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Abstract

We treat the problem of simultaneous collaborative multiple micro air vehicles’ localization and target tracking using
time-varying range and (relative and absolute) velocity measurements. The proposed solution combines robustly local
nonlinear observers that estimate the relative positions between agents and their neighbors, and cooperative filters that
fuse each agent’s local estimates to globally localize them with respect to the target (and therefore to each other). These
estimates are then introduced in a dynamic consensus-type control law that ensures the global collective target tracking
while simultaneously estimating the target’s velocity, without needing any external reference which makes it applicable in
GPS-denied environments. Finally, a simulation scenario is studied in order to show the efficiency of the proposed
solution.
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Introduction successful undertaking of the mission scenario.

Over the last decades we have witnessed the explosion However, such global information, as obtained for
of applications incorporating networks of robotic ~example by GPS receivers, is not available in indoor

vehicles. Inspired by the behavior of animals in environments™ and in general, due to hardware mal-
nature and motivated by the fact that a variety of function or unavailability of the minimum number of

GPS satellites. Instead local, low-cost sensors (cameras,
infrared sensors, sonars) are usually incorporated to
provide a sufficient localization.

This work focuses on the design of a distributed
control law which in an ideal (perfect measurements,
relative positions available) scenario ensures that a
number of multiple micro air vehicles (MAVs) track
the unknown motion of a target. Our precise objective

objectives can be more efficiently, rapidly, and robustly
accomplished collaboratively rather than independent-
ly, multiagent systems have been in the core of atten-
tion from both theoreticians and practitioners. Of
particular interest have been applications involving
multiple (aerial, ground, marine) vehicles that need to
collaborate to achieve a common goal such as to ensure
the exploration of unknown environments, to follow
targets, to seek dangerous emitting sources, or to
ensure high-precision photography.l Note that in  ONERA—The French Aerospace Lab, Palaiseau, France

order to attain the corresponding desired objective )

the IOCE'ltiOH of the VehiCleS iS. an i,nformati,on of para- f):::isg;:;tnglfl;;:\i}he French Aerospace Lab, DTIS-SAGP,
mount importance. It is exploited in the guidance, con-  pypiseau F-91123, France.
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is to propose a robust law based on (local) relative
distance measurements and noisy velocity measure-
ments to combine localization, target velocity estima-
tion, and target tracking algorithms to obtain a
globally exponential solution for the simultaneous col-
lective agent localization and target tracking problem.
The target can either be static, in which case this boils
down to a consensus problem, or dynamic, yielding a
setting similar to the classical leader—follower problem.
In both cases, only a set of agents (at least one) usually
has access to a relative information about the motion
of the target while each agent has only access to local
information. However, depending on the measure-
ments available and the interagent communication
characteristics, ensuring exact target tracking can be
impossible and the mission objective is relaxed into fol-
lowing the target at a certain distance. Such a scenario
arises exactly when relative distance measurements are
available, instead of relative positions. These are pos-
sibly complemented by noisy relative or absolute veloc-
ity measurements of the agents. The reason why exact
tracking cannot be achieved lies on the fact that dis-
tributed controllers frequently require relative position
information. For that to be obtained the observability
analysis reveals that a persistent relative motion
between any pair of agents has to be present.** The
distributed control law has to account for this addition-
al motion.

We propose a solution to the problem of collective
target tracking for a target with unknown constant
velocity (or unknown varying velocity but known
acceleration) based on the agents’ relative distance, rel-
ative velocity, and absolute velocity measurements. The
communication topology between agents is considered
as undirected and connected, while the communication
topology between the target and the connected fol-
lowers (at least one) is directed, which yields a strongly
connected digraph. Our contribution consists of: (a)
designing a localization algorithm that provides for
every agent an estimation of the relative positions
with respect to its neighbors and the target, (b) design-
ing an estimator for each agent that provides an esti-
mate of the target’s velocity, (c) designing an estimator
that filters the noisy relative velocity measurements and
explicitly take it into account in the global stability
analysis, and (d) designing a distributed control law
that allows for the followers to collaboratively track
the target and ensures a persistent relative motion.

Concerning the localization, in the literature we dis-
tinguish two large types of scenarios™®: (a) Mutual
localization, referring to the scenario where each
agent needs to find its own (static) position in a refer-
ence frame common to the entire network and (b) col-
laborative localization referring to the localization of a
(dynamic) target using an already mutually localized

network. Our problem is of the second type.
Depending on the community (control, robotics, sen-
sors) and the mission objective, we can have 2D or 3D
models, centralized or distributed algorithms, a variety
of available measurements, for example absolute posi-
tion (GPS), relative positions, distances, bearings or
IMU measurements, and additional known points
(anchors, markers). Additionally, the localization sol-
utions can be signal/information based or model based
which are essentially divided into optimization based
and observer based. Observer-based, distributed esti-
mation algorithms have recently been shown to present
some rather interesting robust characteristics. In par-
ticular, it was established that observers which are dis-
tributed can enhance the quality of estimation by
eliminating noise, see Tabarea et al.” and Li and
Sanfelice,® which is of great interest in all applications.

Hence motivated by these recent developments and
unlike the probabilistic and Kalman filter-based
approaches,” ' which cannot in general guarantee ana-
lytical global convergence, following Sarras et al.'? we
adopt an observer-based approach to treat the problem
of multivehicle collaborative localization using time-
varying range and relative velocity measurements with-
out requiring any global positioning information. The
range measurements can be obtained using a variety of
sensors such as stereo-vision systems that typically
equip robotic vehicles'* or by combining monocular
cameras from different vehicles.'"* This measurement
scenario renders our obtained algorithm applicable to
GPS-denied environments. We show that if each agent
can obtain a good estimate of the target’s velocity then
it successfully localizes itself with respect to the target
by the combination of local estimates of its neighbors’
relative positions and the fusion with the neighbors’
own estimates.

As opposed to other works, for example Bahr et
al.,'” Dandach et al.,'® Deghat et al."” our algorithm
does not require global information (absolute position)
but rather local measurements. Compared to the rele-
vant work in Chai et al.® that treats the collaborative
localization problem with respect to a static target,
instead of single integrators we consider double inte-
grator dynamics to model the agents’ translational
dynamics and require no knowledge on the rate of
change of the distances. Furthermore, we extend
these results to the scenario of a dynamic target and
show that by adopting an approach inspired by the
recent developments on dynamically scaled Lyapunov
functions'®!” we are able to show relative localization
with a uniform global exponential convergence using a
strict Lyapunov function.

Concerning the distributed control design, we follow
the control paradigm laid in Hong et al.>**' and fol-
lowed by many others, for example Ren and Beard,'



Sarras et al.

Cai and Huang,”> Liu and Huang,*® and references

therein. We show that in the case of known relative
positions the interconnection of a consensus-type
tracking law and a consensus-type target velocity esti-
mator provides a globally exponential tracking solu-
tion. Compared to the landmark work,?! that more
generally treats directed and switching graph topolo-
gies, we provide an alternative Lyapunov function
that does not require knowledge of the global graph
topology properties and thus, contributes in rendering
it a truly distributed solution. While Ren and Beard,'
Cai and Huang,? Liu and Huang® consider also cases
of nonlinear models for the agents’ dynamics and more
general graph topologies, they also assume that the rel-
ative positions are readily available and that all meas-
urements are not corrupted by measurements. Works
using mainly range measurements are focused on for-
mation control, see for example Tron et al.,> Montijano
et al.,'* Oh and Ahn,** and Oh et al.?®

Although our results focus on target tracking, by
straighforwardly modifying the control terms to
incorporate desired distances between neighbor
agents we can obtain a solution to target tracking
with a prescribed formation of the followers and
interagent collision avoidance, for the latter see the
recent work of Franchi et al.>® and references therein.
These features are illustrated in the simulation
scenario.

Model and problem formulation

Network topology

We consider that the interconnection graph describing
the communication between the N+ 1 agents forming
the multiagent system, target included, is formed by an
undirected graph describing the network of the N fol-
lowers and a directed graph connecting the target to
some followers. The complete (directed, strongly con-
nected) network topology can be modeled using the
Laplacian matrix L:=|lj] e RVHDX(NHD)
i,j €40,..., N}, whose elements are defined as

Z wi =]
i#]

Iy =

Wi

where w; =0 if i=j, w;>0if j € N; and w;=0 other-
wise. In this case, N, stands for the set of agents trans-
mitting information to the ith agent. Note that, by
construction, £ has zero row sum, ie. Lly. =0,
where 1y, is a column vector of size N+ 1 filled
with  ones or, equivalently, [;— Zje N, Iy = 0.
Following this definition, we note that the undirected

graph topology between the N followers with the N x N
(symmetric) is described by the Laplacian matrix
Ly :=[l;], for i,je{l,...,N}. Further, define as B
an N x N diagonal matrix whose ith element is either
b; >0 or 0 based on whether the ith agent receives
information from the target, i.e. belongs to the set
Ny. For more details on network topologies and their
properties refer, for example to Ren and Beard.'

Dynamic model

We consider that the dynamics of each of the N+ 1
identical agents composing the multivehicle system of
interest can be described by the double integrator
model

).Cl' =V (2)

v'[:u[, i:{O,...,N} (3)
with x;, v; € R® denoting the position and velocity vec-
tors of the ith vehicle in the inertial frame, while »; € R?
is the applied acceleration.

By the index i=0 we denote the (static or dynamic)
target with respect to which the localization will be
referred. As is evident, the static scenario corresponds
to a target’s dynamics

Xo=0 4)
Vo =0 ®)

In the dynamic case, we assume that the target’s
acceleration u, is known or zero, with the latter corre-
sponding to a scenario of a noncooperative target
moving in straight line at maximal velocity.

Now, we naturally define the relative position, veloc-
ity, and acceleration between two agents as

Xjj = Xi = X; (6)
Vi = Vi =V (7
Ujj = U — Uj ®)

that yield the required relative dynamics
Xij = vij )

(10)

Vij = Ujj
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For our localization problem, we consider that the
available measurements consist of the relative velocities
and distances®

T T
i i)

vi = col(v (11)

with the distance d;; between agent i and its neighbor j
defined as

dij = |X,‘ — Xj| = |X,]| (12)
A simple derivation provides
oxkbvy o vlxy
d[/‘ _ ity _ vy (13)

djj djj

In conclusion, the complete model on which our
design will be based is summarized as

Vi = uj (15)

i i

. vix;

di =Y (16)
) d,]

Cooperative localization

Before presenting our main results, we define some
additional notation and then remind the definition of
a persistently exciting (PE) function. The notation for a
matrix 4 being positive (semi-)definite is expressed by
A > 0(>0), while for the case of a positive scalar a we
write instead @ > 0. We note Ay (A4) the minimal eigen-
value of a square matrix 4. The notation | - | will refer,
depending on its argument, either to the absolute value
of a scalar function, to the Euclidean norm of a vector,
or to the induced two-norm of a matrix.

Definition 1. Let the function v : R>g — R? be continu-
ous. It is PE if there exist some T>0 and p > 0 such
that

+T
/ v;,—(r)v§(r)dr>ul> 0, Wt (17)
t

For the distance-based localization scenario we have
at hand, we require that certain relative velocities are
PE which means that in order for an agent to be able to
reconstruct a relative position with respect to a neigh-
boring agent, it is necessary to move out of the line of

sight (straight line connecting two agents) for some
time which in fact is required for the relative position
to be observable.>* In practice, this condition imposes
a requirement on the applied accelerations (control
inputs) which can always be ensured for each agent
by including an excitation term but however, might
complicate the stability analysis.

Single vehicle localization from direct local
measurements: Static target

In this subsection we will consider the problem of local-
ization of each agent with respect to its neighbors by
incorporating local, noiseless measurements, and con-
sidering a static target. This will be achieved by means
of a designed nonlinear observer based on the
invariant-manifold observer methodology, see Astolfi
et al.”’ and Karagiannis and Astolfi'"® for the general
setting and Martin and Sarras,”® Martin and Sarras,”’
and Sarras et al.'? for recent applications on MAVs.

Proposition 1. Consider the dynamical system defined in
equations (14) to (16) and assume that v; is PE. Then,
the dynamical system

L 2

T~
wij — Kivijvy Xij + v (18)
2

is a globally exponential observer with gain K;> 0.

Proof. First, let us define the relative position estima-
tion error

zip =&+ Bi(vi, V) — Xy =1 Xy — xy (20)
for a certain mapping f3;, that generally can also depend
on a filtered y; denoted 7;, that will be properly select-
ed. At this point we examine the case where f3; is a
function only of y, Then, the general form of the z;
dynamics gives

Zi= & OB — Xy =&+ 8d,»/ﬁidi/ + Oy, Biviy — Xij

T .
Vi Xij

=&+ 04, d;

+ 81,Uﬂiu,~j — Vlj

With the choice

T3
. ViiXij

Ci = —0u;b; = — Oy, Biuis + vy
djj
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and the f; mapping as

&2
Bivi) == Kiyvi 21
the z; dynamics obtains the more explicit form
. T
Zij = *Kijvijv,'jzij (22)

From Lemma 5 of Loria and Panteley®® we know
that the nominal system (22) has a uniformly global
exponentially stable (UGES) equilibrium at the origin
for a PE and uniformly bounded v;;.

Remark 1. From the converse Lyapunov lemma
(Lemma 1 of Loria and Panteley™®) we know that
there exists a quadratic Lyapunov function

1
V. = ngP(l)Z[j

(23)
with P(t) such that 0 < ¢ < P(t) = PT(¢) < cal, the
unique solution of the equation

P — PRy — vy KP = —Q (24)

with Q(1) = QT (1) such that 0 < c3I < Q(1) < cul.

This lemma will be exploited in the construction of a
strict, dynamically scaled Lyapunov function of the more
general solution that follows in the next subsection.

Remark 2. Notice that in our algorithm, we further
require that the relative acceleration between neighbor-
ing agents be either available or can be reconstructed. As
is common in the literature for example, the agents might
transmit their respective control actions (accelerations or
resulting predicted positions) to their neighbors.>" If
these signals are imperfectly known, due for example to
transmission perturbations, we can explicitly provide a
robustness analysis by treating the imperfections as addi-
tive disturbances and using our Lyapunov function in an
input-to-state stable (ISS) analysis. Alternatively, and
under the assumption that relative motion varies slowly,
we can consider that the relative acceleration is recon-
structed by numerical differentiation of the available rel-
ative velocities.

Remark 3. Let us mention that in the case where relative
orientations (rotation matrices) are available, by means
of bearing measurements, and assuming that each agent
is equipped with a gyro, we can adapt the obtained algo-
rithms to such scenario. In such case the agents do not
need to be already mutually localized and the transmitted
signals are communicated in the proper local frame of
each agent.

Single vehicle localization from filtered local
measurements: Dynamic target

In continuation of the previous scenario, we proceed to
extend the localization algorithm to the case of a dynam-
ic target in the presence of noisy velocity measurements,
without assuming any particular noise characteristics.

Proposition 2. Consider the dynamical system defined in
equations (14) to (16) and assume that v;; is PE. Then,
the dynamical system

2
_ Ky (i — Ko, (X, Vig vii 1) (Vg — vig))
2 y PNV s T i 7 (25)
T~

= KyviyvXi + i

&ﬁ:

2
551"]' = éi + %Kiji)\lj (26)
2 2
) o K; -
Fo=—er(r = 1) + =2 v P[5y — vyl 27)
C1Cs
Vi o=y — K (85, V5, v, 1) (5 — vy) (28)

is a globally exponential observer, for some c¢; > 0, with
r(0) > 1 and gains

¢s + ¢ + 700

K,’j =g +
C3

2
~ o~ c
K, (X3, vij, vij, 1) == col + (r — 1)—2K?j|v,:,-\21
C1Cs
G e e
+ (R PR+ 1)1

Proof. First, let us define the relative position estima-
tion error as in equation (20). Then, the general form of
the z; dynamics gives

Zj = El + 8}\[;15}\1 + 0, By — Xij

= &+ 0o By + 05 vy + O, Bidyy + 0y, vy — %y

T
VX

vy
Yy + avﬁﬁl—u,'j — Vij
d,'j

= éi + a;ﬁldlj =+ 8{,\1[31%] + adifﬁi
i ij

which with the choice

/\T/\“
VX

djj

&= —8;[3,»6/1\1‘]' - a;i/ﬂi‘.?ij — Oy

- al’ifﬂiuff + Vi
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reduces, after defining e, := vj; — vy, to
AT~ T
vixi  vix;
s gty iy =~
Zj = —5411,/3,-( 4 ) TV = vy
ij ij
AT
ad,,ﬁizzl] d,,ﬁ ev,, + Cy;
ij

Selecting further the f§; mapping as

) 2
-~ [} ~ i
Bi(vi,yi) == 7]Kijvij = 7]Kij(vij +ey,)

04, i = difKij(vi + ey;)

the z; dynamics obtains the more explicit form

. T
Zy= K,jv,]v Zif — Kijey, vizig — Ki(vij + ey, )x i€y ey

ij

T ~T
Zij — (Kyvix;,

T
K,jv,jv Zij — i i

Kiey, v —De,,

Taking the function V., defined in equation (23) and
computing its time derivative along trajectories of the z;
dynamics yields

V7.Z:—ZT(P(I) — P(Z)Ki,»v[/v; — V;‘/V?ITK!/P(Z))Z!‘/

—zLP(1 )K,,e‘”vrz,] ZUT.P(I)(KUVUX\HT- — e,

y
c3
< -3 lzl* + calzg Kyley, | |4l

+ ea|zi| (K [Vl [X5] + 1) ey, |

3 s+ Ce 2
< _(3_ 3 )|Z,-j| -‘rz—K |VU‘ |e\,,| |ZU‘

C2

2 21~ 121 |2
+C—6(K,~,-|Vz‘j| X

2
1)|eV/’/|

where we applied Young’s inequality to the two cross-
terms of the first inequality. In order to handle the last
two cross-terms in the above right-hand side we employ
a dynamic scaling of the form

(29)
with r dynamics given, with r(0) > 1, as

2
) 3 2 2 2
= —ci(r—1) +EKU‘VU| lev, |

Then, the time derivative of W, can be shown to be

: V., '
W,=—- WZJK

r r

|ZU| (’2 K2|
r Ci

- _(9 st 0702) ERS
- 2 2 r

l/| |eV1/|

2
c ey

( Sl + 1) =

with the last right-hand side term depending on the
error between the filtered v;; and the true measurements
Vi '
Choosing
Vij o= wij — K, (X, Vi, vijy ey, (30)
with K, a (free) positive gain function of Xy, vy, vy, 1,
yields the dynamics of the filtering error e, :=v;; — v;
ey, = =Ky, (X, Vi, vijy r)ey, (1)
By simple derivations one can show that the follow-
ing function

1
Ve, =7 ley, | (32)

is a Lyapunov function for the e,, dynamics since it
satisfies

- _ T o~ /\. o
Vev - _ev,-/-KVi(xib Vijs Vij ’)er/

and hence, ensuring global exponential convergence of
the estimate vj to v;. Similarly, for the r dynamics we
take the function

V,i==(r—1) (33)

N —

that gives

Vi=—erlr =17+ —1) i

Kilvil’les,

Selecting then the functions

Kij =cgl, g >c3—cs+ce+ e
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and

2

PO 1
K., (X, vij, v, 1) i= col + (r — 1)—(:1?: Ké\vij|2l
s

2
€ 2 2= 2
+Q(Kij‘v1—j| IXy" + 11

with ¢9 > 0, we can finally establish that the composite
function W., + V,, + V, serves as a Lyapunov function
for the complete dynamics with

2
—_— z
W+ Ve, +V, < —c8@ —er(r—1)7 = C9|€v[,\2

which establishes UGES of the origin.

Remark 4. Notice that in the case where the mapping f5;
is simply defined as

2

&
B:(yi) = > Kipvi

then the resulting error dynamics is described as

zij = —Kyvvjzij — ey,

Then, using the PE condition, UGES of the nominal z;
system with respect to the origin, and UGES of the origin
for the e, system we can immediately conclude, for
example from cascaded systems®* or ISS arguments,®
UGES of the interconnected system.

Collaborative localization from fusion of local
estimates and measurements

In this subsection, we take advantage of the collabora-
tive setting between the agents, which share informa-
tion with their local neighbors, in order to enhance the
localization capabilities of the agents, in particular,
that do not have direct relative measurements with
respect to the target. Of course for a static target the
measurement v; of each agent suffices.

To this end, define the fused estimate of the relative
coordinates between agent j and the target as

Xy = pj— Xy (34)

py =0 (35)

Then, the proposed consensus-based estimation
mechanism for agent 7, that exploits the fusion of its

own estimate with the ones of its neighbors to produce
a more accurate fused estimate, is given by

pi = Vi—%+)uoz(j\¥§0—pi), )L0>0
JEN

(36)

with ?E) an estimation of the target’s velocity vy by the
ith agent to be defined in the following section.
We now state the following result.

Proposition 3. Consider the dynamical system defined in
equations (14) to (16) and assume that v; is PE. Then,
the dynamical system

- Ujj — Ky, Xij, Vij, Vi, F)\Vij — Vij
2 y g Vys 'y J i (37)

T~ —~
— KyviyvXi + i

éi::

2

%y = & +7’7Ki,»$,,~ (38)
- G a2 2
Fo=—er(r = 1) + —Ky[vy [V — vy (39)
C1Cs
Vij =y — Ky, (X3, Vij, vip, 1) (v — vig) (40)
pi= Vi_%‘F/lOZ(?zjo_Pi) (41)

JeN

with r(0) > 1, ensures that when Tff) is such that v
—vy — 0 every agent is globally exponentially local-
ized with respect to the target, for some c¢; >0 and
with gains

C5 + ¢ + c702

K,‘/ =g +—

i o
C% 2012

Ky (X5, Vg, vipy 1) = col + (r = 1) = Kylv| "]
165 °

2
¢

2
+

21 1212 2
2 (RSP + )1

Furthermore, when vy — ?6 is bounded the localization
error is bounded.

Proof. For i =1,... N, we define
g; .= pi — X0 (42)

G0 =0 (43)
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Then we obtain the consensus system

- _;OZ

— ) + A0y (X5 — xy) + o — Ty

JEN: JEN
= —ioZ(Gi — ;) + ioz Zij+vo =V
JEN JEN

with ¢; seen as the individual states of the N agents
and o, the state of a leader, while the last two terms
are seen as external signals. Defining the stacked

variables
o := col(ag,...,0n)
Tj = ZZ[,’
JEN
7 := col(zo, ..., TN)
W = col(vg,...,vy) —col(?ﬁ,...,?ﬁ), ?8 =0

we obtain the dynamics

= —lo(ﬁ ® [3)0' + T+ Y (44)

As is well known, from the properties of the
assumed underlying graph topology, we have that
the nominal system ¢ = —4o(£L ® ;)0 has a UGES
equilibrium at the origin. Furthermore, we know
there exists a quadratic Lyapunov function, defined
here as

V,:=d (B T

®L)e, E=E">0 (45)
that establishes the claim of the nominal system. The
first part of the proof is concluded by standard argu-
ments on cascaded systems (see e.g. Lemma 2.1 or
Proposition 2.3 of Loria and Panteley™?) since the com-
plete error system consists of two nominal UGES sub-
systems interconnected through the terms 7, i that
satisfy a linear growth condition. The second part of
the proof follows immediately from the observation

that the ¢ system is ISS with vy — 7}, as an input.

Remark 5. Although not presented here, notice that our
results are also applicable for switched communication
graphs (due e.g. to loss of communication link or meas-
urements) under the additional assumption of uniform
connectivity as is done, for example for the single-
landmark multiagent localization in the recent work of
Chai et al.® We stress again that in our setting, however,
the derivative of the relative distances is not required and
furthermore, measurement noise is explicitly treated by
means of additional filters.

Remark 6. Notice that in an all-to-all communication
scenario it is not mandatory to have different scaling
dynamics 7 for every pair of neighboring agents. A
single one is sufficient by modifying the right- hand
side of equatlon (39) to include the sum of all terms _2-
Kl]|v,j| [vij — V,J\ for all neighbors i and j.

Collaborative tracking control with
unknown target velocity

We now examine a distributed control law that ensures
the tracking of a target with unknown velocity.
Furthermore, the target’s velocity needs to be estimated
by means of a (globally) converging observer. Finally,
we will modify the proposed control law by adding an
additional term in order to impose a motion to each
agent such that the persistence-of-excitation condition
(17), required by the localization algorithm, is readily
satisfied.

For ease of reference we remind the main working
assumptions:

1. The acceleration u of the target is known or zero.

2. The interagent communication is defined by a static
undirected, connected graph topology modeled by
its Laplacian £L,:=[l;] as in (1) but for
ije{l,...,N}L

3. The topology between target and agents (at least
one) is described by a directed path (at least one)
and as such the complete topology is strongly
connected.

Case: Known relative positions

In this subsection we consider first the ideal scenario
where the relative positions x; are measured. This is
summarized in the following assumption.

Assumption 1. The relative positions x; between agents
are available and at least one agent has access to its
relative position with respect to the target.

This assumption will naturally be removed when we
consider the interconnection between the localization
algorithm and the control law.

Let us first define by v, the estimate of the target’s
velocity vy by agent i. Now, similarly to Hong et al.,*!
we define the control law as

U = Uy — kV(V[ — Z lg,‘Xg/ +

JEN

Z bixro

keNy
(46)
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with positive constants k., k,, while the observer that
provides the target’s velocity v, for agent i is selected as

B = uo —]lz— Dl + Y biio (47)
JEN keN
Furthermore, define the error variables®
X :=col(xy,...,xy) — Iy ® X (48)
Vi=col(vi,...,vy) — 1y ® g (49)
S := —col(Vy,..., 7)) + 1y ® v (50)

The error dynamics can then be shown to take the
following form

-k
X=V (52)
V=—k(L,+B) L)X -kV—-kS (53)

Proposition 4. Consider the error dynamics given in
equations (51) to (53). Then, the origin is uniformly
globally exponentially stable for k., k, > 0.

Proof. In order to establish the convergence properties
we consider the following Lyapunov function, that is
composed of four parts

1

Vii=3 (STPS + XTP,X + VT P3V) (54)
Vy =Xy (55)

V3= STV (56)

Vi =eXTS (57)

Vi=Vi+ Vot Vi+Vy (58)

Its time derivative along trajectories of the error
dynamics gives

. ks
Vi= — kyes|S|* — T (eky = e)XT((L, + B) @ L)X

- VT(P3 - 621)V

1
+ ST(I{,L (kPl — 63]) ((Eu + B) X 13) — eszI>X

— VT(P3 + ek, I — 64[)8

+ VT(PZ — ekl — ky <P3 - 6_3[> (L, +B)® L)X

ky

Then with the selection

vE2

k -
Py :=kyesI+——((L, + B) ! ® I3)

= 59

Py = kyerl + ky (61 — %) (e0 @ I3) (60)
Pyi= el 61)
€:=—(L,+B)® L (62)

all cross-terms disappear apart from the one in S, V.
In order to establish our claim we need to ensure
that the Lyapunov function ¥V in equation (58) is
positive definite with respect to the state (S,X,))
and that the negative terms in J dominate the
remaining cross-term. The former is ensured if the
matrix

P] 64] 63]
el P, el| =0 (63)
63[ 621 P3
while the latter if the matrix
1
€1 — € E(kv(el +€) —e)
| >651
5 (kv(el + 63) — 64) sk,
(64)

for some (gain adjustable) es > 0. By applying Schur’s
complement to the above matrices we obtain the suffi-
cient conditions

€ > € (65)

akl, ag<l axl (66)
min(e3, 64)

k, > e, <) (67)

€1
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We finally obtain

. ki
V< =es(SPI+VP) = ek — )

y

X Jm(Ly + B)|X]F <0, Y(S,X,V) #(0,0,0)

which concludes the proof of global exponential stabil-
ity of the origin. O

Remark 7. Let us stress the fact that the proposed strict
Lyapunov function is derived with gain conditions inde-
pendent of the network topology characteristics, apart of
course from the fact that the multiagent system is con-
nected. Notice instead that in Chai et al® a strict
Lyapunov was obtained under conditions on the gains
ke, k, (denoted k, | in that reference) that depend on
the minimum and maximum eigenvalues of the matrix
L, + B, which signifies that knowledge of the entire net-
work topology is a priori required.

Case: Estimated relative positions

We now couple the proposed control law with the
observer for relative positions. The control law (46)
and the target velocity estimator become

wp = ug — k(v = Vo) =k | 21Xy + Y bipy
JEN; keNo

(68)

=l kv ~
Vo 1= Uy — o Z lyxij + Z bipy (69)

X\ jeN; keN

To this end, and in order to simplify notation, we
define the column stack of the relative position esti-
mates as

Z = COl[Z,ﬂ (70)

Then, we can write compactly the complete closed-
loop system as

6= —)»0([: 024 13)O'+ AT+ S

S= %((ﬁu + B) ®13)X+%Ba+%AZ

X =V

V= —k((L,+B)® L)X —k,V—k,S —kBo
—kAZ

with A4, B constant matrices of appropriate dimensions
while the Z terms are seen as exponentially decaying

perturbations. The global exponential stability of the
composite system is concluded either by a spectral anal-
ysis or by a straightforward direct Lyapunov analysis
based on the sum of the Lyapunov functions for each
subsystem (local estimator for Xy;, fusion for X, target
velocity vy estimator and controlled system).

Imposing the PE condition through the control

Now we consider an additive term to our control law
that should be defined in a way to enforce the PE con-
dition, i.e. produce a sufficiently rich motion for every
pair of neighboring agents, but conserve the network’s
stability properties.

The modified control law for each agent now takes
the form

U = Uy + g — ky(vi — VE))

k| Y I+ > bupy (71)
JEN keN
Y ky ~
Vo := Uy — k_ Z l!-jx!-j + Z bkpk (72)

X\ jewn; keN
For the stability analysis we define the stack of all

upg = col([u}]) := col([uboy — i), VjEN;

Then we write the complete closed-loop system as

6:=—W(LL)o+ 1+ S

S :%((Cu + B) ®13)X+%Ba+l;—’:AZ

X =V

V=—k((L,+B)®@ L)X -k kS —k.Ba
— k AZ + upg

Based on the analysis of the previous subsection and
by treating the input upf as a disturbance, we can show
that our closed-loop system is ISS with respect to upg
from which we can conclude practically global expo-
nential stability since convergence is ensured to a neigh-
borhood of the desired equilibrium trajectory that can
be made (by assignment of the free function upy) very
small but not identically zero.

Remark 8. We remind that the main results in Chai et al.®
and Hong et al.*' on which we are based hold also for
switched graphs, under of course a condition of uniform
connectivity, and as such our algorithm is also applicable
to the case of switching communication graphs.
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Simulation results

In this section we study the efficiency of the obtained
algorithms by means of numerical simulations that
serve as proof of concept. We will consider a two-
dimensional scenario with three agents pursuing a
target with constant linear motion. This motion is
selected so that the target does not contribute to the
satisfaction of the PE condition but rather is a task to
be ensured by the agents. Additionally, we consider that
the target is (and stays) in the field of view of only the
first agent which is thus the only agent having available
information about the target. We consider that all (rel-
ative, absolute) velocity measurements and accelera-
tions are corrupted by Gaussian white noise.

The initial positions (in m) and velocities (in m/s) of

the agents are, respectlvely, glven as xo(0) = |20, O]
x1(0) = [2,0]7, x2(0) = x; 07) 3s1n 7r/8
cos(n/8)]", VO(O) = [3]T v1 ,n(0) =11 1]
v3(0) = [2cos(n/8), —251n(n/8)]r. The pdrdmeters

related to the observer are chosen as ¢; = ¢3 =0.9, ¢,
=c4=c9=1,c5 =c=cg =0.01, c; =0.005 and the
observer gains as Kjo=cs+ (¢5 + ¢6 + c7¢2) /¢34
K12 = K13 = K21 = K23 = K31 = K32 = 0.03. The gains
were given small values to reduce the effect of noise and
avoid unwanted phenomena such as overshooting but
high enough to ensure an acceptably fast convergence.
This was ensured by properly selecting the eigenvalues
of the linearized error system to have negative real part.

We assume that we do not have any prior knowledge
on the relative positions and thus, choose the estimates
as X;;(0) = 0 which translates to initial observer states
given by ¢&;(0) = —#Kijvij(O). In addition, the initial
conditions for the fused estimates are again taken as p,
(0) = [0,0]", p,(0) = [0,0]" while the initial condition
for the dynamic scaling () is selected as r(0) = 1. We
also select the fusion gain /4y = 2 and the initial estima-
tions of the target’s velocity as v,(0) = 0.

Furthermore, we consider the standard scenario
where velocity measurements are corrupted by band-
limited Gaussian white noise #n; (although any type of
noise can be considered) with noise power intensity
om=10"*/5 (m/s)*/Hz and a sampling period of
T, =103 (s).

On the other hand, the control gains for the distrib-
uted law are chosen, respectively, as k., =1 and k, = 0.5.
Finally, the persistent terms in the controllers are
chosen as  upy = [~2cos(1), —2sin(1)]", iy =

[—1Lsin() +sin(r)sin (%) — Lcos(r)cos(£),1cos(L) — sin

(r)cos (% ) Leos(#)sin(4)], upp = [4sin(1+3),
—4sin(2t)]T. These were selected with different frequen-

cies and amplitudes in order to illustrate the effect in
both estimation and tracking as will be shown in the
figures below. Of course the richer (larger, faster) the
motion of each agent the faster the convergence of

the local estimates and consequently, of the localization
error and the tracking error.

The resulting positions of the target and the agents
are depicted in Figure 1. In the ideal scenario where the
relative positions would be available, and hence not
requiring a persistent motion of the agents, and with
no measurement noise, the positions of all agents
would exactly converge to the target’s position.
However, since a persisting motion is required to suc-
cessfully estimate the relative positions, the positions of
all agents converge in neighborhoods around the tar-
get’s position with their size depending on the ampli-
tude of the corresponding persistent input. Of course,
the smaller the amplitude of the persistent input the
slower the convergence of the estimated relative
positions.

From Figure 2 we see that the velocities are PE (and
linearly independent) and thus, we can obtain converg-
ing local estimates of the relative positions (see Figures
3 to 5). Figure 6 depicts the noisy, estimated and true
values of the relative velocity vio in order to illustrate

- llﬂh Li‘“!Al !I*l!“‘d! ‘I*

g
>
5L
Target
- — —Agent 1
————— Agent 2
—— Agent 3
-10 s s s s ‘ ‘
0 50 100 150 200 250 300
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Figure |. Positions of the target and the agents.
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o
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=

Figure 2. Agents’ true velocities.
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Figure 5. Estimation error for x,3.

the persistent excitation and the effect of the applied
filtering. In particular, by zooming on a specific time
interval we observe the effect of the noise as well as the
result of the filtering. Of course, the former can be

0 20 40 60 80 100
vig + 110 (m/sec)
1o (m/sec)

19 (m/sec)
——

Iy A
ahanaha

0 20 40 60 80 100

t (sec)
Figure 6. Relative (noisy, estimated, true) velocity v,o (upper:
first component, lower: second component).
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Figure 7. Error between fused estimates p; and true relative
positions xo (left column: first component, right column: second
component).

further adjusted by proper selection of the filter gains.
Similar effects are observed for the other relative and
absolute velocities. In addition, notice in both compo-
nents the effect of the persistent motion required in
order to be able to estimate the relative position. As
such, this persistent motion (and its magnitude) is
imposed by the persistent part of the ith agent’s
(agent 1 for this figure) control law (uL;) that leads
to the persistent relative velocity of the figure.
Finally, we can visualize the fused estimates for the
three agents in Figure 7. We observe that all agents
are successfully localized with respect to the target
and furthermore, that the effect of the noisy measure-
ments has been significantly removed (although some
slight oscillations do appear). Hence, the transient
behavior is quite smooth and the convergence is expo-
nential as was proposed by the theoretical analysis.
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Now, in order to show the robustness of the pro-
posed approach and how it can be adapted to other
scenarios of interest, we consider the same scenario,
with same initial conditions, noises, and gains, but
now taking into account a desired formation geometry
and the interagent collision avoidance. For the former
requirement we need only to modify the control law
and the target velocity estimator in order to include
the desired distances (relative positions), which we
simply ~ select as =3,4", x4 = xd x4 =
—xiy, xfy = x4, xf, = x1l3a gy =x’, x4, = *xzz For
the latter requirement to be satisfied, we add in the
control law an additional term inspired by the avoid-
ance strategy in Kahn et al.,** call it «/, for the ith agent,
which for our scenario gives

k. T~ ~
u, = ;(exp(*x{oxlo/@xlo

+exp(—X,%12/q)X12 + exp(—X[3%13/¢)%13)

u; = j (CXP(—JAC2T1>A621/C])>A621

+ exp(—X3;%23/¢)%2)

k T N
u, = i(exp(—xsTlxm/CI)xm

+ exp(—X5,53/¢)%3)

with gain k.= 10 and the parameter ¢ =35 that defines
the repulsion distance. Finally we slightly decrease the
amplitude of the persistent terms upg as u},E =
[—cos(7), —sin(2)]",  udy = [~ Lsin(L) + sin(¢)sin(
Leos(r)cos(£), L cos(L) — sin(r)cos(L) — %Cos(t)sm(s)]

why = [Zsin(26 + %), —25in(21))", to show its impact on
the convergence of the estimated relative positions, that
will be larger.

The evolution of the agents’ positions, the geometric
formation of the followers in different time instances,
and the relative distances are depicted in Figures 8 to
10, respectively. We observe that the additional
requirements (formation and interagent collision
avoidance) are readily satisfied and that the relative
distances among followers converge around the desired
nominal value. The discrepancies observed are due to
the contribution of the persistent terms, that are
required to ensure the observability, and the desired
formation geometry.

For completeness, we illustrate also the time evolu-
tion of the true velocities of all agents in Figure 11 as
well as the fused estimates for the relative positions in
Figure 12. As expected, the estimates have a slower
convergence with respect to the previous scenario and
present some slight oscillations due to noise around the
true values.

13
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Figure 8. Formation scenario: positions of the target and the
agents.
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pi and true relative positions xjo (left column: first component,
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Conclusions

We have proposed a robust algorithm for simultaneous
collaborative localization and target tracking problem.
The localization mechanism exploits (local) relative dis-
tances and noisy velocity measurements so that each
agent first obtains an estimation of the relative posi-
tions with respect to its neighbors and then fuses this
estimate with the ones communicated by the neighbors.
These estimates are then fed to a consensus-type dis-
tributed control law that includes an estimation of the
target’s velocity, to achieve exact target tracking. Our
algorithm is designed to ensure the observability of the
system, represented by a persistence-of-excitation con-
dition on the relative motion of the agents, and the
attenuation of noise. The stability properties induced
by our algorithm are established through a thorough
Lyapunov analysis. Finally, the performance of our
scheme is analyzed by means of two simulation scenar-
ios that show among others the robustness to

unaccounted acceleration measurement noise and the
possibility to consider a formation geometry and inter-
agent collision avoidance.

In the near future, these theoretical results are
expected to be tested experimentally on our fleet of
quadrotors and under realistic environmental and com-
munication scenarios.
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Notes

a. With some slight abuse of notation we denote the relative
measurements for each agent as y; instead of the more
correct y;. Similarly, in what follows we define the state
of the observer as &; instead of the more appropriate &;
that would be coherent also with the notation of the cor-
responding vector x;. The same notation will be adopted
for the mapping /..

b. Observe that compared to Hong et al.>! we define slightly
differently the error variable S.
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