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Abstract

Our motivation comes from the large population approximation of individual based
models in population dynamics and population genetics. We propose a general method to
investigate scaling limits of finite dimensional population size Markov chains to diffusion
with jumps. The statements of tightness, identification and convergence in law are based
on the convergence of suitable characteristics of the transition of the chain and strongly
exploit the structure of the population processes defined recursively as sums of indepen-
dent random variables. These results allow to reduce the convergence of characteristics
of semimartingales to analytically tractable functional spaces.

We develop two main applications. First, we extend the classical Wright-Fisher diffusion
approximation to independent and identically distributed random environment. Second,
we obtain the convergence in law of generalized Galton-Watson processes with interactions
and random environment to the solution of stochastic differential equations with jumps.

Key words: Tightness, diffusions with jumps, characteristics, semimartingales, Galton-Watson,
Wright-Fisher, random environment
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1 Introduction

Our motivation in this paper is the study of the scaling limits of discrete population models.
The scaling parameter is N € N and the successive population sizes (ZY : n € N) come from
individual based models. We define a Markov chain recursively defined by an expression of

the form
Fn(Zh)

ZrJLV—&—l = Z LiYTL(ZT{LV7E1{LV)’
j=1

where Fy is a function estimating the number of individual events and for each z,e, IV,
(LfYn(z,e) : 4,n > 1) is a family of independent identically distributed random variables
and EY is the environment in generation n. In particular, this class of processes includes well
known processes in population dynamics and population genetics, such as Galton-Watson and
Wright-Fisher processes. It also takes into account the effect of random environment and can
include a lot of additional ecological forces as competition, cooperation, sexe, as will be seen
in this paper.

For instance, in the Galton-Watson case, we have ZY € N, Fy(z) = z and Lfyn(z, e) = LN,
The criterion for the convergence in law of the renormalized process (Z[];’N 1 /N :t > 0) with
a time scale vy — oo is known from the works of Lamperti [22, 23| and Grimwall [15]. A
necessary and sufficient condition can indeed be given in terms of the reproduction random
variable LY for N — oo, which is equivalent to the convergence of the associated random walk
to a Lévy process (cf. [8]). The scaled process then converges as N — oo to a Continuous
State Branching Process (CSBP), which can be written as the unique strong solution of a
Stochastic Differential Equation (SDE). The parameters of this SDE are given by the limiting
characteristic triplet of L.

Our aim in this paper is to extend such criteria when the discrete process ZV does not enjoy



the branching property. We obtain sufficient conditions on the asymptotic behavior of F'N
and LY, so that a suitable scaling of ZV (space and time changes) converges in law. We
develop here two main applications, which are our original motivations for this work. We
generalize the convergence of Galton-Watson processes to CSBP both by adding independent
and identically distributed random environments and by taking into account size dependent
reproduction random variables. We also extend the Wright-Fisher diffusion approximation
to the random environment framework, when the selection advantage is randomly fluctuating
and can in particular provoke jumps in the frequencies of alleles.

Many works have been devoted to the approximation of Markov processes. They essen-
tially rely on tightness argument and identification of the martingale problem, see [11, 18] for
two references on the topic. Several difficulties arise when considering the general framework
of renormalized Galton-Watson processes and in particular when the limit is non-continuous
and explosive. The branching property allowed different elegant general proofs, using the
Laplace exponent [15] to get the finite dimensional convergence, but also the relation with the
convergence of random walks to Lévy processes via Lamperti’s transform [22, 8]. Lamperti
has also introduced a powerful transform in the stable framework, see e.g. [23] and [26] and
[5]. Other time changes have been successfully used to obtain scaling limits of discrete pro-
cesses, in particular for diffusion approximations, see for instance [19] for branching processes
in random environment and [30] for controlled branching processes.

But such time change techniques are essentially restricted to branching processes or stable
processes or diffusion approximations. We are here interested in processes where the branch-
ing property fails and major events may provoke jumps in the limit. The processes may
even be explosive and are, in general, non-stable. To deal with such processes, we develop
a general approach relying on the characteristic triplet of semimartingales Jacod-Shiryaev [18].

The law of a Markov process is determined by its transitions and thus the law of the scaled
process Z[]XN.} /N is determined by the family of functions

z — GY(H) = onE (H(ZY /N — z))

for H continuous and bounded. Similarly, the asymptotic behavior of GN(H) as N — oo
for a large enough class of functions H captures the convergence of the scaled process. The
convergence as N — oo of the characteristics of semimartingales defined by

Z g]Z\Z.N/N(H)

i<[vnt]

allows to get tightness and identification of the scaled process ([18] Chapter IX), under some
regularity and domination assumptions. However controlling G (H) for such a family of
functions is difficult in general, even for Galton-Watson processes. We prove in this paper
that one just needs to get uniform convergence of the characteristics GV(H) for H belonging
to some (rich enough) functional space H, which is dense in the set of regular functions null at
zero for a norm equivalent to |H|| =|| v — H(u)/(1 Au?) ||so. The choice of the space H will
depend on the assumptions on the model. In our applications, we exploit the independence
property of the variables (LfV (.,.) i >1). We plug at the level of the conditional increments
the characterization of the law by the Laplace exponent, which is well adapted to the sum of
non-negative independent random variables.



In the rest of the paper, we develop two applications to famous frameworks of population
genetics and dynamics based on Wright-Fisher and Galton-Watson chains which were our
original motivation and show the efficiency of our method. The first application studies a
Wright-Fisher model with selection in a random environment which impacts the selective
advantage. The environments are assumed to be independent and identically distributed and
the associated random walk converges to a Lévy process. We obtain the convergence in law
of the process evaluating the frequency of alleles A, jointly with the random walks of the
environment, by using the functional space

H={(u,w) = 1—e " k¢>0}

We thus derive a diffusion with jumps in random environment, which generalizes the well
known Wright-Fisher diffusion with selection and takes into account small random fluctuations
and punctual dramatic advantages in the selective effects.

The second application focuses on generalized Galton-Watson processes with reproduction law
both density dependent and environment dependent. We obtain a result of convergence in law
to the so called CSBP with interactions in Lévy environment (introduced in |28, 16]). For such
processes, characteristics are non-bounded and the result is deduced from the convergence of

the compactified processes
exp(=Z}' /N).

To deal with the joint laws of the latter and the environment random walks, we use the
functional space

H = {(v,w) = vFexp(—lw) : k> 1,6 >0} U{(v,w) = 1 —exp(—fw) : £ > 1}.

The results extend the criterion for the convergence of a sequence of Galton-Watson processes
and the results we know in random environment [19, 4] or with interactions [10].

They are further applied to Galton-Watson processes with cooperation and to branching pro-
cesses with logistic growth in random environment.

The paper is organized as follows. In Section 2, we give general results for the tightness, the
identification and the convergence in law of a scaled Markov process to a diffusion with jumps
in R?. The functional space H is introduced in Section 2.1. Tightness and identification results
are stated in Section 2.2 by assuming the uniform convergence and boundedness of charac-
teristics GIV(H) for any H € H. Convergence requires an additional uniqueness assumption,
which is here obtained from pathwise uniqueness in the applications, using standard tech-
niques for non-negative SDE [17, 13]. Proofs of these general statements are given in Section
2.3. In Section 3, we apply our method to a Wright-Fisher model with selection in a random
environment. We obtain in a suitable scaling limit a Wright-Fisher diffusion in random envi-
ronment for which we prove uniqueness of solution. In Section 4 (sections 4.1, 4.2, 4.3), we
apply our method to Galton-Watson processes with reproduction law both density dependent
and environment dependent. Section 4.4 is devoted to explosive CSBP with interactions and
random environment and an application to Galton-Watson processes with cooperatives effects
is developed. Section 4.5 is dedicated to conservative CSBP with interactions and random
environment and an application to Galton-Watson processes with logistic competition and
small environmental fluctuations is studied in details. Section 5 develops some perspectives of
applications of tightness and identification results. Indeed, we expect that the method can be



applied in various contexts and in particular for structured populations models with mating
functions Fly , competition or cooperation, etc.

Notation
For 2 € RY, we denote the euclidian norm by |z|.
The functional norms are denoted by ||.||. In particular the infinite norm of a bounded function

f on a set U is denoted by || flz,0. The sets Cp(U,R) and C.(U,R) denote the spaces of
continuous real functions respectively bounded and with compact support defined on U.

2 A criterion for tightness and convergence in law

Let X be a Borel subset of R? and U be a closed subset of R? containing a neighborhood of 0.

Let us introduce a scaling parameter N € N*. For any N, we consider a discrete time X'-valued
Markov chain (X} : k € N) satisfying for any k > 0,
L XY =) = L(FY),

where for any N € N, (FN, x € X) denotes a measurable family of X-valued random variables
such that for any # € X, the random variable FN — z takes values in U.

The natural filtration of the process XV is denoted by (F,ﬁv )k- Note that the increments
X,i\jrl — XY take values in U.

Our aim is the characterization of the convergence in law of the sequence of processes (X [JXN.], N €
N), where (vy)n is a given sequence of positive real numbers going to infinity when N tends
to infinity. It is based on the criteria for tightness and identification of semimartingales by
use of characteristics given in Jacod-Shiryaev [18|, which consists in studying the asymptotic
behavior of

T

GN(H) =onE(H(EY —2)) =onE(H(X — X)) | XE = 2), (1)
for real valued bounded measurable functions H defined on U.
Hypothesis (HO) We first assume that the family of random variables (FY)y . satisfies

lim sup gi\] 1 ) =0.
b—00 ze X, NeN* ( BO) )

This assumption avoids to get infinite jumps in the limit. We will see in the examples devel-
oped in the next sections that this condition affects both the population and the environment
dynamics.

Under Assumption (HO), we prove that the study of (1) can be reduced to a rich enough and
tractable subclass H of functions H. The choice of H depends on the models and is illustrated
in the examples.



2.1 The functional spaces and specific functions

We consider a closed subset U of R? containing a neighborhood of 0. As usual, we write
h(u) = o(g(u)) (resp. h(u) ~ g(u)) when h(u)/g(u) tends to O (resp. to 1) as u tends to 0.
We introduce the functional space

d d
Cb270 = ngo(u,R) =< HE€e Cb(Z/l,R) : H(u) = Zaiui + Z Bi,juiuj + 0(]u|2), Oé,',ﬁ,"j eR
=1

,j=1

The functions of Cgo can be decomposed in a similar way with respect to any smooth
function which behaves like identity at 0, as stated in the next lemma. The proof comes from
the uniqueness of the second order Taylor expansion in a neighborhood of 0.

Lemma 2.1. Let f = (f',..., f%) € (C2,)? such that fi(u) ~y_—o u; fori=1,...,d. For
any H € C’go, there exists a unique decomposition of the form

d d
H=Y ol H)f+ > sl +a,
i=1 ij=1

where A = o(|f|?) is a continuous and bounded function and a{(H), Bi{j(H): iyj=1---d
are real coefficients and B is a symmetric matriz.

Let us now introduce a specific function h, which behaves as identity in a neighborhood of
zero and plays a main role in our convergence results. In the whole paper, the function h
satisfies

h=(h', k) € (CE)*; h'(u) ~uso i s Bi(u) #0foru#0 (i=1,...,d). (2)

Note that in general this function is not a truncation function in the sense of Jacod-Shiryaev
[18] since it may not coincide with identity function in a neighborhood of 0. Its choice will be
driven by the processes we are considering and we are giving different choices of functions h
in the next sections, for instance h(x) =1 — exp(—z) on [—1,00) when d = 1.

We introduce a functional space H which contains the coordinates of h, their square products
and "generates" the continuous functions with compact support in R%. More precisely, we
make the following assumptions.

Hypotheses (H1)
1. H is a subset of Cl?,o and h',h'h? € Vect(H) fori,j=1,...,d.

2. For any g € C.(U,R) with g(0) = 0, there exists a sequence (gn)n € Cio such that
limy, 500 ||g - gn”oo,l/{ =0 and |h|29n € VeCt(H)-

Remark 2.2. In the ezamples of the next sections, Assumption (H1.2) is proved with the use
of the locally compact version of the Stone-Weierstrass Theorem. We refer to the Appendiz
for a precise statement. Moreover, contrary to the "convergence determining class" of [18],
the functions of H will not be null (or o(u?)) in a neighborhood of 0.



2.2 General statements

Hypotheses (H’1) There exists (GoH,z € X, H € H) such that for any H € H,

1. lim sup‘gN (H) — Go(H)| = 0.
N—00 pcx

2. sup |G (H)| < 4o0.
zeX

Hence (H'1) implies that the map x € X — G, (H) is measurable and bounded for any H € H.

Theorem 2.3. Assume that the sequence (X3 )N is tight in X and that (HO), (H1) and
(H'1) hold. Then the sequence of processes (X[]XN.], N € N) is tight in D(]0, 00), X).

We now introduce a truncation function in the sense of [18] :
ho = (hd, -+ hD), ho € CoU,RY), ho(z) == in a neighborhood of 0. (3)

Obviously, hf)hé € Cl?,O'

The next assumption (H2) is sufficient in addition to Hypotheses (H1) and (H’1) to get
the identification of the limiting values and their representation as solutions of a stochastic
differential equation. We use notations of Hypothesis (H’1) and Lemma 2.1.

Hypotheses (H2)

1. For any H € H, the map x € X — G,(H) is continuous and extendable by continuity
to X.

2. Forany v € X and any H € H,

d d
G.(H) = Y- ol (h(a) + 3 (e + [ T (K@oputdn). @)
i=1 i,j=1
where aho Zh;) and H™ have been defined in Lemma 2.1, b; and o; j are measurable functions

defined on X, V is a Polish space, ji is a o-finite positive measure on'V, K is a function from
X x V with values in U, [, 1A |K(.,v)*u(dv) < +oo and

Zm e /V (B ) (K (2, ) ().

The elements (b, o, V, u, K) will be specified in the applications. The proof of the next theorem
will explicitly give their relation with the associated stochastic differential equation (5).



Theorem 2.4. Under the assumptions of Theorem 2.3 and the additional hypothesis (H2),
any limiting value of (X[]XN.], N € N) is a semimartingale solution of the well-defined stochastic
differential system

X, = Xo—i—/otb(XS)ds+/Ota(Xs)dB5+/Ot/vho(K(XS_,v))N(ds,dv)

+/0 /V([d—ho)(K(Xs_,v))N(ds,dv), (5)

where Xo € X, B is a d-dimensional Brownian motion, N is a Poisson Point measure on
Ry x V' with intensity dsu(dv), Xo, B and N are independent and N is the compensated
martingale measure of N, Id denotes the identity function.

Finally the next additional assumption allows to obtain the convergence in law of the sequence
of processes (X[N N € N) in D(]0, 00), X).

’UN.]’

Hypothesis (H3) The law of the initial condition Xo € X being given, the uniqueness in law
of the solution of (5) holds in D(]0, 00), X).

Let us note that most often and at least in our applications, the uniqueness in law of (5) is
deduced from the pathwise uniqueness.

We are now in position to state the convergence result.

Theorem 2.5. Assume that the sequence (X{)n converges in law in X to X and that (HO),
(H1), (H’1), (H2) and (H3) hold. Then the sequence of processes (X[]XN.]>N converges in

law in D([0, 00), X) to the solution of (5).

2.3 Proofs
From now on, we assume that hypotheses (HO), (H1) and (H’1) hold. We write * = U\{0}.

In the proofs, we use the space R of continuous and bounded functions which are small

enough close to 0 :
Ry = {H € Co(U,R), H(u) = o(jul*)}.

Using Lemma 2.1 and (H1.1), we have

C’,io = Vect(H) + Rp. (6)
We work with the norm Hw)
u
H h = Sup ’
e ATTOTE

defined for H € R; such that sup, ¢y % < 400. In that case, the positivity and linearity
of gjcV for all x € X and N > 1 imply that
G2 (H)| < G2 (Ih*) [ H ln < a(|B]) [|H 1, (7)

where a(|h|?) = supy yex |G2 (|1]?)| < 0o by (H'1) since |h|? € Vect(H) by (H1.1).



2.3.1 Proof of Theorem 2.3

We first extend the assumptions (H’1) to CZ, in order to prove the tightness. We note that
(H’1.1) and (H’1.2) extend immediately to H € Vect(H) by linearity of H — G (H) for
any r € X and N > 1.

Lemma 2.6. For any x € X, there exists a linear extension H € Cl?,o — G, (H) of G, such
that (H'1.1) and (H'1.2) hold for any H € CZ,,.

As a consequence, writing o(H) = supy ,cx |G2 (H)|, for any H € Cg’o,

sup |G, (H)| < sup_ |G (H)| = a(H) < +o0. (8)

T€X NzeX
Proof. Using (6) and linearity, we only have to prove the extension to R;. Let us first prove
the result for the compact supported functions of Ry. Let us consider H € Ry with compact
support and show that the sequence (GY(H))y converges when N tends to infinity. The
function H/|h|? defined on U* can be extended to a continuous function g on & with compact
support and g(0) = 0. Then by (H1.2), there exists a sequence (gy), of functions of CI?,O
uniformly converging to g and such that H,, = |h|?g, € Vect(H). Since H = |h|?g, || H, —
H||p, — 0 when n — co. Moreover the sequence (géV(Hn))N converges to G,(H,) when N
tends to infinity for any fixed n and uniformly in x. Let us now consider two integers m and
n. Using (7), we have

sup [GN (Hn) — GY (Hy)| < a(|h[?) | H — Hylln

)

and letting N go to infinity, we obtain that (G.(|h|?gn))n is a Cauchy sequence. Then it
converges to a limit denoted by G, (H ), which satisfies sup,, |G, (H)| < co. Moreover

’gé\](H) - gw(H)| < ‘gchV(H) - g:iv(Hn)‘ =+ ‘g:]cV(Hn) - ga:(Hn)‘ =+ ‘gx(Hn) - gz(H)‘

Using that ]g;V(H) - giV(Hn)‘ < a(|h]?) lg = gnllo and choosing n and then N large enough
ensure that the left hand side goes to O :

N
sup |6 (H) — G, (H)] =5 0.
zeX
Let us now consider H € Ry,. We introduce a non-decreasing sequence (), € C?(R%) such
that |¢nllec < 1, pn(xz) =1 o0n B(0,n) and ¢y (z) = 0 on B(0,n+ 1)¢. For any integer m > n

and x € X and N > 1,
G (Hem) = G2 (Hon)| < [|Hlloo G (Lp(onye) < [1H oo Cas

where C),, — 0 as n — oo infinity by (HO0). Letting N tend to infinity, we obtain that for
any © € X, the sequence (G,(Hy))n is Cauchy and converges to some real number G, (H).
Moreover |Gz(H) — Go(Hpn)| < Cp||H||oo- It follows that for any H € Ry,

G (H) — G (H) G2 (H) — GY (Hepn)| + 192 (Hen) — Go(Heon)| + |Go(Hen) — Go(H)|
20| H||so + |GY (Hn) — Go(Hepn)|

Adding that Hy, € R and has compact support, GY (Hp,) — G.(Hp,) goes to 0 and then
GN(H) —G.(H) tends to 0 as N tends to infinity uniformly for 2 € X. It proves (H’1.1) and
(H'1.2) and (8). O

<
<



We now prove that a o-finite measure can be associated to G, with measurability in the
x-dependence. It describes the jumps of the limiting process.

Lemma 2.7. There exists a measurable family of o-finite measures (u, : © € X) on U* such
that for any H € Ry,

Gu(H) = | H(w)pa(du). )

For any x € X, G, is then extended by (9) to any measurable and bounded function H on
(RY* such that H(u) = o(|u|?). Moreover

lim sup G2(1B(0,)e)| = 0. (10)

b—00 4

Proof. For any z € R? and H € C.(U*,R), the map H — G,(H) is a positive linear operator.
Adding that U* is locally compact, Riesz T heorem leads to the existence of a o-finite measure
ty on U* such that for any H € C.(U*, R fu* u) iz (du). The extension of this
identity to any H € R follows again from an approx1mat10n procedure, using ¢, defined
in the proof of Lemma 2.6. Indeed, on the one hand monotone convergence ensures that
Jop» Henpiow goes to [, Hyip. On the other hand, |G.(Hy,) — G (H)| < Cn||H s goes to 0.
Finally (10) comes from (HO) with a monotone approximation of 1p(g ) by elements of Ry,
and the convergence of GN to G. OJ

Let us now turn to the proof of Theorem 2.3. We first prove the convergence of conditional
increments functionals, defined for any function H € Cl? 5 and t > 0 by
[’I)Nt th]

ZE - X)L = —ZQ (11)

where the last identity comes from the Markov property.

Proposition 2.8. For any function H € 0192 and t >0,

lim sup‘qﬁiv( g N (H )ds):() a.s.

N—oo < [UNS]

Proof. Using (8), we have

[UNt] t t t
1 H
— D Gxy (H)= | GYn (H)ds—[  GYv (H )ds:/ QQ[N (H)ds+0 <O‘( )>.
0 ’UNS

UN k=1 -1 0 [vs] [UTJX]] [v 8] UN
Then
o(H
sup ¢ (H) — Q v (H)ds| STSup|géV(H)QI(H)|+O(())
t<T [UNS reX UN
and the conclusion follows from (H1'.1) proved in Lemma 2.6. O

10



Let us now define on the canonical space D([0, 00), X) a triplet which characterizes the limiting
values of the sequence (X[]XN_],N € N). Using the measurability and boundedness of © —

Go(H) for € X and H € CP, and the truncation function hq introduced in (3), we define
for any w = (ws, s > 0) € D([0,00), X') the functionals

Biw) = [ (Gt .G 0)) ds.
CP(w) = ; Guo, (hiyh}) ds,
v(w H) = /0 Go (H1yy) ds — /0 [ Hwp () ds (12)

for any H € Cy(R?% R) such that H(u) = o(|u|?), where the last identity comes from (9).
Following Chapters II. 2 & 3 in [18] adapted to the arrival space X (instead of R?), the

characteristic triplet associated with the semimartingale X* is given for 7, j € {1,...,d} by
BY = ) Eho(UM)IFily) = (¢ (hg)--- &1 (hE)
k’S[’UNt]
G = 3 (BBMUNRUNIFY) — By U FLER U FYL) )
k‘g[’l}]\]t]
or(H) = ), EHUNIFL), (13)
k‘S[U}\]t]

where U, ,ﬁv =X ,iv -X ,f:V_ , and H is a continuous bounded function on R? null in a neighborhood
of 0. Proposition 2.8 implies the convergence of the characteristics, as stated below.

Proposition 2.9. ForanyT > 0 and anyi,j =1,--- ,d and H a continuous bounded function
null in a neighborhood of 0, we have the following almost-sure convergences :

N—oo

sup | B = Bjo X[\ 1| =3 0; (14)
t<T
sup |CNH — ¢ oX[]XN.]‘ =20, (15)
t<T
sup | (H) — (X)), H)‘ N=ee, (16)

t<T

Proof. From Proposition 2.8, we obtain immediately the first and last convergences and

§1<1¥ qbiv(héh{)) —CVo X[JXN.}‘ —Nooo 0 a.s.

So it remains to replace gi)iv(héhé) by C~’tN’ij. We have

1

1
E(hg(UL)IFil)| < p
N UN

sup |GN(A)| < a(hl).
N,zeX

and a(h%) < oo from (8). Hence the second term in @N "J vanishes, which yields the result.

11



To apply Theorem 3.9 IX p543 in [18] and get the tightness, we need to check the required
strong majoration hypothesis and condition on big jumps. For any process (X, ¢ > 0) with
finite variation on any finite time interval, we denote by Var(X); the total variation of X on
[0,¢]. First, using that for any H € Cp,, G H is bounded ensures that there exists a positive
constant A such that for any w € ]D)([O,,oo), X)),

ZV@TBZ t+ZC” )+ v(w,u = |uP A1) < At (17)
4,j=1

Second, we can control the big jumps, using that v4(., 1pop)e) < t]|G.(1p(op)e)lloc; Which
tends to 0 as b tends to infinity from (10). We obtain

lim sup vi(w, L)) = 0. (18)
b1o0 1yeD([0,00),X)

The proof of Theorem 2.3 of (X[N pN e N) follows from (14)-(18) and the tightness of

the initial condition, by an application of [18, Theorem 3.9, chapter IX, p543|.

2.3.2 Proofs of Theorems 2.4 and 2.5

Let us now assume the additional Hypothesis (H2). We wish to identify the limiting values of
(X []XN‘},N € N) as solutions of the stochastic differential system (5). We first need to extend
continuously the limiting characteristic triplet to the boundary.

Lemma 2.10. (i) For any H € Ry, the map v € X — G,(H) is continuous and extendable
by continuity to X. Moreover

sup |Gz (H)| < a(H) < +o0. (19)
TEX

(ii) For any H € Ry and v € X,
= [ HE @ ot (20)

and in particular [, 1 N|K(.,v)[*u(dv) is bounded on X.

Proof. Let H € Rp. Using the sequence ¢, of the proof of Lemma 2.6 and approximating
onH for || . || by Hy, € Vect(H) NRy as in the proof of Lemma 2.7, we obtain that

sup |G (H) = G2 (Hn)| <|| Hl|ocCnt | onH — Hy |l a(|h[?)
zeX,N>1

tends to 0 as n — oo. Letting N — oo ensures that G H, converges uniformly to G H as
n — oo. Using (H2.1) for H,, we obtain that G H is continuous on X and extendable by
continuity to X', which proves (7). Moreover (8) yields (19) by continuity.

For (ii), we first consider H € Vect(H) N Ry. Then oMo (H) = pgMo(H) = 0, " =H
and (H2.2) ensures that (20) holds for H. Let us now extend this identity to H € R} with
compact support. We note that H = |h|?g with g € C.(U,R) and using Assumption (H1.2),

12



we know that g is uniformly approximated by a sequence g, such that |h|?g, € Vect(H)NRy.
Identity (4) implies that (20) holds for any |h|%g, and

gx(\h|2gn)Z/V(\h|2gn)(K(%v))u(dv)~

We make n tend to infinity in both terms using (8) and the assumption [, 1IA|K (z,v)[2u(dv) <
400. The extension to Ry follows again from a monotone approximation by the compact
supported functions H,,, which ends the proof. O

This lemma allows us to extend the definitions of the characteristics and the identity of (12)
to any w € ([0, 00), X). Moreover (i) ensures that w € D([0, 00), X) = (By(w), Cy(w), v (w, H))
is continuous and that the dominations (17) and (18) extend from X to X. We can then apply
[18, Theorem 2.11, chapter IX, p530] on the closed set X for the identification. We obtain
that any limiting value of the law of (X (on }) ~ is a solution of the martingale problem on the

canonical space ([0, c0), X) with characteristic triplet (B, C,v), where
C/ = CP — (., hihi).

Finally, using (H2.2) for H € {h}, héhé} and (20), the characteristics in (12) write
t
Bi(w) = / b(ws)ds
0
Cl(w) = / (Z 0i ks (Ws)0j ke w8)> ds

v(w, H) = //H (ws, v))p(dv)ds,

for any w € D([0, 00), X). By [18, Chapter III, Theorem 2.26 p157], the set of solutions of the
martingale problem with characteristic triplet (B, C,v) then coincides with the set of weak
solutions of the stochastic differential equation (5). That proves Theorem 2.4.

To conclude the proof of the convergence, we remark that uniqueness hypothesis (H3) guar-
antees (i77) in [18, Theorem 3.21, chapter IX, p546]. The other points (i — vi) of this theorem
have been checked above and Theorem 2.5 follows.

3 Wright-Fisher process with selection in Lévy environment

3.1 The discrete model

Let us consider the framework of the Wright-Fisher model: at each generation, the alleles of a
fixed size population are sampled from the previous generation. We consider a population of
N individuals characterized by some allele which is either A or a. The number of individuals
carrying allele A is a process (Z,‘iv ,k € N) whose dynamics depends on the environment.
When N is fixed, we consider the coupled process describing both the discrete time dynamics
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of the population process and the environment process. For each N > 1, it is recursively
defined for k£ > 0 by

k+1 - Zz lglivz(ZN/N EN)
(21)
SN =8SY+EY,

and S = 0,Z) = [NZ), Zy € [0,1] is a finite random variable, (E})s are indepen-
dent and identically distributed with values in (—1,+00) and the family of random vari-
ables ((Sé\fi(z,w),(z,w) € [0,1] x (=1,00));k > 1,i > 1) are independent and for each
(z,w) € [0,1] x (—1,00). Moreover the random variables (c‘:li\ji(z,w); k>1,i>1) are identi-
cally distributed as a Bernoulli random variable £V (2, w) defined by

P(EN (z,w) = 1) = p(z,w) ; P(EN (z,w) =0) =1 — p(z,w).

We assume that Zp, ((Sévyi(z,w), (z,w) € 0,1] x (=1,00));k > 1,i > 1) and (E},k > 0) are
independent.

We assume now that the random walk S[]]VV.} converges in law to a Lévy process with

characteristics (ag, 8z, V). Following [18, chap.VII Corollary 3.6] p.415, it can be stated as
follows, by considering a truncation function hy, i.e. hy defined on (—1,400) continuous and
bounded and hz(w) = w in a neighborhood of 0.

Assumption A. There exist agp € R, o0gp > 0 and a measure vy on (—1,+00) satisfying

f(71,+oo) (w? A 1)vg(dw) < 400 such that

lim NE(hy(EN)) =ag; lim NE(AA(EN)) = Bg; A}ig})ONIE(f(EN)):/( 1 )f(w)z/E(dw),

N—oo N—o0

for any f null in a neighborhood of 0, continuous and bounded and By = UE—i—f h2 2(w)vg(dw).

The small fluctuations of the environment are given by oz, while the dramatic events are given
by the jump measure vg. Negative jumps will correspond to dramatic disadvantages of allele
A and an usual set of selective advantages is (—1,00), as illustrated in Section 3.4.

The limiting environment process Y can thus be defined by

Yt_aEH/ opdBE + //Hoo w)NE (ds, dw) + //Hm w — hy(w))N?(ds, dw),(22)

where B” is a Brownian motion and N is a Poisson point measure on R X (—1,400) in-
dependent of B with intensity measure v;. By construction, this Lévy process has jumps
larger than —1.

Let us first prove a consequence of Assumption A which will be needed in the proof of the
next theorem.
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Lemma 3.1. Let g € C3([0,1] x (—=1,00),R) bounded and satisfying g(z,0) = 0 for any
z € 10,1]. Then, under Assumption A,

NE(g(z, EV)) =% B.(g),

uniformly for z € [0,1], with

o~ w 2
and g(z,w) = g(z,w) — hE(w)g—g)(z,O) — %%(2,0).

Proof. Indeed, we can decompose as follows

2
NE(g(z, BY)) = 22 (2,0) NE(hs(BY)) + 5 55 (20) NE(hs(BY?) + NEG(z, EV)).

The two first terms converge uniformly as N — oo by a direct application of Assumption A.
Moreover the last part of Assumption A can be extended to continuous function f(w) = o(w?)
using a monotone approximation of f by functions null in a neighborhood of 0. Then the last
term converges for fixed z and it remains to prove that the convergence is uniform on [0, 1].
First, let us consider a compact set K = [0,1] x [=1 + €9, 4] of [0,1] x (—1,00). As g is
C3(]0,1] x (—=1,00),R), the function

Gzw)  g(z,w) — he(w)§2(2,0) 1%
(z,w) = hp(w)? hg(w)? ’ 200

(2,0)

and its first derivative with respect to z are well defined on [0,1] x (—1,00) — [0,1] x {0}
and extendable by continuity to [0,1] x (=1, 00). Thus the derivative of §(z,w)/hp(w)? with
respect to z is bounded on K and using that (NE(hy(E™)?))y is bounded by the second part
of Assumption A, there exists C' > 0 such that for any N > 1,

‘NE (9 BV pneoieoa)) = NE (3 BN L giorieg.a)) ‘ <Clz-2|

Moreover, using that all functions involved in the definition of § are bounded, there exists
C’ > 0 such that

‘NE <\§(27EN)’1ENQ[—1+50,A]> ‘ < C'NP(EN ¢ [-1 + €0, A))

and by the last part of Assumption A |,

lim  sup NP(EN & [-1+¢e0,4]) = lim  vp((—1,—1+e0) U (A4,00)) = 0.

e0—0,A—00 N g0—0,A—00

Combining the two last inequalities, we obtain that the family of functions (NE(g(., EN)))n
is uniformly equicontinuous on [0, 1] and the convergence is uniform by Ascoli Theorem. [
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We now assume that p is a C3-function from [0, 1] x (-1, 00) to [0, 1] and p(z,0) = z for any
z € [0,1]. A main example is given by

z(1 4+ w)
z(l+w)+1—=2

p(z,w) = (23)

and describes a case where the environment w acts as a selection factor on the probability to
get the allele A. By construction, this selection factor is larger than —1. The particular case
when the environment is non-random, i.e. E,]CV = s/N a.s. for some real number s € (—1, +00),
yields the classical Wright-Fisher process with weak selection. It is well known that in this case,
the processes (Z [jzvv}) ~ converge in law to the Wright-Fisher diffusion with selection coefficient

s whose equation is given by dZ; = \/Zy(1 — Z;)dB; + sZ(1 — Z;)dt. Here we generalize this
result for a random environment.

3.2 Tightness and identification

For the statement, we introduce the drift coefficient inherited from the fluctuations of the
environment:

op 0
bi(z) = aEgi(z,O) + 286102(27 0) + /(1,00) (p(z, w) —z — hE(w)gZ(z,OO vp(dw).

Theorem 3.2. Under Assumption A, the sequence of processes (Z[]]VV.]/N, S[JX,.})N 1s tight in

D([0,00),[0,1] x R) and any limiting value of this sequence is solution of the following well
defined stochastic differential equation

Zt:ZO+/tb1(Zs)ds+/t\/Zs(1—Zs)dBf+ gp (Zs,0)dBE+
0 0
+/( ) 2 ) Nt ) (24)

Y: = agt + 0By + // ) dt dw) // (w — hg(w))N(dt, dw),
1,00 1,00)

where B and B® are Brownian motions; N is a point Poisson measure on Ry x (—1,00)
with intensity dtvg(dw) and N is the compensated martingale measure of N; Zy, B?, B¥ and
N are independent.

Proof. We apply our results to the Markov chain
ZN
XY = ( .Sy ) keN

which takes values in X = [0, 1] x R.

Let x = (z,y) € X, we set FY = F(];[y)

P _x_(

= (% 2511 &i(z, EN), Y+ EN) and we have

N
Z (z, EN) — 2), EN> (25)

= \
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The state space of the random variables FY — 2 is U = [~1,1] x (=1, +00).

We first prove that the assumptions (HO), (H1), (H’1) and (H2) are satisfied with vy = N.
(i) Let us first check (HO). We take b > 0 and consider

GY (Lpop)e) = NE(Lgpe(FY — ).
Then

NE(Lggp(FY —z)) < NP <\Z (2, EN) = 2)| > b/f) + NP(|EN| > b/V?2)

We observe that N‘ ZZ ((Ei(z, EN) — )’ € [—-1,1] a.s. Moreover the last part of Assumption
A ensures that
limsup NP(|EN| > b/V?2) < v[b/vV/2 —1,00),

N—o0

which tends to 0 as b — +00. Then supy ,ef0,1x(~1,00) QiV(ILB(O,b)c) — 0 and (HO) is satisfied.
(ii) We define the function h on U by
h(u,w)=(1—e""1—¢e")
and the space H is the subset of real functions on U defined as
H={(v,w) el = Hyy(u,w); k,£ >0}, with Hye(u,w)=1-— e hu—tw,

We can apply the local Stone-Weierstrass Theorem on the locally compact Hausdorff space
U — {0,0} (see Appendix 6.4) to the subalgebra Vect(H), which is thus dense in the set of
functions of C.(U) null in zero. Moreover Vect(H) is stable by multiplication by |h|2. We
deduce that (H1.2) is satisfied, while (H1.1) is obvious.

Let us now prove that (H'1) is satisfied. We need to study the limit of GYY(Hy ) as N tends
to infinity. Recall that G (Hy ) = N E(Hg (FY — 2)) with z = (z,y) and FY — z given by
(25). We have
GN(Hypy) = NIE(l e Zﬁil<&<z7EN>fz>e4EN)
— N(l_]E(E[e ]I\C[(S(ZE ‘ENi| 7ZEN)>
N
= N(l - E([e v(1-2) p(z, EN) + e%z(l —p(z,EN))} e*ZEN>>.

Using the following Taylor expansion

_k(_, k, k k2
10g<e N2y 4w (1—p)> = N(z—p)Jer(l—p)JrO(l/N?’),

with N30O(1/N?) bounded uniformly in p, z € [0, 1], we obtain

GN(Hpy) — NE(1 _ ek(z—p(z,EN»—eEN.e%meN)(l—p(z,EN))‘eou/N?))
_ NE(l — (1 = Apg)(1 + Ben) (1 + Rn)] (2, EN)>,
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where N?Ry, y(z,w) is uniformly bounded for z € [0,1],w € (—=1,00) and N > 1 and

Az, w) = 1—exp (=k(p(z,w) —2) —bw);  Byn(zw) = Zip(z,w)(l—p(z,w»w(];).
By expansion, we obtain
GN(Hie) = NE(Ago(z EN)) (1 + O(1/N))
BB (b )1 - (5 BY)) + OUN). (20

Using Lemma 3.1 both for (z,w) = Ay (2, w) and (z,w) = p(z,w)(1 — p(z,w)) — 2(1 — 2),
we obtain from (26) that
N N—oo kQ
Go (Hye) = Go(Hye) = Bo(Age) — 52(1 - 2),
uniformly for z = (2,y) € [0,1] x R. Then (H’1.1) is satisfied and for any =z € X,

A 9*A — K
Gu(Hig) = ap 2258 (5 0) 4 220 ARL (o) / Az w)vp(dw) — S 2(1-2) (27)
(71700)

ow 2 Ow?
with
O Ak _9p 02 Ay 9% Op 2
8w (Z, 0) = k%(z, 0) + e, awz (Z, 0) = kw(27 0) — (k%(z, 0) + E)
and
0AL h%(w) 82Akvg

a2, w) = App(,w) = hp(w) =575 (2,0) = =2 =m0 (2,0).

The assumptions on the function p allow us to conclude that (H’1.2) is also satisfied.

(iii) We now check (H2). First, the continuity of G on [0, 1] x R comes from the regularity
of p and from the integrability assumption on vy ( by Assumption A) with use of Lebesgue’s
Theorem.

Now, let us introduce the truncation function defined on U = [-1,1] x (—1,00) by
V(u, 'LU) eu, hO(u7 ’U)) = (u7 hE‘(w))

With the notation of Section 2, recall that h}(u,w) = u and h3(u,w) = hy(w).

With the notation of Lemma 2.1, we have

k2
57

T 0

B (Hie) = BY (Hie) = — B2 (Hrp) = ——-

oM (Hyg) = k, a0 (Hyy) = 0, B (Hyp) = — 5

Moreover, setting K (z,w) = (p(z,w) — z,w), we note that Ay, = Hyyo K and

— _ k2
Apg(z,w) = Higd°(K(z,w)) + kpi(z,w) — 5 p2(zw) = kths(w)g(z,w),
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22 (2,0) — 2£QE 22 ),
palz.w) = (p(zw) — 2)? — W) (£(2.0)) and g(zw) = p(z,w) — 2 — h(w) 2(z,0).

Now we set V' = (—1,00) and choose i = vy and for z = (z,y) € [0,1] x R, we define

with p1(z,w) = p(z,w) — z — hg(w)

() = bi(2) = o200+ 22 2 o>+/vp1<z,w>vE<dw> L ba(2) =
o1(z) =vz(1—2) ; oxnl@) =0z ; oalz)=0 ; o )—UES (2,0).

Then (27) rewrites

2 2
G(Hpe) = kbi(x)+ lha(x) — %011(1:) - %022( ) — klcia(x / Hkg (z,w))vg(dw),

where, recalling that 8z = o2 + f 1,00) h2 (w)vg(dw),

cn(x)

2
2(1—2)+ Be (ap(z,O)) —i—/vpg(z,w)vE(dw)
= 0’%1( ‘1‘0'12 /V( (dw)
cn(r) = pp=on(T /(h ) p(dw),
cole) = Beil(z0)+ /(_Loo)haw)q(z,w)uE(dw)=m<x>agz<x>+ /V BAR3 (K (2, w)) ().

Thus (H2) holds for any H = Hy 4 € H.
We can now apply Theorems 2.3 and 2.4 for tightness and identification and conclude. O

3.3 Pathwise uniqueness and convergence in law

To get uniqueness for (24) and convergence of the scaled process, we use here pathwise unique-
ness results and need some additional regularity of the terms of (24). We follow Li-Pu [25]
and assume that

Assumption B. For any w € (—1,400), the function z — p(z,w) is non-decreasing.
Moreover there exist functions r, b, and bg such that for any z € [0,1],

bi(z) = by(2) + ba(2),

with by mon-increasing and r non-negative, non-decreasing and concave, fO 1/r(2)dz = 400,
and |by(z) = bp(2")| < r(|z = 2'|) for any z,2" € [0, 1].

The monotonicity assumption on p is natural since p(z, w) denotes the probability to get an
offspring carrying allele A in a population where z individuals carry allele A. The regularity of
b1 may impose some moment conditions on the measure vy, as seen for an example in Section
3.4 below.

Corollary 3.3. Under Assumptions A and B, the sequence of processes (Z[]]VV.}/N, S[]]VV.})N

converges in law in D([0, 00), [0, 1] x R) to the unique strong solution (Z,Y") of (24).
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Proof. We show that pathwise uniqueness holds for (24), which ensures (H3) and allows us
to apply Theorem 2.5. The pathwise uniqueness of the process Y is well known. Let us focus
on the first equation of (24) and prove the pathwise uniqueness of the process Z. We are in
the conditions of applications of Theorem 3.2 in [25]. Indeed, we remark that the Brownian
part of (24) writes

d d 2
\/ Zt(l — Zt)dBf + aEﬁ(Zt, 0) ngE = \/Zt(l — Zt) + O'% (aZ(Zt, 0)) th = O'(Zt)th,

with W Brownian motion since B? and B¥ are two independent Brownian motions. We prove
easily that for any 21, 20 € [0,1], |0(21) — 0(22)|> < L|21 — 22| for some constant L > 0. Using
vep(V —Vh) < oo with Vj = (—1/2,1) and z € [0,1] — (p(z,w) — z)/w is uniformly Lipschitz
for w € Vj since its first derivative is bounded, all the required assumptions for [25] Theorem
3.2 are satisfied and we get the pathwise uniqueness of the solution of (24). O

3.4 Example

A main example is given by

B 2(1 4 w)
p(zw) = z1+w)+1—-=2 (28)

and describes a case where the environment w acts as a selection factor on the probability to
get the allele A. By construction, this selection factor is larger than —1. The particular case
when the environment is non-random, i.e. EYY = s/N a.s. for some real number s € (—1, +00),
yields the classical Wright-Fisher process with weak selection. It is well known that in this case,
the processes (Z[J]VV.}) ~ converge in law to the Wright-Fisher diffusion with selection coefficient

s whose equation is given by dZy = \/Zi(1 — Z;)dB; + sZ;(1 — Z;)dt. Here we generalize this
result for a random environment.

Note that in this case, we have

Op B 0% B 2
a—w(z,()) =z(1—-2); W(Z,O) =—-2z°(1 - 2).

Then

(M — hg(w)z(1 — Z))VE(dw). (29)

b1(2’)—0¢E2(1—z)_UEZQ(I_Z)+/ 2w+ 1

(_1700)

Under Assumption A and by Theorem 3.2, the sequence of processes (Z[]]VV.]/N, S[]]VV'O
tight in ([0, 00), [0, 1] x R) and the first coordinate of any limiting value is solution of

1S
N

t t t
Z = ZO+/ bl(Zs)der/ \/Zs(l—ZS)dBSD—i—aE/ Z,(1 — Z,)dB®
0 0 0
t wZs— (1 —Zs-) ~
+/ / N(ds, dw). 30
0 J(-1400) 1HwZs ( ) (30)
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In particular if oy = 0 and vy = 0, we recover the classical Wright-Fisher diffusion with
deterministic selection ap. Our extension allows us to consider small random fluctuations
(asymptotically Brownian) and punctual dramatic advantage of the selective effects.

By Corollary 3.3, a sufficient condition for the convergence in law of (Z[]]VV.] /N, S[]]VV.]>N in
D([0, ), [0,1] x R) to the unique strong solution of (30) is

+oo
/ wvg(dw) < 4o0.

Indeed, writing

1+ w

k(w, z) T rw)?

0 (M 1 hp(w)(1 - 22),

0z\ zw+1 p(w)z(1 = 2)
the function z — (1+w)/(1+wz)? —1 is decreasing for small w, k(w, z) = O(w?) on [~1/2,1]
and Sup.¢(o,1],wel1,00) K(w, 2) < Cw for some C' > 0. Therefore, the function by defined in (29)
satisfies Assumption B.

4 Continuous State Branching Process with interactions in Lévy
environment

In this section, we are interested in large population approximations of population dynamics
with random environment and interactions. We generalize in different directions the classical
convergence of Galton-Watson processes to Continous State Branching processes (CSBP), see
for example [15, 22, 8]. We focus on models where the environment and the interaction mainly
affect the mean of the reproduction law and thus modify the drift term of the CSBP by ad-
dition of stochastic and nonlinear terms. This allows us to construct a discrete population
model approximating the so-called CSBP in Lévy environment with interactions (BPLEI) for
large populations.

The CSBPs in random environment or with interaction have recently been subject of a large
attention. More precisely, we refer to [28] for existence of the solution of the associated SDE
with general assumptions, [4, 3, 26| for approximations and study of some classes of CSBP
in random environment (without interactions), [2, 10, 29] for CSBP with interactions (with-
out random environment), while [30] considered diffusion approximations in the continuous
context. The method we develop here, relying on Section 2, allows to obtain new statements
both for convergence of discrete population models and for existence of solutions of SDE with
jumps, as detailed in the following Theorems.

4.1 The discrete model

Let us now describe our framework. We consider N € N* scaling the population size and
a sequence (vy)y which tends to infinity with N giving the time scale. As in Section 3,
we introduce for any N a sequence of independent identically distributed real-valued random
variables (EY)g>o with same law as EY. The asymptotical behavior of (E})g>0 is similar
as the one in Section 3 (Assumption A) but the scaling parameter is vy. As in the previous
section, hy denotes a truncation function defined on (—1,+00).

21



Assumption Al. Let us consider ap € R, o5 € [0,00) and vy a measure on (—1,00) such
that

/ (1 A w?) vp(dw) < oo. (31)
(—1,00)

Writing B = 02 + f(_lm) h%(w)vg(dw), we assume that

Jim ox E(hy(BV)) = ag; lim oy B(EY) = 65 lim onB(F(EY)) = /( L fw )

for any f nul in a neighborhood of zero.

We also consider the associated random walk defined by

sf=0, Sy, =Sy+EY (k>0).

We recall as in Section 3 that A1 is equivalent to the convergence of the random walk S[]XN‘]

to the Lévy process Y with characteristics (g, g, Vi) defined in (22). We reduce the set of
jumps to (—1,00) to avoid degenerated cases when a catastrophe below —1 could kill all the
population in one generation.

Let us fix N. We assume that each individual reproduces independently at generation k with
the same reproduction law which depends both on the underlying environment and on the
population size. More precisely, given a population size n and an environment w, this law is the
law of a random variable LY (n,w). We thus introduce random variables Zy > 0 and LN (1, w)
such that the family of random variables (Z, (Lf}fk(n,w),n € Nw € (-1,4)), E i Neik €
N*,j € N) is independent and for each n € N,w € (=1, 400), the random variables Lhk(n, w)
are all distributed as L™ (n,w) for i,k € N*. Moreover, we assume that the function Lsz
defined on  x N x (—1,400) endowed by the product o-field is measurable. 7
The population size Z,iv at generation k is recursively defined as follows,

Zy =[NZo, Z{, = ZL (ZN,ENY vk >0, (32)
with Zy € [0, 00) a fixed integer valued random variable.

We investigate the convergence in law of the process ((%Z []XN i SN (o t}) t €10, oo)) We cannot
apply directly our general result to Z[]XN.]. Indeed, the (associated) characteristics of the first

component are not bounded. Moreover, scaling limits of Z¥ can lead to explosive processes,
as already happens in the Galton-Watson case. Therefore, we first study the convergence of
the process

Xi = (exp(=Z{/N),S¢') (k€N (33)
in D(R4, [0, 1] x R) where the state space of the first coordinate has been compactified. Fol-
lowing notation of Section 2, we introduce for = (exp(—z),y) € (0, 1] x R the quantity

[Nz]

Fé\]:<exp<—;Z(Lﬁv([Nz],EN)—1)—z),y+EN), (34)

=1
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and observe that for any z € N/N, conditionally on X ]i\f = (exp(—=2),y), the random variable
X ,ﬁrl is distributed as FN.

We apply now the theoretical framework developed in Section 2. Let us introduce y = (0, 1] xR
and U = [—1,1] x (—=1,00) and for u = (v,w) € U, we define

h(u) = h(v,w) = (v,1 — exp(—w)), ho(u) = ho(v,w) = (v, hg(w)) (35)

respectively as the specific function and the truncation function. We choose the functional
space ‘H defined by
/H:{Hk,gtkz1,520}U{H[2£Zl},

where for any v = (v,w) € U,
Hyo(u) = v" exp(—w) and  Hy(u) = 1 — exp(—Lw).

The fact that H satisfies (H1) is a consequence of the local Stone Weierstrass Theorem on
[—1,1] x [-1,00) \ {(0,0)} (cf. Appendix 6.4). For any k,¢ > 0 and = = (exp(—=z),y) €
(0,1] x R, we have

)
GN(He) = E(Hyy(exp (- % %:(L;N([Nz], EY) 1)~ 2) — exp(~2), EV)

=1

— R ((e}V SN LN (a1, BY)-1) 1)’“ efEN) .

Using binomial expansion and setting

Nz
PY(z,w) =E (e*%(LN“NZWH))[ ' (36)

and
AN/(2) = oNE (PjN (z, EN )e—fEN> . (37)

we obtain by independence of the reproduction random variables conditionally on EV that
0 () =Y (M) -t (38)
§=0
for k > 1, since Z?:o (};)(—l)j”l€ =0 . Similarly, for £ > 1,

giV(Hg) =oyE(1 — exp(—EEN)).

Using Section 2, the asymptotic study of the sequence (X [JXN.}) ~ can be determined via the
convergence of the functions Aﬁve. More precisely, the uniform convergence and boundedness

of exp(—kz)Aé\’Z(z) ensure the tightness of X [JXN. using Theorem 2.3. The continuity of the
limiting functions is involved in the identification of the characteristic triplet of the limiting
semimartingales. Finally, their representation as solutions of a stochastic differential equation
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and the associated uniqueness yield the convergence (Theorem 2.5).

Let us note that this characterization of the convergence of the process in terms of character-
istics of the joint distribution of the offspring size and the environment applies in particular
to Galton-Watson processes. In that case, EY = 0, LV (z,w) = L and Aj-ve(z) becomes

j [Nz]
A (2) = vw P (2,0) = vy (E (emF e =0) " 1) .

We observe that A;V(z) ~ uN[NZJE(f;((LY — 1)/N)) as N — oo. The uniform convergence

of e‘jZA§V (z) is equivalent to the classical necessary and sufficient condition for convergence
in law of Galton-Watson processes [15], see Section 4.4 for details.

In the next sections, we generalize this convergence by considering a class of reproduction
random variables taking into account interactions and random environment and converging
to CSBP with interactions in Lévy environment.

4.2 Tightness
Using the process (X7

[vn.
assuming uniform convergence of characteristics Aév’z defined in (37).

})N defined in (33), we first prove the tightness of the process by

Assumption A1’. For any 1 < j <k and ¢ > 0, there exists a bounded function A ¢ such
that N
_ —
e AN (2) T Ajra(z)

uniformly for z > 0.

We state a tightness criterion for the original scaled process in the state space [0, co] x R en-
dowed with a distance d which makes it compact and then Polish, say d(z1, z2) = |exp(—=z1) —
exp(—z2)| for 21, z2 € [0, 00] with the convention exp(—oc) = 0.

Theorem 4.1. Under Assumptions A1 and A1’, the sequence of processes

1
((NZ[QYM], S[]XNﬂ),t e o, oo)>

is tight in D(R4, [0, 00] x R).
Proof. We first recall that for £ > 1,

onE (1 . e_ZEN> N=ge B (39)

for 1 — e ™ = thy(w) — 202h2w) + K(w), where k(w) = o(w?) is continuous bounded and
using Assumption Al.
Then we can define G on Hy for £ > 1 as

gx(Hﬁ) = 7£Ev (40)
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for any x € X = (0,1] x R. Let us now define G for Hyy € H and k > 1,£ > 0. We set

k

Go(Hp) = Y <];> (=17 Ajke(2). (41)

=0
for v = (e7%,y) € X. Using Assumption A1’ and (38), we obtain that

lim sup |g§(H) — g$(H)‘ =0
N—oo ey

for any H € H. Moreover G (H) is bounded by A1’ and Hypothesis (H’1) is satisfied. The
tightness of (X [JXNA]) ~ is then a consequence of Theorem 2.3 and yields the result. O

4.3 Identification

We aim now at identifying the limiting values of (X [JXN.}) ~ as diffusions with jumps. We are
interested in models where the environment and the interactions affect the mean reproduction
law and the limiting process will be CSBP with interactions in a Lévy environment (BPLEI).

We introduce a truncation function h, on the state space (0,+0c0), the parameters o, € R
and op > 0 and a o-finite measure v, on (0, 4+00) such that

/00(1 A 22y (dz) < 4oo0. (42)
0

We also consider a locally Lipschitz function g defined on R such that

Z— 00

— 0. (43)

—Zz

e~z (2)

The function g models the interaction between individuals. In the applications to population
dynamics, the most relevant functions will be polynomial.

We provide now the scaling assumption on the reproduction random variable LY so that the
limiting values of Z% /N can be identified to a BPLEIL This assumption will become more
explicit and natural through the identification and examples of the next sections.

Assumption A2. Setting for z > 0,

1
v o= aDz—U%ZQ—I—/ (1 —e %" = zhp(v))vp(dv),
2 (0,+00)

1
VE = apz— =02 z2+/ (1— e — zhg(w))vp(dw),
2 (—1,400)

we assume that for any 1 < j <k and £ > 0,

_ . N
sglge kZ‘AéYZ(z) + J29(2) + 97 2+ Ve — v | %0, (44)
zZ

where Aﬁ[g has been defined in (37).
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Remark 4.2. (i) In Appendixz 6.1, we provide an explicit construction of a family of random
variables LN (z,e) satisfying A2, in the case Bp = 0 and ap and vy and (o, B, vg) and g
satisfying the moment and reqularity conditions given above.

(i) We believe that the simple convergence in A2 is actually necessary for the convergence of
the process ZV /N to a BPLEIL The uniformity can be obtained for many classes of reproduction
laws via uniform continuity, using for example monotone or convexr arqguments, or boundedness
of derivative on compact sets as in the previous section, see forthcoming examples.

(iii) Finally, let us remark that we only need to prove the previous convergence for z € N/N
i A2, using the definition of Aé\fg(z) and the uniform continuity of the limit. It will be more
convenient for examples.

Note that under Assumption A2, Assumption A1’ is satisfied with

Ajpe(z) =e " (=jzgz) =7 2+ 9 — Vv »

which is indeed bounded using (43) and the fact exp(—kz)v[,,, is bounded, since [y}, | <
Cy (2 + 2%+ €7%/222 35 + €77 v (—1,~1/2)). Thus tightness holds.

Moreover we can simplify the expression (41) of the limiting characteristic G,, which writes
koo ‘
Gt =3 (M) (<047 (izale) = f 2 4F — ) (45)
j=0
for z = (e7#,y). For that purpose, we denote
folw) =1
and use that Z?:o (];)k(—lik_jj = él,k and Z?:o (’;)(—1)k_j 52 k: 2(127]{; + 51,k' and by a
binomial expansion, > 7, () (=1)F7 fi(u) = (=1)F*1 f1(u)* and > i—0 (]) (=1)* I fjope(u) =

J
(—1)k+le=fuf (u)*. By straightforward computation, we obtain that for k > 3,

G, (Hyg) = (—1)e ™" ( J e st = <f1<v>>’“uD<dv>>, (46)

(0,400)

and for k = 2,
Go(Hay) = e_QZ{zQBE +/ (e_&”(fz(w))2 — thQE(w))VE(dw) + z0p
(—1,400)

+z 2 v)— 2 V))Vp dv s 47
/(07 )(fl( ) hD( )) ( )} ( )
and for k£ = 1,

Go(Hyyp) = e‘z{vf — P — 29(2) — zvf’}- (48)
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To identify the limiting SDE, we have to find the drift and variance terms and the jump
measures in (5), from the expressions (40), (46), (47) and (48).

We first remark that for £ > 3,¢ > 0, Hy, , = Hy, 4. We work by identification for x = (e7%,y) €
(0,1] x R using (46). We thus define the measure g on V = [0,400) X R by

p(df, du) = Tp<i y>—1 d0 vg(du) + Lgsq 450 dO vp(du), (49)
and the image function K by
Ky(2,0,u) = —e™". <fz(u) lo<i + fi(u) 11<9<1+z> s Ko(z,0,u) = ulp<. (50)

Then Hj,, satisfies (H2.2) for k > 3, > 0.

Moreover it is easy to find by and 022 so that Hy satisfies (H2.2) for £ > 1 using that

Iz - — I
Hy(v,w) = Llhg(w) — ghE(w)2 + Hy(v,w), Hy(v,w) = fo(w) — lhp(w) — §hE(w)2
and (40). Indeed, by identification and from the expression (4), we set for x = (e *,y),
ba(x) = agp ; 022(x) = 0p. (51)

Let us now consider the functions Hy ¢ (¢ > 0). Note that for u = (v, w), we have

Hy o(v,w) = v2e™ = h2 (v) + Hay, Hop = v*(e™™ — 1) + 0% — b2 (v).
The fact that (H2.2) is satisfied for Hy ¢ comes from (47) for the left hand side and for the
right hand it is given by a direct computation of

0'171(:L’)2—|-0'172(£C)2+/ Kf(a:,&,u)u(d@,du)—i—/ Ho (K (z,0,u))u(dl, du),
1% 1%

where K is defined from (50) . Using Ho (K (x,0,u)) = Ki(z,0,u)?(e"K2®0%) _ 1) the
condition writes for x = (e %, y),

2 2

(202 + 2%02).

0'1,1(:6)2 + 0'12(%)2 =e

It remains to check (H2.2) for H; ¢, with
Hyo(v,w) = ve ™™ = v(1 — thy(w)) + Hy (v, w),

where Hy (v, w) = v(lhg(w) — fo(w)) = o|ul?). Using (48), we have
2

z
Gu(H1y) = e_z< —apz— 277 —29(2) + EO’% + L2072

+/(1,+oo) fafo(w)vg(dw) + /(17+OO)(zhE(w) — fz(w))I/E(dw)>,
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As a conclusion, both sides of (4) coincide for H € H by setting for any z = (e *,y) €
(0,1] x R,

22
) = e (~ap = oof g4 b [ (o) Lslin)) - 62)

and ba(x) = ap and K, p defined by (50) and (49) and
011(z) = —Vzope ? 5 012(x) = —zoge” 7 ; 021(x) =0 022(x) = 0p. (53)
and for any z € {0} x R and (0,u) € V,

b(x) = (O,CKE), Ull(x) = 021(.%) = 012(.7}) = 0, 022(33) =0g, (54)
Ki(z,0,u) =0, Ks(z,0,u)=mulp<. (55)

The general identification result for the exponential transformation of the processes can then
be stated as follows, with ho(v,w) = (v, hg(w)).

Theorem 4.3. Under Assumptions A1l and A2, the sequence of processes

1
((exp <_NZ[JT\1]Nﬂ> ,S[JZNt]> it e [0,oo)>

is tight in D([0,00),[0,1] x R) and any limiting value X € D(]0,00),[0,1] x R) is a weak
solution of the following two-dimensional stochastic differential equation

X, = Xo+/Otb(Xs)ds+/Ota(Xs)st+/0t/vho(K(Xs_,v))J\7(ds,dv)

+/0 /V(Id—ho)(K(XS_,v))N(ds,dv), (56)

where X = (exp(—Zp),0), N is Poisson point measure with intensity dsu(dv) on RT x V =
(0,+00)% x R and B is a two-dimensional Brownian motion and Zo, B, N are independent.
The functions b = (b, ba), the matriz o, the measure u and the image function K have been

defined in (49)-(55).

Proof of Theorem 4.3. We already know that (H1) is a consequence A2. Let us check that
(H2) is satisfied. We first prove the continuity (H2.1) of  — G, (H) for any H € H and its
extension to X. Recalling (45), we need to prove that z € [0,00) — 7 — Vj4e 1S continuous
and exp(—j2)(77 — ¥j,1¢) — 0 as z = oo. Indeed, the continuity can be obtained from the
domination of |1 —e~=+0v _ (52 4 N)hp(w)| < C(1 Aw?) for any z € [29, 21] C [0, 00), while
the limit as z — oo can be proved using Lemma 6.2 in Appendix and vgy(—1,—14¢) — 0 as
e — 0. That allows us to prove that (H2.1) is satisfied.

Our choice of parameters in (49)- (55) ensures that (H2.2) is satisfied for any H, and Hy, .
Applying Theorem 2.4 to X allows us to conclude. O
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Let us now write explicitly the stochastic differential equation (56) for X; = (X}, Y;) :

2 2
dX} = XllogX} (aE + %E log X} + g(—log X}) +ap — J2D> dt

—Xt1</ (1-— ew108(X?E) 4 1og X} hg(w))vg(dw)
(—1,+00)
_1ogX1/ (1= — hp(u ))I/D(dv)>dt
0,4+00)
+op X! log X} dBF — op X}/ —log X}dBP — / (1 — s VN2 (gt dw)

1,+00)

B /(0 oo)? ﬂog—logxt{Xt_(l — e V)N (dt, db, dv)

QY = apdt+opdBF + / oo (w) N®(dt, duw) + / (w0 — hu(w))N®(dt, duw),
( 1+OO) (—1,+OO)

where B” and B are Brownian motions, N and N¥ are Poisson Point measures respec-
tively on [0,00) X (0,00) and [0,00) X (—1,00) with intensity dtv,(du) and dtvg(dw) and
Zoy, B¥, BP, NP and N* are independent.

Using Itd’s formula (see [17]), a straigthforward computation leads to the equation satisfied
by Z; = —log X}. More precisely, we write Tezp the explosion time defined by :
Teap = III(I)I inf{t > 0; X} <el = lim inf{t >0;7Z; > a} € [0, +oq]

a—r—+00

and we obtain

t t t t
7 = Zo—l—aD/ sts+/ ZS_dYS—ir/ ng(ZS)ds—i—UD/ VZ.dBP + (57)
0 0 0 0
t _ t
/ / Toes. hp(v)N?(ds, do, dv) + / / To<z, (v — ho(v))NP(dt, 6, dv).
0 J(0,+00)2 0 J(0,400)?

on the time interval [0, T¢yp). As expected, we set here Zy = 400 for t > Teyp.
When T¢,), = 400 almost surely, we say that the process is conservative (or non-explosive).

We have thus proved the tightness of the process and identified the limiting values of
(X [ZXN‘}) ~ as weak solutions of a SDE. Uniqueness of the SDE (57) (Hypothesis H3) is now in-
volved to conclude for the convergence. From the pioneering works of Yamada and Watanabe,
several results have been obtained for pathwise uniqueness relaxing the Lispschitz conditions
on coefficients. In particular, general results for positive processes with jumps have been ob-
tained in [13, 25| and used in random environment, see in particular [28]. This technique
allows us to conclude for strong uniqueness as soon as the process Z has not exploded. Here,
the process may explode in finite time, which is already the case for classical CSBP and in
our framework, explosion can also be due to cooperation or random environment. This leads
us to consider two cases. First, we obtain a convergence in law on the state space [0, co] under
an additional regularity assumption on the drift term close to infinity. This result extends in
particular the classical criterion for convergence of Galton-Watson processes, adding both ran-
dom environment and interactions. It generalizes also statements of [4] to Lévy environment
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with infinite variation and interactions. Second, we conclude for the convergence of Z[v ] in
[0,00) when the limiting values of the sequence of processes are non-explosive.

The pathwise uniqueness of the SDE allows to capture limiting processes where infinity is
either absorbing or non-accessible. Other situations are interesting, where infinity is regular
and uniqueness in law could be invoked. In particular, we refer to [12] for a criterion for
reflection at infinity of CSBP with quadratic competition and [20] and [5] for similar issues.

4.4 Explosive CSBP with interactions and random environment

In this section, the process may be non-conservative, i.e. T, may be finite. Following [13, 26],
we make the following assumption for the regularity of the drift term at infinity to obtain the
strong uniqueness.

Assumption A3. There exist functions r, b, and by such that for any z € [0, 00),

2
e () = T [(1= e = anaw)velan) ) = () + buta), (58)
with 1 non-negative, non-decreasing and concave, [;1/r(z)dz = oo, |b.(—log(u))—b,(—log(u'))| <
r(ju —'|) for any u,u’ € (0,1] and by is non-increasing and by (z) + by(z) — 0 as z — co.

Theorem 4.4. We assume that A1, A2 and A3 hold.
Then there exists a unique strong solution (Z,Y) € D([0, 00), [0,00] X R) of (22) and (57) and

<<]1/Zfﬁwsﬁm> te [0,oo)> = ((Z,Y) : t € [0,400))

in D([0, 00), [0, 00] x R), where [0, 00] is endowed with d(z1,2z2) = |exp(—z1) — exp(—22)|.

Proof of Theorem 4.4. We first remark that the convergence in law of (X [v ])N in D([0, 00), [0, 1] x
R) implies the weak convergence of (Z[JXN.]/N, S[UN.}) o (—log(X1h),Y) in D([0, c0), [0, 00] x R),
where [0, oo] is endowed with d and —log(0) = oo.

We recall from the previous section that X ¥ satisfies (H1), (H'1) and (H2). To apply The-
orem 2.5 and conclude, it remains to check that X defined in (56) is unique in law.

Let us prove that under A3, pathwise uniqueness holds for X in ([0, 77, [0, 1] x R). First,
the second component Y of X is a Lévy process and the pathwise uniqueness is well known.
Second, the equation for the first component X! writes

X}—X&Jr/otbl(Xj)der/ot (XHaw, +/ /Kl _,v)N(ds, dv)

where o(u) = \/o11(u)?2+ 012(u)? and W is a Brownian motion independent of X} and
N. We can now apply the pathwise uniqueness result of [25] and conclude. We introduce
Vo =10,1] x [-1/2,1] U (1,00] x (0,00) and observe that u(V — Vj) < oco.

First, combining (52) and (58), we have

bi(z1) = @1 log(z1)(ap + %) + by(w1) + ba(21) = br(21) + ba(z1),

where b, satisfies [b, (1) — 0,(Z1)| < F(|a1 — F1]) for 21,71 € [0,1], with [;1/7(2)dz = oo
and 7 non-decreasing and concave. Indeed using Lemma 6.3 in Appendix, one can take
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(u) =r(u) + Ku+ Kiri(u), with r(z1) = —x1 log(z1).

Second, we easily check that o2 is Lipschitz and |o(u) — o(u/)? < |o(u)? — o(u)?| and y —
y + K'(y,v) is non-decreasing.

Finally,

/ (K (u,0) — KM (u/,0))*p(dv) = 91(u,u’)/ (e — 120 (dv)
)2
! /[1/2,1} (92(u, w) — g2(u', w))“vg(dw),

where for any u,u’ € (0,1],
g1(u,u') = min(—log(u), —log(u'))(u — u')* + min(u, u')?| log(u) — log(u')| (59)
(with a nul extension at 0) and
go(u, w) = u(e*2W — 1), (60)

Using now Lemma 6.4 in Appendix and the integrability assumptions on v, and vg, there
exists L > 0 such that

/V (K (u,0) — KX/, 0)2u(dv) < Llu — ).

Then we can apply Theorem 3.2 in [25] and conclude by observing that X; = 0 for ¢ > Ty,
by pathwise uniqueness. O

Recently, Pardoux and Dramé [10] have proven the convergence of some continuous time
and discrete space processes to CSBP with interactions, under the moment condition fooo(zp A
22)vp(dz) < +oo for some 1 < p < 2. Here we relax this moment assumption and deal
with explosive processes. We also extend the convergence to random environment and general
classes of reproduction laws, in a discrete time setting.

Application to Galton-Watson processes with cooperative effects. As an application
of Theorem 4.4, we extend the convergence of a sequence of Galton-Watson processes by taking
into account a cooperative effect. In this case, the interactions impede to use the classical
generating function tool. We first consider the sequence of random variables LY € N such
that

Jim onNE(h (LY = 1)/N)) =ap;  lim oxNE(hL((LY —1)/N)) = Bp;

fim ox NE(F((LY = 1D/N) = [ (o), (61)

N—o0

for any function f continuous bounded and null in a neighborhood of 0, where hj is a trun-
cation function, ap € R, f(o OO)(I AvH) vp(dv) < 0o, Bp = 02 + f(o 00) h? vy and o5 > 0.

Note that Theorem 4.4 allows to recover the convergence in law of the Galton-Watson processes
(Z[JXN.]) ~ defined as in (32) with these reproduction laws LV to a (possibly explosive) CSBP
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with characteristics (ap, Sp,Vp) and solution of the stochastic differential equation

t t
Zt = Z() +OfD/ ZSdS+UD/ \/ ZSstD + (62)
0 0
t ~ t
+/ / 1, 5 hD(z)ND(ds,dz,d9)+/ / 1,05 (2= hp(2))NP(dt,dz,db),
0 J(0,00)2 =7 0 J(0,00)2 "7

where N is a Poisson measure with intensity dtdzv,,(df).

We add now a density-dependance effect on the reproduction law. The reproduction random
variable L™V (n) depends on the total population size n and is defined by

LN(n) = LN + &N (n), (63)
where £V (n) € {0,1} a.s. is a Bernoulli reproduction random variable defined for n € N by

g(n/N) Aon

P(EN(n)=1) = .

(64)
and g € C'([0,00),[0,00)). The process ZV is defined as in (32) with the reproduction law
LN (n).

We obtain the following convergence result.

Proposition 4.5. We assume that vy — oo and that (61) and (63) and (64) hold. We also
assume that z — exp(—z)zg(z) is non-increasing for z large enough and goes to 0 as z — 0.
Then (Z[]XN_]/N 1t >0) converges in D([0,00), [0,00] x R) to the unique strong solution Z of

t t t
7, = Zo—i—aD/ sts—}-/ ng(ZS)ds—i—aD/ VZ,dBP (65)
0 0 0

t ~ t
+/ / lg<z._ hp(2)NP(ds,dz,df) + / / lg<z. (2 — hp(2))N"(dt,dz,d0)
0 J(0,00)2 0 J(0,002

fort < Tepp and Zy = +00 fort > Topp.

The monotonicity assumption on z — exp(—z)zg(z) is chosen for sake of simplicity to
obtain the pathwise uniqueness. It captures in particular simple cooperative functions as
g(z) =cz* (¢>0,a>0)org(z) =c+b(1—-1/(1+ %)) (¢ >0,b>0).

We observe that the limiting process Z may be explosive, due to the heavy tails of the repro-
duction random variable LV (i.e. the CSBP part is explosive) or due to cooperative effects
(note for instance that y; = y:g(y:) is explosive if g(z) = 2%, a > 0).

Proof. Let us introduce
. Nz ) Nz
CJN(Z) = oy (E (e—JEN) (g(Z)/\UNe_]/N + (1 _ g(z)/\vz\/)> — 1) ) (66)
UN UN

By a Taylor expansion (developed in Appendix 6.2), one can prove that

sup e "|CN(2) + jzg(z) +77 2| iy (67)
z;zNeN
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Assumption A2 is fulfilled for z € %, which is enough as commented in Remark 4.2, while
A1 is trivial (no random environment). As g € C*([0,0),[0,00)) and exp(—z)zg(z) is non-
increasing for z large enough and goes to 0 as z goes to infinity, there exist b, and by such
that

e ?z9(z) = by(2) + ba(z),

with by non-increasing and b, (— log(u)) Lipschitz and Assumption A3 is fulfilled. Indeed there
exists zg such that z — e ?z¢g(z) is non increasing for z > 2o and one can take by(z) = e *zg(2)
for z > zp and by constant for z < zg, and b,(2) = e ?29(z) — ba(z).

We conclude using Theorem 4.4. O

4.5 Conservative CSBP with interactions and random environment

We focus on the conservative case. Now 400 is not accessible and the pathwise uniqueness is
obtained without Assumption A3.

Theorem 4.6. We assume that A1 and A2 hold and that any solution of (57) is conservative,
i.e. Tegp = +00 a.s. Then there exists a unique strong solution (Z,Y) € D([0, c0), [0, 00) x R)
of (22) and (57) and

((éz{ﬁwsfjm]) te [o,oo)> = ((Z1,Y:) : t € [0,00))
in D(]0,00), [0,00) x R).

Theorem 4.6 allows to obtain various scaling limits to diffusions with jumps due either to the
environment or to demographic stochasticity. The conditions for tightness and identification
are very general. The conservativeness can be obtained by different methods as moment esti-
mates or comparison with a conservative CSBP or conservative CSBP in random environment
when the process is competitive or with bounded cooperation.

Proof. First, using that T,,, = +o00 a.s., one can check that pathwise uniqueness holds for
(57). It can be achieved by using the pathwise uniqueness for Z obtained in [28| before Tty
or adapting the proof of Theorem 4.4. We recall from Theorem 4.3 that weak existence also
holds for (56) under A1 and A2, so that both strong existence and weak uniqueness hold.

Then (H3) is fulfilled and we can apply Theorem 2.5 to X and get the weak convergence of
(exp(—Z[JXN.]/N), S[JXN_]) to X in ID([0, 00), [0, 1] xR). Since Teyp = +00, the weak convergence
of (Z[JXN'] /N, S[JZN' ) in D([0, 00), [0, 00) X R) and the pathwise uniqueness of (Z,Y) follow, which
ends up the proof]. O

Application to logistic Feller diffusion in a Brownian environment. The next exam-
ple illustrates the result. We consider a reproduction law which takes into account logistic
competition and small fluctuations of the environment.

Corollary 4.7. Assume that EN are centered random variables such that VNEN is bounded

with variance a%. We define L' € {0,1,2} for N large enough, n € N and e € (—1,00) by

P(LN (1) = 0) = 5 (0% — e+ an(n/N)), B(LN(n,€) =2) = (0} + e~ gn(n/N)), (68)
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where op € (0,v/2), gn(2) = ap/N +c(z/N) A (1/V/N) for 2> 0 and ¢ > 0 and ap € R.
Then (ZN/N : t € [0,00)) converges in law in D(]0,00),R x [0,00)) to the unique strong
solution Z of

t t t t
Zt:Z0+ozD/ sts—c/ Zfds+aE/ stBSE—i—aD/ \/ ZsdBY,
0 0 0 0

where BF and BP are two independent Brownian motions.

Proof. Assumption A1 holds with vy = N, ay =0, vz = 0 and Bz = 02. Let us now prove
that A2 holds.
First, from (68), we get

_l(LN(ne)_l) J j2 2 2
E(e N g ) = 1_N(6_9N(n/N))+WUD+O(1/N ),

where o(1/N?) is uniform with respect to z and e. Then, for any z € N/N,

. .2
IE( 7L(LN(Nz,e)71)>NZ -1 = eNZ(_%(H!’N(Z))’L;W”%“(I/NQ))

PN(ze) =

N
j €

.2 .
. J Jz j
= —jzle—gn(z)) + 52262 + ﬁO’% + o(e’*/N)

by considering the cases z < /N and z > v/N. We obtain for any 1 < j < k and ¢ > 0,

422

e NE(PN (2, EN) e ") = e"“< (ijgN(Z) + ‘720%> E (e‘eEN>

-2
—jzNE (ENe—fEN> + ‘%zQNE <(EN)2e—fEN) ) +o(1).

Finally, vV NEY is centered, bounded with variance 1, so E (e_ZEN> — 1 and NE(f(EN)) —
o2 f"(0)/2 for f € 08’2 when N tends to infinity. In particular,

NE(ENe By &5 —t62,  NE((EN)2eE") 5 o2
and writing g(z) = cz and using that v = ja, — %J% and 72 = 020v%/2, we get

_ . N—
sup ek C]Ng(z) Voo — v —J29(2) + 7% —5°0.
zeN/N

since V7, ., — V) = 02(zj0 + 2%5%/2). We recall from Remark 4.1 (iii) that this uniform
convergence then holds for z > 0 and A2 is satisfied.

Finally, the fact that Z is conservative can easily be obtained by coupling with the Feller
diffusion in Brownian environment (¢ = 0), which has been studied in particular in [6]. The
result is then an application of Theorem 4.6. O
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5 Perspectives and multidimensional population models

The general results of Section 2 have been applied in the two previous sections to Wright-
Fisher processes in a Lévy environment and Galton-Watson processes with interactions in a
Lévy environment with jumps larger than —1. These generalizations of historical population
models were our original motivation for this work. The results of Section 2 can actually be
applied in other interesting contexts. We mention here some hints in these directions and
works in progress.

First, we could consider environments which are non independent and identically dis-
tributed or not restricted to (—1, 00).
This restriction to (—1,00) allowed to consider a functional space generated by the functions
exp(—k.) (k > 0) which are bounded on (—1,00). To extend the results to random walks
converging to Lévy processes with a jump measure v on R such that [; (1 A w?)vg(dw) < oo,
one could consider the functional space of compactly supported functions

H={(z,w) = e f(w): k21, € CFR)}U{(z,w) = f(w): f € CZ(R), f(0) = 0}

for studying Wright Fisher in a Lévy environment and

H={(uw) = u"f(w): k>1,f € CER}PU{(u,w) = f(w): f € CZ(R), f(0) =0}

for studying branching processes with interactions and random environment. Indeed these
sets satisfy (H1). This would require to check that (H1”) holds.

Such functional spaces could also help to study cases when the environment E,ZCV depends on
SIJCV and SV converges to a diffusion with jumps.

Second, as explained in the introduction, we are more generally interested in multitype
population models, where the population at generation n is described by a vector

ZN (ZlN ZQN -7Zr]§7N)7

where Z5 counts the number of individuals of type ¢ in generation n. The following processes
have attracted lots of attention in population dynamics framework :

Fn(Z))

n+1_ Z L,jn

Such processes allow to model competition, prey predators interactions, sex, mutations ....
Some examples have been well studied, as multitype branching processes, controlled branching
processes or bisexual Galton-Watson processes, see e.g. respectively [27], [14] and [1].

One way to obtain the scaling limits is to consider the compactified proces

XN = (exp(—Z,ll’N), exp(—ZTQL’N), e ,exp(—Zﬁ’NO
and to use the functional space

'H:{(ul,...,uk)ﬁuil Xui’“:(il,...,ik)ENk\(O,...O)}.
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Indeed H satisfies Assumption (H1) and the exponential transformation combined with this
functional space allows to exploit the independence structure of the model as for extended
branching processes in Section 4. Some work will then be required to check that Assumption
(H1’) holds. Moreover uniqueness can be delicate. In a work in progress, we consider bisexual
Galton-Watson processes and their scaling limits to bisexual CSBPs under general conditions.
It is also worth noticing that in the scaling limits, the nonlinearity or the environment can also
impact the diffusion or jump terms, and not only the drift as for BPLEI considered in Section
4. One could for instance also prove limits to CSBP with Lévy environment, where the jump
measure associated to demographical stochasticity (large jumps coming from the offsprings of
one single individual, at a rate proportional to the number of individuals) is impacted by the
environment, see [4| for an example.

Finally, we observe that one may want to go beyond the boundeness assumptions on
the characteristics GV. This seems to be challenging questions but the approach developed
here may be extendable. Indeed, we here obtain the boundeness assumptions in Section 4
by a compactification of the state space using the function z — exp(—z), which allows to
consider explosive processes. In the case of conservative processes, one could prefer to adapt
the results of Section 2 to non bounded characteristics using the localized version of the
convergence criterion of semimartingales in [18]. Finally, we mention that these criteria deal
with semimartingales in general and if the Markov setting allows to simplify the form of the
characteristics GV and to reduce the problem to analytical approximations, one may try to
deal with non Markovian processes with similar techniques.

6 Appendix

6.1 General construction of a discrete random variable satisfying A2

We first consider the case o, = 0 and we assume EV € (—1 + 1/v/N, 00) for simplicity. We
also introduce gx which converges to g and assume
2 z2—00 N—oco |gN(z)|

e “zg(z) — 0, supe “z z)—g(z)] =0,
9(2) Sup lgn (2) — 9(2)] SUp TN/

(69)

One can take for instance gn(.) = g(.) A N'/3. Let us define

my(n,e) =1+ gn(n/N)/N +ap/N +e
and observe that my(n, EV) is a.s. positive for N large enough. We consider the reproduction
random variable AN (n,e) € {[mn(n,e)], [mn(n,e)] + 1} defined by E(AN (n,e)) = mn(n,e),
Le.

]P)(AN(TL, e) = [mN(n> 6)]) = pN(nv 6), ]P)(AN(TL, 6) = [mN(na 6)] + 1) =1- pN(’I’L, 6)7

with py(n,e) = [my(n,e)] + 1 — my(n,e). For the large reproductions events, we also
introduce £V € N independent of (A™(n,e) :n > 0,e € (—1,00)) such that

A}i_r)nooNZIE(hD(EN))zo; ]\}gnooNQE(hQD(EN)):O; J\}ganQE(f(EN)):/O f(w)vp(dv)
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for f continuous bounded and null in a neighborhood of 0. The reproduction random variable
LV is then defined by
LN (n,e) = AN(n,e) + N2V

for n € N and e > —1 and writing /4,;-\[ = —log(1 — E(f;(Z")), we have for z € N/N,
E (efi]\',(LN(Nz,e)fl))
_FE (e—ij) E (e—%(AN(Nz,e)—l))
N . .
— e K —Je/N (p(NZ, e)e IImnmel=1=e)/N 4 (1 _ p(Nz, e))e*J([mN(n,e)]*e)/N>

= (1 L (Ve - e - 1)+ 25 )

where ¢y is bounded and by Taylor expansion
|¢>N(z,e)‘ < c.<([mN(Nz,e)] —e—gn(2)/N —a/N)(1 =2([mn(Nz,e)] —e))
+([mn(Nz,e)] — e)2>. (70)

Moreover my(Nz,e) —e —1 = O(N~2/3) uniformly for z,e and we obtain

. N
PN( ) _ —zNKéV—jez 1_i( (N )_ _1)+¢N(Z,€) z_l
i (z,e) = e N my(Nz,e)—e e
e—ané.V—jez—jz(mN(Nz,e)—e—l)—&-zdw(z,e) 1

¢~ NN ~zi(an () +ap) N o—jre—sin(e) 1

where Ntn(z,e) is continuous bounded and N[y (z,e)| < ¢(1/N*3 + |¢n(z,¢e)|) and ¢ is
here a constant which may change from line to line. Thus

E(PN(z, EN) e ") = AV (2) + AY (2) + AY (2) A (2) + AY,
where

AJIV(Z) _ 6—sz§"—Zj(9N(z)+aD)/N _1, Aév(z) _E (ef(jz+g)ENisz(z’EN)) _1q

and AY = E(f,(EY)). Assumption A1 ensures that vy ALY converges to vF when N tends
to infinity (see (39) for details). To conclude and prove (44), we prove and combine the
asymptotic results stated below.

Lemma 6.1. For any j > 1,

(1) sglg e F|INAY (2) + 2(7] + ap +g(2))| iy
2
(i)  sup e_jZ‘NAév(z) + vferg’ N=%0
2>0
(791)  sup e_jz‘NAjlv(z)AéV(z)‘ M=o
2>0
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Proof. (i) First, by Taylor expansion and using that gy (z)/N'/? is bounded, there exists ¢ > 0
such that for any z < N2/3,

67.7'2‘Ne—ZNH?,—Zj(gN(Z)-FCMD)/N + Z(’)/]D + ap + g(z))‘
< ez (V%) — 4P|+ lgn(2) — g(2)| + N715).

The right hand side goes to 0 uniformly as N — oo. Second,

e*jzz(,y]p +ap +g(2)) =X 0, sup e*jz‘Ne—ZNHf’—Zj(gN(Z)JraD)/N —1| Ao 0,
2>N2/3 N>1

since for z > N2/3,

e—jz‘Ne—ané.V—zj(gN(z)—l—aD)/N N 1‘ < eszN(ezc/NQ/lS 4 1) < N67N1/3‘(170/N2/3) +N67N1/3

)

which goes to 0. This proves (7).

Let us turn to (i7). We first prove the uniform convergence on compact sets using convexity
and simple convergence. Indeed, recalling that [Nty (z,e)| < ¢(1/N*3 + |én(z,¢)]),

[45(2) +E (Fee(EM) | < = (N + Elon (. BV))))

for z € [0, A]. Using now that EV goes in probability to 0 from A1l and ¢y bounded and
on(z,e) — 0 as e — 0 uniformly with respect to z € [0, 4] from (70), we obtain that
sup,eo,4] E(|¢n (2, EV)[) = 0 and

i INAY (2) + NE (fi210(EN)) | X250,
z€|0,

Moreover, for any z > 0, NE (fj..(EY)) — Vjore by Assumption Al (see again (39) for
details) and the convergence is uniform on [0, A] by convexity of z — NE ( szJrg(EN )) and
continuity of z — 7., (third Dini’s theorem). It proves (ii) on compacts sets and we now

prove that sup,s 4 ys; exp(—jz)|[NAY (2)| — 0 as A — oo to end the proof.
Indeed, fix € > 0 and

A (2) = BN (2) + C'(2) (71)

where
BY(z) =E <1EN>—1+5€7(jZ+Z)EN*Z¢N(Z:EN)> ~ 1.

3
Recalling that EN > —1 4 1/v/N and Ny bounded, we have
ON(z) = E (1EN<71+86—(jz+€)EN_sz(z,EN)) <P(EN < -1+ 5)6—(jz+€)(1—1/\/N+C/N).
Thus, the last part of Assumption A1l ensures that

lim sup e NCN(z) =lim sup NP(EN < —14¢) =limvy(—1,-14+¢)=0
e—0 N2027ZZO e—0 Nzl e—0
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and we now deal with BN (2). Writing

0:(0) = o(0) — whi(y) = 1 — e —whp(y), Ru(ze) = e 00 (=9 1)

we have
BY(z) = P(EY < —1+¢) = (jz+OE (he(E")pys_14.) = E(gjzre(BM)prs_1 )
+E (Rn(2, EN)lpns_14e) -
First, we recall that supy P(EY < —1+¢) = 0ase — 0 and NE (hE(EN)lEN2_1+€) is
bounded (actually convergent from Assumption A1l). Second, we prove that
—j A
sup  Ne R (|gjz10(BN) [ 1pns_14.) =50
Z>AN>1
using that (see forthcoming Lemma 6.2 for details)
eIz

T—0

sup — 0

y>—1+e, y£0 (L —€7¥
and that NE((1 — exp(—E™))?) is bounded from A1. Finally
e N|Ry(2,€)1ex11e| < Nexp(—(e — 1/V/N)jz).| exp(ez/N) — 1]

2 |92(y)]

ensures that
A—o0

sup NE (RN(Z,EN)lEN>,1+E) — 0,
Z>AN -
using again |exp(cz/N) — 1] < ¢z/N for z < N, while the right hand is bounded by
zexp(—ejz/2) for z > N and N > 16/¢% . Combing these estimates in (71) yields
sup, > 4 n>1 exp(—jz)|NAY (2)] — 0 as A — oo and ends the proof of (ii) by recalling that
exp(:jz)’_yfz+é — 0 as z — 0.

We finally prove (iii). First,

sup e*jz/Q‘/N]A{V(z)] A2

2>0

using that exp(—jz/2vN)|AN (2)| < cexp(—jz/2v/N)z/N?3 for = < N (and then one may
use for N large that z/N?/3 is small for = < N7/2 and that exp(—z/2v/N) is small for
N7/12 < 2 < N) and exp(—jz/2VN)|AN (2)| < exp(—jz(1/2VN — ¢/N?/3)) for = > N.
Second

sup esz(lfl/%/N)NE(Aév) < 00,
N>1,z€[0,00)

since

E(AY) < P(EN < —1/2)eUs00-1/VNt2¢/N L m(ANT o) o)

and NP(EYN < —1/2) is bounded from A1 and N]E(AéleN>1/2) is bounded (following the
point (i7) and using the following slight modification of Lemma 6.2

e—x(l—Q/x/N) T—00

sup 5 192(y)| — 0,

y>—1/2, y£0, N>N, (1 —¢€7Y)

where Np is chosen such that 1 —2/y/Ny > 1/2). O
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6.2 Taylor expansion for Galton-Watson process with cooperation

Recalling (66) and (44),

0 = o (1) (- 550 w0 (1)) )

— un (e—Z’YJ].V’D/UN—&-O(Z/NvJQ\,)—jz(l/\(g(z)/vN))(1+O(1/N)) B 1)

for any z € N/N. For z such that z + ¢g(z)z < vy, we have z/vy < 1 and 1 A (g(z)/vn) =
g(z)/vn for z > 1. We make a Taylor expansion and get

izl AN ND | . _j 1 zg9(2)
e JZ‘C’j (2) + 2v; +jz9(2)| < e P%c <N+ N )

for some constant ¢ > 0. We obtain

sup e*jz|C’JN(z) + z7f +jzg(z)} N=ee ),
z+g(2)z<un
To conclude, we observe that min{z : 2+g(z)z > vn} — coas N — oo. Thensup, (. .>vy e J? z'yJN’D—i—

jz9(z)| = oo and we prove now that

sup e_jzvN‘C]N(z)‘ =g,
z+g(z)z>vN

Indeed, g > 0 and either z > vy /2 and
e_jZUN|C]N(z)\ < eI FyN eV < 27772

for N such that j — ¢/vny > j/2 or z < vn/2 and vy < 2z¢(z) and there exists ¢ > 0 such
that A '
e_JZvN‘C]N(ZH < e 7%2zg(z) €°.

Recalling that min{z;z + g(z)z > vy} — o0 as N — oo and zg(z)exp(—z) — 0 as z — o0
ends the proof.

6.3 Some technical results

Lemma 6.2. Let
9x(y) =1—e"" —xhp(y),

then
—X

€ T—00

sup — 0.

gz \Y
y>—1+e, y£0 (1 — e—y)2| =)l

Proof. Let Vy be an open finite interval containing 0 such that hg(y) = y for y € Vy. There
exists C' > 0 such that for any y € Vg,
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since hy and 1/(1 — exp(—y)) are bounded. The result follows on the complementary set of
Vo. Let us now consider y € Vy. Assuming first |zy| < 1, we get |g.(y)| < C2%y? and we
conclude using that y/(1 — exp(—y)) is bounded on (—1, c0).

Finally, if y € Vy and |zy| > 1, we have

— e 2y
’gl‘(y)‘ < C ’1 € ’ + E < Cx? 1+ ea,’(l—e) ,
(1—ev)? y? y

which ends the proof. O
let us now prove the inequality (72).
Lemma 6.3. Let ri(z) = —zlog(xz). Then for any x,z’ € [0,1],
|z log(x) — 2" log(2')| < K(|ac — 2| +r(x— :U'])) (72)
for some constant K > 0.
Proof. Let us first assume that min(z,2’) > |z — 2/|. In this case, it is immediate that
|zlogx — 2’ log 2’| < |z — 2'|(1 + log(|x — 2'|))

by the mean value theorem. We now assume that 0 < x < |z — /| < 2/, which implies that
z' < 2|z — 2'|. We have

< |zlog(a/a’) + (x — 2') log(a')
< Jolog(a/a')] + [log(|z — a'])| [« — o'
< Cl|+ log(|z — 2'))| |z — 2],

|zlogx — 2’ log 2|

using that z/2’ € [0, 1] and that the function « € [0, 1] — alog cv is bounded by some constant
C. We obtain that |zlogz — 2'loga’| < 2C|x — 2/| 4+ |log(|z — 2'|)| | — 2’|, which ends the
proof. O

Lemma 6.4. With notation (59) and (60), for any x1,2; € [0,1],
gi1(z1,21) < L|zy — 7]
and for any u € [—1/2,1],
(ga(z1, 1) — g2(T1,u))? < Clay — 1|0’

Proof. For the first inequality, one can use that —x logx is bounded for the first term in (59)
and the mean value theorem for the second one.
For the second inequality, we use

(g92(21, ) = g2(T1,u))* < |g2(21,w)” — g2(T1,w)?| < sup |(g3 (., w))'[| Zs]

and
(93 () (z1) = 2a1 (8" — 1)% 4 ygy elos(Tug(loslon)e — 1),

The results then come from the inequality |el°8@)% — 1| < |log(z1)]|u. O
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6.4 Stone-Weierstrass Theorem on locally compact space

We recall here the local version of Stone-Weierstrass Theorem and assume that the space X
is a locally compact Hausdorff space.

Let Cy(X,R) the space of real-valued continuous functions on X which vanish at infinity, i.e.
given £ > 0, there is a compact subset K such that ||f(x)| < & whenever the point z lies
outside K. In other words, the set {z, || f(x)|| > €} is compact). Let us consider a subalgebra
A of CO (X, R)

Then A is dense in Cp(X, R) for the topology of uniform convergence if and only if it separates
points and vanishes nowhere.
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