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Inverse eigenvalue problems for Sturm—Liouville
equations with spectral parameter linearly
contained in one of the boundary conditions

Namig J Guliyev
Institute of Mathematics and Mechanics, National Academy of Sciences of
Azerbaijan, 9 F.Agayev str., AZ1141, Baku, Azerbaijan

E-mail: njguliyev@yahoo.com

Abstract. Inverse problems of recovering the coefficients of Sturm—Liouville
problems with the eigenvalue parameter linearly contained in one of the boundary
conditions are studied:

1) from the sequences of eigenvalues and norming constants;
2) from two spectra.

Necessary and sufficient conditions for the solvability of these inverse problems are
obtained.

1. Introduction

In this paper we consider inverse eigenvalue problems for the equation

ty = —y"(x) + q(2)y(z) = My(x), € [0,7] (1.1)
with the boundary conditions

y'(0) — hy(0) =0, (1.2)

Ay () + Hy(w)) = Hiy(7) + Hay(m), (1.3)
where ¢q(z) € %(0, ) is a real-valued function, h, H, Hy, H, € R and

p:=HH, — Hy > 0. (1.4)

Let us denote this problem by P(q, h, H, Hy, H>).

Problems with the eigenvalue parameter linearly contained in the boundary
conditions have been studied extensively. In [11} 23] an operator-theoretic formulation
of the problems of the form ([.I)-(L3]) has been given. It has been shown that one can
associate a self-adjoint operator in adequate Hilbert space with such problems whenever
the condition (IL4) holds. Oscillation and comparison results have been obtained
in [6l 7, 14]. Basis properties and eigenfunction expansions have been considered
in [15, 16} 17, 24]. Problems with various singularities have been analyzed in [I, 12]. In
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the case p < 0 the problem (LI)—(L3]) can be associated with a self-adjoint operator in
Pontryagin space and not all eigenvalues are necessarily real (see [2, [3] [5]).

Inverse problems involving linear dependence on the spectral parameter in the
boundary conditions have also been investigated. In [20] sufficient conditions for two
sequences of real numbers to be the spectra of the problems P(q, h,0, Hy, Hy) and
P(q, h, 0, Hy, Hy) are provided, where H, Hy = H, Hy, Hy, Hy > 0 and H, # H,. Various
uniqueness theorems are proved in [8, 10} 22, 26]. We shall provide in this paper another
proof of the unique solvability. Numerical techniques are discussed in [22]. In [4] 9]
so called ”almost isospectral” transformations (i.e., transformations preserving all but
finitely many eigenvalues) are studied and using these transformations many direct
and inverse results for problems with the spectral parameter in one of the boundary
conditions are derived from those for classical Sturm-Liouville problems.

The present paper is devoted to the study of inverse problems by (i) one spectrum
and a sequence of norming constants; (ii) two spectra. We obtain necessary conditions
for eigenvalues and norming constants in Section 2l In Section B we prove that the
kernel of the operator transforming the function cos v/Az to the corresponding solution
of the equation (I.1]) satisfies the Gel’fand—Levitan—Marchenko type integral equation.
In Section M we show that the boundary-value problem (LI)-(L3]) can be uniquely
determined from its spectrum and norming constants. Reconstruction of the coefficients
of the problem from these spectral characteristics is realized in Section [ using the
method analogous to that of Gel'fand and Levitan [13] (see also [21, 25]).

Sections [l and [ are devoted to the study of inverse problems by two spectra. In
Section [6lwe consider the problems P(q, h, H, Hy, Hy) and P(qu, H, Hy, Hy) with h # h.
It’s proved that the eigenvalues of two such problems interlace and norming constants of
first problem are expressed by these eigenvalues. We use these expressions in Section [7]
to solve the inverse problem by two spectra, similarly to the work of Gasymov and
Levitan [19] for the classical Sturm-Liouville problems.

2. Preliminaries

Let o(z, A) and 9 (x, A) be the solutions of (IL1) satisfying the initial conditions
(0,0 =1, @ (0,N)=h, »(mA) =-A+H, o(m\) =\ — H. (2.1)
We define

X(A) ==z, )Y (2, A) — @'(z, Az, A),
which is independent of € [0,7]. The function x(A) is entire and has zeros at the

eigenvalues of the problem ([LI)-(L3]). The set of eigenvalues is countable, consists of
real numbers and for each eigenvalue ), there exists such a number k,, that

Uz, A\y) = knp(x, ), Ky #0. (2.2)
In the Hilbert space H = %(0,7) & C let an inner product be defined by

(F, G) = /07r Fl(l’)Gl(l’)dl' + %FQG_Q
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(A0, o= (%) en
We define operator (see [L1])

_ (@) +q(@) ()

for

with

D(A) = {F € H|F\(z), F|(z) € €0, 7], (F, € %(0,7), F{(0) — hF,(0) = 0,
F2 = FI/(TF) + HFl(TF)} .

Then

" O, ) + Ho(m, \y)
are orthogonal eigenelements of A:

(®,, D) =0, n#m.

We also define norming constants by
('(m, M) + Hop(m, M)

= [0l = [P h)de +
0 P
The numbers {\,,, 7, }n>0 are called the spectral data of the problem (LI)—(L3).
Lemma 2.1. The following equality holds:

where X(A) = Lx()).
Proof. Using (2.) and (2.2) in the equality

()‘ - )‘n) /Oﬂ w(‘% )\)90(1', )‘n)dI = (¢(Iv )‘)90/(1'7 )‘N) - ¢/(Iv )\)QO(ZL’, )‘n))|g

we obtain:

XA
A=A,

As A — )\, this equality leads to (2.3]).

/ﬂlp(x, Ne(z, Az + 2.
0 K,

Remark. Simplicity of the eigenvalues of (LI)—(L3)) also follows from this lemma.
Theorem 2.1. Following asymptotics hold:

Sn =\ A\n :n—1+—w —I—C—n, {¢n} € o, (2.4)
ni n
TS (gyel (2.5)
f)/n—2 n? n 27 *

where

w:h+H+1/ q(z)dx.
2 Jo
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Proof. We denote s := v/X. Then from the asymptotic estimates (see [21], 25])

90(37, )\) = CcOS ST + <h+1/ q(t)dt) Sin sx L 1/ q(t)wdt
2 0 § 2 0 S
e|Imsm|
0 ()

o' (z,\) = —ssin sz + (h + 1/ q(t)dt) oS ST + %/ q(t) cos s(x — 2t)dt
0 0

2
| Im sz|
+0 <e )
5]
using (Z.I]) we have:

x(\) = —s®sinsm + (h + H + %/ q(z)dx) s% cos s+ I(s)s?, (2.6)
0

where

I(s) = %/;q(t) cos s(x — 20)dt + O (eum') |

5]

Now using Bessel’s inequality it’s easy to obtain (24 and (2.5).

Since the function x(\) is entire of order 1/2; from Hadamard’s theorem(see [18|
Section 4.2]), using (2.6]) we obtain:

X = =70 =20 =2 [T 2

3. Main Equation

Theorem 3.1. Let f(x) € /€0, 7). Then

fla) = i (= [ 0t oton)

with uniform convergence in [0, ].

Proof. We denote

G(z,t,\) = ﬁ { oz, Nt \), 0<z<t f T

and consider the function

Y(z,\) = /0 " Gt ) ()t
1

=5 (v [Cote s+ o [Toeso).
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Using (2.2) and (2.3]) we obtain:

1 xr s
A=An X()‘n) 0 T

= el [t A F0a = el [t

Noting that ¢(x, A) and ¥ (z, ) are solutions of (LT and integrating by parts we can
write:

Y (2, \) = f(;) + Z(i’ Y
where
1 * / / T / /
2N = (wx, N [T eansma o [T oa

R F(O)( N) — (H — Ho) f(m)p(a, N
# o) [ el e+ o) [Cu, A)q(t)f(t)dt) |

Using asymptotic estimates for the functions ¢(z, A), ¥(z,A) and x(A) the following
equality can be proved:

lim max |Z(z,\)| =0,
[s| =00 0<z<T
s€Gyg

where G5 = {s:|s —n| > d,n =0,£1,£2,...} for some small fixed § > 0.
Now consider the contour integral

In(z) = L/C Yz, \)dA,

- 2mi
where Cy = {\ : |A\| = (N — 1/2)?}. From the above equalities we have:
In(z) = f(z) +en(z),  lim max |ey(z)| =0.

On the other hand, using the residue calculus we obtain:

In(z) = i (% | ot An>dt) o, ).

From last two equalities we obtain the statement of the theorem.

Lemma 3.1. (¢f. [25, Lemma 1.5.}]) Assume that numbers {S,, Yn}n>0 Satisfying the
conditions (23), (23) and v, # 0 are given and denote

o(z) = i <cos Snl cos(ano— 1)9:) |

where

Then a(x) € #3(0,2m).
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We denote
COS Sgx COS Spt 2. [ cos s,z coss,t  cos(n — 1)z cos(n — 1)t
F@ﬂ:—JL—iﬁ§:< _ cosl )0 ( )). (3.1)
Yo = Tn Q1
Since
Fla.t) = cos sox cos Sot  a(r +1t) + alx — t)’

Yo 2
Lemma B implies that F(z,t) is continuous and L F(z,z) € %(0,m). Using the
transformation operators (|21, 25]), we can write equalities

o(x, \) = cos sx + / K (z,t) cos stdt, (3.2)
0

cos sz = @(x, \) + / H(z,t)p(t, \)dt, (3.3)
0

where K (z,t) and H(x,t) are real-valued continuous functions and
1 €T
K(x,z) =h+ 5/ q(t)dt. (3.4)
0

Theorem 3.2. For each fized x € (0,7] the kernel K(xz,t) satisfies the following
equation:

F(z,t) + K(x,t) + /w K(x,7)F(r,t)dr =0, 0<t<ux. (3.5)

Proof. Using equalities (3.2) and (3.3]) we obtain:
jv: o(x, Ay) cos st _ iv: <cos ST COS Syt n COS Spt /w K (2.7) cos sn7d7'> |
n=0 Tn n=0 Tn 0

Tn
N o(, M) cossut e [ o(x, M) ot An) ol An) [!
> dndlemnt g7 (AR | AN [, gt angar )
n=0 Tn 0 Tn 0
Therefore we can write:

Tn
®N(x>t) - ]N(x>t) + I;V(zvt) + I],\//([L’,t) + [;(;(l’,t),

n=

where

)

f:cpx)\ o(t, An) Nz_:lcosnxcosnt
0

0
(6%
n= n=0 n

N
COS 8, COS Spt \ cos na cos nt
[N (,’L’, t) = § - § - o
=0

cosnt

/ K(x,T)cosnrdr,

0
an 0

N N-1
r tcos s, T cos nt cosnt
[”715:/[{, COS a2 COS ST N COSTECOSTIT )
ta) = [ ) (3 Y- cmntennr) o

Tn 0

n=0 n=
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An)
1z ZWE /HtT (7, An)dr.

Let f(x) be an absolutely continuous function. Then using Theorem Bl we obtain
(uniformly on x € [0, 7]):

lim /7r f(t)Pn(z,t)dt =0,

N—oo 0

Nhl%o/o f)Iy(x, t)dt :/0 f)F(x,t)dt

Jim /07r f) Iy (z, t)dt = /Ox f)K (x,t)dt

J\}l—{%o/o f(t)[f’v(x,t)dt:/o f(t) </0 K([E,T)F(T,t)dT) dt,
Jim /07r fOIN(x, t)dt = —/: fO)H(t, z)dt

We put K(x,t) = H(x,t) =0 for x < t. Since f(z) can be chosen arbitrarily, we have
F(z,t)+ K(x,t) +/ K(x,7)F(r,t)dr — H(t,z) = 0.
0

When ¢ < z this equation implies (3.5]).

4. Uniqueness

Lemma 4.1. For each fized x € (0, 7] equation (3:3) has a unique solution K(z,t) €
32(0, ZL’)

Proof. It suffices to prove that homogeneous equation
o)+ [ F(rtg(ridr =0
0

has only trivial solution g(¢) = 0.
Let g(t) be a solution of the above equation and g(t) = 0 for ¢ € (x, 7). Then

/ dt—l—// (r,t)g(T)g(t)drdt =0
or
x 0 1 x 2 o0 1 T 2
/ g*(t)dt + Z - </ g(t) cos sntdt> — Z o0 (/ g(t) cos ntdt) =0.
0 —o n \Jo n \Jo

n=0
Using Parseval’s equality

/ox g (t)dt = i aig (/Oxg(t) cosmtohf)2
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and noting that v, > 0 we obtain:
/ g(t) coss,tdt =0, n > 0.
0

The system {cosspt} is complete in Z(0,7) (see [25, Proposition 1.8.6]). Therefore
g(t) =0.

Lemma 4.2. ([25, Lemma 1.5.2]) Consider an integral equation

y(t,a) + / At 7, a)y(r,0)dr = f(ta), a<t<bh, (4.1)

where A(t,T,a) and f(t,a) are continuous functions. Assume that, for some fized
a = aq the homogeneous equation

b
z(t) +/ Ao(t,m)z(T)dT =0, Ap(t,7) = A(t, 7, )

has only trivial solution. Then in some neighbourhood of the point o = « the solution
y(t,a) of the equation ({.1) is continuous on t and . Moreover, the function y(t, o)
has the same smoothness as A(t,T,a) and f(t, ).

Theorem 4.1. Let P(q,h, H, Hy, Hy) and 73(@',%, f[, f]l, f[g) be two boundary-value
problems with one boundary condition depending linearly on the spectral parameter and

A=Ay Vo = T, n > 0.
Then
q(z) =q(x) ae. on (0,7), h=h, H=H, H =H, Hy=H,.
Proof. According to the formula (31) F(x,t) = F(x,t). Then from the main
equation ([B0) we obtain K(z,t) = K(z,t). Equality (34) implies that h = h and
q(x) = q(z) a.e. on (0,7). From ([B.2) we have o(z,\,) = @(x, \,). In consideration

of ([Z6) we obtain x(\) = x()\) and k, = k,. Finally, by using (2.I) and (2.2)) the
remaining part of the theorem can be proved.

5. Reconstruction by spectral data

Let two sequences of real numbers {\,} and {v,} (n € Z, ) with the following properties
be given:

e 1+ L TG vty er, (51)
nw n 2 n

A # Ay, N FEm, V>0, neZ,. (5.2)

Using these numbers we construct F'(z,t) by the formula (3 and determine
K(z,t) from [B3]). Substituting ¢t — tx, 7 — 72 in ([3.5]) we obtain:

1
F(x,zt) + K(x,zt) + :17/ K(zx,zr)F(xT,2t)dr =0, 0<t<I1.
0
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According to this equation and Lemmas [4.1] and K(z,t) is determined uniquely and
LK (z,z) € £(0,7). Now, let’s construct the functions ¢(z), ¢(z, ), x(A) and the
number h by

o) = 2L K 2), b= K(0,0),

dx
o(x, \) := cos sz + /Or K (z,t) cos stdt, (5.3)
W = =200 - M =
and put
o o KO
Tn

From (5.2) we have: k, # 0.
Lemma 5.1. ([21, Lemma 3.4.2]) For the functions u(z), v(z) to be represented in the

form
u(z) =sinmwz + A7T4Z22_ 7 CoS Tz + f(Zz)’
v(z) = cosmz — Br T2 M,
z z
where

flz) = /0 ’ F(t)cosztdt, f(t) € L[0, 7], /0 ' Ft)dt =0,

g(z) = /Oﬂ g(t)sin ztdt, g(t) € [0, 7],

it is necessary and sufficient to have the form

A «

= — 2 e _ _n

u(z)—wznlzlln (uz —z%), u,=n - + o
) S 1‘2( . L B b
ol 2 " ’ 2 n n

where o, and (3, are arbitrary sequences that satisfy conditions

o o
> ol <00, (B < oo
n=1 n=1

Lemma 5.2. The following equality holds:

- o(T, A\p) _
> e 0 (5.4)

n=0
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Proof. Using the residue calculus we get:

e A) @) g e@d) L[ )
Z k —Z x(An) _Z)E)m x(\)  2mi /CN X(A) dA,

n=0 nIn n=0 n=0

where Cy = {\ : |\| = (N — 1/2)?}. Lemma [EJ] implies that
X(A) = —s®sin s + O (|s[2el ™57 |

We denote Gs = {s : |s —n| > d,n = 0,£1,£2,...} for some small fixed 6 > 0 and
recall that (see e.g. [25], p. 15])

| sin sm| > Cyel™eml s € Gy,

where Cs does not depend on s. Therefore we obtain
IX(N)| > Csls|Pel™sml s e Gy, |s| > ss
for sufficiently large ss. Since
e, )] = 0 (@) |z e 0,7,
we obtain (5.4)).

As in the theory of classical Sturm-Liouville problems (see [25, Lemma 1.5.8 and
Corollary 1.5.1]) the following lemmas can be proved:

Lemma 5.3. The following relations hold:
—¢"(@,A) +q(z)p(z, A) = Ap(z, A),
e(0,\) =1, ¢'(0,\) = h.
Lemma 5.4. For any f(z), g(z) € Z£(0,7) the following equality holds:

[ rgtas - i% ([ rwetenmar) ([ sttt nar)

Proposition 5.1. ([25, Proposition 1.8.6]) Let numbers {pn}n>0, p2 # p2 (n # k) of
the form

pn:n+g+§—", {&.}€ly, aeC
no n

be given. Then the sequence {cos p,x},>0 forms a Riesz basis in the space £5(0, ).

Corollary 5.1. For any fized ng € Z, the system {@(x,\,)}(n # ng) forms a Riesz
basis in the space £5(0, ).

Proof. According to Lemma we can write representation of the form (B.3]).
Therefore, there is one-to-one correspondence between expansions in {cos s,z }(n # ng)

and {p(z, \,)}H(n # ng).
Lemma 5.5. For any f(x) € #52(0, ), the expansion

fla) = i (= [ roete i) ot (55)

holds.
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Proof. Consider the series

= Z Cnp(T, An), (5.6)

¢ = L / " )p(t M)

Using Lemma [5.3] and integrating by parts we obtain:

T /f M)+ (D) (t, o)) e
(h(0) = F(0) + (=)ol Aa) = F()2 (7, M)
— | et =0 +a s o)

We can easily prove that as n — oo
1
0r=0(5z). it A =00)

uniformly on t € [0, 7]. Therefore, the series (5.6]) converges absolutely and uniformly
on z € [0,7]. According to Lemma [5.7]

| f@ataae =3 e [ oot ade = [ o3 cupte
- [ strwar

0

where

%An
_l_

Since g(x) can be chosen arbitrarily, we conclude that f*(z) = f(z).

We can write (5.4) as
Qp(xv )‘no) _ Z knogo(x, )‘n)

Yoo Kon Y

n#ng
for any ng € Z,. Let m # ngy be any fixed number and f(z) = ¢(x, A;,). Then using
the above equality in (5.0), we have:

= Z Cmn@(xv )‘n)u

n#ng
where
1 s
emn === [t 2 (0. 00) =
Tn Jo
Corollary B.1] implies ¢, = 6mn. Here 6,,, is the Kronecker delta. In other words,

denoting amn := [ @©(t, Am)e(t, An)dt, we have:

ot )\no)) dt.

n

Umm — 7 Qmn = Ym, M 7é n.
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It’s clear (from definition) that a,,, = an,. Using these relations we calculate:

kfn(fym - amm) = _kmknamn = _knkmanm = ki(f)/n - ann)v m % n.

Therefore k2 (v, — a,,) = const. Let’s denote this constant by p. Then we have:

" p " p
0 n 0 mhn

Now using the equality

o(m, N’ (7, 1) — ' (1, Np(m, 1) = (A — ) /07r o(t, \(t, p)dt

we write:
kno(m, An)kme' (T, )\;:3 : l;\;:o’(ﬂ, An)kme (T, Am) — 0 ndm.
Denoting A, := knp(m, \n), By = kng'(m, A) we can write the above equality as
ApnBym — BoAp = p(Am — A\n), n#m. (5.7)

Let i, j, m and n be pairwise distinct nonnegative integers. By summing the equalities
An B — BrAm = p(A — \n),
ApBi — BnAi = p(Ai — A\n),
A;B,, — BiA, = p(A, — \),
we have:
An(Bym — B;) + B,(A; — Ay) = B A — A B;.
Writing this equality again, but this time with n replaced by 7 and subtracting them
we finally obtain:
(An — Aj)(Bm — Bi) = (A — Ai)(B, — By).

If B, = B; for some n,j € Z,, then B, = const. In this case (L.7) implies
A, = 1\, + 2 with some constants s and sr. Continuing this procedure for the case
B, # B; we obtain A, = s\, + 3 and B, = s\, + 4.

So in both cases

knp(m, An) = s \n + 500, ko' (7, \) = 363\, + 524
Using (5.10), (5.3)) and Lemma [5.1] we calculate:

kn = (—=1)"n* 4+ 0(n), o(m \) = (—=1)"""+ O(%), A =1+ 0(n).
Therefore 3¢y = —1. Denoting H; := 3, H := —3, Hy := 34 we obtain:
M (@' (m, \) + Ho(m, A\n)) = Hip'(m, ) + Hap(m, Ny), n € Zy (5.8)
for some constants H, H; and H,. From (5.7) we have:
HH, — Hy = p.

Hence we have proved
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Theorem 5.1. For the sequences {\,} and {v,} (n € Z) to be the spectral data of a
problem of the type (I1)-(1-3) it is necessary and sufficient to satisfy conditions (5.1)-

(2.2).
Example 5.1. Assume that the spectral data of some eigenvalue problem of the
form (LI)-(L3)) is the following:

1
)\0:0, )\121, )\n:(n—l)Q, n22,
7r
Yo =, Yo ==, n>1
2
Then from (B.]) we have:
2 t
F(zx,t) = ;cosgcos 3"
Solving the equation (3.5]) and then using the relation (3.4]) we obtain:
Ko t) = 2cos%co'sé ) = 2(7T+x)sinx+fl(1+c0sx)’ b= _2.
T+ +sinx (m+ x + sinx)? ™

In order to reconstruct the second boundary condition, we construct the solution ¢(z, A)

using (B5.3):

4ssin sz(1 4 cosx) — cos sz sinx 1
COS ST — 5 . , AFE T
(4s* = 1)(m + x +sinx)
p(z,A) = cos =
-2 A= 1
T+ x+snx’ 4°

Then from (B.8) we have:
8mHn* — (2rH + 8rHy + 1)n* + Hy +2rHy, =0, n=0,1,....

From these equalities we finally calculate the coefficients of the second boundary
condition:

1 1

5

6. On two problems with common parameter dependent boundary
condition

Consider two eigenvalue problems for the equation

—y"(x) + q(x)y(z) = Ay(z) (6.1)
with boundary conditions
y'(0) —hy(0) =0,  A(y'(m)+ Hy(r)) = Hiy'(m) + Hay(r), (6.2)

y'(0) = hy(0) =0,  Ay/(m)+ Hy(r)) = Hiy/(7) + Hay(r),
where ¢(x) € %4(0,7) is a real-valued function, h,h,H,Hy, Hy € R and
pI:HHl—H2>0.
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We can assume without loss of generality that h < h. Denote by Ao < A1 < Ay < ...

and py < p1 < p2 < ... the eigenvalues of the problems (6.1)), (€.2) and (6.1]), (63),
respectively.

Let ¢(z,A) and 1(z, A) be the solutions of equation (G.I]) satisfying
PN =1 JON=h  $ON=1 ¢0.N)=h

Eigenvalues of the problems (6.10), (6.2) and (6.10), (€.3) coincide with the zeros of the
functions

(A) = M (m,A) + Ho(m, A)) — Hi' (7, A) = Hap(m, ),

U(A) o= AW (7, A) + Hoo(m, N)) = Hi)' (7, A) = Haa(m, M),
respectively. We denote f(x, ) = 9(x, \) + m(X)p(z, A) and choose m(A) such that

A f(m, N+ Hf(m,\) — Hif'(m,\) — Hyf (7, \) = 0.

Then
_ YW
m(A) = —@.
Using Green’s formula, we can write
" _ [T A () 5y mA) —m(p)
/0 flz, N) f(x, p)dz = (H1—>\)(H1—,u)+(h h) .

From here when y — A it follows that:

/f2x>\d +é°f2( A>) (h — B)i(N).

Since the left-hand side of the last equality is always positive, the function m(\)
monotonically decreases in the set R\ {\,|n € Z,}. Therefore, zeros and poles of
m(A) interlace and according to (2.4]) we obtain:

>\0<M0<)\1<M1<)\2</L2<....

Now we use Green’s formula again:

(A=) / flx )dz = (f(, N (2, M) — £, Aol M)

>‘ A )f(ﬂ-v A)¢(W7 >‘n) i (h i 711) _ _p(>‘ — >‘n)¢(ﬂ-v A)¢(W7 >‘n>
(Hl An)(Hl_)‘) N (Hl_)‘n)(Hl_)‘>
PN = An)o(m, Mo(m, An) W(A)
(Hy = A)(Hy = A)  ©(})

+ — (h—h).
On the other hand

(A=) /OW flz, Np(x, \p)dx = (A= Ay) /07T U(x, N)p(x, A\,)dx

—% /0 ' oz, Nz, Ay da.
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When A\, — A from these two equalities we obtain:

O (\)

W(An)

Thus we expressed norming constants by two spectra. We shall use this expression to

solve the problem of reconstruction of differential operator by two of its spectra. Using
Theorem [2.1] and Lemma [5.1] from the last equality we obtain the following asymptotic

’Yn:(h_}z)

estimation:

VA = Vi i (G el

7. Reconstruction by two spectra

Let two sequences of real numbers {\,,} and {u,,} (n € Z, ) with the following properties
be given:

ﬁ_n—1+—+9, {C} € 1y, (7.1)
V== Tk

)\0<u0<)\1<,u1<)\2<u2<....

R AR (72)

We define functions

.
B(N) == —7(A — Ao)(A — Ay) £[2 YR
vO) = w3 = ) - ) [ 225
0 1 n_2 1)27
YA
A) = ———-=
m(}) S0
and put:
_ 90
Yr = O’\I]()\n).
Since zeros of ®(\) are simple, we get:
Res m(\) = —\P(A") -7
A=An (I)()\n> Tn
Lemma [B.1] implies: limy_,_o m(A) = —1. Hence

> o
e —1 _—

Using Lemma [5.1] again we calculate:

b0w) = (1= (55, (g en

n
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B0 = (U= 17 (a4 ) () e,

T (p
n— 5 D) n l .
g 5 + " {G} €l
According to Theorem [5.1] we can uniquely construct such a real-valued function
q(x) € £(0, ) and numbers h, H, Hy, H, € R that the numbers {),} and {~,} are the

eigenvalues and the norming constants of problem P(q, h, H, H,, Hy). We put:

hi=h+o

and denote by 7, the eigenvalues of problem P(q,%, H, Hy, Hy). Let p(z,A) and ¢(z, \)
be the solutions of equation (6.1]) satisfying the conditions

e(0,N) =1, ¢'(0,\) =h, P(0,\) =1, ¢ (0,\) =h.
Then zeros and poles of the function
AW (m, A) + Hy(m, A)) — Hig!(m, A) — Hytp(mr, A)
A/ (m, A) + Ho(m, A)) — Hig! (7, A) — Hap(m, A)
coincide with {\,} and {r7,}, respectively. The numbers {\,} and {7,} interlace,
limy_,_o m(A\) = —1 and

m(A) == —

- h—h
Res m(A) = .
A=An Tn Tn
Using residue calculus we obtain:
~ = o
m(\) = -1+ —

i.e. m(A) = m(A) and therefore zeros of m(\) and m(\) coincide: 7, = p,. Thus we
have proved

Theorem 7.1. For the sequences {\,} and {p,} (n € Z;) to be the spectra of two
problems of the type (IL.1)-(1.3) with common parameter dependent boundary condition
it is necessary and sufficient to satisfy conditions (71)-(7.3) and interlace.
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