inequality by p~* and sending p — +00 we obtain from (3.37) that

1 =0.

lim p~
p—>—+o00 p

/ [2iA - Vuytiz + (g + idiv(A) + |Az|* — |A1]?)urdzda
Q

Combining this identity with the arguments of Section 4, we deduce that
§eF(a;)(€) =& F(ar)(§) =0, 1<j<k<3 (6.81)
for all (¢/,£3) € R? x R such that ¢’ € 01\ {0}, 0 € {y € S* : |y — 0| < e}, & # 0. Since A € LY(R3), we can

extend by continuity the identity (6.81) to all (¢/,&3) € R? x R such that & € 0+, 0 € {y € S' : |y — 6| < €},
&3 € R. Consider the Fourier transform in 2’ and x3 given, for f € L*(R?), by

‘F/(f)(€/7z3) = (271—)71 f(xlax?))eiiw/.gldx/a -Fzs (f)(ﬂfl,fg) = (27(-)7% \/Rf(xlax3)eiiw3§gdx3~

]R2
It is clear that FA = F'[F,,A] and using the fact that, for all &3 € R, 2’ — F,, A(2/,&3) is supported in
@ which is compact, we deduce that, for all j = 1,2,3, & — Fa;(£,&s) is complex valued real analytic.
Therefore, for all &5 € R, the function &' — &y F(a;)(§) — &;F (ax)(§) is real analytic and it follows that the
identity (6.81) holds true for all £ € R3.Thus, we have dA; = dAs. Then in a similar way to Section 4, we
can prove that we can apply the gauge invariance to get

,DALQhV = DAl,EIQ,V'
Repeating the above argumentation (see also [30, Section 5]) we deduce that

. 2, —1 —i&-x o
. X (p~%as)q(x)e” " "dx =0,
for all (¢/,&3) € R? x R such that ¢ € 6\ {0}, 0 € {y € S' : |y — 0| < &}, & # 0. Then, using the fact that
q € L'(R3), an application of the Lebesgue dominate convergence theorem implies that F(q)(&) = 0, for all
(€/,&3) € R2 x R such that & € 0+, 0 € {y € S' : |y —0y| < e}, &3 € R. Then, using the fact that ¢ € L'(R3)
and supp(q) C @ x R, we can repeat the above arguments in order to deduce that ¢ = 0 and ¢; = g2. This
completes the proof of Theorem 1.3.

7. EXTENSION TO HIGHER DIMENSION

In this section we discuss about some possible extensions of our results to some class of domain 2 C R,
n > 4. For this purpose, let n > 4 and consider ny,ns € N such that ny +ns = n and n; > 3. We fix also
w a bounded and C? open set of R™. Then our claim can be stated as follows: all the results of the present
paper can be extended to any open and unbounded set ) of R™ satisfying

QC Oy :=wxR™. (7.82)
Let us explain why our results can also be extended to unbounded domains €2 satisfying (7.82). The main

ingredient are suitable CGO solutions for our problem. Once this is proved one can easily complete the
proof of the uniqueness result by repeating our argumentation. Since here we know that w is a bounded
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open set of R™ with ny > 3, instead of the construction of the present paper we will consider CGO

solutions constructed by mean of a projection argument inspired by the analysis of [2, 28]. More precisely,

we fix £ = (¢,¢") € R™ x R™ and we consider 7,60 € S™~! such that n-0 = n-&¢ =0-¢ = 0.

For all » > 0, we denote by B, the ball of center zero and of radius r of R™, we fix also R := sup|2/|,
z/ €W

Ry :=2V2(R+2),0 = (0,0) € R" and 7 = (n,0) € R™. We set x € C3°(R") such that y > 0, Jan x(2)dz =1,
supp(x) C {x € R™: |z| < 1}, and we define x, by x,(z) = pix(piz). Then, for j = 1,2, we fix

Ajp(x) = /R Xp(® = y)A;(y)dy.
In a similar way to Section 3.1, one can check that for all z = (2',2") € B, x R" the function
(517 52) —> Aj,p(slé —+ 5277 + SC)
will be supported in {z € R?: |z| < R;}. Thus, we can define

by o1 [ TR Ao i)
i 2T R2

$1+ iSQ
—1 —0+i7)- A G 5o
By () 1= — (=0 + i) - App(@+ 516 = so)
2 R2 S1 + 182
Fixing
by p(z) = eP1o(@) by (z) = 220(®),

we will obtain functions satisfying properties similar to those described in Section 3.1. Now let us fix
¥ € C§°(R™) a real valued function. Applying the results of Section 3.2, which can be extended without
any difficulty to this setting, one can construct solutions u; € H'(Qs), j = 1,2, of Ay, u; + qju; =0 on
of the form

ul(x/,x//) — Pt (w(x//)bl’p(x/’x//)eipw'-n—if-a; + wl’p(x/’xl/)) . 2 ew, o eR™,

UQ(x/,xH) — e—p9~x/ (w<x//)b2)p($/,x//)eipx"n + ’U)Q’p(xl,l’”)) , = w, 2" e an,
with w; satisfying the decay property

. —1 —
pl}{{loo(l) w50l 1 020y + 10501l L2 (2,)) = O-

After that, allowing the cut-off function ¢ € C§°(R"™2) to be arbitrary and repeating the arguments of Section
4 we can prove that all the results of this paper remain true when  C R™ satisfies (7.82).
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