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Abstract

The central extension of the mapping class groups of punctured surfaces of finite type that arises in
quantum Teichmiiller theory is 12 times the Meyer class plus the Euler classes of the punctures. This is
analogous to the result obtained in [12] for the Thompson groups.
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Introduction

The quantum theory of Teichmiiller spaces of punctured surfaces of finite type, originally constructed in [6} [I§]
and subsequently generalized to higher rank Lie groups and cluster algebras in [10} [11], leads to one parameter
families of projective unitary representations of Ptolemy modular groupoids associated to ideal triangulations
of punctured surfaces. We will call such representations (quantum) dilogarithmic representations, since the
main ingredient in the theory is Faddeev’s quantum dilogarithm function first introduced in the context of
quantum integrable systems by L.D. Faddeev in [7].

These representations are infinite dimensional so that a priori it is not clear if they come from suitable 2+ 1-
dimensional topological quantum field theories (TQFT). Nonetheless, it is expected that in the singular limit,
when the deformation parameter tends to a root of unityﬂ, the "renormalized” theory corresponds to a finite
dimensional TQFT first defined in [I6] [I7] by using the cyclic representations of the Borel Hopf sub-algebra
BU,(sl(2)), and subsequently developed and generalized in [2]. One can get the same finite dimensional
representations of Ptolemy modular groupoids directly from compact representations of quantum Teichmiiller
theory at roots of unity [5] [3} [18].

Projective representations of a group are well known to be equivalent to representations of central extensions
of the same group by means of the following procedure. To a group G, a C-vector space V' and a group
homomorphism h : G - PGL(V) ~ GL(V)/C*, where C* is identified with a (normal) subgroup of GL(V)
through the embedding z + zidy, one can associate a central extension Gof G by a sub-group A of C*
together with a representation h : G — GL(V) such that the following diagram is commutative and has
exact rows:

1—C"——GL(V)—= PGL(V) ——=1

J

1 A G G 1
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One such extension is the pull-back G of the central extension GL(V) — PGL(V) under the homomorphism
G — PGL(V), which is canonically defined. However it is possible to find also smaller extensions associated
to proper sub-groups A C C*. The central extension G associated to the smallest possible sub-group A C C*
for which there exists a linear representation as in the diagram above resolving the projective representation
of G will be called the minimal reduction of G.

In this light, quantum Teichmiiller theory gives rise to representations of certain central extensions of the
surface mapping class groups which are the vertex groups of the Ptolemy modular groupoids. The main
goal of this paper is to identify the isomorphism classes of those central extensions. Namely, by using the
quantization approach of [I8], we extend the analysis of the particular case of a once punctured genus three
surface performed in [19] to arbitrary punctured surfaces of finite type.

Let a group G with a given presentation be identified as the quotient group F/R, where F' is a free group
and R, the normal subgroup generated by the relations. Then, a central extension of G can be obtained
from a homomorphism h: F — GL(V) with the property h(R) C C* so that it induces a homomorphism
h: G — PGL(V). In this case, the homomorphism A will be called an almost linear representation of G, in
order to distinguish it from a projective representation.

In quantum Teichmiiller theory, central extensions of surface mapping class groups appear through almost
linear representations. Specifically, let I'} | be the mapping class group of a surface X7 ;. of genus g with r
boundary components and s punctures. These are mapping classes of homeomorphisms which fix the bound-
ary point-wise and fix the set of punctures (not necessarily point-wise). Denoting Iy =T} o, the projective
representations of I'y for (29 — 2 + 2s)s > 0, constructed in [I8, [19], are almost linear representations cor-

responding to certain central extensions fg By considering embeddings 37 . C 2270, the central extensions

1:‘5 can be used to define central extensions for the mapping class groups I'y . for s > 1. According to [24],
any embedding X7 | C 22,07 for which ! \ Y5, contains no disk, punctured disk or cylinder components,
induces an embedding of the corresponding mapping class groups. Using this fact, we can define the central

extension I'§ . as the pull-back of the central extension I't by the injective homomorphism re, <= It induced
by an embedding of the corresponding surfaces. A priori, it is not clear whether such definition depends on
a particular choice of the embedding, but our main result below shows that this is indeed the case.

Central extensions by an Abelian group A of a given group G are known to be classified, up to isomorphism,
by elements of the 2-cohomology group H?(G; A). In the case of surface mapping class groups Iy, the
latter was first computed by Harer in [15] for ¢ > 5 and further completed by Korkmaz and Stipsicz in [21]

for g > 4 (see also [20] for a survey). Specifically, we have
2 s _ s+l .
H (Fg,r) =7 ’ 1f g Z 45

where the generators are given by (one fourth of) the Meyer signature class x (it is the only generator for
the groups H*(T'y) = H?(T'y1) ~ Z, see [23| [15, 21] for its definition) and s Euler classes e; associated with
s punctures. In the case when g = 3, the group H?( §T) still contains the sub-group Z**! generated by the
above mentioned classes, but it is not known whether there are other (2-torsion) classes. When g = 2 we
will show that H Q(I‘SW) contains the subgroup Z/10Z @ Z°, whose torsion part is generated by x and whose
free part is generated by the Euler classes. The Universal Coefficients Theorem permits then to compute
H?(G; A) for every Abelian group A.

Denote as above by I'g . the canonical central extension of I'y , by C* which is obtained as the pull-back of
the canonical central extension GL(H) — PGL(H) under the quantum projective representation associated
to a semi-symmetric T in the Hilbert space H (see the next section). Quantum representations depend on
some parameter ¢ € C*. Our main result is the following theorem.

Theorem 0.1. The central extension I/‘é; can be reduced to a minimal central extension I's . of I'y . by a

cyclic Abelian A C C*, where A is the subgroup of C* generated by (=6. Moreover its cohomology class is

— 2(rs .
- = 12x + Zei € H (T} ,; A)
i=1

ifg>2ands>4. Here x and e; are one fourth of the Meyer signature class and respectively the i-th Euler
class with A coefficients.

There is a geometric interpretation of this extension.



Corollary 0.2. Let us consider the extension IT:S of class 12x. Then there is an exact sequence:

1oAY 5T, . T 1
g, +s — qg,7 —

In some sense the quantum representations of punctured mapping class groups can be lifted to the mapping
class groups of surfaces with boundary obtained by blowing up the punctures.

Corollary 0.3. The cohomology class of the central extension I'y . is
= 12)(—0—26Z € H( (I';.5C")

if g >3 and s > 4. The same formula holds also when g = 2 but the class x vanishes in H?(I': ;C*). Here

9,7
X and e; are one fourth of the Meyer signature class and respectively the i-th Fuler class with C* coefficients.

Remark 0.1. The central extension arising from SU(2)-TQFT with p;-structures was computed in [I3] 22]
for I'y and it equals 12x. It can be shown that their computations extend to the case of punctured surfaces
and the associated class for I'y | is 12y + Y7 , €i. Our result shows that this extension coincides with the
central extension arising from quantum Teichmiiller theory.

The organization of the paper is as follows. In Section[I], we review the quantization of the Teichmiiller space
of a punctured surface and define the associated quantum representations of the decorated Ptolemy groupoid
which correspond to linear representations of a central extension of the decorated Ptolemy groupoid. Then,
in Section [2 we prove Theorem [0l by finding the pull-back of this central extension to the mapping class
group of the surface. The key idea is to use a Grothendieck type principle. Namely, one can identify a central
extension of the mapping class group of some surface, if one understands its restrictions to the mapping class
groups of sub-surfaces of bounded topological types. The core of the proof consists in computing explicitly
the lifts to the central extension of the decorated Ptolemy groupoid of the relations known to hold in the
mapping class groups. When properly interpreted, these lifts yield the class of the mapping class group
extension.
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1 Quantum Teichmiiller theory

1.1 The groupoid of decorated ideal triangulations

Let X = X7, be an oriented closed surface of genus g with 7 boundary components and s > 1 punctures.
When r > 0 we choose a set of points on each boundary, which will be called boundary punctures. When we
need to single out the s punctures lying in the interior we will call them interior punctures. In this paper we
will only consider the situation when each boundary component has exactly one boundary puncture, so that
there is a total of s +r punctures among which r are boundary punctures. The triangulations of 37 . whose
vertices are the s + r punctures will be called ideal triangulations. Then ¥ is large if and only 1f N s> 0,
where N = 4g — 4 4+ 2s + 3r is the number of triangles in an ideal triangulation.

Definition 1.1. A decorated ideal triangulation of ¥ is an ideal triangulation T up to isotopy fizing the
boundary, where all triangles are provided with a marked corner, and a bijective ordering map

7:{1,...,N}>j— 7€ T(r)
is fized. Here T(7T) is the set of all triangles of T.
Graphically, the marked corner of a triangle is indicated by an asterisk and the corresponding number is put

inside the triangle. The set of all decorated ideal triangulations of ¥ is denoted Asx.

Recall that if a group G freely acts on a set X, then there is an associated groupoid defined as follows. The
objects are the G-orbits in X, while morphisms are G-orbits in X x X with respect to the diagonal action.
Denote by [z] the object represented by an element € X and [z, y] the morphism represented by a pair of



elements (z,y) € X x X. Two morphisms [z, y] and [u, v], are composable if and only if [y] = [u] and their

composition is [z, y][u,v] = [z, gv], where g € G is the unique element sending u to y. The inverse and the
identity morphisms are given respectively by [z,y]~! = [y, 2] and id[;] = [x,z]. In what follows, products of
the form [z1, x2][x2, 23] - - - [Tn—1, x,] Will be shortened as [x1,x2, X3, ..., Tn_1,Tn].

The mapping class group I'y ;. of ¥ acts freely on Ayx. In this case, we let Gy denote the corresponding

groupoid, called the groupoid of decorated ideal triangulations, or decorated Ptolemy groupoid. This groupoid
first considered in [I8] is an enhanced version of the usual Ptolemy groupoid introduced and studied by
Penner in [25] (see also [26]), which arises in the Fock-Goncharov quantization ([I0, [I1]) of the Teichmiiller
space. There is a presentation for Gy, with three types of generators and four types of relations.

The generators are of the form [r, 7], [, p;7], and [7,w; ;7], where 77 is obtained from 7 by replacing the

ordering map 7 by the map 7 oo, where o € Sy is a permutation of the set {1,..., N}, p;7 is obtained from
T by changing the marked corner of triangle 7; as in Figure[ll and w; ;7 is obtained from 7 by applying the
flip transformation in the quadrilateral composed of triangles 7; and 7; as in Figure

A s A

Figure 1: The transformation p;.

Figure 2: The transformation w; ;.

There are two sets of relations satisfied by these generators. The first set is as follows:

[, 79, (TO‘)B] = [r, TO‘B], o, B € Sy, (1)

[T, piT, pipiT, pipipiT) = id[r, (2)

[T, Wij T, WikWwij T, WjpWikWi; T) = [T, WjkT, WijW;jkT], (3)
[7,wig T, piwi T wyipiwig 7] = [, 79, 79 ooy (9], (4)

where the first two relations are evident, while the other two are shown graphically in Figures B [}

Wi,%' Wi,k

s
3
Figure 3: The Pentagon relation (3]).

The following commutation relations fulfill the second set of relations:

[7-7 PiT, (pir)g] = [7-7 Tdv Po—1 (i)TU]v 5
[T7 Wi T, (wijT)U] = [T7 Tanoﬁl(i)a*I(i)TU]a 6
[T, piTs pipiT) = [T, piT, pjpiT],

[T, piT Wik piT] = [T, Wik T, piw;rT], © & {J, k},
[T, wis Ty wrwi; 7] = [T, Wi T, wijwi ], {i,7}N{k,1} = 0.

~ o~~~
e ~
= D = D



\l/(i’j) o pi X pPj pi\l,

Wi A

Figure 4: The Inversion relation ().

Consider now an embedding of Y7 . into Eﬁw sending all punctures (both interior and boundary) to punc-

tures. Of course boundary punctures are sent into interior punctures unless the respective boundary circle
is also a boundary of the larger surface.

Lemma 1.1. Assume that each component of E‘fw \ int(X7 ) is large. Then there is a natural embedding
of gZS,T into in .-

Proof. Let Teqs be a fixed decorated triangulation of 3}, \int(X ). If 7 is a decorated triangulation of X5 .
we denote by 7 U Tey: the result of gluing the two triangulations along their corresponding boundary circles
with the induced decoration. The isotopy class of the resulting triangulation is unique up to the action of
Dehn twists along boundary components of X7 . This induces an injective map between the set of objects
of the two groupoids. Then, the map which associates to the class |11, 72| of decorated triangulations of X
the class [11 U Tegt, T2 U Tegt] is well-defined. Since the restriction of a homeomorphism of E’,fw preserving
the isotopy class of the decorated triangulation 7. to ¥}, , \ int(X} ) is isotopic to identity by Alexander’s
trick, the map defined above is injective. O

Remark 1.1. When r > 0 the construction of the decorated Ptolemy groupoid gzg’r depends on the choice
of the set of boundary punctures, which might have more than r elements, in general.
1.2 Hilbert spaces of square integrable functions associated to triangulations
In what follows, we work with Hilbert spaces

H=L*R), H®"=L*R").
Any two self-adjoint operators p and g, acting in H and satisfying the Heisenberg commutation relation

pq — qp = (2mi) " idy, (10)

can be realized as differentiation and multiplication operators. Such ”coordinate” realization in Dirac’s

bra-ket notation has the form 1 9
%%@L (z|q = x(|. (11)

Formally, the set of "vectors” {|z)},er forms a generalized basis of H with the following orthogonality and
completeness properties:

(zlp =

(zly) = 0(z —y), / |z)dx (x| = idy .
R
For any 1 < i < m we shall use the following notation

ti: EndHoa~a,=19---®1®a®1®---®1c EndH®™.
———

i—1 times
Besides that, if u € End H®* for some 1 < k < m and {iy,is,...,ix} C {1,2,...,m}, then we shall write
Uirig..in = Liy @ Liy @+ ® 1y, ().
The symmetric group S,, naturally acts in H®™:

P21 ® Q@@ - @) = To-1(1) D R To=1(4) ® ... dTy-1(), 0 € S - (12)



1.3 Semi-symmetric T-matrices
We define now the algebraic structure needed for constructing representations of the decorated Ptolemy
groupoid Gyx.

Definition 1.2. A semi-symmetric T-matrix consists of two operators A € End(H) and T € End(H®?)
satisfying the equations:

A3 =1, (13)
T12T13To3 = Ta3Th2, (14)
T12A1T21 = CA1A2 P12y, (15)

where ¢ € C* and the permutation operator P12y is defined by equation [{12)), for o denoting the transposition
(12).

Examples of semi-symmetric T-matrices could be obtained as follows. Fix some self-conjugate operators p, q
satisfying the Heisenberg commutation relation(I0). Choose a parameter b satisfying the condition:

(1 Jbl)Tmb = 0,

and define then two unitary operators by the following formulas:
A = e~ T/3¢idma’ cim(pra)® ¢ End(#H), (16)
T = €™ %py(q1 + p2 — 92) € End(H®?). (17)

They satisfy the defining relations for a semi-symmetric T-matrix, where
C=emi o= S(b+b7), (18)
and ¢y is Faddeev’s quantum dilogarithm defined on {z € C; |Im(z)| < |Im(cp)|} by means of

B 1 [ exp(—2i2$)d$
pp(2) = exp <_Z / oo Sinh(zd) Sinh(x/b)x) "

Faddeev’s quantum dilogarithm is closely related to the double gamma and double sine functions ([T}, 27])
and was used by Baxter ([4]) and Faddeev (see [7, [§]). Its main feature is the following functional equation
(see [T, [8]) it satisfies:

eb(@)es(P) = u(P)#o (P + @) 6(q)
whenever pg — qgp = 5=-1.

27
Remark that the operator A is characterized (up to a normalization factor) by the equations:

AgA™'=p—q, ApA~!l=—q.
Note that equations ([I3)—(I3) correspond to relations @)—).
Let us introduce now some notation which will be useful in the sequel. For any operator a € End H we set:
a, = AvarALt,  ap = AL lakAs (20)
It is evident that

a]:c:a]cc:ak, a]:c:a,;, aé:afc,

where the last two equations follow from equation (I3). In particular, we have

P, = —dk, dj = Pk — dk, (21)

P =dk — Pk, dj = —Pk- (22)
Besides that, it will be also useful to use the notation

Plat..omiy = AeLlrtm)s Plpamiy = Ay Pt (23)
where (kl...m) is the cyclic permutation
(kl..m):k—=l—...>mm—k.

Equation (3] in this notation takes a rather compact form

Ti2Ty1 = CPaai)- (24)



Remark 1.2. Notice that the Pentagon relation (I4) can be applied whenever any of the indices k € {1,2}
arising among subscripts is replaced everywhere by either k or else k.

Remark 1.3. A T-matrix has the following symmetry property: 112 = T5;. This can be obtained using twice

relation (24)):
Tio =TTy T2 = CP oo T2 = TP, o7y = T2V CPrsr, = Ths 25
12 12521495 ¢ (121) % 21 i3 ¢ (121) iic (121) 2 (25)

1.4 The quantum Teichmiiller space

The quantization of the Teichmiiller space of a punctured surface ¥ with boundary induced by a semi-
symmetric T-matrix is defined by means of a quantum functor:

F: Gz — End(H®V),
Its meaning is that we have an operator valued function:
F: Ay x Ay — End(H®N),
satisfying the following equations:
F(r,7) =idyen~, F(r,7")F(',7")F(r",7) € C\ {0}, Vr,7',7" € Ay,

F(f(r), f(7) =F(r,7"),  VfeMs, 27)

(26)
(
F(r,pi7) = A, (28)
(
(

F(T, wiij) = T%j, 29)
F(r,7°) = P,, VYo € Sy, 30)

where operator P, is defined by equation (I2)). Consistency of these equations is ensured by the consistency
of equations ([I3)—(IH) with relations (2)—).

A particular case of equation (20]) corresponds to 7" = T:

F(r,7)F(r',7) € C\ {0}. (31)

-1

-1
(2] i

i (1) and using equation (BII),

As an example, we can calculate the operator F(r,w; ; (7)). Denoting 7 = w

as well as definition (29)), we obtain

F(r,w;; (1) = Flwiy(7'),7") = (F(7,wiy(r") = T (32)

i,J w7
where ~ means equality up to a numerical multiplicative factor.

The operations " and ~at the indices level have the following geometric interpretation. If the distinguished
corners of the decorated ideal triangulation are precisely those from Figure [2] then the quantum functor
assigns to the flip on that edge the endomorphism Tgl Now, changing the distinguished corner in the

triangle labeled ¢ amounts of changing ¢ into iori (and similarly for j) in the expression of the quantum
functor endomorphism. This rules will be intensively used when we compute the expressions of Dehn twists
in terms of the generators of the decorated Ptolemy groupoid in the next section.

The quantum functor induces a unitary projective representation of the mapping class group I'; of ¥ as
follows:
®N
Ly > fe F(r, f(1)) € End(H®™).

Indeed, we have the following relation (up to a non-zero scalar):

F(r, f(n)F(7, h(r)) = F(7, f(n)F(f(7), f(R(7))) = F(7, fh(T)).

The main question addressed in this present paper is to identify the central extension of the mapping class
group corresponding to this projective representation. Observe that the projective factor lies in the sub-group
of C* generated by (.

In [I8, 19] one considered only punctured surfaces without boundary. However, the construction extends
without essential modifications to the case when X is a surface with boundary Ef” when s > 1 and each
boundary component contains one boundary puncture. In this case we could define directly the central
extension I'S | by using the decorated Ptolemy groupoid of the punctured surface with boundary, without

reference to a larger surface without boundary.



2 Presentation of ;.

2.1 Generating set for the relations

We start with a number of notations and definitions. Our setup consists of an embedding 7 ,. C E‘,;O sending
punctures into punctures. We assume that each component of ¥} 0 \int( ¥ ) is large, namely it admits ideal
triangulations whose vertices are those punctures of Eh o Which are not 1nter10r punctures of X7 - (hence
boundary punctures of 7 . being allowed). In partlcular if we discard the boundary punctures of Esm the
complement Xf ;) \ int(Z 9 T) contains no disk, punctured disk or cylinder components. According to [24]
the surface embeddmg induces an embedding between the corresponding mapping class groups I'y . — Fz,o

The pull-back of the central extension Ft to I'y . is a central extension fé;. Our main concern is to study
this central extension. The central extensmn obtained by the present construction is isomorphic to the
central extension obtained by the direct quantization of the Teichmiiller space associated to X7 . following
the procedure of section 1.4. This follows from the fact that the map between the mapping class groups

e, = I't , is covered by an injective map between the decorated Ptolemy groupoids according to Lemma

Since the restriction of the Euler class corresponding to the (s+ 1)-th puncture to I'y . vanishes, it is enough

to consider ¢t = s below. Our strategy is to compute explicit lifts to F - of a set of relat1ons arising in a group
presentation of I'; | by expressing (lifts of) the generators as elements of the decorated Ptolemy groupoid of
the larger punctured surface X, o- The independence on the particular embedding of the subsurface ¥y .,
under the assumptions of the main theorem is a consequence of the so-called Grothendieck principle. In the
form proved by Gervais in [I3] it states that all relations in I’y , are determined by an explicit set of relations
among mapping classes supported on small subsurfaces, namely Xy 4, £12 and ¥g 3, where X, , = E . We
express then these relations in terms of elements of the decorated Ptolemy groupoids of the surfaces Eo 4
»2 2 and 20 3, respectively. According to Lemma [[1] these relations also hold in ggs , provided that s > 4.

If a is a simple closed curve on X7 . we denote by D, € I'y ;. the right Dehn twist along a.

Definition 2.1. A chain relation C' on the surface ¥ . is given by an embedding 312 C ¥ . and the
standard chain relation on this 2-holed torus, namely

(DoDyD.)* = D.Dy

where a,b,c,d, e, f are the following curves of the embedded 2-holed torus:

Definition 2.2. A lantern relation L on the surface %3
standard lantern relation on this 4-holed sphere, namely

is given by an embedding o4 C X7 . and the

T T

DayyDayyDayy D' D' DD = 1 (33)

a2z

where ag, a1, as,as, a2, a13, a2z are the following curves of the embedded 4-holed sphere:

Definition 2.3. Consider an embedding Eo 3 C X7 . such that the boundary components ai,asz,as of 20 3

g,r
are non-separating curves. Let then aja,a13,az3 be embedded curves on 203 so that aji, bounds a pair of



pants ¥o 3 C 2(1)73 along with a; and ay, for all 1 < j # k < 3. Then the puncture relation P (supported at
the puncture of X§ 3) on the surface X5 . is:

D012D013Da23D¢:11D¢:21D¢;31 =1 (34)
Remark 2.1. The puncture relation is, in fact, a consequence of the lantern relation and the fact that the

Dehn twist along a small loop encircling a puncture is trivial.

The first step in proving Theorem [0l is to find an explicit presentation for the central extension rs ..
Specifically, by using Gervais’ presentation [13], we have the following description.

Proposition 2.1. Suppose that g > 2 and s > 4. Then the group T . has the following presentation.

1. Generators:

(a) With each non-separating simple closed curve a in Y5 is associated a generator ﬁa;

(b) One (central) element z.

\T

2. Relations:
(a) Centrality:
2Dy = Dz (35)
for any non-separating simple closed curve a on ¥ ,.;

(b) Braid type 0-relations:
DoDy = DyD, (36)

for each pair of disjoint non-separating simple closed curves a and b;
(¢) Braid type 1-relations:
DyDyD, = DpD, Dy, (37)
for each pair of non-separating simple closed curves a and b which intersect transversely at one
point;

(d) One lantern relation on a 4-holed sphere subsurface with non-separating boundary curves:
DaoDalDazDa3 :Da12Da13Dazs (38)

(e) One chain relation on a 2-holed torus subsurface with non-separating boundary curves:

(DuDyD.)* = 2"2D.Dy (39)
(f) Puncture relations: _ N _ N _ N
Dayziy Days(5)Dazs(i) = 2Day (i) Das (i) Das i) (40)
for each puncture p; of X7 .., i € {1,2,...,s}.
(g) Scalar equation:
N =1 (41)

where N is the order of (=%, in the case where ( € C* is a root of unity.

2.2 Proof of Proposition 2.1

Lemma 2.1. For any lifts D, of the Dehn twists D, we have DoDy = ﬁbﬁa, for any two disjoint simple
closed curves a and b, and thus the braid-type 0-relations (b) are satisfied.

Proof. The commutativity relations are satisfied for particular lifts coming from a semi-symmetric T-matrix.
If we change the lifts by multiplying each lift by some central element the commutativity is still valid. Thus,
the commutativity holds for any lifts. O

Lemma 2.2. There are lifts ?a~0f the Dehn twists D, for each non-separating simple closed curve a such
that we have DoDyD, = DyDoDy for any simple closed curves a,b with one intersection point, and thus
the braid type 1-relations (c) are satisfied. Moreover, the choice of lifts of all D, with x non-separating,
satisfying these requirements is uniquely defined by fixing the lift D, of one particular Dehn twist.



Proof. Consider an arbltrary lift of one braid type 1-relation (to be called the fundamental one), which has
the form D DbD =z DbD Db Change then the lift Db into Zka With the new lift the relation above
becomes D DbD = DbD Db

Choose now an arbitrary braid type l-relation of I'y ., say D, DyD, = D,D,D,. There exists a 1-holed
torus ¥y ; C X7 | containing x, y, namely a neighborhood of zUy. Let T be the similar torus containing a, b.
Since a,b and z,y are non-separating there exists a homeomorphism ¢ : 37 = — 37 . such that pla) =z
and ¢(b) = y. We have then

Dy =¢Dap™ ', Dy =Dy "

Let us consider now an arbitrary lift ¢ of ¢, which is well-defined only up to a central element, and set

D, =@D,g™Y, D, =@Dyp "

These lifts are well-defined since they do not depend on the choice of ¢ (the central elements coming from
@ and ¢! mutually cancel). Moreover, we have then

D.D,D, = D,D,D,

and so the braid type 1-relations (c) are all satisfied.

For the second part of the lemma observe that the choice of D, fixes the choice of Dy. If z is a non-separating
simple closed curve on 7, then there exists another non-separating curve y which intersects it in one point.

Thus, by the argument which was used above to prove the existence of the lifts the choice of l~)w is unique. O

Lemma 2.3. One can choose the lifts of Dehn twists in fgv so that all braid type relations are satisfied and

N
the lift of the lantern relation (d) is trivial, namely

DoyDayDayDay = DayyDayy Do,y
Jor the non-separating curves on an embedded 9 4 C 37

Proof. An arbitrary lift of that lantern relation is of the form ﬁaoﬁalﬁ@ 5113 =2z Da12 D,mDaQS. In this
case, we change the lift D,, into 27%D,, and adjust the lifts of all other Dehn twists along non-separating

curves the way that all braid type 1-relations are satisfied. Then, the required form of the lantern relation
is satisfied. O

We say that the lifts of the Dehn twists are normalized if all braid type relations and one lantern relation
are lifted in a trivial way.

Lemma 2.4. Assume that s > 4. Then a normalized Dehn twist in quantum Teichmdiller theory is conjugated
to the inverse T-matriz times (76 i.e.

[e3

Da = F(7,Dar) = ¢ SUT UL

As the computations involved in the proof are rather laborious we postpone it after the proof of Lemma 2.0

We will suppose henceforth that the lifts of Dehn twists are normalized.

Lemma 2.5. Let a,b,c,e, f be the five curves appearing in the chain relation (D, Dch)4 = Dc.Dyon an

embedded 2-holed torus sitting inside X7 .. If s > 2, then the lifts of Dehn twists in Fq satisfy the relation

T

(DuDyD.)* = ¢"™D.Dy

Proof. If s > 2 and g > 2, then there is an embedding Z%ﬁl X,

We consider a surface S homeomorphic to 2%72, i.e. a torus with two holes and two punctures drawn in the
left picture of Figure [l where the opposite sides of the rectangle are identified. Notice that the two punctures
are located on the two boundary components.

The central picture of Figure [ specifies five simple closed curves a, b, c, e, f in S, the Dehn twists along
which enter the chain relation.

We also choose a particular decorated ideal triangulation 7 of S given by the right picture of Figure [5]
where the ideal arcs are drawn in black and the positions of the numbers in ideal triangles correspond to
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the marked corners. Notice that our choice is manifestly symmetric with respect to the exchange of the left
and the right halves of the rectangle accompanied with relabeling (1,2,3) <> (4,5,6). This symmetry will
be useful for reducing the amount of calculations in deriving the quantum realizations of the Dehn twists.

/
( /
\_
f
1 4
/' 2 3 s 6

Figure 5

The basic procedure in deriving the quantum realization of the Dehn twist D, along a given simple closed
curve « is to use a specific decorated ideal triangulation where the contour « intersects only two ideal arcs,
so that the annular neighborhood of « is given by only two ideal triangles. With respect to such (decorated)
ideal triangulation the quantum operator realizing D, is given by a single T-operator. Let us work out this
procedure in the case of the curves a, b, c,e, f.

For any simple closed curve a, we denote F, = 5;1 ~ F(D,7,7). To derive the operator representing the
Dehn twist D, we apply the following change of triangulation:

Ts3
—_—
1/ |a 4 1
23 56 3 256

where the operator above the arrow realizes the corresponding element of the groupoid of decorated ideal
triangulations within the quantum Teichmdiiller theory. Thus,

2
W~

¢ F, = Ad(T53)(Ty3) = T23T13T23 =T3Ty5,

where in the last equality, we have applied once the Pentagon relation, and we use the notation 7' = T~
Here, we use the normalization where the braid-type and the lantern relations are satisfied without projective
factors. By the above mentioned left-right symmetry (1,2,3) < (4,5,6), we immediately get the quantum
realization of the Dehn twist D.:

C_GFC =TyTys-

To calculate the quantum realization of Dj we use a two-step chain of transformations of 7:

Thus, we have the following sequence of equalities:

¢ OFp = Ad(TeaTu1To3)(T34) = ToaTur To3T34T63Tu1 Toa
= Te4T41T64T34T41T6a = T61 141134741 T64 = T1134T31 T4,

where in each step the underlined fragment is transformed by using the Pentagon relation.



To calculate the realization of D., we consider the following sequence of ideal triangulations:

T14Tes3
—_

Thus, we have
("°Fe = Ad(T3aT1aT63Ts5Ts6) (Tag) = TsaT1aTo3Ti5 Ty Tog Tos Tis TosT1aTsa
= T3aT14T63T53Tog s T53 T3 TraTsa = T3a Ty ToaTog Tos Ta Toa Thi Ta
= T34 Ty Ty Tos T3 To1 T Tsa = T3a s3T5 T3 T3 To1 Ta
= T3 T4 Ty3Tes Tos T3 T51 Tz = T3 T4 Tsg Tos Ts3 T3 s,
where, as before, in each step the underlined fragment is transformed by applying the Pentagon relation.

We use throughout these computations the fact that T;; and Ty, commute if {i, 5} N{k,l} = 0. Again, using
the symmetry (1,2,3) <> (4,5,6), we also have

(OFy = Ts6T51 T53 T T51 T Tsa
In order to check the Chain relation, we first calculate the following product:
CFeFFa = Ty Tys Tor T Tn ToaTy3Tys = Ty Ty Tor TaaToaC Pry3) T = (TygTys To1 T34 T4 T35 Py 3,
where we have applied the Inversion relation to the underlined fragment. Next, we calculate

(PO (FeFoFa)? = Ty Ty Tor TaaToaTas Prsy3) Tyg Tys To1 T3a Toa Tss Pay 3

= Ty T35 To1 TaaToa T Ty Tys T3 T1aT6a T Pragy a1y
= Ty Ty To1 T3a T Tes Tys Ty Tag Tia Psasy Pasya)
= Ty Ty Ty T Tor Ty Toa TaaTys Ty 6 T Tis Poasy Pasy (1)
= T3 Ty 51 T Tsa Py Praas) Tag Tis Proasy Pasy iy = € TosTusTo1 Tos Tsa T3 Teo Pragaany

where each equality is obtained by transforming the underlined fragment by applying the Pentagon relation
(twice in the forth and once in the fifth equalities), the Inversion relation (once in the third and twice in the
fifth equalities), and the extended symmetric group action (in the second, the third, and the sixth equalities).
Finally, taking the square of the obtained identity, we have

¢ (FeFoFa)t = (Mg T Ts1 T T3 T Tos Pasainy Tos Tas T T3 Taa T Tea Praaan)

= ("OT56 Ty T Ty Ty T T T T3 T T T Tis T Pasi) Fas)
= ("OT56 Ty T51 T3 Ty Tss Tsa T T T3 T Toa T Tao Tas Paziy Prasay

= (M6 T35 51 Tos Toa T Toa T T Toa Ta3 Tag Tis Pasiy

= (M 6Ty T3 Ty T Ty T T T T Tsa T T3 115 Pasa
= (M T56T51 T Ty Tog Tsa Tsi Toi Ty T T T3 Tya Plasay

= ("6 Ty T T34 T T3 151 T3 T o3 Tug Lo T3 T2 Past

= (P T56T51 T Ty Tog Tsa Tsi Toi Ti T5a T3 T
= (" T56T51 T35 T35 T35 Toa T T Tos Too Laa Tss T5a T23Ths
= (T T51 Ty T Ty T T T T4 Tog T Ty Ts3 Ths = FpFe,




where each equality, except for the last one, is obtained by transforming the underlined fragment by applying
the Pentagon relation (one time in the third, the fifth, the sixth, the seventh, the tenth, and three times
in the ninth equalities), the Inversion relation (in the forth and the eighth equalities), and the extended
symmetric group action (in the second, the forth, and the eighth equalities), while in the last equality the
underlined (respectively the non-underlined) fragment corresponds to the operator F; (respectively F.) O

Lemma 2.6. Suppose that s > 4. Then the lift of each puncture relation is ¢°.

Proof. Observe first that the central element P; which is the lift of the puncture relation at the puncture p;
is independent of the particular subsurface Sj 5. If we consider another subsurface, there exists a homeomor-
phism ¢ : S7, — Sy . fixing the puncture p; and sending it to the initial subsurface, because the boundary
components are non-separating. The new puncture relation is then conjugate of P; by ¢ and hence they
coincide, as they are elements of the center.

If s > 4 then there is an embedding Sg 5 C S5 ., such that each boundary component of 5§ ; has a puncture
on it. Consider first the following decomposition 7 of the punctured pair of pants into triangles. The position

of the label of each triangle indicates also the marked corner.

Then we can express easily the action of each Dehn twist Dy, on the triangulation 7 as a composition of
flips. If we set Fo; = F(7, Dq,; (7)) then we have:

_ -1 _ -1 _ -1
Fa1 - ngl ) Fa2 - T12 ’ Fas - ng

Further we use the sequence of transformations below, in order to change the triangulation 7 into a trian-
gulation which intersects the curve a5 in only two points.



Here and in the pictures below we marked by a dot the edges where a flip occurs, in order to help the reader
visualise the sequence of transformations. Then the method outlined above permits to compute the Dehn
twist Fo,, = F(7, Dq,, (7)) as follows:

Fais = Ad(T35 T, T T3 T ) (1)

Let us first simplify the formula for F,,,. We have
Fare = Tra T34 Ta1 T33 T35 To3 Ty T3 Tan Toa Toa = Tra T4 Tag T3a Trs Trs T3a Ty Toa Ty
= T74T24&T7QET72&T24T74 = T3y Tsg T3 T 151 Tr5 15, Ty
=Ty T3, Trg Taa T3 T34 Ty = Ty T3 Tr3 Tos Ty T

where in each step the underlined fragment is transformed by using the Pentagon equation, and in the last
equality it is also combined with the symmetry relation T3, = T}s.
Our triangulation is invariant under the following simultaneous cyclic permutations

TP P~ Py—P, 126—-3—1 2—5—4—2 77,
so that the contours a; and ax; are transformed as follows:

mT.ay — az — az +— aiy, 12— a23 — a31] — a12.

Thus, it suffices to know the explicit formula for F,,, in order to write out the other two without any further
calculation:

T

ass = T(Fayy) = T(Tr4Tog Ty Tos T Trs) = ToTsi Toy Tas To T,



and

Fags = T(Fass) = m(T55 T3 T T3 T Tsg) = ToTre TrsTraTrs Ty
Now, we have

FaisFassFass = TraTasTra Trs Toq TrsTos T Tos T T s Trg Tr Trs TraT73 T4
= T3y Tas T3 Tos T CP 050y T Tos Tas Tog C P g5y Tre Trs TraT 73T
= T34 T3 Tr3 Tys T Toi Ty T T T T3 T5a T3 T Plois)
= (P Ty To3Toy Ty Tos Ty Ts6 Tos Ty Tsa T3 Tra Prosss)
= T TosTra Toi CPrany TsoC Pas) Tsa Tss Tsa Pazssy = ¢ TraTogToa Toi Tso Ty Tos Toa Py
= ("Try To3 T TsoCPranay Tos Tra Py = CTraTra Toi T Tys Tar Prramy
= CTsi Tse T3 ToaTar Progey = CCTi T TyaC Py Prary = T TseTyg = (°FayFayFay

where in the underlined fragments the Pentagon equation is used twice in the forth and once in the ninth
equalities, the Inversion relation is used twice in the second and the fifth, and once in the seventh and
the tenth equalities, while in the third, sixth, eighth, and eleventh equalities the permutation operators are
moved to the right and the powers of (, to the left.

O

Proof of Lemma[24] The idea of the proof is to calculate the lift of the lantern relation. Consider the
following decorated triangulation 7 of the 4-holed disk with 4 punctures:

The trick used in [I8 [19] for computing D, is to use a sequence of flips to change the triangulation into one
which intersects some curve isotopic to a into two points. Then the Dehn twist along a can be expressed
as the flip of one of the two edges of the latter triangulation intersecting a. This recipe generalizes to the
case where the curve a intersects several edges of the triangulation, if @ is a boundary component with
one puncture on it. Specifically, let eq,...,es be the edges issued from the puncture, in counterclockwise
order. Then the Dehn twist D, can be expressed as the result of composing the flips of ey, e3,...,e5_1. We
illustrate this procedure with the case of the left Dehn twist D;; on the triangulation 7 above:



In particular, we find the following expression for the right Dehn twist along as:

Fas = 'E(Ta DasT) = T35 15515 (42)

We used above the symmetry property of the T-matrix Tz = T3 (see Remark [[3 equation (25])). The same
recipe for the remaining Dehn twists along boundary components gives us:

Fay = F(7, Da,7) = ToaTos Ty Tog (43)
'Eal = 'E(Ta DalT) =T3T5T 6107 (44)
Fao = F(7, DayT) = Tgs T5i Ty T (45)

In order to compute F,,, we need to transform the triangulation 7 into one which intersects a curve isotopic
to a1 into precisely two points. This can be done as follows:
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in order to obtain:

Fass = F(7, Dayy ™) = Ad(ToaTs6TsgT17 T51 T3 T ) (Ta3) (48)

The next step is to simplify the expression of the last three Dehn twist, as follows:
Fare = T35 113 TusTu6Tr5 Tor Trs Tag Tas Ty 1 Tz = TasTy5TusTrs Tae Ty Tas Trs TasTyaTss =

= T3 T35 T Ty Tar Tos Tus T3 Tss = Tas T3 Tas Trs Toy TrsTur Ty3Tss = Tag T3 Tas Ter Tos Tur Ty T35 =
= T3 57 Tas Tus T TaTurThs = TaTor TasTus Tag TasTs Tas TarThs = T1a Ty TusTag Tes Ty TurThs

The first equality above corresponds to the commutativity of T;; and T}; in the case when the two sets of
indices are disjoint, for each one of the underlined fragments. We further also made use of the symmetry
property from (Remark [[3] relation (28])) in order to be able to use the Pentagon relation, as in the last
equality above. Specifically, the rightmost reduction consists of the the following steps:

T35T65T35 = T53T65T35 = T65T36T53T35 = T65T36T35T35 = T65T36 (49)

Similar simplifications lead to:



Fars = T3 TasTus Toa T Tis Tag ToaTus Tog Ty = Ts Tog Tas Tsg Tea Tas Toa Tog Tus T Tgr =
= T35 TaTusTas Tas Tss Tsg Tus Tos Tz = (s Tag Tag Tug Pasay Tz Tas Tas Tas Tgr =
= (T TssTis Tus Tus T Ti Tos T Prasiy = Tz Tas Tsa ToaTog Tsi TosTgs Prasiy =
= (T3 Tsg T5ToaTog Tas Tsi Tas Prasiy = (Tas Tsg TasToaTos Ts TogTae TraTas Pasiy =
= (T3 TsgToaTys Tog Tss T5i Tgs Prasay

Fass = ToaT3 T T17 151 T3 Tys Tas Ty Tsi Tai Ti7 Tsg Tyg Toa =
= ToaT36T 5 T17Ta1 T35 T51 Tas T Tas Tai T1# Tsg T Toa =
= To4Ts56T5g T17 Ta1 Tag Tas Ts1 Tas Ta1 Ti7 Tag Tas T4 = ToaTsgTag T a1 Tys Tas Tys Toi T17 T T Toa =
= T24T36T5g T17 51 Tag T35 151 Tis Tai T17 Tsg T Toa = ToaTsgTag Ti7 T Tas Ty i T17 Tsg T Toa

Putting all these together we obtain:

FaizFassFars = CT1a T Tas T3 Ts Tog Tar Tya Toa Ta T Trr Tai Tas Tog Ts1 T17 T Tso Toa Ty Tsg Toa T Tog T
X Ts3Tgs Prasay = CT1aTs7Tus Taa T Tag Tar T1aToaT6 Teg Ti7 T Tas Tsq Toi 17 156155 T T Tog T T5a %
X Tgo Prasay = CTiaTsr Tas T3 Tos Tog Tar Tya ToaTs Tag T Tai Tss Tog Tiz Tsi Psrgy Too Tar Tig Tog Tao T

x Tas Pysay = CTyaTsr Tus Tya Tos Tyg Tar Tya Toa Tsg Tsg Ty Tyr Ty Ty Ty Tse T T Tog T T T X
X Prsrsy Puusiy = C2TyaTarTas Toa Tas Tog TurTys ToaTso Tsg T Ts Ty T Tao T T Tos Teo T T X
X Pissy Pusiy = CTyaTar TasTsaTas Ty TisToaTor Py TaoTss T Tt T To Tig T Tos Tao T To X
X PiszsyPusty = CTiaTisTisTirTir Ty Tar Toa Toa Tas Tys Tss Tyg ToaTor Pyzay TasTagTas Taa Toi TaeTag Tas Tog ¥
X T T o3 Prszs) Prasiy = C*Fas ThrTor T15T2aToaTas Toa Toa Ty ToaTys TagTor Pluzay TsoTsa TasTaa Ts1 T T

X Tas T TssTas Tra Pszgy Prasay = C*Fan Tor 16 T2aTos Tus To3 Tys Tos Tor T Tso Prazay Teg Tss Tai Tsi T Tag X
X T Toa T Tas Tra Pszsy Prasay = C*Fao T2aTos Tos Tos TooTer T16Ta5 T3 Tor Ts Psse) Praray Tes Tss Tsa Tsi Tso T %
x T85T28T86T85T721P(575)P(4521) = (*FanFa, TorTo6 Ty Tus T3 Tss Tes T &TM%T%T%TSST%Z?X
X P(ééﬁ)P(472;)P(575)P(4541) = CGIEaz 'EalT67T26%T45T43T58%T53TS?T86T28TS?T86T43X
X Pase) Parsy Piase) Pariy Prsvs) Pasiy = COFaz Fay Tor Tos Tas T3 Tag Tig Tog Tsa Tos T Tog T T Tus X
X Pgse) Pazay Psse) Paray Prsws) Pusiy = S FasFa Tsr Tos Tas TusTea Tra Tss Tss Prssey Ta Tsr Tae Taz %

X Psse)Parsy Pese) Paray Pis7s) Plasiy = ("Fa, '_:al& &T45T43T58T18T53& Ta ET@‘STQX
x Pase) Piosoy Pass) Plossy Praray Psrs) Prasiy = CCFasFay TasTys Tsa Tyg Tas Tes Tog Pisre) Tos Tas X
X Pase) Piosoy P Ploss) Praray Psrsy Prasiy = ¢ FaaFay Fao Tir Tsi Tsa Tg Tas Tus Tsg Ty g Tsg Tos Tes Tog Tz
X Pgr6)Psacy Pose) Pars) Fiose) Paray Prsrs) Plasty = € FazFayFao TsrTai Tsa TygTus T3 Ty T Tss Tos TogTaz X

X Pgre) Psss) Pose) Pars) Pose) Paray Psvs) Plasiy = CFasFa Fao Tsr Tas Tys Ty Tss Tos Tog Tz %
X Per6) Prose) Fios6) P 373) Pis36) Flara)y Ps78) Plasiy

In the previous lines we used both the Pentagon relation coupled with the symmetry property several times
and the commutativity relations corresponding to the underlined fragments. Sometimes several simplifi-
cations are recorded in the same line, as in the first equality above where the underlined factors Th4 and
T34 commute with T3-T:s and therefore cancel each other, so that along with the first underlined factor we
obtain a subproduct TxsT3-Trs and the Pentagon relation can be applied.

Use now the identity:
N N 7 -1
TgrTys Ty = TagTraTnTog = ¢ TrgTs Piasn



and introduce above to find that:

Fll12 Fazs Fals = C7|Ea2 IEal Ian T45T43T53T58T5?T65T43 x
XP(?S?)P(676)P(686)P(656)P(3?3)P(ééﬁ)P(4721)P(575)P(454 = <7Fa2 FaiFaoFas T T35 T58T5 T45T43T53T58T57TG5T43><
X Pagn Pere) Piase) Plos6) P 3#3) Pis36) Plaray Piszs) Plasay = ¢"Fa,Fay FaoFas TogTas Tag T45T35T53T58T57T65T43X

X Pzgsy Pisre) Plase) Pose) L33 Po36) Praray P(s78) Pasiy = (°Fa,Fay FagFas Tyg Tas Tog T, 5P(535)T58T57T65T43><

X P(?S?)P(ém)P(ééﬁ)P(656)P(S?B)P(ééﬁ)P(4721)P(575)P(454 C Fa2 FalFaoF a3£36 ; 38 245 Tas T38 T37T63 T45><
X PsssyPraay Pore) Psse) Ploss) Pas3) Ploss) Praray P578) Prasi) = C°FazFay FaoFas
Thus the lift of the lantern relation is (°. Therefore we have to renormalize each right Dehn twist by taking
D, = ¢7SF,, as claimed. O

The following lemma is a simple consequence of a deep result of Gervais from ([13)]):

Lemma 2.7. Let g > 2 and s > 0. Then the group ' . is presented as follows:

g,r

1. Generators are all Dehn twists D, along the non-separating simple closed curves a on X7 .
2. Relations:
(a) Braid type 0-relations:
D,Dy = DD,
for each pair of disjoint non-separating simple closed curves a and b;
(b) Braid type 1-relations:
D,DyD, = DyD,Dy
for each pair of non-separating simple closed curves a and b which intersect transversely in one
point;

(c) One lantern relation for a 4-hold sphere embedded in X
separating;

(d) One chain relation for a 2-holed torus embedded in X}
separating;

g,r S0 that all boundary curves are non-

. S0 that all boundary curves are non-

(e) A puncture relation for each puncture.

Proof. According to ([13], Theorem B) we have a presentation of I'y sy, with the generators above and all
but the puncture relations. Now, the kernel of I'g 54, — I'y . is the free Abelian group generated by the
Dehn twists along the boundary curves to be pinched to punctures. Such a Dehn twist is expressed (using
the lantern relation) by the left hand side of the puncture relation. This proves the claim. [l

Proof of Proposition [211 According to the normalization coming from the braid relations and the lantern
relations the images of the standard Dehn twist generators of the mapping class group are products of (8
and elements T;;, where i, j are the labels of the triangles (possibly with * or 7). Thus the projective factors
that appear belong to the subgroup A generated by (6. The only non-trivial lift of a relation from Lemma
[Z7is the chain relation which lifts to (~72. Set z for the element ¢~ of I's ... Then the presentation of the

central extension I‘S is given by the claimed relations.

,T

2.3 Cohomological consequences

Recall from ([2I], Corollary 4.4) that the 2-cohomology classes x and e; are defined for any g > 3,s,7 > 0
and they span a free Abelian subgroup Z**t! ¢ H 2(1"fw). This inclusion is actually an isomorphism when
g>4.

We will denote by F » the group defined by the presentatlon given in ProposMonIﬂL for all values of s, g, 7
Thus, according to Proposmlonm the extension I‘ ~ is isomorphic to I‘ ,if s >4 and g > 2.

Lemma 2.8. If g > 2, then we have e = 12y € H3(Ty 5 A).



Proof. Consider first the case where  is not a root of unity, so that the group A is isomorphic to Z. Gervais
proved in ([I3], Theorem 3.6) that Iy, (namely, where s = 0) is isomorphic to the so-called p;-central
extension of I'y . Further in [I3] 22] the authors identified the class of the p;-central extension of I'y . to
the class 12x and thus e = 12x.

Here is a more direct argument. Set I'y (1) for the subgroup of 1'/‘_(; generated by the lifts Z): of the Dehn
twists and the central element w = z'2. Then Iy (1) is the universal central extension considered by Harer
(see [13, I5]) and thus cp, (1) is the generator x of H*(Ty,) = Z.

The cohomology class cr, (1) is represented by some explicit 2-cocycle Cr, (1) : Iy x 'y — Z which arises
as follows. Let S : T'y, — T'y.(1) be a set-wise section. Let also i : ker(I'y (1) — I'y,) — Z be the group
isomorphism defined by i(u) = 1. It is well-known that the 2-cocycle

Cr,.,)(@,y) = i(S(xy)S(x) ' S(y)~") e Z
represents the cohomology class cr, (1)

Let us construct now a 2-cocycle representing the extension I'y .. Consider the set-wise section 105 : 'y, —

1'/‘_(;, where ¢ : T'y (1) — f;; is the obvious inclusion. Let also j : ker(l'/‘_;,\r — I'y.) = Z be the isomorphism
given by j(z) = 1. Then

Cr (@,y) = j((to S)(y)(t 0 8)(x) " (Lo S)(y) ™) = j(US(ay)S(x) ' S(y) ™) € Z

is a 2-cocycle representing c— . Since j(¢(u)) = j(2'?) = 12i(u) and S(zy)S(z)~"S(y)~" belongs to the
cyclic subgroup of Ty (1) generated by u, it follows that

Cr - (,y) = 12Cr, )

and thus cg— = 12, where ¥ is one fourth of the Meyer signature class, which is a generator of H 2(Ty1) C
H? (F}]).

When ( is aroot of unity of order N then the class of the extension f; is the image of 12 in H*(T',,; Z/NZ)
by the reduction mod N. [l

The next step is to prove a similar statement when the number s of punctures is non-zero.

Definition 2.4. For (mq,ma,...,ms) € Z° let I'y .(m1,ma,...,ms) be the central extension of I'y . by A
having the following presentation:

1. Generators are the Da, where Dy, are Dehn twist generators of I'; . and the central element z of the

g,r
same order as (~6;

2. Relations are as follows. For each puncture p; the lift of the corresponding puncture relation reads:

———1 -1 —~—-1 -~ ——

Doy Dasi)y Dagtiy Dars(iyDars(i)Passi) = 2™

where Z): are lifts of Dehn twists. Furthermore the chain and lantern relations have trivial lifts.

Prop051t10n 2.2. Suppose that g > 0. Then Crs  (ma,....ms) € At ¢ HQ(I‘ZT;A) s the vector mie; +
mees + - - - + mges, where e; is the Fuler class of the i-th puncture.

Proof. This is folklore. Consider first that ¢ is not a root of unity. Let Z; Tﬁrl .; denote the subsurface of X7 |
obtained by removing a one-punctured disk centered at the puncture p; and thus creating a new boundary
component b;. We have then a central extension

s—1 s
Z—Tg oy, =g, —1

induced by the inclusion map E;;}H;i — X7 . It is well-known that its cohomology class is Cps-1 =€

Lemma 2.9. The extension Fz;itl;i is 1somorphic to I‘;yT(O, ...,1,0...,0), where 1 is on the i-th position.



Proof. There is a natural set-wise section S; : I'y . — rs-t ot 100 given by Si(Dqo) = Dy, for any Dehn twist
D,. In order to make sense, we might suppose that a snnple closed curve a disjoint from the puncture p; is

actually disjoint from b; so that it lies within ¥7° Tﬂ_l e

Braid, chain and lantern relations are then lifted trivially. A puncture relation at p; is lifted trivially if

J # 1. Consider next a puncture relation at p; in ¥7 ., which is supported on some subsurface EO 3 The

three boundary curves of X 5 lie within by Tll ., and together with b; bound a 4-holed sphere in 37" +1 i

The lantern relation associated to this 4-holed sphere on 377 o +1 ; is then the lift of the puncture relation at
. The Dehn twist along b; is the generator z of the central factor ker(I' %, — I ). Thus the lift of a

g,r+1;2
puncture relation at p; is the factor z. O
Lemma 2.10. Let Ly, : Z° — Z denote the linear map Luy(ni,...,ns) = 23:1 min;, where m =
(m1,...,ms). Consider the central extension

1=272° = Tg 46 = I‘;T —1

Then the map Ly induces a quotient of U'y 15, which is a central extension T'; . (m) of I'y . by Z which is
isomorphic to T'y .(my1,ma,...,ms) and gives rise to the following commutative diagram:

1 - Zf - Tyrss — FfN — 1

1 La im 11
1 - Z — Ff”(m) = Iy, = 1
Proof. The class of the central extension cr . belongs to HQ(I‘Z 2% = @SHQ(I‘Z ~ Z). By functoriality
we derive that cp, . = (e1,€2,...,¢e5) € H2(F§ ri Z°). Then the class crs (a) is the image of cr, . into

H? (I'; ) by the homomorphism of coefﬁments rings Lm : Z° — Z. T here is an obvious set-wise section S
defined in the same way as the S; from above. Then cp is the class of the 2-cocycle Ly,,C', where C' is
the 2-cocycle associated to S and so

g,r+s

LmC(z,y) = 7(S(x) "' S(y) "' S(xy)) = Ln((Si(2) " Si(y) " Si(ay)iz1,s) Zml

where C; is the 2-cocycle associated to S;. Since the class of C; is e; it follows that the class of L,,C is
Yoo myei.

On the other hand the lifts of relations in I'; ,(m) are the same as in I'j ,.(m1,...,m;) and thus they are
isomorphic. In fact the lifts of braid, chain and lantern relations to I'y ;.45 are trivial. The lift of a puncture

relation at p; is the i-th generator of the central factor Z°, according to Lemma Therefore its image
into I'j , (m) is 2™, namely the lift of the puncture relation in I'; . (m1,...,m). O

When ( is a root of unity the extensions by Z above are replaced by extensions by Z/NZ and all arguments
go through without essential modifications.

This proves the Proposition. [l

Proof of the Theorem. Assume first that A is cyclic infinite. Consider the operation ® (which is a push-
out, or a fibered product) on central extensions defined as follows. If f; : G; — G are the projections
homomorphisms of the central extensions G; of G by Z then G; ® G5 is the extension f;G2 (or equivalently
f3G1) of G by Z2. The class cg, 06, € H*(G,Z?) is the direct sum of the classes cg, € H?(G,Z) under the
identification of H%(G,Z?) with the sum of two copies of H?(G,Z).

Let f denote the surjective homomorphism f: 'y, — I'g . Consider then the central extension
1 7% — f*(T,, e (1L,1,...,1) =I5, =1

Using the map L : Z? — Z given by L(x, y) =x + y we find a quotient of f* ( )@y (1,1,...,1), which

is a central extension by Z isomorphic to I‘gm. In fact, there is a commutative d1agram.

1 = 72 — [(Dy,)eI3 (1,1,...,1) — I, — 1
1L I 11

1 - Z = Is = Iy, = 1



—

The central extension from the lower row is isomorphic to I'; . because the lifts of relations are the same.
Braid and lantern relations lift trivially. Chain relations lift to 2'? in f *(1'/‘(;) and trivially to ' .(1,1,...,1)

and thus the image of the lift by L (or ) is 212, Puncture relations at p; lift trivially to f*(I',.,) and to z in
the factor I'; ,(1,1,...,1), so that its image by L (or ) is 2. As a consequence of this description the class

—

cq— is the image by L of the class of f*(I'y,) ® ' ,.(1,1,...,1), namely Crory T, )

s
FQJ‘

On the other hand, by functoriality, the class ¢,. —  is f*(12x) = 12x € H*(I'} ), because the map f* is
the standard embedding of H*(T'y,) = Zy into H*(T'} ). Proposition 2.2 proves the Theorem for g > 3.

When g = 2 one does not know the group H? (I's,,.), but for s = 0 and » < 1. Nevertheless, the classes x
and e; are still defined. It suffices to prove that:

Lemma 2.11. The subgroup of H2(I‘§1T) generated by x and ey, ..., es is isomorphic to Z/10Z © Z°.

Proof. By the universal coeflicients theorem we have
1 — Hy(T'5,) — H*(I'5,.) — Hom(H»(T'3 ), Z) — 1

From ([2I], Proposition 1.6) we have H;(T'5,) = Z/10Z. The Meyer class x in genus 2 is one half of the
class of Meyer’s cocycle from [23] and it generates the image of H; (T3 ) into H*(T'3 ).

Consider next the extensions I'5 . (m) for integral vectors m. According to the previous description lifts of
puncture relations are of the form 2. Suppose that there exists an isomorphism between the extensions
['5 .(m) and T'3 ,.(u). Such an isomorphism of extensions should send D,, into 2@ D, because it has to
induce the identity on I'; ,.. Since lifts of braid relations are trivial in both extension groups it follows that
n(a) = n does not depend on the non-separating curve a. But puncture relations are homogeneous, and so
they do not depend on n. This shows that m = u. In particular the classes e; span a free Z-submodule of
H2(T3,).

Since the class x is of order 10 and both subgroups Z/10Z (generated by x) and Z* (generated by eq, ..., es)
inject into H?(I'j ), the claim follows. O

Then the arguments used above for g > 3 work as well for g = 2 and the Theorem follows. When ( is a root
of unity the associated cohomology class is the reduction mod N of the corresponding integral cohomology
class.

Proof of Corollary Consider the extension Ig:s of class 12x. The Corollary claims that there is an
exact sequence:
15 A 5Ty, =T, =1

This can be verified by using the explicit presentations of the two groups involved. The kernel is generated
by the products of two opposite Dehn twists on the s blown up boundary components.

Proof of Corollary I3 Tt suffices to understand the map H*(T% ; A) — H*(T5 ., C*) induced by z — ¢°.
This map is injective, when g > 3.

The Universal Coefficients Theorem states that, for any Abelian group W, the following exact sequence is
exact:

1 — Ext(Ho (T} ,.),W) — H' (T} ;W) — Hom(H: (T ), W) — 1

g,
Now Ext(Z, W) = 0, for any Abelian group W. This implies that H'(I'} ;C*) = H*(['§ ,;C*/A) = 0, if
g > 3. From the Bockstein exact sequence

HY(T},;C") — HY(TS,:C*/A) 5 B2(T3 5 A) % HA(TS,;C7)

g,m’ g,r’ g,r’ g,r’

we derive the claim.

When g = 2 the Universal Coefficient Theorem shows, as above, that H'(I'§ .; C*) = Hom(H, (T ,.), C*) and
H'(T5,;C*/A) = Hom(H,(T'3,),C*/A). Thus H'(I'j .;C*) = Hom(Z/10Z,C*) = Uso, where Uy is the
subgroup of roots of unity of order 10. The last isomorphism sends a homomorphism into its value on the
generator 1. Next H'(I'§ ; C*/A) = Hom(Z/10Z,C*/A) = Uy x A/10A. To explain the last isomorphism,
each element f € H'(I'5 ;C*/A) is determined by its value f(1) = As, for some s € C*. Here s'° = a" € A,
where a is the generator of A. Fix some 10-th root a'/*® € C* of the generator of A. Then the isomorphism
above associates to f the element (sa="/1%,510) € Uy x A/10A, which is well-defined and independent of



the choice of the representative s in its A-coset. In particular the map H'(I'; ., C*) — H*(I'3 ,.,C*/A) sends

2,7
Uy onto the factor Uyg of the second group.
Let f be a lift of f to f : Z/10Z = H,(I's,) — C*, for instance f(k) = s*, where k € Z/10Z. Then

~ -~ ~

F(ky, ko) = f(ki)f(k2)f(kika)™" € A is a 2-cocycle on Hi(I'5,) with values in A. The pull-back in
H?(I3 ., A) of the class of F by the map I'j,, — Hi(I'5,) is the element 3(f). It is well-known that
H?(Z/10Z, A) = A/10A is generated by the Euler class. Specifically, the cohomology class of the 2-cocycle
F in H?(Z/10Z, A) is the element s'° € A/10A, under the previous isomorphism.

The Universal Coefficients Theorem shows that
1 — Ext(Hy(T3,),A) = H*(T' ; A) — Hom(H(T5 ), A) — 1

Further Ext(H; (T ), A) = A/10A is generated by the class x (as an A-valued cohomology class). Using
the definition of Ext one identifies the class y with the generator of H?(Z/10Z; A). This implies that the
image of 3 is the subgroup generated by x within H2(I'§ ; A). Then Corollary .3 follows.

2,1
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