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MONK — Outlier-Robust Mean Embedding Estimation by
Median-of-Means

Matthieu Leraslet Zoltan Szabé6!

Abstract

Mean embeddings provide an extremely flex-
ible and powerful tool in machine learning
and statistics to represent probability dis-
tributions and define a semi-metric (MMD,
maximum mean discrepancy; also called N-
distance or energy distance), with numerous
successful applications. The representation
is constructed as the expectation of the fea-
ture map defined by a kernel. As a mean,
its classical empirical estimator, however, can
be arbitrary severely affected even by a sin-
gle outlier in case of unbounded features. To
the best of our knowledge, unfortunately even
the consistency of the existing few techniques
trying to alleviate this serious sensitivity bot-
tleneck is unknown. In this paper, we show
how the recently emerged principle of median-
of-means can be used to design estimators
for kernel mean embedding and MMD with
excessive resistance properties to outliers, and
optimal sub-Gaussian deviation bounds under
mild assumptions.

1 INTRODUCTION

Kernel methods [3] form the backbone of a tremendous
number of successful applications in machine learning
thanks to their power in capturing complex relations
[61, [67]. The main idea behind these techniques is
to map the data points to a feature space (RKHS,
reproducing kernel Hilbert space) determined by the
kernel, and apply linear methods in the feature space,
without the need to explicitly compute the map.
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One crucial component contributing to this flexibility
and efficiency (beyond the solid theoretical foundations)
is the versatility of domains where kernels exist; exam-
ples include trees [111, [30], time series [12], strings [44],
mixture models, hidden Markov models or linear dy-
namical systems [26], sets [24] [I8], fuzzy domains [21],
distributions [25] 47, 2], groups [I3] such as specific
constructions on permutations [28|, or graphs |74, [36].

Given a kernel-enriched domain (X, K) one can repre-
sent probability distributions on X as a mean

up = /x p(@)dP(a) € Ky, p(x) = K(-a),

which is a point in the RKHS determined by K. This
representation called mean embedding |7, [64] induces
a semi-metrid]] on distributions called maximum mean
discrepancy (MMD) [64] [19]

MMD(P, Q) = [ — pallc, - (1)

Specializing the kernel, classical integral transforms
widely used in probability theory and statistics can
be recovered by pp; for example, if X equipped with
the scalar product (-, -) is a Hilbert space, the kernel
K(z,y) = e/®¥ gives the moment-generating function,
K(z,y) = ellz—yll3 (v > 0) the Weierstrass transform.
As it has been shown [62] energy distance [6] (69, [T0]—
also known as N-distance [78, [33] in the statistical
literature—coincides with MMD.

Mean embedding and maximum mean discrepancy have
been applied successfully, in kernel Bayesian inference
[65, [17], approximate Bayesian computation [57], model
criticism [43] [31], two-sample [6}, [69] [70] 23], [19], inde-
pendence [20, 58] and goodness-of-fit testing [29] [5], do-
main adaptation [7] and generalization [8], probabilis-
tic programming [60], post selection inference [75], dis-
tribution classification [52] [76] and regression [68] [38],
causal discovery [51 58] or topological data analysis
[37], among many others; [53] provide an in-depth re-
view on the topic.

H[186] 66] provide conditions when MMD is a metric, i.e.
1 is injective.
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Crucial to the success of these applications is the effi-
cient and robust approximation of the mean embedding
and MMD. As a mean, the most natural approach to
estimate pp is the empirical average. Plugging this
estimate to Eq. produces directly an approximation
of MMD, which can also be made unbiased (by a small
correction) or approximated recursively. These are the
V-statistic, U-statistic and online approaches [19]. Ker-
nel mean shrinkage estimators [54] represent an other
successful direction: they improve the efficiency of the
mean embedding estimation by taking into account
the Stein phenomenon. Minimax results have recently
been established: the optimal rate of mean embedding
estimation given N samples from P is N~1/2 [71] for
discrete measures and the class of measures with in-
finitely differentiable density when K is a continuous,
shift-invariant kernel on X = R%. For MMD, using N,
and N> samples from P and Q, it is Nl_l/2 —I—NQ_I/2 [72]
in case of radial universal kernels defined on X = R,

A critical property of an estimator is its resistance w.r.t.
contaminated data, outliers which are omnipresent in
currently available massive and heterogenous datasets.
To the best of our knowledge, systematically designing
outlier-robust mean embedding and MMD estimators
has hardly been touched in the literature; this is the
focus of the current paper. The issue is particularly
serious in case of unbounded kernels when for example
even a single outlier can ruin completely a classical
empirical average based estimator. Examples for un-
bounded kernels are the exponential kernel (see the
example above about moment-generating functions),
polynomial kernel, string or graph kernels.

Existing related techniques comprise robust kernel den-
sity estimation (KDE) [32]: the authors elegantly com-
bine ideas from the KDE and M-estimator literature to
arrive at a robust KDE estimate of density functions.
They assume that the underlying smoothing kernelsﬂ
are shift-invariant on X = R% and reproducing, and in-
terpret KDE as a weighted mean in Hg. The idea has
been (i) adapted to construct outlier-robust covariance
operators in RKHSs in the context of kernel canoni-
cal correlation analysis [I], and (ii) relaxed to general
Hilbert spaces [63]. Unfortunately, the consistency of
the investigated empirical M-estimators is unknown,
except for finite-dimensional feature maps [63].

To achieve our goal, we leverage the idea of Median-Of-
meaNs (MON). Intuitively, MONs replace the linear
operation of expectation with the median of averages
taken over non-overlapping blocks of the data, in order
to get a robust estimate thanks to the median step.
MONSs date back to [27, 2] [56] for the estimation of

2Smoothing kernels extensively studied in the non-
parametric statistical literature [22] are assumed to be
non-negative functions integrating to one.

the mean of real-valued random variables. Their con-
centration properties have been recently studied by
[14, B0] following the approach of [9] for M-estimators.
These studies focusing on the estimation of the mean
of real-valued random variables are important as they
can be used to tackle more general prediction prob-
lems in learning theory via the classical empirical risk
minimization approach [73] or by more sophisticated
approach such as the minmax procedure [4].

In parallel to the minmax approach, there have been
several attempts to extend the usage of MON estima-
tors from R to more general settings. For example,
[49, 50] consider the problem of estimating the mean of
a Banach-valued random variable using “geometrical”
MONSs. The estimators in [49, [50] are computationally
tractable but the deviation bounds are suboptimal com-
pared to those one can prove for the empirical mean un-
der sub-Gaussian assumptions. In regression problems,
[45], [40] proposed to combine the classical MON estima-
tors on R in a “test” procedure that can be seen as a Le
Cam test estimator [39]. The achievement in [45] 40]
is that they were able to obtain optimal deviation
bounds for the resulting estimator using the powerful
so-called small-ball method of [35] [48]. This approach
was then extended to mean estimation R in [46] pro-
viding the first rate-optimal sub-Gaussian deviation
bounds under minimal L?-assumptions. The constants
of [451 40, [46] have been improved in [10] for the estima-
tion of the mean in R? under L*-moment assumption
and in least-squares regression under L*/L?-condition
that is stronger than the small-ball assumption used in
[45], 40]. Unfortunately, these estimators are computa-
tionally intractable; there risk bounds however serve as
an important baseline for computable estimators such
as the minmax MON estimators in regression [41].

From statistical point of view, our goal is to prove op-
timal sub-Gaussian deviation bounds for MON-based
mean estimators in RKHS-s which hold under mini-
mal stochastic assumptions, requiring the finiteness of
second-order moments only (see later the trace-class
assumption on the covariance operators) and with the
potential presence of corrupted (and even adversar-
ial) data. We extend the results of [46, 41] to mean
embedding and MMD estimation in RKHS. In order
to attain this goal, we modify the aggregation step of
[45], [46], [40] using the minmax formulation of [4) [41].
As a result we get conceptually simpler estimators with
computationally tractable algorithms.

Our contributions can be summarized as follows:

1. We design novel mean embedding and MMD esti-
mators based on the MON principle.

2. We establish their finite-sample and outlier-
robustness properties. The obtained MONK es-
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timators (i) obey optimal sub-Gaussian deviation
bounds under mild trace-class conditions, (i) their
convergence speed match the discussed minimax
rates, and (iii) thanks to the usage of medians they
are also robust to contamination.

Section [2] contains definitions and problem formulation.
Our main results are given in Section [3| Implementa-
tion of the MONK estimators is the focus of Section [
with numerical illustrations in Section [l

2 DEFINITIONS & PROBLEM
FORMULATION

In this section, we formally introduce the goal of our
paper.

Notations: Z* is the set of positive integers. [M] :=
{1,..., M}, us := (Um)mes, S C [M]. For a set S,
|S| denotes its cardinality. E stands for expectation.
medgeio) {2} is the median of the (z4)4e(g) numbers.
Let X be a separable topological space endowed with
the Borel o-field, z1. denotes a sequence of i.i.d. ran-
dom variables on X with law P (shortly, z1.ny ~ P).
K : X x X — R is a continuous (reproducing) kernel
on X, Hg is the reproducing kernel Hilbert space asso-
ciated 10 K3 () == (Vg [-lxc = I, ] The
reproducing property of the kernel means that evalu-
ation of functions in Hg can be represented by inner
products f(z) = (f, K(-,x)), for all x € X, f € Hg.
The mean embedding of a probability measure P is
defined as

e /x K(2)dP(z) € K, ()

where the integral is meant in Bochner sense; up exists

iff [ K (G z)|| o dP(z) = [o /K (2, 2)dP(z) < co. It

is Well—known that the mean embeddlng has mean-

reproducing property Pf := E,pf(z) = (f, up) for
all f € Hg, and it is the unique solution of the problem:

pp = argmin s, /x If = KCa)ldP).  (3)

The solution of this task can be obtained by solving
the following minmax optimization

sup J(f,9), (4)
gEH K

Hp = argmlnfeg{K

where
I(f:9) =B [If = KC52) 5 = g = KC2)lI3 ] -

The equivalence of and is obvious since the ex-
pectation is linear. Nevertheless, this equivalence is es-
sential in the construction of our estimators because we

3% is separable by the separability of X and the conti-
nuity of K [67, Lemma 4.33].

will below replace the expectation by a non-linear esti-
mator of this quantity. More precisely, the unknown ex-
pectations are computed by using the Median-of-mealN
estimator (MON). Given a partition of the dataset into
blocks, the MON estimator is the median of the em-
pirical means over each block. MON estimators are
naturally robust thanks to the median step.

More precisely, the procedure goes as follows. For any
map h : X — R and any non-empty subset S C [N], de-
note by Pg := [S|™! 3", ¢ 04, the empirical measure as-
sociated to the subset g and Pgh = |S|7* 3, . ¢ h(z:);
we will use the shorthand pg := pp,. Assume that
N € Z7 is divisible by Q € ZT and let (Sg)qe(q) de-
note a partition of [N] into subsets with the same
cardinality [Sq] = N/Q (Vg € [Q]). The Median Of
meaN (MON) is defined as

MONG [A] = mede i) {Ps, 1}
= medge(q) { (hy 1s,) e } -

where assuming that h € Hg the second equality
is a consequence of the mean-reproducing property
of up. Specifically, in case of Q = 1 the MON op-
eration reduces to the classical mean: MON; [h] =

NN h(a,).

We define the minmax MON-based estimator associated
to kernel K (MONK) as

sup J(f.9), (5)

geH Kk

i, = fir.@(T1:N) € argminfeﬁ

where for all f,g € Hg

J(f.9) =
= MONg [v = I = K(s @)l ~ llg = K@)l

When @ = 1, since MONj [h] is the empirical mean,
we obtain the classical empirical mean based estimator:
N N

kel = % D=1 K zn).

One can use the mean embedding [Eq. (2)] to get a
semi-metric on probability measures: the maximum
mean discrepancy (MMD) of P and Q is

MMD(P, Q) := [lup — pollx = sup (f,ue — po)k
f€EBK

where B = {f € Hg : || f||x < 1} is the closed unit
ball around the origin in Hg. The second equality
shows that MMD is a specific integral probability met-
ric 55, [79]. Assume that we have access to z1.x ~ P,
y1.n ~ Q samples, where we assumed the size of the
two samples to be the same for simplicity. Denote
by Pg, = I—é‘ ZiGS 0z, the empirical measure asso-
ciated to the subset zg (Pg, is defined similarly for
Y), 1S, P = KPs, s HS,,Q = HPg, - We propose the
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following MON-based MMD estimator

MMDQ(P Q) = sup med {(f, ps, P — 15,.0) ) -
feBk a€[Q]
(6)

Again, with the @ = 1 choice, the classical V-statistic
based MMD estimator [19] is recovered:

BTBE)(]P’, Q) = sup
fE€BK

fon**

nE N]

n€[N]

1 v
= | % > (K& +KY —2K7Y), (7)
#.3€[N]

where K\ = K(v;,7;), K}, = K(yi,y;) and K}/ =
K(z;,y;) for all 4,5 € [N] Changing in Eq. (7)
Dijeln) B0 2o je(ny,izy i case of the Ky and KY,
terms gives the (unbiased) U-statistic based MMD es-
timator

1 x 1/ zy
7N(N_1)4Z (K} + KY) Z K.
b€ IN] i.j€[N]

Our goal is to lay down the theoretical foundations
of the fp¢o and 1\71\@@(1@, Q) MONK estimators:
study their finite-sample behaviour (prove optimal sub-
Gaussian deviation bounds) and establish their outlier-
robustness properties.

A few additional notations will be needed through-
out the paper. S;\Sy is the difference of set S
and S;. For any linear operator A Hx —
Hi, denote by [[A| = supgsegc, ||Af||K/||fHK
the operator norm of A. Let L(Hg) =
{A: Hg — H linear operator : ||A]| < co} be the
space of bounded linear operators. For any A € L(Hg),
let A* € L(Hk) denote the adjoint of A, that is
the operator such that (Af,g), = (f, A*g) for all
fyg € Hg. An operator A € L(Hk) is called non-
negative if (Af, f), > 0 for all f € Hg. By the
separability of H g, there exists a countable orthonor-
mal basis (ONB) (e;)ier in Hi. A € L(Hk) is called
trace-class if [|Al, = >, <(A*A)1/2 ei,ei>K < oo
and in this case Tr(A) := >, ; (Aes, e) < o0o. If A
is non-negative and self-adjoint, then A is trace class
iff Tr(A) < oo; this will hold for the covariance oper-
ator (Zp, see Eq. ([9)). A € £L(Hk) is called Hilbert-
Schmidt if [|A[|5 := Tr(A*A) = 3, (Ae;, Aes) e <
00. Omne can show that the definitions of trace-
class and Hilbert-Schmidt operators are independent
of the particular choice of the ONB (e;);er. De-
note by £1(Hg) = {A e L(Hk) : ||A|l; < oo} and
Lo(Hg) = {Ae L(Hk):||A]l, < oo} the class of

trace-class and (Hilbert) space of Hilbert-Schmidt
operators on Hy, respectively. The tensor prod-
uct of a,b € Hg is (a ® b)(c) = a(b,c)y, (Ve €
j‘f}(). a®b € L2(j{K)7 LQ(J{K) 2 Hig ®
Hyx where ® is the tensor product of Hilbert
spaces and |la®b|, = ||aHK||b||K Whenever
Jx IK( )@ K(-,2)|l,dP(z) = [ K(z,z)dP(z) <
0, let Z]p denote the covariance operator

Z[p = ]EIN]p ([K(, QJ)

— pp] @ [K (-, z) — pp]) € L2(Hk),

9)

where the expectation (integral) is again meant in
Bochner sense. Yp is non-negative, self-adjoint,
moreover it has covariance-reproducing property
(f.Zpf)x = Egep[f(z) — Pf]?. It is known that
Al < Al < [[All;y-

3 MAIN RESULTS

Below we present our main results on the MONK es-
timators, followed by a discussion. We allow that N,

elements((:cnj)N_C ) of the sample 1.y are arbitrarily

j=1
corrupted (In MMD estimation {(z,, ynj)}é\[:“1 can be
contaminated). The number of corrupted samples can
be (almost) half of the number of blocks, in other words,
there exists § € (0,1/2] such that N, < Q(1/2 —§). If
the data are free from contaminations, then N, = 0
and § = 1/2. Using these notations, we can prove the
following optimal sub-Gaussian deviation bounds on
the MONK estimators.

Theorem 1 (Consistency & outlier-robustness of fip g).
Assume that Sp € L1(Hg). Then, for any n € (0,1)
such that Q = 726=21n(1/n) satisfies Q € (N./(1 —
), N/2), with probability at least 1 — n,

e, — pell

12 (1;\/5) - (\/6||zp||1n(1/n>72\/Tr<zp>).

ON N

Theorem 2 (Consistency & outlier-robustness of

mQ(P, Q)). Assume that Xp and g € L1(Hk).
Then, for any n € (0,1) such that Q = 726~ 21n(1/n)
satisfies Q € (N./(1—9), N/2), with probability at least
1- 7,

‘mQ(]P’, Q) — MMD(P, @)\

12 (12| + |Zqll) In (1/7) Tr (Zp) + Tr (3q)
S 5 max <\/ 5]% \/ N s )

Proof (sketch). The technical challenge is to get the
optimal deviation bounds under the (mild) trace-class
assumption. The reasonings for the mean embedding
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and MMD follow a similar high-level idea; here we
focus on the former. First we show that the analysis
can be reduced to the unit ball in H g by proving that

e, — ppll i < (14 V2)ro.n,

where
ro,n = sup MONg [z = (f,K(,z)— [LP>K]
fE€EBK
= sup med{?“(ﬂ q)}
feBk 9€[Q]
with 7(f,q) = (f, ps, — “P>K' The Chebyshev inequal-

ity with a Lipschitz argument allows us to control the
probability of the event {rg n < €} using the variable
Z = swpsep, Yoew 16 (2r(F.0)/€) — Eo (2r(f,q)/e),
where U stands for the indices of the uncorrupted
blocks and ¢(t) = (t — 1)I1<t<2 + I;>2. The bounded
difference property of the Z supremum of empirical
processes guarantees its concentration around the ex-
pectation by using the McDiarmid inequality. The sym-
metrization technique combined with the Talagrand’s
contraction principle of Rademacher processes (thanks
to the Lipschitz property of ¢), followed by an other
symmetrization leads to the deviation bound. Details

are provided in Section (for Theorem in
O

the supplementary material.

Remarks:

e Dependence on N: These finite-sample guarantees
show that the MONK estimators
— have optimal N~/2-rate—by recalling [72} [71]’s
discussed results—, and

— they are robust to outliers, providing consistent es-
timates with high probability even under arbitrary
adversarial contamination (affecting less than half
of the samples).

e Dependence on §: Recall that larger § corresponds
to less outliers, i.e., cleaner data in which case the
bounds above become tighter. In other words, mak-
ing use of medians the MONK estimators show ro-
bustness to outliers; this property is a nice byprod-
uct of our optimal sub-Gaussian deviation bound.
Whether this robustness to outliers is optimal in the
studied setting is an open question.

e Dependence on X: It is worth contrasting the rates
obtained in Theorem [I] and that of the tournament
procedures [46] derived for the finite-dimensional
case. The latter paper elegantly resolved a long-
lasting open question concerning the optimal depen-
dency in terms of ¥. Theorem [I proves the same
dependency in the infinite-dimensional case, while
giving rise to computionally tractable algorithms

(Section [4)).

e Separation rate: Theorem [2] also implies that fixing
the trace of the covariance operators of P and Q, the
MON-based MMD estimator can separate P and Q
at the rate of N—1/2,

4 COMPUTING THE MONK
ESTIMATOR

This section is dedicated to the computationEI of the
analyzed MONK estimators; particularly we will focus
on the MMD estimator given in Eq. @ Numerical
illustrations are provided in Section [f] Recall that the
MONK estimator for MMD [Eq. @] is given by

MMDq(P, Q) (10)
1
= sup med ¢ — Z flzj) — Z f(y;)
feBx a€lQ] | [ i \5 |]€S

By the representer theorem [59], the optimal f can be
expressed as

flab)= Y a,K + ) baK (), (11)
]

ne[N ne(N]

where a = (an)ney) € RN and b = (by)nepy) € RY.
Denote ¢ = [a;b] € R*N, K = Kz, Kuyi Kyz, Ky ] €
RQNXQN’ me — [K(xlvxj)]z,]G[N] c RNXN
K.y = [K(xiayj)}i,je[m = KZm € RNXNv Ky, =
[K (yi,y;))ijev) € RY*N. With these notations, the
optimisation problem can be rewritten as

max med{\S| 1, -
ceR2N:c*Kce<1 g€[Q)]

1'Kef,  (12)
where 1, € RY is indicator vector of the block S,.
To enable efficient optimization we follow a block-
coordinate descent (BCD)-type scheme: choose the
gm € [N] index for which the median is attained in

, and solve

max

S
ceR2N:c*Kc<1 | @m

_1[1qm?

-1,,.1"Kc. (13)

This optimization problem can be solved analytically:

[1qm§ _1qm]
IL*[14,,; -1

where L is the Cholesky factor of K (K = LL*). The
observations are shuffled after each iteration. The
pseudo-code of the final MONK BCD estimator is
summarized in Algorithm [T}

C =

aullly

4The Python code reproducing our numerical experi-
ments is enclosed in the supplement. It will also be publicly
released upon acceptance of the manuscript.
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Table 1: Computational complexity of MMD estima-
tors. N: sample number, ): number of blocks, T
number of iterations.

Method Complexity

U-Stat O (N?)

MONK BCD O (N*+T[N?+Qlog(Q)])
MONK BCD-Fast O (g— +T [ 2+ Qlog(Q) )

Notice that computing L in MONK BCD costs O(N?),
which can be prohibitive for large sample size. In
order to alleviate this bottleneck we also consider an
approximate version of MONK BCD (referred to as
MONK BCD-Fast), where the Zne[ ] summation after

plugging to is replaced with Znesq:

1
max med ¢ — anK (7, 2n)+
e=[a.b]eRN:e"Ke<1q€(Q] | [Sg] j,ge:Sq[ ()
1
an(ijvyn)] - m Z [anK(yj,xn) + an(ijyn)]
T jnes,

This modification allows local computations restricted
to blocks and improved running time. The samples are
shuffled periodically (e.g., at every 10th iterations) to
renew the blocks. The resulting method is presented
in Algorithm [2] The computational complexity of the
different MMD estimators are summarized in Table [Il

5 NUMERICAL ILLUSTRATIONS

In this section, we demonstrate the performance of the
proposed MONK estimators. We exemplify the idea on
the MMD estimator [Eq. @] with the BCD optimiza-
tion schemes (MONK BCD and MONK BCD-Fast)
discussed in Section @l Our baseline is the classical
U-statistic based MMD estimator [Eq. ; referred to
as U-Stat in the sequel].

The primary goal in the first set of experiments is to
understand and demonstrate various aspects of the es-
timators for (K, P, Q) triplets [53}, Table 3.3] when ana-
lytical expression is available for MMD. This is the case
for polynomial and RBF kernels (K), with Gaussian
distributions (P, Q). Notice that in the first (second)
case the features are unbounded (bounded). Our sec-
ond numerical example illustrates the applicability of
the studied MONK estimators in biological context, in
discriminating DNA subsequences with string kernel.

Experiment-1: We used the quadratic and the RBF
kernel with bandwith ¢ = 1 for demonstration pur-
poses and investigated the estimation error compared

to the true MMD value: [MMDg (P, Q) — MMD(P, Q)|.
The errors are aggregates over 100 Monte-Carlo sim-
ulations, summarized in the median and quartile val-

ues. The number of samples (N) was chosen from
{200, 400, . ..,2000}.

We considered three different experimental settings for
(P, Q) and the absence/presence of outliers:

1. Gaussian distributions with no outliers: In this case
P = N (pu1,0%) and Q = N (p2,03) were normal
where (u1,01) # (p2,02), p1, 01, ji2, 02 Were ran-
domly chosen from the [0, 1] interval, and then their
values were fixed. The estimators had access to
(en)ns X P and ()il X Q.

2. Gaussian distributions with outliers: This setting is
a corrupted version of the first one. Particularly, the
dataset consisted of (z,,)N= "X P, (y,)N=5 'K @,

while the remaining 5-5 samples were set to zy_4 =

...::UN:20007yN,4:~«~:yN:4000.

3. Pareto distribution without outliers: In this case
P = Q = Pareto(3) hence MMD(P,Q) = 0 and
the estimators worked based on (x,,)Y_; " P and

iid.
i @

The 3 experiments were constructed to understand

different aspects of the estimators: how a few out-

liers can ruin classical estimators (as we move from

Experiment-1 to Experiment-2); in Experiment-3 the

heavyness of the tail of a Pareto distribution makes
the task non-trivial.

Our results on the three datasets with various @) choices
are summarized in Fig.[[l As we can see from Fig. [Ta]
and in the outlier-free case, the MONK estima-
tors are slower than the U-statistic based one; the
accuracy is of the same order for both kernels. As
demonstrated by Fig.[Lcin the corrupted setup even
a small number of outliers can completely ruin tradi-
tional MMD estimators for unbounded features while
the MONK estimators are naturally robust to outliers
with suitable choice of Qﬂ ; this is precisely the setting
the MONK estimators were designed for. In case of
bounded kernels [Fig. , by construction, traditional
MMD estimators are naturally resistant to outliers;
the MONK BCD-Fast method achieves comparable
performance. In the final Pareto experiment [Fig.
where the distribution produces “natural outliers”,
again MONK estimators are more robust with respect
to corruption than the one relying on U-statistics in
the case of polynomial kernel. These experiments illus-
trate the power of the studied MONK schemes: these
estimators achieve comparable performance in case of

®In this case of unknown N, one can choose Q adaptively
by the Lepski method (see for example [14]) at the price of
increasing the computational effort.
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Algorithm 1 MONK BCD estimator for MMD

Input: Aggregated Gram matrix: K with Cholesky factor L (K = LL*).

forallt=1,...,7T do
Generate a random permutation of [N]: o.

Shuffle the samples according to o: S; = {0 ((q — 1)% + 1) ,

Find the block attaining the median (qm): |

am |
= Lgy]

Compute the coefficient vector: ¢ = 1 Lom
HL [1 Qm]Hz

1,)" KC) "

Output: d( -
weput: (11

Sl [lqm; -

( ) , for Vq € [Q].
]Kc—gel%l]( 7l1g;—1 ]KC)

Algorithm 2 MONK BCD-Fast estimator for MMD

Input: Aggregated Gram matrix: K with Cholesky factor L (K = LL*). Incides at which we shuffle: J.

forallt=1,...
if ¢t € J then
Generate a random permutation of [N]: o.

,T do

Shuffle the samples according to o: S; = {

((q— 1)y +1)

O (q%)}, for Vg € [Q].

Compute the Gram matrices and the Cholesky factors on each block K, and L, for ¢ € [Q)].

Find the bloc
Update the coeflicient vector: ¢, =

Output: med(ls ‘[

-1,]*K
selo] q) ch)

21, € RI%4! denotes the vector of ones of size |S,|.

attaining the median (gm): ﬁ[lqm; -
9m

Qm] K, ¢q,, = med

q€[Q](|S \[ _]lq]*Kqu).

bounded features, while for unbounded features they
can efficiently cope with the presence of outliers.

Experiment-2 (discrimination of DNA subse-
quences): In order to demonstrate the applicability
of our estimators in biological context, we chose a
DNA benchmark from the UCI repository [I5], the
Molecular Biology (Splice-junction Gene Sequences)
Data Set. The dataset consists of 3190 instances of
60-character-long DNA subsequences. The problem is
to recognize, given a sequence of DNA, the boundaries
between exons (the parts of the DNA sequence retained
after splicing) and introns (the parts of the DNA se-
quence that are spliced out). This task consists of two
subproblems, identifying the exon/intron boundaries
(referred to as EI sites) and the intron/exon bound-
aries (IE sites)ﬂ We took 1532 of these samples by
selecting N = 766 instances from both the EI and the
IE classes (the class of those being neither EI nor IE
is more heterogeneous and thus we dumped it from
the study), and investigated the discriminability of
the EI and IE categories. We represented the DNA
sequences as strings (X), chose the Subsequent String
Kernel to compute MMD, and tuned the kernel pa-

5In the biological community, IE borders are referred to
as “acceptors” while EI borders are referred to as “donors”.

rameter by using 5-fold cross-validation to maximize
the distance between intra-class MMD and inter-class
MMD. Our results obtained from 50 Monte Carlo sim-
ulations (each time with a random 70% percent of
the samples) summarized in Figure [2[ show that the

estimated inter-class MMD(EI IE) distances are signif-
icantly bigger than the two intra-class MMD(EIL, EI)

and MMD(IE,IE) ones. The MONK BCD and the
U-Stat techniques perform similarly in terms of both
the precision of the estimates and running time. The
MONK BCD-Fast method accelerates the computation
by its block-wise operation for the computationally
heavy string kernel, while offering somewhat less dis-
tinctive discriminability values. These results illustrate
the applicability of our estimators in biology.
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Supplement

The supplement contains the detailed proofs of our
results (Section , a few technical lemmas used dur-
ing these arguments (Section , and the McDiarmid
inequality for self-containedness (Section |C)).

A  PROOFS OF THEOREM 1] AND
THEOREM 2

A.1 Proof of Theorem (1l

The structure of the proof is as follows:
1. We show that [|fip,o — ppl| - < (1+v2)rg, N, where
roN = supsep, MONg| (£, K(2) = i) |, ie.

f(@)-Pf
the analysis can be reduced to By.

2. Then rg n is bounded using empirical processes.

Step-1: Since Hg is a Euclidean space, for any f €
Hi

2 2
If = KCa)lli = llpe = K( @)l
2
=If = pele = 2(f — po, K( ) — pp) e - (14)
Hence, by denoting e = fip.g — pp, § = g — pp We get

2
el = 2rq.n llell

(a)
2 le]% — 2m0N, [<

e

K( ) —MP>]K lell

llell
e

() )
< MONgq |lefl% —2 el
K

K.2) =) el
K

© R

< MONg [lir.q = K (o)l = e = K ()]

(d) R 9 9
< sup MONg [[lir.q = K ()|} = lg = K (@)% ]
geEH Kk

(e)
< sup MONg [HMP - K(,x)”i —llg -

2
Kol ]
gEH K
)

= swp {QMONQ[ (0, K(-,x) = pe) } - ||§||§<}

11 s oz K Co)—nee)

) i P
2 sup {20l rau — lillic } < 73
gEH K
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(15)

where we used in (a ) the definition of rQ ~N, (b) the
linearity’| of MONg [1], (c) Eq. (14), (d ) sup,, (e) the
definition of fip g, (f) Eq (14) and the linearity of
MONg [-], (g) the definition of rg n. In step (h), by
denoting a = ||§||;, r = TQ,n, the argument of the

"MONQg [c1 + c2f] = c1+c2MONg [f] for any c1, c2 € R.

sup takes the form 2ar — a?; 2ar —a? < r? & 0 <

r? —2ar +a% = (r —a)%
In Eq. , we obtained an equation a? — 2ra < r?
where a := |le|, > 0. Hence r? + 2ra — a®> > 0,

re=[-2a+ \/m] /2= (-1%+ ﬂ) a, thus by

the non-negativity of a, r > (=1 + ﬁ)a, ie, a <
— = (v/2 + 1)7. In other words, we arrived at
i = melle < (14 V2)rqn.  (16)

It remains to upper bound rg .

Step-2: Our goal is to provide a probabilistic bound
on

rQ,N = Sup MONQ [Z‘ = <f,K(,J?)
feBk

= sup med{{f, —
b et s, —beda)

— 1p) i

=r(f,q)

The N, corrupted samples can affect (at most) N, of
the (5;)qejq) blocks. Let U := [Q]\C stand for the
indices of the uncorrupted sets, where C' := {q € [Q] :

In; s.t. n; €Sy, j € [Nc|} contains the indices of the
corrupted sets. If

Vi€ Bi:[{a € Usr(fia) 24N S T, (17)

Yeev brra>e

then for Vf € Bg, medgio{r(f,q)} < ¢ ie.
Supse g, medge(gir(f,a)} < e Thus our task boils
down to controlling the event in ((17)) by appropriately
choosing e.

e Controlling r(f,q): For any f € Bk the random
variables (f, k(-, zi) — pp)gc, = f(2;) — Pf are inde-
pendent, have zero mean, and

B (2 k(o) — pp) s = (f, S0 f) ¢
<N fle 120 f e < IF1% 122l = |58l

using the reproducing property of the kernel and
the covariance operator, the Cauchy-Schwarz (CBS)
inequality and || f|l5;, = 1.

For a zero-mean random variable z by the
Chebyshev’s inequality P(z > a) < P(]z| >a) <

E (2%) /a?, which implies P (z > /E (22) /a) < a
by a a = E(2?)/a® substitution. With z :=
r(f.q) (¢ € U), using E [22] = E(f,us, — pe) 5, =

%Ewi’\’]? <f7k('7xi)_/’[']P’>§( and Eq one gets
that for all f € Bg, a € (0,1) and ¢ €

U: P(r(f,q)>\/lzof]l,Q> < «. This means
P(r(f,q)>§)§awith622\/”a%.

(18)
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e Reduction to ¢: As a result

S P(r(f0)25) < lUla
qeU
happens if and only if
Z L (f,q)>e
qeU
<Ula+" [H,.(fﬂ)ze _Pp (r(f, q) > g) } — A

~———
E[Hw,q)zg]

qeU

Let us introduce ¢ : t € R — (t — 1)I1<¢<2 + Ii>o.
¢ is 1-Lipschitz and satisfies Io<; < ¢(t) < I1<4 for
any t € R. Hence, we can upper bound A as

A<|Ula+ ) [qb (MEM) E¢ (QT({’ ))}

qeU

by noticing that € < r(f,q) < 2 < 2r(f,q)/e and
e/2 < r(f,q) & 1 < 2r(f,q)/e, and by using the
Io<¢ < ¢(t) and the ¢(t) < I <; bound, respectively.
Taking supremum over By we arrive at

sup Z ]Ir(f >

feBx qeU

Wl s Z[ (20 g, (2U.0)]

feBx qeU

=:Z

e Concentration of Z around its mean: Notice
that Z is a function of zy, the samples in the un-
corrupted blocks; V = UgepySq. By the bounded
difference property of Z (Lemma [4)) for any 3 > 0,
the McDiarmid inequality (Lemma @ we choose
7 := Qf3%/8 to get linear scaling in @ on the r.h.s.)
implies that

Qs?

P(Z < Eay[Z]+QB) 21— 5.

e Bounding E,, [Z]: Let M = N/Q denote the num-
ber of elements in Sy-s. The § = {gy : f € Bk}
class with gy : XM — R and Py == 57 2%21 Ou,,
defined as

) = o (L)

is uniformly bounded separable Carathéodory
(Lemma , hence the symmetrization technique [67]

Prop. 7.10], [42] gives
2r(f,
q¢( r(f.q )) ’

where e = (e,)qev € RIYI with i.i.d. Rademacher
entries [P(e, = £1) = 3 (Vg)].

Eqy [Z] < 2By, Ee sup |>
feBx q€eEU

e Discarding ¢: Since ¢(0) = 0 and ¢ is 1-Lipschitz,

by Talagrand’s contraction principle of Rademacher
processes [42], [34, Theorem 2.3| one gets

q¢<2r(f7 ))

2r(f,9)|

€

E;, Ee sup Z

feBk qeU

< 2E;, Ee sup Z €q
JeBk qeU

e Switching from |U| to N terms: Applying an
other symmetrization [(a)], the CBS inequality, f €
By, and the Jensen inequality

Zeq

Ee sup
f€EBK

(a) 2
g, o | sup DICATA (CENEII
T eN _fEBK nev i

:<f1znev E;L[K(<,In)7#]}»]>K

2Q

—E,, Ee
eN

I /\

7 K Cw) — el

sup /1l
f nev

K

Q o || e — pp]

nev

K

2
2Q
eN oy Be

IN

S e (K (o) — el

neV
) 2Q+/|V[Tr(Zp)
eN ’

K

—~
o

In (a), we proceed as follows:

r(f,q)

E;, Ee sup Zeq
fe€BK qeU

<f? Hs, — ,U/]P‘>K

=E,;, Ee sup Zeq c
fE€BK qeU

Z 6/ // n) *,UIIF“>K

neVv

ZB;’L <f»K('75Un)_MP>K

nev

(©) 2Q
< VGEWE eEer sup

feBxk

2
QE vEe sup
N f€BK

where in (¢) we applied symmetrization, e =

(el Vnev € RVl with iid. Rademacher en-
tries, e/ = e, if n € S, (¢ € U), and
distr

we used that (el el (f, K(-,zy)

(eln <f7K(7xn)

- MIF’>K)neV
iu‘P>K)nEV'
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In step (b), we had

EoyBer ||, en K (o) = el

=E; Eo Y [eh]* (K (-, 20) — pip, K (-, 0) — pip) ¢
nev

= |V|Egnp (K(-,2) — pp, K (-, ) — pip) g

= |V|Egp Tr ([K (-, 2) — pp] @ [K (-, ) — pp])

= |V| TI‘(E]p)

exploiting the independence of e/,-s and [e/,]? = 1.

Uuntil this point we showed that for all « € (0,1), 8 > 0,

; [1ZellQ
if € > 24/ =5~ then

Q

sup Z]Ir(f q)>e€ < |U|OZ+Q5 +
f€ Kq 1

8QV IV Tr(Xp)
eN

2
with probability at least 1 — e Thus, to ensure

that sup re g, 23:1 Lo (f,q)>e + Ne < Q/2 it is sufficient

to choose (o, B, €) such that |U|a+Qﬁ+8Q7 ”ll/]‘vTr(EP)Jr
N, § , and in this case ||ip,g — ppll < (1 + V2)e.
Applylng the |U] < @ and |V| < N bounds, we want

to have

Qa+Qﬂ+8QVTr Cr) 4 g% (19)

Choosing a = 8 = g in Eq. , the sum of the first

2. ¢ > max (2\/3|2m|<9 m\/mzn»))

gives < Qg for the third term. Since N, < Q(% 9),
we got

132 12 [Tr (Zp)
”,U/]P’Q /J']P’”K e maX( || IP’HQ P >

Qa2

. Withann =e~ 7=

two terms is

2
with probability at least 1—e™ &

721n( 1 .
and hence Q = ;12(") reparameterization Theorem
follows.

A.2 Proof of Theorem [2]

The reasoning is similar to Theorem [T} we detail the
differences below. The high-level structure of the proof
is as follows:

that
TQ,N;

fs,.0) — (e — u@)>K}"

[MMDq(P,Q) —
where

o First we prove
MMD(P,Q)| <
med{<f, (15, —

feB q€[Q]
e Then rg n is bounded.

TQ.N =

Step-1:

o MMDg,(P,Q) — MMD(P,Q) < ron: By the sub-
additivity of supremum [sup,(as + bs) < sup;ay +
sup by| one gets

MMDg (P, Q)

= d —
S ;QFQK (s, — 1s,0)

+ (e — pg)) g }

< d {(#, -
JSup med {(f, (us,p — 115,.0) —

- (MP - HQ)

(up — 1)) |

+ sup (f,pup — po) x
feBk

< d
< sup |med {(f, (ns,p —

— (up — 1Q)) x }

ﬂquQ)

=TQ,N

+ MMD(P, Q).

MQ (]P’, Q) S ’I“Q,N:
(fipp —po)ye  and by =
(/LS(I,P — uSq,Q)>K}' Then

° MMDQ(]P’ Q) -
Let =

d _
mmed {<f7 pe — Q) —

ay — by

= (f,pp — NQ>K
+medge(q) {(/, (us,.p

= medye(q) {(/, 15, »

— ps,.0) — (ke — 1Q)) x }

- :LLSIUQ>K}

by medge(g{—2¢} = —med {2} Applying the
supy(ay —by) > supyay —sup; by inequality (it fol-
lows from the subadditivity of sup):

MMDy (P, Q)
> MMD(P, Q)

~ sup med {(f, (i~ o) -

feBx 4€[Q)] (8,2 = 115,,0)) 5 }

7;26331{(1” (Bsq.p—Hsy,0)— (uwuo))K}

> MMD(P, Q)

med {(f, (1s,p —

— sup
q€(Q]

f€BK

1s,,@) — (pp — M@)>K}‘ :

TQ,N

Step-2: Our goal is to control

TQN = SUDfep, ‘medqe[cz]{r(f, Q)} , where

T(fa Q) = <f7 (,USq,]P’ - /’LSWQ) - (M]P’ - /’LQ)>K .
The relevant quantities which change compared to the

proof of Theorem [I] are as follows.
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e Median rephrasing:
sup |med{r(f,q)}| <e
feBk 14€(Q]
&S VfeBkg:—e< medqe[Q]{r(f, q)} <e
<VfeBr:{g:r(fiq) < —€}[ <Q/2
and |[{q:7(f,q) > €e}| <Q/2
<VfeBk:{q:|r(f,q)| > e} <Q/2.
Thus, Vf € Bx : {q € U : [r(f,q)] > e}| + N < §,
implies sup ;¢ 5, [medcjo{r(f, @)} < e
e Controlling |r(f,q)|: For any f € B the random
variables [f(z;) — f(y:)] — [Pf — Qf] are independent,
zero-mean and
(e yrso(lf(2) — Bf) ~ /() ~ Q1)
= Eonplf(z) = Pf? + Eynolf(y) — QfF
< I1Zell + [1Zall,

where P® Q is the product measure. The Chebyshev
argument with z = |r(f, q)| implies that Vo € (0,1)

(Zell + *ol) Q)

<«

(PoQ) <r<f, ) >y L=

This means (P ® Q) (|r(f,q)| > €/2) < a with € >
9,/ Ul +IZo)Q

aN
e Switching from |U| to N terms: With (zy)y =
{(zs,9;) : 1 € V}, in '(b) with &, := K(-, ) — pp,
Un = K(-,yn) — pg we arrive at
2

E(ey)y Ber Z €n (Tn — Gn)
nevVv K
2/~ ~ ~ ~
= E(zy)vEe' [e'/n,] <m7l —Yn,Tn — yn>K
neV

= [VIE(ay)~p [[[K (5 2) = pp] = [K (- y) — polll
= [V][Tr (Zp) + Tr (Xq)] -

e These results imply

8Q/Tr (Zp) + Tr (Xg)
VN

¢ > max (2\/3’('2“”'&'2@”9 ?\/W)

a=p= g choice gives that

Qo+ QB+ + N, <Q/2.

‘1\7@@(@, Q) — MMD(P, Q)(

B TECHNICAL LEMMAS
Lemma 3 (Supremum).
supay —supby| <suplay — byl.
f f f

Lemma 4 (Bounded difference property of Z). Let
N € Z", (S4)qeq) be a partition of [N], K : XxX — R
be a kernel, u be the mean embedding associated to
K, z1.ny be i.i.d. random wvariables on X, Z(zy) =

sup 3 |:¢ <2<f7“5r16_”””>x> —Eé (2<f»usqé—w>K>:|7
f€BK qeU

where U C [Q], V = UgeuSy. Let o, be xv except for
the i € V-th coordinate; x; is changed to x}. Then

sup |Z (xv) — Z (ay,)| <4, Vie V.

zyeXIVlzieX

Proof. Since (S;)qe[q) is a partition of [Q], (Sg)ser
forms a partition of V' and there exists a unique r € U
such that i € S,.. Let

Yq = Y:;(f, xV)a

qu:¢<2<.f7/’(‘Sq—:u/P>K> _E¢<2<f7/’('SQ _/J/IP’>K

€ €
Y =Y. (f,xy,).

T

In this case

|Z (wv) = Z (aV,)

> Y, +Y]

= | sup Zqu sup

reBr qev T8\ gev\{ry
(@) ) ,
< swp V- Y/ = sup (V4 |Y]) <4,
feEBk fEBKg "~ ~~
<2 <2

where in (a) we used Lemma [3] (b) the triangle in-
equality and the boundedness of ¢ [|¢(t)| < 1 for all
t].

O

Lemma 5  (Uniformly bounded separable
Carathéodory family). Let e > 0, N € ZT, Q € Z™T,
M = N/Q € Z*, ¢(t) = (t — Dh<i<a + Li>o,
K : X xX — R is a continuous kernel on the separable
topological domain X, p is the mean embedding associ-

ated to K, Ppr = LM 6, . G={g;: f € Bx},

ON "5 N

< 2max <\/3(”E]P’H + [1Zql) @ 12\/Tr (Zp) +Tr(2@u)ere gy : XM — R is defined as

2 2
with probability at least 1 — e~ 5. n= e’%, ie.
721In( % L. .
Q= :;2( 1) reparameterization finishes the proof of
Theorem

€

gr(uim) = ¢ <2<f’“PM —MP>K) .

Then G is a uniformly bounded separable Carathéodory
Jamily: (i) supsep, [l9fll, < oo where gl =

)
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Sup,,,  excm |9(urar)|, (#) uinr = gr(uiar) is mea-
surable for all f € By, (iit) f+— gf(uiar) s continu-
ous for all uy.py € XM, (iv) By is separable.

Proof.
(i) [o(t)] < 1 for any t, hence [|gy[|,, < 1 for all
f € Bk.

(ii) Any f € Bk is continuous since Hx C
C(X) = {h : X — R continuous}, so uy.p —
(f(u1),..., f(unrr)) is continuous. ¢ is Lipschitz,
specifically continuous. The continuity of these two
maps imply that of ui.ar — gf(ui.ar), specifically
it is Borel-measurable.

(ii) The statement follows by the continuity of f —
(f,h) i (h = pp,, — up) and that of ¢.

(iv) Bk is separable since H is so by assumption.

O

C EXTERNAL LEMMA

Below we state the McDiarmid inequality for self-
containedness.

Lemma 6 (McDiarmid inequality). Let z1.ny be X-
valued independent random variables. Assume that
f: XN = R satisfies the bounded difference property

sup | f(urn) = flury) < e, Vn €[N,

UL, uN UL EX

/ /
where v,y = (U1, ., Un—1,U, Unt1,--.,UN). Then
forany T >0

P <f(5€1:1v) <Eepn [f(xin)] +¢ Tg) >1—e 7.
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