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BEYOND HAMMERSLEY’S LAST-PASSAGE PERCOLATION: A
DISCUSSION ON POSSIBLE LOCAL AND GLOBAL CONSTRAINTS

QUENTIN BERGER AND NICCOLO TORRI

ABSTRACT. Hammersley’s Last-Passage Percolation (LPP), also known as Ulam’s prob-
lem, is a well-studied model that can be described as follows: consider m points chosen
uniformly and independently in [0,1]%, then what is the maximal number L, of points
that can be collected by an up-right path? We introduce here a generalization of this
standard LPP, in order to allow for more general constraints than the up-right condition
(a 1-Lipschitz condition after rotation by 45°). We focus more specifically on two cases:
(i) when the constraint is a y-Holder (local) condition, we call it H-LPP; (ii) when the
constraint is a path-entropy (global) condition, we call it E-LPP. These generalizations
also allows us to deal with non-directed LPP. We develop motivations for directed and
non-directed constrained LPP, and we give the correct order of £, in a general manner.

Keywords: Last-passage percolation, non-directed polymers.
2010 Mathematics Subject Classification: 60K35, 82B44.

1. INTRODUCTION

In this introduction, we recall the original Hammersley LPP problem, and we show
how to generalize this process by enlarging the set of paths allowed to collect points, by
changing the increasing constraint, to a more general compatibility condition. We point
out that the condition in the Hammersley’s LPP is local, the constraint depending only on
two consecutive points. Conversely, a global condition is a constraint that takes in account
the whole path trajectory that collects points.

In Section 2, we introduce some specific constraints of interest (local and global) in the
directed setting and we derive the correct order for the corresponding LPP problems. In
Section 3, we consider a non-directed LPP and we also derive its correct order. In Section 4,
we present some contexts where our generalized LPP can be useful—it has already proven
useful in [6]. We conclude the paper by presenting some simulations, and discuss some
conjectures, see Appendix A.

1.1. Hammersley’s Last Passage Percolation. Let us take m points independently
as uniform random variables in the square [0,1]?, and denote the coordinates of these
points Zy := (t1,21), Z2 := (t2, x2), etc... We say that a sequence (z;,)1<e<k is increasing if
ti, > t;, , and x;, > x;, , for any 1 < £ < k (we set by convention ig = 0 and zy = (0,0)).

Then, the question is to study the length of the longest increasing sequence among the m
points which is equivalent to the length of the longest increasing subsequence of a random
(uniform) permutation of length m. We denote:

Ly = sup{k ;3 (01, ik) st (Ziy)1<e<k 18 increasing}.
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11-LABX-0020-01 and ANR-10-LABX-0098). Q. Berger acknowledges the support of grant ANR-17-CE40-
0032-02. Both authors also acknowledge the support of PEPS grant from CNRS, which led to the develop-
ment of this work. The authors are also most grateful to N. Zygouras for several discussions on the subject,
and in particular for discussing the application presented in Section 4.1.
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Using sub-additive techniques, Hammersley [14] first proved that m~12L,, converges a.s.
and in L' to some constant, that was believed to be 2. Further works then proven that the
constant was indeed 2 [20, 26]. Moreover, and quite remarkably, this model has been shown
to be exactly solvable by Baik, Deift and Johansson [2], and they identified the fluctuations
of £,, around 24/m, showing that the model is in the so-called KPZ universality class. More
precisely, in [2] the authors showed the following result.

Theorem. The recentered and renormalized quantity m=/5(L,, —2y/m) converges in dis-
tribution to the Tracy-Widom GUE distribution.

Moreover, Johansson [18] proved that the typical transversal fluctuations of a path col-
lecting the maximal number of points is of order m~'/%. (In [18] Johansson actually consid-
ers up-right paths going from (0,0) to (N, N) in a Poisson Point process of intensity 1: he
shows that the typical transversal fluctuations away from the diagonal of a path collecting
the maximal number of points is of order N%3.) We also mention that in [12], the case when
the points are not chosen uniformly in [0, 1]? but have some given density p(z,y) has also
been solved: the limiting constant lim,,_,o, £,,/y/m and the limiting curve are identified.

1.2. General definition of path-constrained Last Passage Percolation. We now
perform a 45 degree clockwise rotation, and generalize Hammersley’s LPP by introducing
a general constraint on paths (that can be either local or global): we introduce it via a
notion of compatibility of the points that can be collected. We need three ingredients:

e a domain A;

e a (finite or countable) random set of points T < A, whose elements are denoted by

Z; = (ti,x;), its law is denoted P;

e a compatibility condition, i.e. a set C of compatible subsets of A.
Then, we define the C-compatible Last-Passage Percolation as the maximal number of C-
compatible points in T, that is

(1.1) cgkzﬁﬁum;:wp@AmAcrnAec}

Remark 1.1. This fits the definition of Hammersley’s LPP as defined above: the compat-
ibility set C being the set of all increasing subsets of [0, 1]2. After a rotation by 45°, we end
up with the domain A := {(2,9),0 < z < v2,|y| < min(1,1 —¢)}, and T = T, a set of
m independent uniform random variables in A. The compatibility set is then taken to be
(with the convention (¢, zo) = (0,0))

|z; — 21

C= U {A:{(thiﬁi)}lsisk 0<t) < <tp <2 m

k=0

<1mum1<i<k}

which corresponds to sets of points that can be collected via a 1-Lipschitz function.

Now, there are at least two reasonable ways of defining the compatibility condition: (i) by
replacing the Lipschitz condition by a Holder constraint; (ii) by considering a path-entropy
constraint (a global constraint on the path), that also allows to deal with non-directed
paths. We restrict ourselves to the case of the dimension d = 2 for the simplicity of the
exposition, but it can easily be extended to the case of higher dimensions.

Several other constraints can be (and have been) considered, and let us mention a few.

For instance the constraint that the path is convex has been studied in [1], and is related
to the question of counting the number of lattice convex shapes, see [5, 25, 27] and more
recently in [8]. The question of pattern-avoiding permutation has also gained some interest

recently, see in particular [15, 21, 22].
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2. DIRECTED LPP: HOLDER AND ENTROPY CONSTRAINTS

In this section, we consider directed paths. We work with a domain A;, = [0,t] x
[—z,z], for some (fixed) ¢,z > 0. Then, we let m independent r.v. uniform in A, form
the set Y,,. We will use £,, as a short notation for Ly . Moreover, we say that a set
A = {(ti,x;) h1<i<k © Ry x Riis directed if 0 < t; < -+ < ty. We deal first with the (local)
Holder constraint, before we turn to the (global) Entropy constraint.

2.1. Local Holder constraint. For any v > 0, we can define the y-Holder norm of a finite

set A = (t;,z;)1<i<k (in which the points are ordered t; < --- < t, with the convention
(to, o) = (0,0))
(2.1) H,(A) == sup s = wica|

1<i<k |t —tica]?”

Notice that this is not the v-Ho6lder norm of the linear interpolation of the points, since
(2.1) only considers consecutive points: one can think of this quantity as a local y-Hélder
norm. In particular, the case v > 1 is not trivial here, and the case v = 0 is also of interest.
Then, for some fixed A > 0, we define a compatibility set

(2.2) 7—[,’;‘ = {A c Ry xR; A directed, H,(A) < A} .

The y-Holder Last Passage Percolation, abbreviated as H,-LPP, is defined as
(2.3) £ (M) = sup{yA|; Ac Tm,AeH;‘}.
We prove the following result.

Theorem 2.1. There are constants ¢y, ca (depending only on vy, during the course of the
proof one finds that c; < c(1 + 7)_1/2) such that for any t,x and B, for any 1 <k <m

(2.4 B0V (Ae) = ) < (220
(2.5) P(Egﬁ)(j\m) < k‘) < exp {czk(l —c (% A 1) T}:)} :

As a consequence, there is some C > 0 such that for any fived t,x,~, A, P-a.s. there is
some mg such that

(H%)
1 Lo " (At )
C < (AP /) /) /17) <C forallmz=mg.

We stress that the constants in (2.4)-(2.5) are uniform in the parameters m, A, t, z: the
results are still valid when considering the situation when A, ¢, — 00 as m — oo, which is
useful for some applications, see [0].

(HZ) (HZ) . . L

We have that £, = Ly " (Ayz) is of order m”, with k = 1/(1 + 7). Then, it is

(H

A
very natural to expect that L, ") /m" converges a.s. to a constant as m — o0: we discuss
this convergence in Section 2.3, see in particular Remark 2.6. The value of the constant is
discussed in Appendix A.

Remark 2.2. One could naturally generalize Holder LPP to a cone-shaped LPP: define
aregion R = {(t,z) € Ry x R, fo(t) < = < fi1(t)}, with fi < fo two functions Ry — R,
and let the compatibility condition for A be that for any (t;—1,x;—1), (t;, z;) € A we have
(t; —ti—1,m; — xi—1) € R (i.e. the next point in A has to be in the cone-shaped region R
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from the previous point). In this framework, H,-LPP is simply the cone-shaped LPP with
= {(t,x), —t7 <z <t} and one could easily adapt the proof of Theorem 2.1: the key
quantlty is V(u) = SO |f1 — f2|(v)dv, the area of R close to the origin, and one finds that

L, is of the Order of V711 /m) (recovering the m!/(1*7) in the Holder case).

2.2. Global Entropy constraint. Another type of constraint that is natural to consider
is a global constraint: we talk about an entropy constraint, since it arises naturally when
considering random walk paths (the entropy being a measure of the non-likelihood of
a path). This is a generalization of the study initiated in [7], which was motivated by
applications to directed polymer in random heavy-tail environment and helped answer
Conjecture 1.7 in [13]. For any @ = b = 0, a > 0, we define the (a,b)-Entropy of a set
A = (t;, x;)1<i<k (again, the points are ordered t; < --- < t;, and we use the convention

(to, o) = (0,0))

k a
(2.6) Ent,(A) = Y M
= ti —ti1]

In particular, we are interested in two special subcases. First, when b > 0 and ¢ = b + 1:
in that case, we can generalize the notion of entropy to continuous paths s : [0,t] — R, by
Enty(s So |’ (u)|’du, corresponding to the L¥ norm of & (it is related to the (1, b)-Sobolev
norm of s) and the entropy of a set A corresponds to the entropy of the linear interpolation
of A. Second, when b = 0: then the entropy can be generalized to non-necessarily continuous
paths s : [0,¢] - R, by Ent,(s) = sup {>; |s(t;) — s(ti—1)|*}, the supremum being over all
finite subdivisions ¢; < - < tk of [0,1]. Th1s corresponds to the “a-variation” norm of s
(the total variation for a = 1, and the quadratic variation for a = 2).

For fixed B > 0, we define a compatibility set
(2.7) EB = {A c Ry x R; A directed, Entg ,(A) < B} ,

a,

so that a set of points A is compatible if it can be collected by a path with entropy smaller
than B. The path-Entropy constrained LPP, abbreviated as E-LPP, is then defined as

B
(2.8) E%ﬂ

(Avg) := sup {\A] AT, A 5fb} .
We prove the following result.

Theorem 2.3. There are constants cs,cy (depending only on a,b) such that for any t,z
and any B, for any 1 < k<m

oo e 21) s (Y
(2.10) P(E(Ea b)(At ) < k‘) < exp {C4k(1 —c (W N 1)7;)} '

As a consequence, there is a constant C' such that for any fized t,z,a,b, B, P-a.s. there is
some mg such that

()
1 < ﬁm’ (At,x)
c - (Btb/xa)l/(atb+1)ma/(a+btl)

<C  forallm=mg.

Again, the constants are uniform in the different parameters (and explicit, see the proof
of Theorem 2.3), and this fact could reveal to be useful, in particular for the problem
developed in Section 4.1.
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() (E2,) . . o
Also here, L, = Lin""" (Ay,z) is of order m" with k = a/(a + b+ 1), and it is natural

€2 . .
to expect that L, b /m" converges a.s. to a constant as m — o0. This convergence is

discussed in Section 2.3, and the value of the constant in Appendix A. Notice that in the
case where a = b+ 1 (which is one of the most natural, since it arises from LDP of random
walks, see Remark 2.4), we find k = 1/2, exactly as in the case of a Lipschitz constraint.
In the case b = 0, we find k = a/(a + 1) so kK = 1/2 when a = 1 (total variation case) and
k = 2/3 when a = 2 (quadratic variation case).

Remark 2.4. The entropy of a set A as defined in (2.6) appears naturally when considering
large deviations for random walks: consider S a symmetric random walk with unbounded
jumps, with stretch exponential tail P(S; = z) “=X° e~ ", for some v > 0 (the case of
the usual simple random walk corresponds to taking v = o0). Then, when considering the
probability that a point (n,x,) (with n — o0, x,, » 4/n) is visited (or collected) by the
simple random walk path, we realize that

nl(x,/n) if v>1, orve (0,1) and z, « n'/G)

2.11) —logP(S, = x,) "=~
(2.11) og P( @) {J({L‘n) if v e (0,1) and z, » n¥/=),

with some LDP rate functions I(-),.J(-). More specifically, we have I(z) ~ 22/2 as x — 0
(moderate deviation regime, see [11] for the standard Cramér case, [23] for the case v €
(0,1)), I(xz) = z¥ as © — oo (super-large deviation, see [24, Thm. 2.1]), and J(z) = z¥
(one-jump deviation, see [24, Thm. 2.1]). Hence, the entropy defined in (2.6) is the natural
scaling limit of the log-probability that a random walk path visits a given set of points. We
chose the specific form (2.6) instead of using general LDP rate functions I(-), J(-) because:
(i) we are able to perform computations with this formula, (ii) we can usually bound the
rate function c|z|* < I(z) < |z|* for some a > 0. In (2.11), we therefore have: in the first
part a =2,b=1ifz,/n >0ora=v,b=v—1 (v > 1) if z,,/n — o0; in the second part,
a = v,b = 0. However we keep the parameters a, b in the definition (2.6), to be able to deal
with all these cases at once.

2.3. Poissonian (point-to-point) version of path-constrained LPP. Similarly to the
standard LPP, we can define a Poissonian (point-to-point) version of the path constrained
LPP, reproducing the idea of Hammersley [11] to prove the convergence of L,,/y/m.

For any A > 0, let T be a Poisson point process of intensity A on R?, and we define the
point-to-point version of constrained LPPs. Let us consider z = (z,y) € R2. For a given
set A < R x (0,7), we set A®) = A U {2z} so that it extends A to make it end at z. We
consider the domain A; = [0,¢] x R for ¢t > 0, and for any A > 0, B > 0, we define the
point-to-point constrained LPP:

A A
289 ) = £07 (1) o= sup {|AL A © Ty 1 Ay A directed H (A9) < A}
B B
L5 () = £57 (1) 1= sup {JAR A © o Ar, A divected, Ento (A7) < Bt}

Let us note that the entropy constraint grows linearly in ¢. We realize that in both cases,
(Eg\c) (n))n>1 forms a super-additive ergodic sequence, in the sense that

(©) (©) (©)
(2.12) Ly (n+0) = Ly (n) + Loy, (€),
where 6" is the translation operator: 0™ (t,x) = (t + n, x). The super-additivity comes from
the fact that the concatenation of two sets have: (i) a Hy norm equal to the maximum of
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the H, norms of the two sets; (ii) an entropy equal to the sum of the entropies of the two
sets. Therefore, Kingman’s sub-additive ergodic theorem [19] implies the existence of the

limit lim,,—, n_lﬁ(fj (n). In the following result we show that the limit is finite (and can
be taken along the real line).

Proposition 2.5. For any A > 0, the limits

() (€2

(2.13) C)\A fﬁ (1), C)\B hm E

(t)

exist a.s. and in L', and are ﬁmte, constant P-a.s. Moreover the constants CEA and CEB
satisfy the following scaling relations

(2.14) cia = ()T clly 5 of plu) = (BYaFe e,y
We refer to Appendix A for a discussion on the value of the constants.

Proof. We have already noted that the limit along the integers n — oo exists. We can
extend the limit along the real line t — o0, using that EE\C)([tJ) < ﬁE\C) () < Ef\c)([t]).

We now prove that the constants are finite., as a consequence of our Theorems 2.1-2.3.
Let us deal only with the Hdélder case, and let us set A = 1,A = 1 for simplicity. The
proof is standard but we include it for the sake of completeness. Thanks to (2.16) below,
we get that £1(t) had the same distribution as L£;1+,(1), and to prove that the constant
in (2.13) is finite it therefore suffices to show that limsup,_,, p~ VAL, (1) < +0 as.

. . . . . . HE
First, removing the point-to-point constraint gives that £,(1) < EErPV)(ALOO), where the
latter is the H,-LPP in the domain A o = [0, 1] x R with a set T, which is a Poisson point
process of intensity p, see Section 2.1. We cannot directly apply Theorem 2.1 because A o

is not bounded and T, does not have a fixed number of points. However, we can write

(H3) T MDA s o o
Ly, (A1,0) = limj o0 Ly, (A1) with Ay =[0,1] x [—7,j], so that for any v > 0

(325 (1)
P(Ly) (A1) = vp V) = jlggop(ﬁ (Ar) = vp!/ (7).
Then, we denote N;p) := |Y,nAq ;| the number of Poisson points in Ay ;: using Theorem 2.1

(with m = 4pj), we can write

A
(215)  P(LY) (A1) = 0pM ) S B(NP > 4pj) + P(Lagg (Ary) = 0p" 1Y)

Ay )U,,l/(lw

< P(N(p) 4p]) (UHV

J
The first probability goes to 0 as j — oo (N (¢) is a Poisson 1.v. of parameter 2pj), so that
choosing vy = (8¢1)/(1*7) | we obtain that

A
P(ﬁg;‘fiv)(/\l’oo) > vopl/(1+fy)) < 2_v0p1/(1+7)

)

which concludes the argument.
To show the scaling relation (2.14), we consider two different scaling relations satisfied

A £B
by EE\H”) and L’,(A “’b). For this purpose, we start by considering the following maps:

() (t,2) — AV /049 g)  which does not change the y-Holder norm of a set A;

(ii) (¢, z) > (MY atbtD)g NO+1)/(@+b+1) 3) which multiplies the entropy of a set A (and t)
by e/ (a+b+1)
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Therefore, since the image of Ty through these maps has the distribution of Y, we obtain
the following identities in distribution
A A (c/‘B gB
(2.16) Eg\Hv)(t) (i) ﬁgHv)(Al/(l-i-’y)t) and Ei a’b)(t,tu) (i) Eg a,b) ()\a/(a+b+1)t) )
As a consequence, by using (2.13), we also get the existence of the following limits, for any
fixedt >0, A,B>0
1 (H4)

(2.17) Am S

t) =tCil4; li L p) gy = P

(t) = 1,4 AEI;OWA (t) = 1,B -

Note that we recover the same order for £y as in Theorems 2.1-2.3. From (2.17) we directly
obtain that

(2.18) el =0t and  cfp = av/letrcl

)

Applying another scaling, we can also reduce to the case where A = 1, B = 1. We
consider the following maps, that preserves the distribution of Ty:

() (t,z) — (AYO+¢ A=1/049)) | which divides the -Hélder norm by A;

(i) (t, ) — (BY(a+b+1)¢ p=1/(a+b+1) ) \which multiplies the entropy by B~!x B1/(at+b+1),
Then, we obtain that

A 1 B 1
ﬁ(;{w)(t) @ ’CE\HW)(Al/(1+'y)t) and ﬁ(;”a,b)(t) @ ﬁ(fa,b)(By(awH)t) _

As a consequence, we have that

(219) Cll—I,A = Al/(1+7)C11{71, and CEB = Bl/(a+b+1)c}131.

)

In the end, (2.18), together with (2.19), give (2.14). O

Remark 2.6. When considering ¢t = 1 with A\ = m, this corresponds to the LPP problem
in Ay with T a Poisson point process of intensity m. In principle, one could use (2.17)
(with A = m), together with a de-Poissonization argument (cf. [14]), in order to prove the
convergence for the point-to-point version of the H,-LPP and E-LPP of Sections 2.1-2.2 to
the constants in (2.13). However, the argument should fail (and the constants differ) when
the transversal fluctuations of the optimal path become too large: indeed, restricting the
paths to stay in a box [0, 1] x [—1, 1] is then an important constraint.

3. NON-DIRECTED LPP

The notion of compatible-LPP allows for even more general constraints, and for example
enables us to deal with non-directed cases. Let us consider a natural framework, as an
example: we work with a time horizon [0,¢], and define the Entropy of a subset A =
(7;)1<i<k of R? (the points are considered in a given order), by considering the optimal
Entropy of a path going through the points of A (in the correct order) in a time horizon ¢:

ki . la
(3.1) Ent,;(t,A) := inf{ Z M ;1 < --- <ty subdivision of [O,t]} ,
. i = li—1

where |- | denotes the Euclidean norm on R%. Another way of presenting it is by saying that
Ent, (¢, A) is smaller than A if and only if there exists a path s : [0,¢] — R? collecting the
points of A which has entropy smaller than A. We notice right away that we are able to
identify the optimal subdivision 0 < ¢; < --- <t < t used by a path to collect all points
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of A: the optimal choice is t; — t;_1 = t|z; — xi,lﬂa/(bﬂ)(Zf:l |x; — xi,lﬂa/(bﬂ))_l. Then
we obtain that the Entropy of A is

1< a/(b+1) )
(3.2) Ent, ,(t, A) = E(Z A ) .
i=1

Here again, the case b > 0 with @ = b+ 1 will be of particular interest for us, since it
arises naturally from a LDP for non-directed random walks to visit a certain set of points.
In the case a = b+ 1, the optimal choice for the subdivision is to take t; —¢;_1 proportional
to the distance between the points, and (3.2) corresponds to the (b + 1)-th power of the
length of the linear interpolation of the points of A—it can then easily be extended to
continuous curves s : [0,#] — R2. The case b = 0 also arises when considering random
walks with increments with a stretch-exponential tail, and correspond to the a-variation
norm of a curve s : [0,t] — R.

We will work with the domain A, = {z € R? |z| < 7}, for » > 0 (this choice is not
crucial). For m > 1, we let T, be a set of m independent variables uniform in A,. For
some fixed B > 0, the non-directed Entropy compatible sets with time horizon [0,¢] is
defined by

Evy = {A cR?; Entey(t,A) < B},
and finally the non-directed LPP is
(&0

(3.3) L " (Ay) :=sup {|A\ s Ac T, A€ é"fb(t)}.

(We use a curly font for . and & to visually mark the difference with the directed LPPs.)
We prove the following result, for non-directed LPP.

Theorem 3.1. There exist constants cs, cg such that for any t,r and B, forany1 <k <m

) c5(Bt"/r®)* “m k
(3.4) }P’<$m (Ar) = k) < ( 120+ 1)/a ) ’
(65) ma/2(b+1)

(3.5) P(gm (A)) < k) < 4 exp {cﬁk(1 B Cﬁk(Btb/Ta)l/(b—&-l))}'

Finally, there is some C > 0 such that P-a.s. there is some mg such that
(623

1 St

3.6 < a
(36) ¢ ma (Btb/ra)b%lmm

<C for allm = myg.

We have that %, is of order m” with k = m A 1: we also expect that %, /m"

converges a.s. to a constant as m — o0. Let us highlight the fact that we find k = 1/2 (as
for the standard LPP) in the case a = b + 1.

Remark 3.2. We stress that we could have defined a corresponding non-directed y-Holder-
LPP, the analogous of (3.2) ending up being

k
H,(t,A) = %(Z |2; — 1131;1”1/7)7.
i=1

It is very similar to (3.2), with v = (b + 1)/a (possibly changing the constants ¢, B): one
finds that the corresponding non-directed LPP %}, is of order m" with x = % A 1 (hence

k = 1/2 for a Lipschitz constraint, as in the original Hammersley LPP).
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4. SOME APPLICATIONS OF THE (ENTROPY) CONSTRAINED LPP

Our main goal has been to introduce a generalized LPP, and the results we stated give
the first properties of such models, which are already useful in some contexts—it has proven
useful in [6]. We now present briefly two applications of the directed and non-directed LPPs,
to the context of polymer models.

4.1. Application I: a model for a directed polymer in Poissonian environment.
We define here a very natural variational problem, which encapsulate the energy-entropy
competition inherent to models of polymers in random environment. The random envi-
ronment is given by a Poisson point process Ty on Ry x R of intensity A > 0 (its law is
denoted P), and for 8 > 0, we define the following (point to point) variational problem

(4.1) Zy8(t) = sup {,B{smT;J —Ent(s)},
s:[0,¢]>R,s(0)=s(t)=0

with Ent(s) defined as in (2.6)—because Y is countable, Ent(s) is well-defined. This
variational problem constitute a simplified model to study the energy-entropy competition
of polymer models, |[sn Y| being viewed as a measure of the energy of a trajectory s Again,
the central cases that we have in mind is when a = b+ 1 or b = 0 in the definition of the
entropy (2.6), see Remark 2.4 (when the entropy derives from the LDP of a simple random
walk, we have a = 2,b = 1). The idea of this model is similar to that of [10] which considers
a Brownian polymer in Poissonian medium. However, here, we only consider trajectories
maximizing the energy-entropy balance, and we also allow for more general entropy than
that of the Brownian motion (for which a =2,b =1).

Let us stress that the variational problem (4.1) has already appeared in [3] (in the case
a = 2,b = 1) as a solution for a Hamilton-Jacobi equation used to study the stationary
solutions of a Burgers equation (with a forcing induced by the points of a PPP). It has
proven to be useful for the study of the thermodynamic limit for directed polymers, cf. [4].

First of all, we notice that Z) g(t) is a super-additive ergodic sequence, so that Kingman’s
sub-additive ergodic theorem gives that the limit

(4:2) PO B) = Jim + 23 5(0)

exists a.s. and in L!, and is P-a.s. constant. The fact that f()\,3) is finite derives from our
estimates in Theorem 2.3 (together with the argument in Section 2.3, see (2.15)), so we
skip it—we mention that this fact was an important part of the study in [3].

We also have scaling relations for Z) g(t). Indeed, consider the two following maps: (i)
(t,x) — (A~/(atb)¢ \=b/(a+0) 1) whose image of T has distribution Y and which preserves
the entropy; (i) (t,z) — (870t 1/(a+0)z) which multiplies the entropy by /3, while
preserving the distribution of T ). We therefore obtain that

d —a/(a d _1/(a
43)  Z) D Zi (V@) and 2500 D BE (B

A first consequence is that we get that f(\, 8) = (B2+t*T1IA0)V/(@+b) £(1 1), where f(1,1) is
a constant that needs to be determined. Another consequence is that, if we consider the
alternative problem where we take A\ — oo (instead of ¢ — o0), we get that, for any fixed
positive t, 3, the limit
1
: - _ _ (a+b+1)/(a+Dd)
(4.9 i 2 (1) = (1, 6) = 8 £(1,1)

exists a.s. and in L1.
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For this model, some important questions remain unanswered: (i) what is the value of
the constant f(1,1)? (ii) what does the maximizer of Z, g(t) look like? For instance, what
is its typical transversal fluctuation exponent? We mention that in [3, 4], the results are
mostly qualitative, such as the existence and coalescence of semi-infinite maximizers for
this model.

4.2. Application II: non-directed polymers in heavy-tail environment. The di-
rected E-LPP have already proved to be useful to understand the transversal fluctuations
and scaling limits of directed polymers in heavy-tail random environment, see [6]. The con-
tinuous limit of the model is found to be an energy-entropy variational problem, and E-LPP
appears central to ascertain its well-posedness. Here, we define an analogous variational
problem in the non-directed setting, and show that it is well defined. It should also appear
as the scaling limit of some non-directed polymer model in heavy-tail random environment.

As a continuum disorder field, we let P := {(w;, z;,y;): i = 1} be a PPP on [0, ) x R2,
of intensity p(dwdzxdy) = %w_a_lll{w>0}dwdxdy —it derives from the scaling of a discrete
field of disorder with heavy-tail distribution, with tail exponent «. For a continuous path
5:[0,1] — R?, we can then define its energy by summing the weights in P “collected” by
S, T(S) = Dl(z;,y)es Wi- We can also define its length £(s) = Sé |s'(u)||du, and we consider
£(s)¥ for some v > 1 as a measure of its entropy. Indeed, if s is a linear interpolation of a
finite number of points in P, then ¢(s)” is nothing but the non-directed entropy defined in
(3.2) with a = b+ 1 and b + 1 = v. This choice derives from LDP for a random walk, and
v = 2 corresponds to the moderate deviation regime of the simple random walk.

Thanks to the non-directed LPP of Section 3, we are able to show that the energy /entropy
variational problem is well defined, when « € (2/v,2).

Proposition 4.1. For any v > 1, the following variational problem is well defined for all
B =0, when a € (2/v,2),

(4.5) 723@) = sup {Br(s) —L(s)"}.
5:[0,1]—R?
5(0)=0, £(s)<w0

For 8 > 0, we have that ’TB(V) >0 a.s. and E[(’Eg(y))“] < @ for any k < a —2/v. Moreover,

for any a € (2/v,2), we have the scaling relation T(V) @ [ra—2 T(V). On the other hand,
B 1
if a € (0,2/v], we have that 723(V) = 400 a.s.

The proof follows exactly the same scheme as that in [7, Section 4], with Proposition 4.1
in place of [7, Theorem 2.4] so we skip it.

Polymers in random environment have mostly been considered in the directed framework,
see [9] for a thorough review, or in the semi-directed context of stretched polymers, see
[16, 28], or [17] for a review. Proposition 4.1 therefore shows that our generalized LPP can
be useful to study non-directed polymers: the variational problem can be thought as an
energy /entropy model for a polymer in continuous random environment. The most natural
question is now to consider a (discrete) non-directed polymer model in random environment
(the Hamiltonian being the sum of the weights of the sites visited by the random walk),
and prove its convergence to (4.5), in the case of a heavy-tail environment (as done in [0]).

5. PROOFS OF THE CONSTRAINED LPP RESULTS

We prove here Theorems 2.1-2.3-3.1. The almost sure statements are straightforward
applications of the first parts of the theorems (via the Borel-Cantelli lemma), so we skip
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their proof. We write the details only for the E-LPP, the H-LPP results following exactly the
same scheme—for the upper bound, the ideas are similar to those developed in [7, Part 1],
in a special case of the E-LPP. Some more technical details are needed to obtain (3.5).

5.1. Entropy-constrained LPP. We prove first (2.9), and then (2.10).

Upper bound. Define Ej(t, B) the set of k (ordered) elements up to time-horizon ¢ that
have an entropy bounded by B:

Ex(t,B) = {(tiaﬂﬁz‘)lgisk; 0 <ty <- <ty <t,Entep((t;,2:)1<i<k) < B}~
We are able to compute exactly the volume of Fy(t, B).
Lemma 5.1. For anyt > 0 and B > 0, we have for any k > 1
r TR Tk « ph/agk(atb)/a
P(E+1) Dk 1)

In particular, it gives that there exists some constant C = Cqy (during the course of the
proof, one finds that Cop < c(a + b)~Y2) such that

Vol(Ex(t, B)) = 28 (2)

CBl/at(a-i-b)/a ) k

VOl(Ek(t, B)) < <W

Proof. Again, using a decomposition over the left-most point in Ej (¢, B) at position (u,y)
(by symmetry we can assume y > 0): it leaves k — 1 points with remaining time horizon

Iyl

t —u and constraint B — , we obtain the key induction formula below

1/a

(Bub) "
(5.1) Vol(Ek (t, B —2J J Vol Ek 1(t —u, B— %))dydu.

We give the details of the induction for the sake of completeness, but the proof is a straight-
forward calculation. First of all, we have for £ = 1

t Bub)l/a t a
Vol(Ei(t,B)) = QJ J dudy = 2BI/‘IJ udu = 9oBYae_=_tlatd)/a

0 a+b

For k£ > 2, by induction, we have

hayinkt F(%)kil F(a+b)k71
Bub)l/a o -~
J J (k 1)(a+b)/a(B_ %)(k 1)/adydu.

Then, by a change of variable z = y*/(Bu’), we get that

(Bub)Ya 1
f (B — 2y Dlag, _ B(kl)/af (1 — z)k=D/a 1 1a=1 p/a, blag,
y=0 u 0 “

éAk’/aub/a F((k — 1%/(2/—;)1)F(1/a)
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Moreover, we also have, with a change of variable w = u/t

t 1
j Wb/t — ) E=Dlatb)/agy, _ t(k;—l)(a+b)/a+b/a+1f wh/a(1 — ) k=Da+b)/a gy,
0
_ tk(a+b)/ar(b/a + 1)F((k — 1)(0’ + b)/a + 1) ’
I'(k(a+b)/a+ 1)

u=0

and this completes the induction.
For the inequality in the second part of the lemma, we use Stirling’s formula I'(1 + ) ~
V2ra(z/e)” as @ — o0 to control I'(k(a + b)/a + 1) and I'(k/a + 1), and we obtain

c ( 2p(L)r(eth) x BY/aglatt)/a )’f
< a -
ky/1/av/(a +b)/a\ (e1/a) 1/a (e~ (a + b)/a) (@+b)/ap1/a.(a+b)/a

Thanks to the asymptotics of I'(«) as @« — +00 and @ — 0, we find that there is a constant
¢ such that for all a,b

a CBl/at(a-‘rb)/a k
VOl(Ek(t, B)) < <( )/a> .

Vol(Ey(t, B))

Va+ b\ (a+b)/2kl/aflatd
Il
B
We then use Lemma 5.1 to control the probability that Lﬁf"*")(/\m) is larger than k:
SB
(5.2) P(ﬁfn“”’)(At,x) > k) = P(Ni > 1) < B[N,

where Ny, = Card{A < T,,; A € 5f,b} is the number of sets of k points in Y, that are
Efb-compatible. Since all the points of Y,, = {Z1,..., Z,,} are exchangeable, we have

E[N;] = <’Z>P(3 0 €6k 5.t (Zo(rys- > Zaiy) € Enlt, B)) :
Since the (Z;)1<i<m are i.i.d. uniform in Ay, = [0,¢] x [—x, z] (of volume 2¢x), we get that

m Vol (Ex(t, B
(5.3 i = () x Ve,

where the k! comes from the fact that we rearrange the Z;’s so that 0 <t < --- <t} < .
Using Lemma 5.1 together with (TIZ) <mk /k1, we therefore obtain that

(€2 m\  Vol(E(t, B)) O BYagla+b)/ay,\ k
(5.4)  P(Ln" (o) 2 k) < < k) « i < ()

This gives the upper bound (2.9).

Lower bound. For any k > 1, consider for 1 <7 < 4k the sub-boxes of Ay,
. ; 1/a b/a 1/a b/a

[(z 1)t’£) y [_ BYe(t/4) Al‘,B (t/4) Ax].

4k 4k 2k(b+1)/a 2 (b+1)/a
Then, notice that if there are at least k boxes among {Ba; }1<i<2k containing (at least) one
point, then this set of k£ points has an entropy which is bounded by

(Bl/a(t/4)b/ak.f(b+1)/a>a
X
(t/4k)°

B; =

< B.
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Hence, we get that

o5 2% 2%
(5.5) P(Efn“’b)(At,x) > 8) <P( Y yr iz < 8) = P( D Lr ooy < F) -
=1 i=1

For the last probability, we use a union bound and the fact that the Ly, ~5,,=0} are
exchangeable, to get that

P(ﬁgﬁb)(At,z) < k) < (2:>]P>(Tm N Q& = @)

Bl/atb/a 1\m
2k e -
(5.6) <2 (1 Abfap@ttyjag " 4)

In the second inequality we used that T,, is a set of m independent random variables
Bl/a(t/4)(a+b)/a

ST A %’3 Therefore,

uniform in A, (of volume 2tx), and that Ule B; has volume
using also that 1 —x < e™® we obtain that

(€8, Bl/agb/a m
which concludes the proof of the (2.10).

5.2. Holder-constrained LPP. We only give a brief outline of the proof.
Upper bound. We define

Hy(t,A) = {(tz’,%i)lsigk; 0 <ty <-- <ty <t,Hy((t;,2:)1<i<k) < A}-

Then, as above, we are able to compute exactly the volume of Hy(t, A): for any ¢ > 0 and
A > 0, we have for any k > 1

I(1+9)" h(1+7)

Vol (Hk(t, 4) = 24 5

We do not develop the proof, which comes from an induction formula analogous to (5.1):

t AuY
Vol(Hk(t, A)) = QJ Vol(Hk_l(t —u, A))dydu.
u=0 Jy=0

As a consequence of Stirling’s formula, there exist constants ¢, C' such that

2AD(1 + ~)t++7 )k _ < C At )"f
(L +7)/e) ki) T ()R
To obtain (2.4), one then follows exactly the same scheme as in (5.2)—(5.4) above, using
(5.8) in place of Lemma 5.1.
Lower bound. For any k > 1, we consider for 1 <4 < 4k the sub-boxes of Ay ,:
1— 1)t it A(t/k)Y A(t/k)7

<[22 )« [ A A )

Note that, if there are at least k boxes among {Ba;}1<i<or containing (at least) one point,

then this set of k points has a «-Holder norm which is bounded by A(k/t)Y/(t/k)Y < A.
Then, we obtain (2.5) exactly as above, see (5.5)—(5.7) above.

(5.8) Vol(Hj,(t, A)) < c<
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5.3. Non-directed E-LPP. We proceed analogously to the two previous sections, some
details differing for the lower bound.

Upper bound. We define

Ex(t,B) = {A = () 1<i<k ; Entgp(t, A) < B}
k

= {A = (Zi)1<i<k ; Z |z; — wi—lHa/(bH) < D} =: Ek(D) )
i=1

with D = (Bt®)Y/®+) e used (3.2) to get the second equality. As above, we are able
to obtain its volume: setting v = (b + 1)/a for simplicity, we have for any D > 0 and any
k=1

N k
Vol(E(D)) = (2777)’“%172“.

This is easily proven by iteration, using the recursion formula, for k > 2

DY
Vol(Ex(D)) = J 27rVol (Eg—1(D — r'/7))dr .
0
We leave the details to the reader. Then, an easy application of Stirling’s formula gives
that there exists some constant C' such that

C(Btb)2/a ) k

(5.9) Vol(Ex(t, B)) < (—555177

The upper bound (3.4) then comes from the exact same scheme as for (5.2)—(5.4) above,
using (5.9) in place of Lemma 5.1.

Lower bound. The idea of the proof is similar to the one in the directed context, with more
technicalities due to the non-directedness. We consider a partition of the plane into small
squares of side § := 7wr/y/m: for any x € (6Z)? we let B, be the square of side § centered
at x. It is easy to see that there are at least m/4 disjoint squares B, (provided that m is
large enough) that can be placed into a rectangle (inscribed in A,) ordered as follows: we
let g = 0 and then we enumerate z1,...,2,,/, following a spiral in a clockwise way, in
order to have that any two consecutive B, B;,,, are adjacent (see Figure 1)

Note that a square B, has volume 7272 /m (and recalling A, has Volume 7r?), B, contains
at least one point of Ty, with probability 1 — (1 —7/m)™ > 1 —e™". We define Q,,,4 the
number of non-empty squares among By, ..., Bz 11> and we deﬁne iteratively the indices /;

of the non-empty squares, by Ip = 0 and for 1 < j < Q4
Ij :inf{i >Ij_1 ; Bmz N Y, # @}

For k > 1, and if Q,,/4 = k, we may consider a path A collecting one point in exactly
all By, ... B ;,: the entropy of such A is bounded by (see Figure 1)

1, & . b+1 k b+1
tib ( 21 (4(I] - Ij—l)é) /(b+1)> tbma/Z ( Z )

ot B
where we set U; := (I; — I;_1)%®*1. Therefore, for 02”,7(1 @b )(Ar) to be smaller or equal

than k, one needs to have either @),,,;4 < k or that the entropy of A chosen above is larger
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FIGURE 1. In the picture we put m = 24 points uniformly on A, and we consider a rectangle
built by 6 = m/4 squares By, - , Bz enumerated following a spiral in a clockwise way starting
from the origin. Then we consider the non-empty rectangles (in orange) and their indices. In this
example we have I = 1,I> = 2,13 = 5. Finally we draw a path starting from the origin and
collecting one point in exactly all By, ,--- , Br,.

than B: this leads to

(A,) < k:) < P(Qpys < k) +P(Qm/4 >k, i U; > (

=1

Exs)

(5.10) P(.fm Btbmaﬂ)u(bﬂ)) .

4(171(1

For the first term, and for k < e?m/4 (with € > 0 small, fixed in a moment), we realize
that Q,,/4 < k implies that there are at least (1 — £2)m/4 empty squares, which gives by a
union bound that

(1—e2)m/4

BQun <8 < (4 g Bt U =) <en(i Loy,

)
For the second inequality, we used that the volume of Ugils ym/4 B, is (1 —e?)m?r?/4. We
note that the constant c. goes to 0 as € goes to 0: we can therefore fix ¢ > 0 sufficiently
small so that

(5.11) P(Qus < k) <e™® forall k<e’m/4.

b+1)

For the second term in (5.10), let us write V := k=1 (Bt*m/?2/r) o —we will con-

sider only the case when V is large—, so that we need to bound
(5.12)

k k
P(Quja <k, Y, Uj > kV) < B(Ny > em) +P(Quya < b, Ny <em, 31 Us > kV)
Jj=1 j=1

where N denotes the total number of points in the non-empty squares B, o , Bz - We
easily have that

P(Nj, > em) < L (m) (Lk>am < ek (k)™ ,

ek \em)\'m (em)!

where the denominator in the first inequality comes from the fact that we work conditionally
on the fact that k squares are non-empty (which has probability bounded below by e~*).
Hence, since we work with k < e2m/4, and provided that ¢ has been fixed small enough,
we get that there is a constant ¢ > 0 such that P(Ny > em) < e™“™.
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For the last part, note that since the squares B, are exchangeable, we can control for
1<i1<---<ik<m/4

P(Il =i1,...,]k Zik;Nk <€m)

2 m (W)n1+.--+nk (1 7r7;k>m—(n1+.--+nk)
B Nyy..., Nk m m

MYy, N
1<ni+--+np<em

< (1 _ L“c)“‘e)m D T T e memin gk
m S, nq! o
1<ni+--+np<em
Where we used that in order to have Iy = i1,...,I; = 1, there must be exactly k£ non-
empty squares among the first i (with nq,...,ng points in them) and ix, — k empty ones.

The remaining m — (n1 + -+ + ng) points must be outside the first i squares. For the
second inequality, we used that ni + - -+ ni < em, and that the multinomial coefficient is
bounded by m™ T 7% /(nyl...n!). Hence, there is a constant ¢ such that

P(I =i1,..., Ik = i Ny <em) < e x P(Gj = ij —ij_1 forall1 <j<k),

where (G;);>1 are i.i.d. geometric random variables, of parameter 1 —e~ (197 We therefore
obtain that, provided that V is large enough

k k
P(Qm/él <k,Np<em, ;Uj > kV) < eCk}P’<j;(Gj)a/(b+1) < kV) <RV

To conclude, we have obtained that there are constants such that for k < e2m/4, and
for V:= k=1 (Btbm“/2/ra) Ve+1) large enough,

t,B ,
(5.13) P(gfa»b ‘(A < B) < emom e

k(V—1)

One obtains (3.5) by observing that when V is small e ¢ is larger than 1. The

statements holds for all k£ < m by adjusting the constants.

APPENDIX A. FURTHER SIMULATIONS AND CONJECTURES

In this appendix, we present some simulations, that help us make some predictions
on the values of the constants in (2.13), and support the belief that the model is in the
KPZ universality class. We treat only the directed case because in the non-directed case
simulations are much more greedy and do not bring any convincing insight—our algorithm
could probably be improved, but our goal is simply to hint for some conjectures, and our
simulations fill that role perfectly.

A.1l. Directed H,-LPP. For the H,-LPP, we performed simulations in the Poissonian
context of Section 2.3: we work with intensity A = 1 and constraint A = 1, so we write
HA S .

L(t) for Eg\ 7)(t) to simplify notations.
(1) Value of the constant. Let us present here the results of our simulations to test the
value of the constant C = C1 1 = lim; ot 1L(¢) in (2.17). We ran simulations for ¢ = 1000,
in the box [0,¢] x [—t%3,¢%/3] (with A = 1 and A = 1).

Our simulations are in accordance with the fact that %E(t) converges a.s. to some con-
stant, whose dependence on « is presented in Figure 3 (we present the result of only one
simulation, but several simulations give values for %ﬁ(t) very close to those presented here).
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FIGURE 2. Optimal paths for the H,-LPP with ¢ = 1000, for different values of . The same
set of points is used in all four simulations. For v = 0 we have here L£(t) = 2707, for v = 0.5
L(t) = 1715, for v =1 L(t) = 1408, and for v = 1.5 L(t) = 1238.

0.0 05 1.0 15 2.0 25 3.0

FIGURE 3. Approximated values of the H,-LPP constant: the function represents the value

of t71L(t) with ¢ = 1000, for different values of v € [0,3]. The dotted grey line represents the
93/2

function v — =T (1 + 7)Y+ which seems to fit quite well the values of t~1L(t).

In view of the dependence on v of the constant ¢; in Theorem 2.1 (see in particular (5.8)),
a wild guess is that the constant is proportional to (1 4+ )~ 'T'(1 + 4)Y(1#7): the dotted
grey line in Figure 3 represents the function v — %F(l + )Y+ the factor 2%/2 is
chosen so that it fits the value /2 when v = 1, corresponding to the standard Lipschitz
LPP (the missing factor v/2 comes from the length of the diagonal in Hammersley’s LPP
process). The two curves match quite closely, but they seem to disagree when v = 0 (the
constant C; 1 seems very close to 2.75, whereas 23/2 » 2.83).

(2) Convergence of the recentered and renormalized LPP. In order to test the convergence
in distribution of t~%/3(L(t) — Cy.1t), we performed 1000 simulations for the point-to-point
H,-LPP with ¢ = 500, for the three values v =0, v = 0.5 and v = 1.5.

(a) y=0. (b) v =0.5. (c)y=2.

FIGURE 4. Histograms of k& = 10 simulations of the point-to-point H.-LPP with ¢ = 500.
The three subfigures (a), (b) and (c) correspond to the cases v = 0, v = 1/2 and v = 3/2
respectively. In each case, we superimpose the graph of the Tracy-Widom GUE density, after a
recentering by C-¢ (with C, ~ 2.75,1.75,1.26 from left to right), and a renormalization by c.t!/3
(with ¢y ~ 2.5,1.3,0.65 from left to right).
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The histograms presented in Figure 4 seem to confirm the convergence to a Tracy-Widom
distribution, leading to a (far-reaching) conjecture, for the (point-to-point) H,-LPP.

Conjecture A.1. For everyy = 0, there exists a constant C., (equal to %F(H—v)l/(”w ?)
and a constant ¢, such that, for the point-to-point H,-LPP in Poisson environment with
intensity A = 1 and ~y-Hélder constraint A = 1, we have

L(t)—Cyt (d)
(A1) 077571/3 -
A.2. Directed E-LPP. As far as the directed E-LPP is concerned, we also performed

simulations in the setting of Section 2.3 with ¢ = 100, with a Poisson intensity A = 1
and a constraint B = 1. Simulations are much less efficient, and the simulated annealing

SB
procedure only gives an approximate (under-estimated) value for £(t) = Eg\ “’b)(t, 0).

Foyp ast— +o0.

- -

E -
2 -10

FIGURE 5. Simulation of Poisson point-to-point E-LPP with ¢ = 100, via a simulated annealing
procedure. The plots represents a path which collects a number of points that approximate £(t),
with different parameters a, b. From left to right we have: a = 2,0 =1 (C1,1 ~# 1.83),a =4,b=1
(C1,1 2 1.96),a=1,b=0 (C1,1 ~ 2.08), a =2,b=0 (C1,1 =~ 2.55).

Figure 5 presents some simulations to test the dependence of the constant Ci; =
limy 0 %E(t) on the parameters a, b. The only conjecture we may risk to formulate (thanks
to simulations for others values of a,b that we do not present here) is that the constant
should be non-decreasing in @ and non-increasing in b. Further conclusions are hard to
draw from our simulations.

160 165 170 175 180 185 190 195 200

FIGURE 6. Histogram of 1000 realizations of £(t) for t = 100 (with A = 1, B = 1), with
a = 2,b=1. We also plotted the graph of the GUE density, centered by Ca st with Cq &~ 1.89,
and rescaled by cqp t¥3 with cqp ~ 1.4.

The histogram presented in Figure 6 makes it natural to conjecture that the Poisson
point-to-point E-LPP, when properly recentered and renormalized, converges in distribu-
tion to a Tracy-Widom GUE distribution.
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