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COMPACTNESS AND LOWER SEMICONTINUITY IN GSBD

ANTONIN CHAMBOLLE AND VITO CRISMALE

ABsTRrRACT. In this paper, we prove a compactness and semicontinuity result in GSBD
for sequences with bounded Griffith energy. This generalises classical results in (G)SBV
by Ambrosio [II, 2, B] and SBD by Bellettini-Coscia-Dal Maso [9]. As a result, the static
problem in Francfort-Marigo’s variational approach to crack growth [27] admits (weak)
solutions. Moreover, we obtain a compactness property for minimisers of suitable Ambrosio-
Tortorelli’s type energies [6], which have been shown to I'-converge to Griffith energy in [16].

1. INTRODUCTION

The variational approach to fracture was introduced by Francfort and Marigo in [27] in
order to build crack evolutions in brittle materials, following Griffith’s laws [32], without a
priori knowledge of the crack path (or surface in higher dimension). It relies on successive
minimisations of the Griffith energy:

U / Ce(u) : e(u)dx +yH" 1K)
O\K

where 2 C R™ is a bounded open set, the reference configuration, u : @ — R™ is an (infinitesi-
mal) displacement, e(u) its symmetrised gradient (the infinitesimal elastic strain) and C the
Cauchy stress tensor defining the Hooke’s law (in particular, Ca : a defines a positive definite
quadratic form of the n x n symmetric tensor a). The symmetrised gradient e(u) is defined
out of a crack set K, which is in the theory a compact (n — 1)-dimensional set and is penalised
by its surface (multiplied by a coefficient 7 called the toughness).

The minimisation of the energy is under the constraint that K should contain a previously
computed crack, and that u should satisfy a Dirichlet condition u = ug on a subset dpQ \ K
of 99, where Op(Q is a regular part of the boundary and ug a sufficiently regular displacement.
Hence an important question in the theory is whether the problem

1 . n—1

s glllélDQ\K / Ce(u) : e(u)dz +~yH" ™ (K) (1.1)
A\K

has a solution.

This problem however is not easy to analyse, since the energy controls very little of the
function u: for instance if K almost cuts out a connected component of €2, the function u may
have any (arbitrarily large) value in this component at small cost.

For this reason, most of the “sound” approaches to problem consider additional as-
sumptions. In particular, a global L* bound on the displacements ensures one may work
in the class SBD of Special functions with Bounded Deformation [4], provided one considers
a weak formulation of the problem where K is replaced with the intrinsic jump set J, of u
(which needs not to be closed anymore): in this space minimising sequences are shown to be
compact [9], and the energy to be lower semicontinuous. Another possible assumption is, in
2d, that the crack set K is connected [23, [12].

The natural space for studying (L.I), in fact, is not SBD(f) (which assumes that the

symmetrised gradient of u is a measure and hence w is in Lﬁ)/c(nfl)(Q;R”)) but the space
GSBD(), introduced by G. Dal Maso in [2I]. This space, defined by the slicing properties
of the functions, is designed in order to contain “all” displacements w for which the energy
is finite. No compactness result was available in GSBD for minimizing sequences until very

recently.
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The first existence result for without further constraint has been proven indeed in [31],
in dimension two. It relies on a delicate construction showing a piecewise Korn inequality, in
[28] (for approximated Korn and Korn-Poincaré inequalities see also e.g. [I7, 14, [30]). In the
antiplane case, namely when the displacement w is assumed vertical and depending only on
the horizontal components (this provides a control on the absolutely continuous part of the full
gradient of u) the existence of minimisers has been proven in [I}, 2 3] in combination with [25],
passing through the corresponding weak formulation, and in [22] [34], taking the discontinuity
set as main variable (these results consider indeed the minimisation of the Mumford-Shah
functional [35], closely related to antiplane Griffith energy and which inspired this variational
theory).

We remark that [3I] also proves existence of quasistatic evolutions in dimension two, ex-
tending in that case the result in [26], obtained in the antiplane case (see [§] for the exis-
tence of strong quasistatic evolutions in dimension two). Moreover, we mention the works
[33, 29, [19, [I8], [16, [15] that employ or give further insight on the space GSBD.

In this paper, we prove the following general compactness result for sequences bounded in
energy, in the space GSBD(2), in any dimension.

Theorem 1.1. Let ¢: RT — RT be a non-decreasing function with

_o(t)
and let up, be a sequence in GSBD(Y) such that
[ oetwnl) de+ 171 < (1.3)
Q

for some constant M independent of h. Then there exists a subsequence, still denoted by up,
such that A .= {x € Q: |up(x)| — 400} has finite perimeter, and u € GSBD(Q) with u =0
on A for which

Up = u in LO(Q\ A;R"), (1.4a)
e(up) — e(u) in L*(Q\ A4; M?yfg) , (1.4b)
H (T, U0 A) < lim inf H(Ju,) - (1.4c)

The proof of this theorem is in our opinion simpler than [31], even if a fundamental tool is a
quite technical Korn-Poincaré inequality for functions with small jump set, proved in [14]. We
combine this inequality with arguments in the spirit of Rellich’s type compactness theorems.

Theorem [I.1] gives the existence of minimisers for Griffith energy with Dirichlet boundary
conditions in the weak formulation (see Theorem , which by results in [19] [I5] satisfy the
properties of strong solutions in the interior of 2. We believe it is possible to prove existence
of solutions for the strong formulation of by extending the regularity theorems in [19} [15]
up to the boundary (which has to be sufficiently regular), this is the subject for future study.

We deduce also a suitable compactness property (Theorem for sequences of minimisers
for some Ambrosio-Tortorelli’s type energies [6], which have been shown to I'-converge to
Griffith energy (see [16] for a proof in GSBD, cf. also Theorem below). This provides a
theoretical basis to the numerical simulations in [I0] and many subsequent works.

Our paper is organised as follows: we first fix the notation and recall basic properties
of the functional spaces employed (Section [2)), then we prove, in Section [3] Theorem
Section [d]is devoted to the existence of minimisers, while in Section[5] we consider the problem
of compactness for minimisers of the approximating energies.

2. NOTATION AND PRELIMINARIES

For every z € R and ¢ > 0 let B,(x) be the open ball with center = and radius p. For z,
y € R™ we use the notation x - y for the scalar product and |z| for the norm. We denote by
L™ and H* the n-dimensional Lebesgue measure and the k-dimensional Hausdorff measure.
For any locally compact subset B of R", the space of bounded R"-valued Radon measures
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on B is denoted by M,(B;R™). For m = 1 we write M,(B) for M,(B;R) and M; (B) for
the subspace of positive measures of M;(B). For every p € My(B;R™), its total variation
is denoted by |u|(B). We write xg for the indicator function of any E C R™, which is 1 on
E and 0 otherwise. We use also the symbol L°(B;R™) for the space of measurable functions
from B to R™ with the topology of the convergence in measure, while LP(B;R™), with p > 1
is as usual the space of p-integrable functions with respect to £™.

Definition 2.1. Let A C R™, v: A — R" an L™measurable function, z € R™ such that
"(ANB
lim sup —E (AN By(2))

0—07F o

>0.

A vector a € R" is the approzimate limit of v as y tends to x if for every € > 0
lim L"(AN By(z) N{|v —a| > ¢})

0—0t o

207

and then we write
aplimo(y) =a. (2.1)
y—x
Remark 2.2. Let A, v, z, and a be as in Definition 2.1 and let ¢) be a homeomorphism between
R™ and a bounded open subset of R”. Then (2.1]) holds if and only if

lim — / (o(y)) — (a)| dy = 0.

Definition 2.3. Let U C R" open, and v: U — R™ be L"-measurable. The approzimate
jump set J, is the set of points x € U for which there exist a, b € R™, with a # b, and
v € S"~1 such that

aplim  v(y)=a and aplim  wv(y) =b.
(y—z)v>0,y—z (y—2)v<0,y—z
The triplet (a,b,v) is uniquely determined up to a permutation of (a,b) and a change of
sign of v, and is denoted by (vT(x),v™(z), v (z)). The jump of v is the function defined by
[v](z) :=vT(x) — v~ () for every z € J,. Moreover, we define

J={z e J,: |[v](z)| > 1}. (2.2)

Remark 2.4. By Remark J, and J! are Borel sets and [v] is a Borel function. By Lebesgue’s
differentiation theorem, it follows that £"(J,) = 0.

BV and BD functions. If U C R" open, a function v € L(U) is a function of bounded
variation on U, and we write v € BV(U), if D;v € My(U) for i = 1,...,n, where Dv =
(Dyv,...,Dyo) is its distributional gradient. A vector-valued function v: U — R™ is in
BV (U;R™) if v; € BV(U) for every j = 1,...,m. The space BVi..(U) is the space of
v € Ll (U) such that D;v € My(U) for i =1,...,n.

A L™measurable bounded set E C R™ is a set of finite perimeter if xg is a function of

bounded variation. The reduced boundary of E, denoted by 0*FE, is the set of points = €
Dx 5 (By(z))
2=0% Dxp[(B,(2))

The reduced boundary is countably (H"~!,n — 1) rectifiable, and the function vg is called
generalised inner normal to F.

A function v € L'(U;R™) belongs to the space of functions of bounded deformation if its
distributional symmetric gradient Ev belongs to M,(U; R™). It is well known (see [4] [36]) that
for v € BD(U), J, is countably (H"~!,n — 1) rectifiable, and that

Ev =E" + E + Flo, (2.3)

supp [Dxg| such that the limit vg(z) := lim exists and satisfies |vg(x)| = 1.

where E®v is absolutely continuous with respect to £™, Ev is singular with respect to L™ and
such that [E¢v|(B) = 0 if H"~1(B) < oo, while E/v is concentrated on .J,. The density of E%v
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with respect to L™ is denoted by e(v), and we have that (see [4, Theorem 4.3] and recall (2.1))
for L™-a.e. x €U
- (v(y) —v(@) —e()(@)(y — ) - (y — @)
ap lim 5
Yy ly — |
The space SBD(U) is the subspace of all functions v € BD(U) such that E¢v = 0, while for
p € (1,00)

=0. (2.4)

SBDP(U) :={v € SBD(U): e(v) € LP(Q;M23"), H"1(J,) < oo} .

sym

Analogous properties hold for BV, as the countable rectifiability of the jump set and the
decomposition of Dv, and the spaces SBV (U;R™) and SBVP?(U;R™) are defined similarly,
with Vo, the density of D%, in place of e(v). For a complete treatment of BV, SBV functions
and BD, SBD functions, we refer to [5] and to [4, [9, [7), [36], respectively.

GBD functions. We now recall the definition and the main properties of the space GBD of
generalised functions of bounded deformation, introduced in [21], referring to that paper for a
general treatment and more details. Since the definition of GBD is given by slicing (differently
from the definition of GBV, ¢f. [24] 2]), we introduce before some notation.

Fixed £ € S"71:= {£ e R": |¢| = 1}, for any y € R™ and B C R" let

M = {y e R": y- £ =0}, Bg::{teR:y—thEB},
and for every function v: B — R" and t € Bg let

vg(t) =v(y + t€), i?g(t) = vg(t) £

Definition 2.5 (|2I]). Let  C R™ be bounded and open, and v: 2 — R™ be L™-measurable.
Then v € GBD(Q) if there exists A, € M, (Q2) such that the following equivalent conditions

hold for every & € S~
(a) for every 7 € C'(R) with —2 < 7 < 1 and 0 < 7/ < 1, the partial derivative
De(7(v-€)) =D(7(v-€)) - € belongs to My (), and for every Borel set B C Q2

[De(r(v-€))[(B) < Ao(B);
(b) 5 € BVioe(§25) for H™ '-a.e. y € II%, and for every Borel set B C

/ (|Da§ (BS\ Jﬁlg) +H°(B5N J%§)> dH" 1 (y) < \(B), (2.5)
e

where J1, == {te g @0 =1},

The function v belongs to GSBD(Q) if v € GBD(Q) and 05 € SBVioc () for every £ € S"!
and for H" l-a.e. y € TIE.

GBD(Q) and GSBD(f2) are vector spaces, as stated in [2I, Remark 4.6], and one has the
inclusions BD(Q) € GBD(Q), SBD(Q) C GSBD(f), which are in general strict (see [21]
Remark 4.5 and Example 12.3]). For every v € GBD(R) the approzimate jump set J, is still
countably (H"~! n — 1)-rectifiable (¢f. [21, Theorem 6.2]) and can be reconstructed from the
jump of the slices v}, (|21, Theorem 8.1]). Indeed, for every C' manifold M C Q with unit
normal v, it holds that for H"l-a.e. z € M there exist the traces vy, (z), vy, (z) € R™ such
that

aplim  v(y) = vi (z) (2.6)
+(y—z)v(z)>0,y—z
and they can be reconstructed from the traces of the one-dimensional slices (see [21, Theo-
rem 5.2|). Every v € GBD(Q) has an approzimate symmetric gradient e(v) € L*(;MZ3"),
characterised by and such that for every ¢ € S"~! and H" !-a.e. y € II¢

e(v)gf €= V@fy Ll-a.e. on Qg (2.7)
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By these properties of slices it follows that, if v € GSBD(Q) with e(v) € L'(Q; MZ") and
H"1(J,) < 400, then for every Borel set B C

w0 B = @) [ [rugnsare)arte e
I

§n—1

and the two conditions in the definition of GSBD for v hold for A, € M} (Q) such that
A\ (B) < / le(v)|dz +H""1(J, N B), (2.9)
B

for every Borel set B C 2 (cf. also [29, Theorem 1] and [33, Remark 2]).

We now recall the following result, proven in [14], Proposition 2]. Notice that the proposition
is therein stated in SBD, but the proof, which is based on the Fondamental Theorem of
Calculus along lines, still holds for GSBD, with small adaptations.

Proposition 2.6 ([I4]). Let Q, = (—r,7)", v € GSBD(Q), p € [1,00). Then there exist a
Borel set w C Q, and an affine function a: R™ — R™ with e(a) = 0 such that
LM (w) < erH™1(T,)
and
/ v —alPda < crp/ le(v)|P d . (2.10)
Qr\w Qr
The constant ¢ depends only on p and n.

3. THE MAIN COMPACTNESS AND LOWER SEMICONTINUITY RESULT

In this section we prove Theorem the main result of the paper.

Proof of Theorem[1.1] For every k € N and 2 € (2k~')Z" we consider the cubes of center z
Qrz =2+ (k7L ETH™

Then €, := Q\ U, .70 .- is essentially the union of the cubes which are contained in €.

We apply Proposition with p =1 in any g, C Q, so for r = k=1, Then there exist sets
wp , C qr,z with

£"(wl’jyz) < kM H T (T, O qrz) (3.1)

and affine functions aj : R™ — R", with e(a} ) = 0, such that

/ lup, — GZ,Z‘ de <ck™* / le(up)|da . (3.2)
qr, = \wp Ak, =

The functions (aZ’Z) n>1 belong to the finite dimensional space of affine functions. Consider
a component (aZ}z ~ej)n (i=1,...,n), of the sequence: one can either extract a subsequence
such that it converges to an affine function, otherwise, the sequence is unbounded and either it
converges globally, up to a subsequence, to 400 or —oo, or one can find a hyperplane {z-v =t}
(v € R™, t € R) and a subsequence such that agz(x)-ei — +ooif z-v >t and agz(x)-ei — —00
if x-v < t. If all components of a?z are bounded the limit, clearly, is also an infinitesimal
rigid motion (that is, an affine function with skew-symmetric gradient).

Let 7 denote the function tanh (or any smooth, 1-Lipschitz increasing function from —1 to
1). As a consequence, we obtain that up to a subsequence, the function

ai(z):= Y a}.(2)xg.(2)

qz,kCS2

is such that 7(a} - e;) converges to some function in L*(Q), for any i = 1,...,n.

Clearly the subsequence could be extracted from a previous subsequence built at the stage
k — 1, hence by a diagonal argument, we may assume that for any k, (7(a} - €;)), converges
foralli=1,...n,in L'(Q).
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We have that for eachi=1,...,n, k> 1,and [,m > 1,

/|T(um ce;) — 7(uy - e)|de < 2|9\ Qx| + / |7 (um - €;) — T(ap’ - e;)| dz
Q Qp

+ / |T(af’ - e;) — 7'((1?c -e;)| dx + / |7(u; - €;) — T(aéc ce;)|dz.  (3.3)
Qe Qp
By construction,

l,m—~4o0

lim / IT(al - e;) — 7(ak, - ;)| dz = 0.
Q,
On the other hand,

[t e = rap-eoldo= 3 [ It e = e el da

Q ar,=C,

z

< Z (2|w,’€f‘z|+/um—a}c’fz|dx>
quZCQ qk,z\w;:z

2
sf7ﬂﬂhm+/wwmm <@
k k
Qp

Using that |\ Q| — 0 as & — oo, we deduce from that (7(up, - €;)) is a Cauchy
sequence (for each i) and therefore converges in L' () to some limit which we denote 7;. Up
to a subsequence, we also assume that the convergence occurs almost everywhere.

We define @: Q — (R)™ and u: € — R™ such that

a:= (u',...,u"), where v’ =77(F); U= UXO\A (3.4)

with the convention that 771(£1) = 4o0o. (We observe that we could in fact assign any
constant value to u in A, and even, any infinitesimal rigid motion.)

The set {z € Q: u'(z) € R for all i = 1,...,n} is measurable, since u’(z) € R if and only if
|7(u')| < 1 and the functions 7;: Q — [—1, 1] are measurable. Moreover uy, - e; converges in £"
measure to u’ on this set, for every 4, while the norm of u;, is unbounded outside. Therefore,

A=\ {z € Q: v'(z) eRforalli=1,...,n} (3.5)
up to a set of null L™ measure, where
A:={z €Q: |up(x)| is unbounded} . (3.6)
Since uy, - e; — u' in L°(Q '\ A) for every i, we have that
up - & —u-¢  in L°(Q\ A) for every £ € "L, (3.7)

Notice that we have not extracted further subsequences depending on &, and that the limit
function u (equal to @ since we are in Q \ A) does not depend on &.

We claim that
lup, - €| = +oo  LM-a.e.in A for H" l-ae. £ € S"TL. (3.8)

On the sets A; = {|up - e;] — +oo} N, {limsup;, o (|un - €;|/|un - €i]) < +oo}, we have
that (3.8) holds for every £ in {£ € S"~1: & # 0}, which is of full H"~! measure in S*~1.
Let us thus consider the case when there are m components of up, with 1 < m < n, that

we may assume up to a permutation uyp - €1,..., Up - €;,, such that % — &,; € R* for
1<i<j<mand \% — 4ooforie{l,...,m}and j€e {m+1,...,n} if m <n). In
this case (3.8) does not hold only for S~ N (1, 51_%, cee 1_,1,” 0...,0)*, which has dimension

n — 2. Notice now than for every m for which m components go faster to infinity than the
other ones, there is an at most countable collection of (£19,...,&1.m) € (R*)™ ™1 for which
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nel 5 & 5 for j € {2,...,m} on a subset of  of positive L™ measure. Thus (3.8) holds for
Up €4 ?
every & except on an at most countable union of H"~!-negligible sets of S*~1.

We now follow the lines of the proof of [9, Theorem 1.1] (see also [2I, Theorem 11.3]),

introducing

éww:/ammmm (3.9)
QE

where (uh)g is the density of the absolutely continuous part of D(ﬂh)g, the distributional
derivative of (@s)5 ((un)5 € SBViec(€25) for every £ € S*~! and for H" '-a.e. y € II¢, since
up, € GSBD(Q)). Thus for any ¢ € S*~! it holds that

[ 15 an 1) = [ oletun@e-€) < [olle@h e <, @10
I, Q Q

by Fubini-Tonelli’s theorem and (1.3, recalling that ¢ is non-decreasing. Moreover, since
up, € GSBD(R), De(7(up, - §)) € My (Q) for every £ € S~ and

/ID(T(uh <)) 1(Q5) AR (y) = [De ((un - ))1(Q) < M, (3.11)
e
by (2.9) and (1.3). We denote
TI5 (un) = D (7 (un - €)5)[(25) (3.12)
Let uy = up, be a subsequence of u;, such that
lim %" 1(J,,) = liminf H"1(J,,) < +oo, (3.13)
k—o0 h— 00
so that, by (2.8)), , and Fatou’s lemma, we have that for H" '-a.e. £ € SP—!
likrggf/ [HO(J(ak)g) + (I8 (u) + Ug(uk))} dH" 1 (y) < 400, (3.14)
¢

for a fixed € € (0,1). Let us fix £ € S"~! such that (3.8) and (3.14) hold. Then there is a
subsequence u,, = uj, of ug, depending on ¢ and &, such that

m

dim [ [HO (g, ) + 2 (I8 () + T ()| 41 (1)
e

= likrgicgf/ [HO(J(ak)g) + e (L5 (ur) + Ifg(uk))} dH" " (y) .
e

Therefore, by (3.15), (3.7), and (3.8)), employing Fatou’s lemma, we have that for H" !-a.e.
y € II¢

(3.15)

lim inf [’HO (J(am)%) +e(I5(um) + IIg(um))} < 400, (3.16)
(ﬂm)g — ﬂf/ in LO((2\ A)g) |(ﬂm)§\ — 400, L'-ae. in A§ , (3.17)

and
T(um - £)5 = 75 in L'(Q5), (3.18)

for a suitable %5 € Ll(Qg). Now we employ (3.7)), (3.8), and (3.17)), (3.18) to get

~ _ 1 .
7'~yE =7(u- &) £.—a:e. in (Q\ A)§ (3.19)
75/ =1 L'-ae. inin A§.
Fixed y € II* satisfying (3.16) and (3.17), and such that (@)% € SBViec(€25) for every m,
we extract a subsequence u; = u,; from u,,, depending also on y, for which

lim MO (g, ¢ ) e (18 () + TT (1) | = limint [HO (g ) (IS () +1T5 () | - (3.20)

a8
j—oo Um )y



8 ANTONIN CHAMBOLLE AND VITO CRISMALE

By (3.18) we have that

T(uj-€)5 275 in SBV(Q). (3.21)
We claim that
OA5 C Joe . (3.22)

Indeed, up to consider a subsequence of (ﬂj)g, we may assume that for every j there is a fixed
number N, of jump points that tends to M, < N, points t1,...ty,. Then (recall that I§ (uj)
is equibounded in j) for every [ =1,...,M, —1
e . 1,1
T(u- &) =75 in WL (i, tiga),

and the convergence above is locally uniform for the precise representatives. Moreover, em-
ploying the Fundamental Theorem of Calculus and the bound for Ig(uj), which is uniform in
j, for each interval (t;,¢;41) either (ﬁj)g are pointwise bounded (in j) and then they converge
locally uniformly to @§ € W't (t;,,41), or (i) are unbounded from above (from below) in
a.e. x € (f1,t141), and then 7(1;)5 = 7(u; - £)§ converge to 7§ = 1 (7§ = —1, respectively).
Therefore, in view of ([3.19)), the inclusion (3.22) is proven and A$ is a finite union of intervals
where 7:5 is 1 or —1.

. By (3.20), (3.21), (3.22)), and since the jump sets of 7(u; f)g and (ﬂ])g coincide, we deduce
that

HO(Jge N (Q\ A)f) +HO(947) < HO(J¢)

o 0 ¢ ¢ (3.23)
< lgbrlglof [H (J(am)f,) + E(Iy (um) + IIy(um))} )
We now integrate over y € Il and use Fatou’s lemma with (3.15) to get
/ [HO(Jag N(Q\ A)5) +H° (aAg)} dH" " (y)
e (3.24)

<timinf [ [HO(Jg,0) + (15 () + TT5(w)) | 41" (1)
I
for H* l-a.e. € € S"7L. In particular we deduce that A has finite perimeter (cf. [5, Re-
mark 3.104]).
We integrate (3.24) over € € S"~1; by (2.8)), (3.10), (3.11)), and (3.13) we get

H N TN (Q\ A) +H"H0*A) < C Me + lim inf H"H(Tu,) s (3.25)

for a universal constant C'. By the arbitrariness of € we obtain (|1.4c) (the property follows
immediately also for the extension of « with the value 0 in A).

Employing (2.9) and recalling (I.3), we have that there exist A,, € M; (Q) such that for
every £ € "1
D¢ (7(un - ) (B) < A, (B),

and
Au, () < M.
Let A, € M} (Q) be a weak* limit of a subsequence of A, , so that A, (€2) < M. Notice that
De7(u-€) € My(Q) for every ¢ € S 1 (3.26)
and
De7(@-€)|(B) < Au(B) (3.27)

for every open set B C (), where A\, has been defined above. This follows by a slicing procedure
and the use of Fatou’s lemma for every &, to reconstruct at the end |D¢(7(u - §))|(©2) from
II5(u) := [D(7(u-€)5)[(€5) (see (3.12)), as in (3.11)). The important point here is to get the
semicontinuity

Ilg(u) < liminf Ilé(uj) = hjm_él.}f 1D (7 (u; - f)%) |(Q§) ,

J—00
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for the slices, which follows from (3-21). Indeed IT5(u) < |D(75))[(225) because 7(u - £)§ = 75
in (2\ A)§ by (8.19) and 7(u-&) = 0 in Af, so we employ (3.22). Moreover, it is immediate
that uf € SBVlOC(Q ). Therefore € GSBD( ).

Now the property - ) follows by an adaptation of the arguments in [9, Theorem 1.1] as
in [2I Theorem 11.3] (which follow Ambrosio-Dal Maso’s [I, Prop. 4.4]). O

4. EXISTENCE FOR MINIMISERS OF GRIFFITH ENERGY

Employing Theorem [T.I] we deduce in this section the existence of weak solutions to the
minimisation problem of Griffith energy with Dirichlet boundary conditions.

4.1. Existence of weak solutions. Assume 2 C R™ be an open, bounded domain for which
N =0pQUINQUN ,

with dpQ and dnQ relatively open, dpQ2 N ANQ =0, H*1(N) =0, 9pQ # 0, and 9(0pQ) =
(OnQY). Let ug € WHP(R™; R™) and W : RxMZ %" — [0, 00) be convex in the second argument
and lower semicontinuous, with

sl P <W(s,-) <ca(l1+s||P) forevery seR (4.1)

for some 0 < ¢; < co. Let K C QUIpQ be (n—1)-countably rectifiable with H"~!(K) < +o0,
and consider the minimisation problem:

min { /W ydz +H" 1 (J, U (0pQ N {trou # troue}) \ K) } (4.2)

wEGSBDP(Q)

Notice that, defining Q:=QuU U, where U is an open bounded set with U N 92 = dp{2, we
can recast the problem as

min {/W Ndx +H (T, \ K):u = ug inKNZ\(QUBDQ)}. (4.3)
ue€GSBDP ()

Then we have the following existence result.
Theorem 4.1. Problem (4.3) admits solutions.

Proof. Let up, € GSBDP(Q) with u = ug in Q\ (2UJp<) be a minimising sequence for [@3).
Observe that the infimum of problem is finite, since the functional is nonnegative and wg
is an admissible competitor.

Assume for the moment that K is compact. Then the functions uy, satisfy the hypotheses of
Theorem |1 . 1| with @ = Q \ K, and ¢ = W, so that there exist A C Q \ K with finite perimeter

and a measurable function u: ) \ K — R™ with v = 0 in A such that (up to a subsequence)
A={z € Q\K: Jup(z)] = o0},  up—u in LO(Q\ K;R") (4.4)

(since L™"(K) =0 we could consider just  above, but we keep Q\ K to indicate the set where
we apply Theorem [1.1)) and

/W ) da +H (T, \K)<hm1nf/W (up))dz +H" 1 (Jy, \ K),
Q

Moreover, by (4.4)) it follows that u = ug in ﬁ\(QU@DQ), and in particular A does not intersect
(ﬁ \ (2U0pQ)). Then u solves (this holds for any other function which coincides with
uin Q\ A and is any fixed infinitesimal rigid motion in A.) This proves the theorem if K is
compact.

If K is not compact, for any € > 0 consider K C K with H YK\ I?) < ¢. Then, arguing
as above for the open set O\ K D Q\ K, we get still

/W ))dz < hmmf/W(e(uh))dx
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and
H (N K) S HTH I\ K) < lminf 707Ny, \ K)
—00

< liminf H"H(u, \ K +H"HE K) < lim inf 1", \ K) e,
—00 —00

since J, \ K C J,\ K and J,, \ K C (J,, \ K) U (K \ K) (cf. also [31, Theorem 2.5]). We
conclude since € > 0 is arbitrary. g

Remark 4.2. Since, as observed in the proof, a family of minimisers is obtained by adding any
fixed infinitesimal rigid motion in A to a given minimiser, we conclude that H"~*(8* AN{tru =
a}) = 0 for every infinitesimal rigid motion a (a(z) = a-z + b, a+ al = 0), where tr denotes
here the trace of u on 9*A (which is (n—1)-countably rectifiable) from 2\ A.

4.2. Existence of strong solutions. In recent works, Chambolle, Conti, Focardi, and Turlano
have shown more regularity for the solutions (assuming their existence, which has been proven

above) to (or [A:2)) if W (&) = Ce(&): e(€) (in [15]), or n = 2 and

1
(in [19]), requiring that C: Mg %t — M{<" is a symmetric linear map with
C-¢") =0 and CE-&>cl¢+ET)P forall § € MET.

This corresponds to the following theorem.

Theorem 4.3 (Density lower bound and internal regularity, [19,[15]). Let u € GSBD?(Q\ K)
(oru € GSBD?(Q\ K), if Q C R?) be a minimiser of

/Ce(u) e(u)dz +H 1 (J, U (0pQ N {trou # troue}) \ K)
Q

(a minimiser of (4.3|) with (4.5)), respectively). Then there exist 6y and Ry, depending only on
n and C (W respectively) such that if x € J,, 0 € (0, Ry), and By(xz) C Q\ K, then

Hn_l(Ju N BQ@)) > 90:9”_1 )

and
H Y OQ\NK)N(Tu\Ju) =0,  uweCH(Q\(KUJ,).

The extension of this result up to the boundary is the subject for future study.

5. AN APPROXIMATION RESULT

In this section we show a compactness property for sequences of minimisers of suitable phase-
field elliptic energies approximating the Griffith fracture energy @ la Ambrosio-Tortorelli. The
I-convergence has been proved in [16, Theorem 5.4| for general energies with p-growth of the

bulk energy in e(u). In particular the following “Ambrosio-Tortorelli” [6] type approximation
result holds (¢f. [16, Theorem 1.2]):

Theorem 5.1 ([I6]). Let ug € H'(R™;R™), and @ C R™ be an open, bounded, Lipschitz
domain for which 0Q = OpQUINQU N, with OpQ and OnQ relatively open, OpQLNINSL = 0,
H'LH(N) =0, OpQ # 0, and (OpN) = I(OnQ). Assume that there exist § and xg € R™ such
that
05,2, (0p) C 2
for 6 € (0,6), where Os 4, () := xo + (1 — §)(z — x0). Moreover let ex, ni, > 0 with e — 0,
2 — 0 as k — oco. Then, for Hj (%R") := {u € H'(4R"): trou = trgug on IpQ} and
Vii={ve H{(Q):ny <v <1, trqv=1 on dpQ}, the functionals
) (1-v)? 2 : 1 (0. " 1
vCe(u): e(u) + " +ex|Vo|* ) dz in H, (Q;R")xVy,
J k
400 otherwise,

Di(u,v) :=
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I'-converge as k — oo to
/(Ce(u): e(u)dz +H" (Ju U (ODQ N {trqu # trg uo})>
=4 in GSBDP(Q)x{v =1},

400 otherwise,

D?(u,v)

with respect to the topology of the convergence in measure for u and v.
We now show an important relation between minimisers of D and of D?.

Theorem 5.2. Let (ug,vy) € Hy (Q;R")xV,! be minimisers of D} (or “almost” minimisers,
up to an error (i with { — 0). Then, for a subsequence (up,vp), we have that vy, converges
to 1 in LY(Q), the set A := {z € Q: |up(z)| — +o0} has finite perimeter, there exists u €
GSBD(Q) minimiser of D* with w = 0 in A, and up — u in LO(Q\ 4;R™). Moreover
0*A C J, and

/(Ce(u): e(u)dx = hlim vp Ce(up): e(up)de, (5.1a)
—00
Q Q
n—1 1 (1 B Uh)2 2
H* T (J,) = lim (74% +enlVon ) de. (5.1b)
Q

Proof. Since D} (ug,1) = Co, where Cy := [, Ce(ug): e(ug) dz, we have that v, — 1 in L*(£2)
and that (c¢f. [I3, Theorem 4|)

1
Co > Di(ug,vg) > /0 </{ § }25 Ce(ug): e(ug)de + (1 — s)H 1 (0" {vy, > s}))ds,

by the coarea formula and the Cauchy inequality:
(1 —wg)?

4€k
By Fatou’s lemma we have that lim infy_, o, H"~1(0*{v > s}) is bounded for £L!-a.e. s € (0, 1),

so we fix s satisfying this property and up to a subsequence H"~1(9*{vy > s}) < C. By the
minimality of vy we deduce also

+sk|Vvk|2 > |1 — vg||Vog|.

L7{vg > s}) <4dep Cp. (5.2)

Therefore the sequence g = upXq\ fv,>s} satisfies the hypotheses of Theorem and so
there are A = {z € Q: |ar(x)| — oo}, with finite perimeter, and v € GSBD(Q) with u any
(fixed) infinitesimal rigid motion on A such that @ — u in LO(2\ 4;R"), and e(ax) — e(u)
in L2(Q\ A;M™*"), In particular, employing , we have that

sym
A={ze€Q: |ug(z)] = oo}, up —u in LO(Q\ A;R™). (5.3)

Since now we have determined the pointwise limit of wg, we can follow standard arguments,
employing a slicing technique as in [I6l Theorem 5.1] or [33, Theorem 8] (cf. also [II]) to
obtain that

/Ce(u): e(u)dzr < likrninf/v;€ Ce(ug): e(ug)dx, (5.4a)
—00
Q Q
1— 2
H (TN (Q\A)) +H1(9*A) < lim inf/ (ﬂ + ak|wk|2) dz. (5.4b)
k—o0 45k
Q
In particular, observing J,, C J, N (2\ A) U9* A, we have
D?*(u, 1) < liminf D3 (ug, vy) = liminf min D7 . (5.5)
k— o0 k—o0

Since D? T-converges to D with respect to the topology of the convergence in measure we
obtain (cf. |20, Proposition 7.1]) that

inf D2 > liminf min D,% = lim inf D,% (ug, vg) -
GSBDZ2(Q) k—o00 k—o0
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Therefore we have that  is a minimiser for D? (independently of the rigid motion assigned to
u in A, see Remark |4.2) and that, up to considering a subsequence uy = up, of ug,

D?*(u,1) = hlim D7 (up,vp) -
—o0

In particular the conditions (5.4) hold as equalities on (uy,vp), so we get that 9*A C J, and
deduce (5.1)). O

Remark 5.3. Theorem [5.1] holds under more general assumptions on the growth of the bulk
energy with respect to e(u) and on the Modica-Mortola term in the approximating functionals
(in particular for W as in (4.1)), see [16, Theorem 5.4]). It is not difficult to prove the version
of Theorem corresponding to these assumptions.
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