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CONVEXITY AND INEQUALITIES RELATED TO EXTENDED

BETA AND CONFLUENT HYPERGEOMETRIC FUNCTIONS

FENG QI, GAUHAR RAHMAN, AND KOTTAKKARAN SOOPPY NISAR

Abstract. In the paper, the authors establish the logarithmic convexity and

some inequalities for the extended beta function and, by using these inequal-
ities for the extended beta function, find the logarithmic convexity and the

monotonicity for the extended confluent hypergeometric function.

1. Preliminaries

In [7], the extended beta function was defined by

B(x, y; p) =

∫ 1

0

tx−1(1− t)y−1e−p/t(1−t) d t, (1.1)

where <(p),<(x),<(y) > 0. Clearly, if p = 0, then B(x, y; 0) = B(x, y), the classical
beta function [22].

In [8], the extended confluent hypergeometric function was defined as

Φp(β, γ; z) =

∞∑
n=0

B(β + n, γ − β; p)

B(β, γ − β)

zn

n!
,

where <(p) > 0 and β, γ ∈ C with γ 6= 0,−1,−2, . . . . An integral representation of
Φp(β, γ; z) was given in [8, Eq. (3.7)] by

Φp(β, γ; z) =
1

B(β, γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1 exp

(
zt− p

t(1− t)

)
d t (1.2)

for p ≥ 0 and <(γ) > <(β) > 0.
In [24], the extended beta function B(x, y; p) defined by (1.1) was generalized as

Bpλ(x, y) =

∫ 1

0

tx−1(1− t)y−1Eλ

(
− p

t(1− t)

)
d t, (1.3)

where <(p),<(x),<(y), λ > 0, Eλ(x) = Eλ,1(x) denotes the Mittag–Leffler function

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
,

and Γ(z) is the classical Euler gamma function which can be defined [14, 19] by

Γ(z) = lim
n→∞

n!nz∏n
k=0(z + k)

, z ∈ C \ {0,−1,−2, . . . }
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or by

Γ(z) =

∫ ∞
0

tz−1e−t d t, <(z) > 0.

It is clear that

Bp1(x, y) = B(x, y; p) and B1
1(x, y) = B(x, y).

In [24], the extended confluent hypergeometric function Φp(β, γ; z) defined by (1.2)
was generalized as

Φλp(β, γ; z) =

∞∑
n=0

Bpλ(β + n, γ − β)

B(β, γ − β)

zn

n!
. (1.4)

In [24, Eq. (31)], an integral representation of Φλp(β, γ; z) was given by

Φλp(β, γ; z) =
1

B(β, γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1 exp(zt)Eλ

(
− p

t(1− t)

)
d t (1.5)

for p ≥ 0, λ > 0, and <(γ) > <(β) > 0.
It is obvious that Φ1

p(β, γ, z) = Φp(β, γ; z) and Φ1
0(β, γ, z) = Φ(β, γ; z) which is

the classical confluent hypergeometric series [22].
This paper is organized as follows. In Section 2, we recall definitions of some

convex functions and recite several lemmas needed in this paper. In Section 3, we
present some inequalities for extended beta functions Bpλ(x, y) defined in (1.3). In
Section 4, we find the monotonicity and the logarithmic convexity for functions
related to extended confluent hypergeometric functions Φp(β, γ; z) defined in (1.4).

2. Definitions and lemmas

Now we recall definitions of some convex functions and recite several lemmas.

Definition 2.1 ([6, 18]). Let X be a convex set in a real vector space and let
f : X → R be a function. The function f is said to be convex on X if the inequality

f(αx1 + (1− α)x2) ≤ αf(x1) + (1− α)f(x2)

is valid for any x1, x2 ∈ X and α ∈ [0, 1].
A function f is said to be concave if −f is convex.
A function f is said to be logarithmically convex (or logarithmically concave

respectively) on X if f > 0 and ln f (or − ln f respectively) is convex (or concave
respectively) on X.

Lemma 2.1 ([9, 11, 17]). Let f, g : [a, b] ⊆ R→ R be integrable and satisfy

[f(x)− f(y)][g(x)− g(y)] R 0

for all x, y ∈ [a, b] and let p(x) : [a, b] ⊆ R → R be a positive integrable function.
Then ∫ b

a

p(x)f(x) dx

∫ b

a

p(x)g(x) dx R
∫ b

a

p(x) dx

∫ b

a

p(x)f(x)g(x) dx. (2.1)

Lemma 2.2 ([23, 25]). Let θ1 and θ2 be positive numbers such that 1
θ1

+ 1
θ2

= 1

and let f, g : [a, b]→ R be integrable functions. Then∣∣∣∣∫ b

a

f(x)g(x) dx

∣∣∣∣ ≤(∫ b

a

|f(x)|θ1 dx

)1/θ1(∫ b

a

|g(x)|θ2 dx

)1/θ2

. (2.2)
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Lemma 2.3 ([5]). Let f(x) =
∑∞
n=0 anx

n and g(x) =
∑∞
n=0 bnx

n, with an ∈ R
and bn > 0 for all n, converge on (−α, α). If the sequence

{
an
bn

}
n≥0

is increas-

ing (or decreasing respectively), then x 7→ f(x)
g(x) is also increasing (or decreasing

respectively) on (0, α).

3. Inequalities for extended beta functions

Now we start off to establish inequalities for functions involving extended beta
functions.

Theorem 3.1. If x, y, x1, y1 are positive numbers such that (x − x1)(y − y1) ≥ 0,
then

Bλp (x, y1)Bλp (x1, y) ≤ Bλp (x1, y1)Bλp (x, y). (3.1)

Proof. Consider the mappings f, g, h : [0, 1]→ [0,∞) given by

f(t) = tx−x1 , g(t) = (1− t)y−y1 ,
and

h(t) = tx1−1(1− t)y1−1Eλ

(
− p

t(1− t)

)
.

Since

f ′(t) = (x− x1)tx−x1−1 and g′(t) = (y1 − y)(1− t)y−y1−1,

the functions f and g have the same monotonicity on [0, 1]. Applying Chebyshev’s
integral inequality (2.1) to f, g, and h, we have∫ b

a

tx−1(1− t)y1−1Eλ

(
− p

t(1− t)

)
d t

∫ b

a

tx1−1(1− t)y−1Eλ

(
− p

t(1− t)

)
d t

≤
∫ b

a

tx1−1(1− t)y1−1Eλ

(
− p

t(1− t)

)
d t

∫ b

a

tx−1(1− t)y−1Eλ

(
− p

t(1− t)

)
d t.

This can be rearranged as (3.1). The proof of Theorem 3.1 is complete. �

Corollary 3.1. For x, y > 0, we have

Bpλ(x, y) ≥ [Bpλ(x, x)Bpλ(y, y)]1/2.

Proof. This follows from Theorem 3.1 directly. �

Theorem 3.2. The function (x, y) 7→ Bpλ(x, y) is logarithmically convex on (0,∞)×
(0,∞) for all p ≥ 0 and λ > 0. Consequently,[

Bpλ

(
x1 + x2

2
,
y1 + y2

2

)]2

≤ Bpλ(x1, y1)Bpλ(x2, y2). (3.2)

Proof. Let (x1, y1), (x2, y2) ∈ (0,∞)2 and let c, d ≥ 0 with c+ d = 1. Then

Bpλ(c(x1, y1) + d(x2, y2)) = Bpλ(cx1 + dx2, cy1 + dy2).

By definition, we have

Bpλ(c(x1, y1) + d(x2, y2)) =

∫ 1

0

tcx1+d x2−1(1− t)cy1+dy2−1Eλ

(
− p

t(1− t)

)
d t

=

∫ 1

0

tcx1+d x2−(c+d)(1− t)cy1+dy2−(c+d)

[
Eλ

(
− p

t(1− t)

)]c+d
d t
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=

∫ 1

0

tc(x1−1)td(x2−1(1− t)c(y1−1)(1− t)d(y2−1)

×
[
Eλ

(
− p

t(1− t)

)]c[
Eλ

(
− p

t(1− t)

)]d
d t

=

∫ 1

0

[
tx1−1(1− t)y1−1Eλ

(
− p

t(1− t)

)]c[
tx2−1ty2−1Eλ

(
− p

t(1− t)

)]d
d t.

Setting θ1 = 1
c and θ2 = 1

d and using the Hölder inequality (2.2) give

Bpλ(c(x1, y1) + d(x2, y2)) ≤
[∫ 1

0

tx1−1(1− t)y1−1Eλ

(
− p

t(1− t)

)
d t

]c
×
[∫ 1

0

tx2−1ty2−1Eλ

(
− p

t(1− t)

)
d t

]d
= [Bpλ(x1, y1)]c[Bpλ(x2, y2)]d.

Accordingly, the function Bpλ(x, y) is logarithmically convex on (0,∞)2.
When c = d = 1

2 , the above inequality reduces to (3.2). The proof of Theorem 3.2
is complete. �

Remark 3.1. Letting x, y > 0 such that mina∈R(x + a, x − a) > 0 and taking
x1 = x+ a, x2 = x− a, y1 = y + b, and y2 = y − b in (3.2) result in

[Bpλ(x, y)]2 ≤ Bpλ(x+ a, y + b)Bpλ(x− a, y − b)

for all p ≥ 0 and λ > 0.

4. Inequalities for extended confluent hypergeometric functions

Now we find the logarithmic convexity and the monotonicity related to the ex-
tended confluent hypergeometric function Φλp(β, γ; z) defined in (1.4).

Theorem 4.1. Let β ≥ 0 and γ, δ > 0.

(1) For γ ≥ δ, the function x 7→ Φλp (β,γ;x)

Φλp (β,δ;x)
is increasing on (0,∞).

(2) For γ ≥ δ,

δΦλp(β + 1, γ + 1;x)Φλp(β, δ;x) ≥ γΦλp(β, γ;x)Φλp(β + 1, δ + 1;x). (4.1)

(3) The function x 7→ Φλp(β, γ;x) is logarithmically convex on R.
(4) For σ, γ, x > 0, the function

β 7→
B(β, γ)Φλp(β + σ, γ;x)

B(β + σ, γ)Φλp(β, γ;x)

is decreasing on (0,∞).

Proof. By the definition in (1.4), we have

Φλp(β, γ;x)

Φλp(β, δ;x)
=

∑∞
n=0 an(c)xn∑∞
n=0 an(d)xn

,

where

an(z) =
Bpλ(β + n, z − β)

Bpλ(β, z − β)
.
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If denoting fn = an(c)
an(d) , then

fn − fn+1 =
an(c)

an(d)
− an+1(c)

an+1(d)

=
B(β, δ − β)

B(β, γ − β)

[
Bpλ(β + n, γ − β)

Bpλ(β + n, δ − β)
−
Bpλ(β + n+ 1, γ − β)

Bpλ(β + n+ 1, δ − β)

]
.

When taking x = β + n, y = δ − β, x1 = β + n+ 1, and y1 = γ − β in (3.1), since
(x− x1)(y − y1) = γ − δ ≥ 0, it follows from Theorem 3.1 that

Bpλ(β + n, γ − β)

Bpλ(β + n, δ − β)
≤
Bpλ(β + n+ 1, γ − β)

Bpλ(β + n+ 1, δ − β)

which is equivalent to say that {fn}n≥0 is an increasing sequence. Hence, with the

aid of Lemma 2.3, we conclude that x 7→ Φλp (β,γ;x)

Φλp (β,δ;x)
is increasing on (0,∞).

Recall from [24] that

dn

dxn
Φλp(β, γ;x) =

(β)n
(γ)n

Φλp(β + n, γ + n;x). (4.2)

Since the increasing property of x 7→ Φλp (β,γ;x)

Φλp (β,δ;x)
is equivalent to

d

dx

[
Φλp(β, γ;x)

Φλp(β, δ;x)

]
≥ 0,

together with (4.2), we further obtain

Φλp(β, γ;x)Φλp(β, δ;x)− Φλp(β, γ;x)Φλp(β, δ;x)

=
β

γ
Φλp(β + 1, γ + 1;x)Φλp(β, δ;x)− β

δ
Φλp(β, γ;x)Φλp(β + 1, δ + 1;x) ≥ 0.

This implies the inequality (4.1).
The logarithmic convexity of x 7→ Φλp(β, γ;x) can be proved by using the integral

representation (1.5) and by applying the Hölder inequality (2.2) as follows:

Φλp(β, γ;αx+ (1− α)y)

=
1

B(β, γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1 exp(αxt+ (1− α)yt)Eλ

(
− p

t(1− t)

)
d t

=
1

B(β, γ − β)

∫ 1

0

[(
tβ−1(1− t)γ−β−1 exp(xt)Eλ

(
− p

t(1− t)

))α
×
(
tβ−1(1− t)γ−β−1 exp(yt)Eλ

(
− p

t(1− t)

))1−α]
d t

≤
[

1

B(β, γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1 exp(xt)Eλ

(
− p

t(1− t)

)
d t

]α
×
[

1

B(β, γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1 exp(yt)Eλ

(
− p

t(1− t)

)
d t

]1−α

= [Φλp(β, γ;x)]α[Φλp(β, γ; y)]1−α
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for x, y > 0 and α ∈ [0, 1]. For the case x < 0, the assertion follows immediately
from the identity

Φλp(β, γ;x) = exΦλp(γ − β, γ;−z)
in [24].

Let β′ ≥ β and

h(t) = tβ
′−1(1− t)γ−β

′−1 exp(xt)Eλ

(
− p

t(1− t)

)
,

f(t) =

(
t

1− t

)β−β′

, g(t) =

(
t

1− t

)σ
.

Using the integral representation (1.5), we have

B(β, γ)Φλp(β + σ, γ;x)

B(β + σ, c)Φλp(β, γ;x)
−
B(β′, γ)Φλp(β′ + σ, γ;x)

B(β′ + σ, γ)Φλp(β′, γ;x)

=

∫ 1

0
f(t)g(t)h(t) d t∫ 1

0
f(t)h(t) d t

−
∫ 1

0
g(t)h(t) d t∫ 1

0
h(t) d t

. (4.3)

One can easily determine that, when σ ≥ 0 and β′ ≥ β, the function f is decreasing
and the function g is increasing. Since h is a nonnegative function for t ∈ [0, 1], by
Chebyshev’s inequality (2.1), it follows that∫ 1

0

f(t)h(t) d t

∫ 1

0

g(t)h(t) d t ≤
∫ 1

0

h(t) d t

∫ 1

0

f(t)g(t)h(t) d t.

Combining this with (4.3) yields

B(β, γ)Φλp(β + σ, γ;x)

B(β + δ, γ)Φλp(β, γ;x)
−
B(β′, γ)Φλp(β′ + σ, γ;x)

B(β′ + σ, γ)Φλp(β′, γ;x)
≥ 0

which is equivalent to say that the function

β 7→
B(β, γ)Φλp(β + σ, γ;x)

B(β + σ, γ)Φλp(β, γ;x)

is decreasing on (0,∞). The proof of Theorem 4.1 is complete. �

Remark 4.1. The decreasing property of the function

β 7→
B(β, γ)Φλp(β + σ, γ;x)

B(β + σ, γ)Φλp(β, γ;x)

is equivalent to the inequality

[Φλp(β + σ, γ;x)]2 ≥ B2(β + σ, γ)

B(β + 2σ, γ)B(β, γ)
Φλp(β + 2σ, γ;x)Φλp(β, γ;x). (4.4)

When λ = 1, the inequality (4.4) becomes

Φ2
p(β + σ, γ;x) ≥ B2(β + σ, γ)

B(β + 2σ, γ)B(β, γ)
Φp(β + 2σ, γ;x)Φp(β, γ;x)

which was established in [12]. When λ = 1 and p = 0, the inequality (4.4) reduces
to

Φ2(β + σ, γ;x) ≥ B2(β + σ, γ)

B(β + 2σ, γ)B(β, γ)
Φ(β + 2σ, γ;x)Φ(β, γ;x)

which improves [10, Theorem 4(b)].
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Remark 4.2. In recent years, some new results about the topic in this paper have
been obtained in the papers [2, 3, 4, 13, 15, 16, 20, 21] and closely related references
therein.

Remark 4.3. In this paper, we established some inequalities involving Bpλ(x, y) and

Φλp(β, γ; z). Throughout this paper, if we take λ = 1, all results in this paper
reduce to those in [12]; if we take λ = 1 and p = 0, all results in this paper reduce
to corresponding ones in [1, 9].
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[1] R. P. Agarwal, N. Elezović, J. Pečarić, On some inequalities for beta and gamma functions
via some classical inequalities, J. Inequal. Appl. 2005, no. 5, 593–613; Available online at

https://doi.org/10.1155/JIA.2005.593.
[2] P. Agarwal, M. Jleli, and F. Qi, Extended Weyl fractional integrals and their inequalities,

arXiv preprint (2017), available online at https://arxiv.org/abs/1705.03131.

[3] P. Agarwal, F. Qi, M. Chand, and S. Jain, Certain integrals involving the generalized hy-
pergeometric function and the Laguerre polynomials, J. Comput. Appl. Math. 313 (2017),

307–317; Available online at https://doi.org/10.1016/j.cam.2016.09.034.

[4] R. Bhukya, V. Akavaram, and F. Qi, Some inequalities of the Turán type for confluent
hypergeometric functions of the second kind, HAL archives (2018), available online at https:

//hal.archives-ouvertes.fr/hal-01701854.
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