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Hydrodynamic Limit for an Anharmonic Chain
under Boundary Tension

Stefano Marchesani
Stefano Olla

Abstract

We study the hydrodynamic limit for a one dimensional isothermal anharmonic finite chain in
Lagrangian coordinates with hyperbolic space-time scaling. The temperature is kept constant by
putting the chain in contact with a heat bath, realised via a stochastic momentum-preserving noise
added to the dynamics. The noise is designed to be large at the microscopic level, but vanishing
in the macroscopic scale. Boundary conditions are also considered: one end of the chain is kept
fixed, while a time-variable tension is applied to the other end. We show that the microscopic
deformation and momentum converge (in an appropriate sense) to a weak solution of a system of
hyperbolic conservation laws (isothermal Euler equations in Lagrangian coordinates) with boundary
conditions. This result include the shock regime of the system. This is done by adapting the theory
of compensated compactness to a stochastic setting, as developed by J. Fritz in [6] for the same
model without boundary conditions. Finally, changing the external tension allows us to define
thermodynamic transformations between equilibrium states. We use this to deduce the first and the
second principle of Thermodynamics for our model.

1 Introduction

Hydrodynamic limits concern the deduction of macroscopic conservation laws from microscopic
dynamics. Ideally the microscopic dynamics should be deterministic and Hamiltonian but most
existing results are obtained using microscopic stochastic dynamics. Often the stochastic dynamics
models the action of a heat bath thermalising a Hamiltonian dynamics.

For scalar hyperbolic conservation laws these Hydrodynamic limits are well understood, even in
presence of shocks [11] and of boundary conditions [1]. Much less is known for hyperbolic systems
of conservation laws and boundary conditions, which have been understood only in the smooth
regime [4]. In presence of shock waves, in infinite volume, only the hydrodynamic limit for the
Leroux system [7] and the p-system [6] have been obtained. Since uniqueness of entropy solutions is
still an open problem for these systems, the result is intended here only in the sense that the limit
distribution of the macroscopic profiles concentrates on the set of possible weak solutions.

This article is a first attempt to understand the hydrodynamic limit in presence of boundary
conditions and shocks in p-systems. The presence of changing boundary conditions (in particular
controlling the tension) is important in order to perform isothermal transformations and study the
corresponding first and second law of thermodynamics.

The model is an anharmonic chain of N 4 1 particles with a time-dependent external force
(tension) attached to one end of the chain (particle number N). The other end of the chain (particle
number 0) is kept fixed.
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The system is in contact with a thermal bath modelled by a stochastic dynamics chosen in such a
way that:

1. The total dynamics is ergodic,

2. The temperature of the chain is fixed to the value 7!, i.e. the equilibrium stationary proba-
bility are given by canonical Gibbs measure at this temperature.

3. The momentum and volume are locally conserved, while the energy is not.

4. The strength of the noise is scaled in such way that it does not appear in the macroscopic
equations.

This is the same setup considered by Fritz [6] in infinite volume in order to obtain the p-system:

Owr(t,z) — Oup(t,z) =0 (1.1)
atp(t7 l‘) - az’l'(?"(t, x)) = 07 ‘
where r(t, z) and p(¢, x) are the local volume strain and momentum of the chain, while 7(r), smooth
and strictly increasing, is the equilibrium tension of the chain corresponding to the length r. Here
x is the Lagrangian material coordinate. For the finite system = € [0,1]. The physical boundary
conditions that we impose microscopically are

e p(t,0) =0, ¢t > 0: the first particle is not moving,

e 7(r(t,1)) = 7(t), where 7(¢) is the force (tension) applied to the last particle N, eventually
changing on the macroscopic time scale.

In the shock regime, when weak non-smooth solutions are considered, one has to specify the meaning
of these boundary conditions, since a discontinuity can be found right at the boundaries. The
standard way to address this (see eg [3]) is to consider the special viscous approximation

(1.2)

Btr‘s(t, x) — 6gp(t, x) = 518117'(7“5(t,m))
atp(s(t7 LK) - BIT(T5 (t7 ‘l‘)) = 628111)6 (t’ (L'),

with the boundary conditions:
P(,0) =0, 7(r°(t,1) =7(t), 9p’(t,1)=0, 8:r°(t,0)=0,

This system has a strong unique solution. Then the vanishing viscosity solutions of (1.1) are defined
as the limit for § = (01, d2) — 0 for r°, p°. Notice that (1.2) has two extra boundary conditions that
will create a boundary layer in the limit § — 0. The particular choice of the viscosity terms and
boundary conditions in (1.2) is done in such a way that we have the right thermodynamic entropy
production. At the moment there is no uniqueness result for this vanishing viscosity limit, and in
principle it may depend on the particular choice of the viscosity term.

The stochastic perturbation of our microscopic dynamics is chosen so that it gives a microscopic
stochastic version of (1.2). We prove that the distribution of the empirical profiles of strain and
momentum, tested against functions with compact support on (0, 1), concentrate on weak solutions
of (1.1). Unfortunately we are not able to prove that these limit profiles are the vanishing viscosity
solutions with the right boundary conditions, but we conjecture that our limit distributions are
concentrated on such vanishing viscosity solutions.



Hydrodynamic limits in smooth regime have been well understood so far. The hydrodynamic
limit for the 1D full 3 x 3 Euler system in Lagrangian coordinates and boundary conditions has been
studied in [4], while the 3D 3 x 3 Euler system in Eulerian coordinates has been derived in [10].
Both [4] and [10] use the relative entropy method introduced in the diffusive setting by Yau [13].

The relative entropy method assumes the existence of strong solutions to the macroscopic equa-
tion. Then one samples these solutions and builds a family of time-dependent inhomogeneous Gibbs
measure which are used for the relative entropy.

As an alternative to the relative entropy method, [6] adapts the techniques of the vanishing
viscosity to a stochastic setting, in conjunction with the approach of Guo-Papanicolau-Varadhan
[8] based on bounds on Dirichlet forms. We extend the work in [6] to our model by considering
a finite chain and including boundary conditions, where the chain is attached to one point on one
side and subject to a varying tension force on the other side. We construct some averages of the
conserved quantities iy (¢, ) which solve (in an appropriate sense) equations that approximate in
a mesoscopic scale the p-system we want to derive as N — oo. Then we carefully perform the limit
N — oo and we obtain L? valued weak solutions to the p-system. The main technical challenge
is then to prove that we can commute the weak limits with composition with nonlinear functions.
This is done using a stochastic extension, introduced by Fritz in [6], of the Tartar-Murat theory of
compensated compactness, properly adapted to the presence of the boundary conditions.

After proving the hydrodynamic limit, we exploit the external tension 7(¢) in order to perform
a thermodynamic transformation between two equilibrium states. This is done by letting 7(t) to
change from a value 79 at ¢ = 0 to a value 7 as ¢ — oo. Correspondingly, the system is brought
from the equilibrium state (53, 70) to the state (8, 71). Since the temperature is fixed by the noise,
this transformation is isothermal.

Isothermal transformations are of great importance in thermodynamics, as they constitute the
Carnot cycle, together with adiabatic transformations. The study of the first and the second law of
thermodynamics for an isothermal transformation in smooth regime has been carried out in [9], in
a system where energy and momentum are not conserved and a diffusive scaling is performed. In
that situation volume stretch evolves macroscopically accordingly to a nonlinear diffusive equation.

The first law of thermodynamics is an energy balance, which takes into account “gains” or
“losses” of total internal energy via exchange of heat and work: one defines the internal energy U
and the work W (which depends on the external tension only) and proves that the difference of
internal energy between two equilibrium states is given by W plus some extra terms, which we call
heat and denote by Q. In formulae, AU = W + Q. The heat depends on terms coming from the
stochastic thermostats which survive in the limit N — oco. We prove the first law in exactly the
same fashion as [9].

The second law states that, for an isothermal transformation, the difference of thermodynamic
entropy AS is never smaller than Q. The equality AS = BQ occurs only for quasistatic transfor-
mations. The entropy S is defined by S = 3(U — F), where F is the free energy. The second law
can then be restated as AF < W. This is also known as Clausius inequality. In [9], this inequality
is obtained at the macroscopic level: the macroscopic equation is diffusive and the system dissipates
even if the solutions are smooth. This is not the case in the present paper, as smooth solutions
would always give a Clausius equality. The main assumption that we have to make in order to
obtain Clausius inequality is that the distributions of the limit profiles concentrate on the vanishing
viscosity solutions. We will refer to this solutions as entropy solutions, even though in literature
this term is referred (in principle) to a more strict class of weak solutions.

2 The Model and the Main Theorem

We study a one-dimensional Hamiltonian system of N + 1 € N particles of unitary mass. The
position of the i-th particle (i € {0,1,...,N}) is denoted by ¢; € R and its momentum by p; € R.
We assume that particle 0 is kept fixed, i.e. (go,po) = (0,0), while on particle N is applied a
time-dependent force 7(t).

Denote by q = (go,.-.,qn) and p = (po, . ..,pn). The interaction between particles 7 and i — 1



is described by the potential energy V(¢; — ¢;—1) of an anharmonic spring.

We take V' of the form
2

V(r) = % +0U(r), (2.1)

where 0 is a real number and U is a smooth and convex mollification of the function
kmax{r,0}/2 — kr?/2, for some x € (0,1/2).

In particular, V' is a strongly convex function that grows quadratically at infinity: there exist
constants ¢; and ¢z such that for any r € R:

0<ec <V'(r) <co. (2.2)
Moreover, there are some positive constants V', V', a and R such that

‘V”(T) - Vfr/’ <e ™, r>R

|V'(r) -V <e™, r<-R (2:3)
The energy is defined by the following Hamiltonian:
N o2
Hn(q,p) == ZO (% + Vg — Qi—l)) : (2.4)
Since the interaction depends only on the distance between particles, we define
rii=q; — ¢i—1, 1€{l,...,N}. (2.5)

Consequently, the configuration of the system is given by (r = (r1,...,7~5),p = (po,- .. ,pN))T and
the phase space is given by R?V.

Given a smooth function 7(¢) that represents the force applied to particle N at the macroscopic
time t, the dynamics of the system is determined by the generator

W= NLYY + No(N)(Sx + Sn), (2.6)
Here the Liouville operator L} is given by

N -1

L]%V = Z(pz — pi—1)0r; + (V/(TiJrl) - V/(Ti)) Op; + (7 — V/(TN))8PN7 (2.7)

=z

i=1 2

where we have used the fact that po = 0. Note that the time scale in the tension is chosen such that
it changes smoothly on the macroscopic scale.

The symmetric operators Sy and Sy are the generators of the stochastic part of the dynamics
and are defined by

N—-1 5 N—-1 o
SN ::—ZD;D“ SN IZ—ZD:{D“ (2.8)
i=1 i=1
where 9 9
Di = — ; D: = D — Pi — 71D7; 29
Bpis  Opr pi+1 —pi — B (2.9)
Di = 6 — a D7k = V/(Tprl) — V’(T’i) — ﬂ71b¢ (2.10)
87’7;+1 87‘1" ¢

They conserve total mass and momentum but not energy. The temperature is fixed to the constant
value 71, in the sense that the only stationary measures of the stochastic dynamics generated by
Sy + S are given by the corresponding canonical Gibbs measure at temperature T = 871, see
definition below.



The positions and the momenta of the particles then evolve in time accordingly to the following
system of stochastic equations

dri = Npidt + No (V'(re) — V'(r1)) dt — /2B~ Nodw

dr; = N(p; — pi—1)dt + No (V' (rig1) + V'(ric1) — 2V'(r;)) dt + /26" No(dw;—1 — dw;)
dry = N(pN — pN_l)dt + No (V/(’I"N_1) — VI(TN)) dt + +/ 2,3_1N0dﬁ51\7_1

dpr = N(V'(r2) = V'(r1))dt + No(N) (p2 — p1) dt — /26" No(N) (dwy — dwo) ’
dpi = N(V'(ri1) = V'(r:))dt + No (pis1 + pi—1 — 2pi) dt + /28~ No(dwi—1 — dw;)

dpy = N(F(t) = V'(rn))dt + No (pn—1 — pn) dt + /2N B~ lodwn_1,

(2.11)
for i € {2,...,N —1}. {w}Zy and {w;}{2, are independent families of independent Brownian
motions on a common probability space (2, F,P). The expectation with respect to P is denoted by
E.

In (2.6) and (2.11) o(N) is a positive number that tunes the strength of the noise. We need it
to be big enough to provide ergodicity but small enough to disappear in the hydrodynamic limit:

. o(N) _

For 7 € R we define the canonical Gibbs function as

G(B,71):= log/ exp (—ng - BV (r)+ 57'1“) drdp. (2.13)

R2
For p € R, the free energy is given by the Legendre transform of G:
F(B,p) = Sug{w—ﬂ_lG(ﬂ,T)}, (2.14)
TE
so that its inverse is
pe

We denote by p(3,7) and 7(8, p) the corresponding convex conjugate variables, that satisfy
p(B,7) =B710-G(B,7), T(B,p) =0,F(B,p). (2.16)

On the one-particle state space R? we define a family of probability measures

Ag.p.-(dr, dp) := exp (—g(p —p)? = BV(r) + Brr — G(ﬁ,7)> drdp. (2.17)
The mean deformation and momentum are
E)‘ﬁ,ﬁ,f[rj] = p(ﬁaT)v E)\B,ﬁ,q— [pl} =D (218)
We have the relations
Exg, . 051 =" =871, Ex,, V() =7 (2.19)

that identify S~' as the temperature and 7 as the tension.
For constant 7 in the dynamics, the family of product measures

N
Abo,#(dr, dp) = [ ] As.0.7(dri, dpi) (2.20)

i=1

is stationary for the dynamics. These are the canonical Gibbs measures at a temperature 871,
pressure 7 and velocity 0.
We need Gibbs measures with average velocity different from 0 and we use the following notation:

N
A .- (dr,dp) = [ [ Aa.p.-(drs, dps). (2.21)

=1



Observe that Sy and Sy are symmetric with respect to )\é\i 5.~ for any choice of p and 7.

Since the noise does not conserve the energy, we are interested in the macroscopic behaviour of
the elongation and momentum of the particles, at time ¢, as N — oo. Note that t is already the
macroscopic time, as we have already multiplied by N in the generator. We shall use Lagrangian
coordinates, that is our space variables will belong to the lattice {1/N,...,(N —1)/N,1}.

Consequently, we set u; := (1, p;)” and, for a fixed macroscopic time T define Qr = [0, 1] x [0, T].
The we introduce the empirical measures on Qr representing the space-time distribution on the
interval [0, 1] of elongation and momentum:

¢ (da, dt) = % > (x - %) w(t)da dt. (2.22)

We expect that the measures ¢V (dz, dt) converge, as N — oo to an absolutely continuous measure
with densities r(t, z) and p(¢, x), satisfying the following system of conservation laws:
Oir(t,x) — Oup(t,z) =0
r(t, @) = Ocplt, @) p(t,0) =0, 7(r(t,1)) = 7(1). (2.23)
Op(t,x) — 8.7(B,r(t,x)) =0,

Since (2.23) is a hyperbolic system of nonlinear partial differential equation, its solutions may develop
shocks in a finite time, even if smooth initial conditions are given. Therefore, we shall look for weak
solutions, which are defined even if discontinuities appear.

Definition 2.1. We say that (r(t,z),p(t,z)) € (L. (R4 x [0,1]))? is a weak solution of the system
(2.23) provided

/OOO/O r(t, x)0rp(t, ) — p(t, )0z p(t, x)dx dt +/O r(0,z)¢(0,x)dx = 0 (2.24)

/000/0 p(t, )0 (t, x) — 7(r(t, )0 (t, x)dx dt —|—/O p(0, )9 (0, x)dx = 0 (2.25)

for all functions p, € C*(Ry x [0,1]) with compact support on Ry x (0,1).

Remark. Notice that a simple definition of weak solution as above, without any further entropy
condition, does not depend on the boundary conditions imposed.

Denote by Qn the probability distribution of ¢ on M(Qr)?2.

Observe that ¢ 5 € C([0, T], M([0,1])?), where M([0, 1]) is the space of signed measures on [0, 1],
endowed by the weak topology. Our aim is to show the convergence

Cn(t,J) — (/OT /O1 J(t,x)r(t,x)dxdt,/oT /01 J(t,x)p(t,x)dmdt)T, (2.26)

where r(t,z) and p(t,z) satisfy (2.24)-(2.25). Since we do not have uniqueness for the solution of
these equations, we need a more precise statement.

Theorem 2.2 (Main theorem). The sequence Qn is compact and any limit point of Qn has support
on absolutely continuous measures with densities r(t,x) and p(t,z) solutions of (2.24)-(2.25).

Remark. Since we are dealing with possibly discontinuous solutions, it is not possible to use
the entropy method to perform the hydrodynamic limit. Furthermore, we shall not assume that
solutions of (2.24)-(2.25) exists, but we prove existence as part of the proof of Theorem 2.2. With
a little more effort it is possible to prove continuity in time for the limit distributions. The proof is
relatively standard and we chose not to include it here.

Following Theorem 2.2, we discuss the thermodynamics of the system, in particular that the
isothermal transformation we have obtained in the hydrodynamic limit satisfies the first and second
principle of thermodynamics. A mathematical deduction of this requires some further assumption
that are:



e any limit distributions of the momentum and stretch profiles £ is concentrated on certain
vanishing viscosity solutions (see definition in appendix B),

e these solutions reach equilibrium as time 7" approach infinity.

A further technical assumption is that the hydrodynamic limit is valid for quadratic functions of
the profiles, like the energy. For this purpose we have to define the macroscopic work W done by
the system. Under the weak formulation of the equations (2.24)-(2.25) this is impossible without
further conditions. We obtain the following theorem.

Theorem 2.3. Let 7, U, W, Q, F as in (2.16), (4.4), (4.15), (4.16), (2.14). Then, under the
assumptions in Section 4, we have

U(B,m) —U(B,m0) =W+ Q. (2.27)

and
F(B,7 ' (m)) — F(B,7 ' (r0)) < W. (2.28)

Remark. Equation (2.27) expresses the first law of thermodynamics, and is deduced directly from
the microscopic dynamics. The main assumption here is the the convergence of the energy, which
is quadratic in the positions and the momenta. In fact, 2.2 allows us to pass the weak limit inside
nonlinear functions with strictly less than quadratic growth, but we can say nothing if the growth
is quadratic.

Equation (2.28) is the Clausius inequality. It is equivalent to the second law of thermodynamics
for an isothermal transformation: AS > fQ. From a PDE point of view, on the other hand, the
Clausius inequality reads as a Lax-entropy inequality, provided W = 0. The presence of W is due
to the presence of boundary terms. In fact, the work W depends on the external tension 7. The
Clausius inequality is strictly connected to the possible presence of shocks in the solutions obtained
in Theorem 2.2. In fact, if we had smooth solutions at all times, we would obtain an equality of
Clausius.

3 The Hydrodynamic Limit

Since the temperature 87 is fixed throughout the article, in order to simplify notations we fix 8 = 1
in most sections.

3.1 Approximate Solutions

In this section we construct a family {1y} nven of stochastic processes which solve an approximate
version of (2.24)-(2.25). Initial data will be ignored, since we are not able to prove uniqueness.
Forany 1 <[/ < N andl<i< N —1[+ 1 we define the block average:

N A 1 I—1j
Ui 1= (Tz,i,Pl,i)T =7 Z lUluz‘fj- (3.1)

FIR

We choose | = I(N) such that

. l . No
Mmoo = Jim 75 =0 (3.2)
and we define the following empirical process:
N—l41
an(t,z) = (rn(t2),pn (L) = Y Ina(@)u(t),  (tx) € Ry x [0,1], (3.3)

i=l

where 1y; is the indicator function of the ball of center i/N and diameter 1/N. Note that, since
l/N — 0, for N large enough tun(¢,+) is compactly supported in (0, 1).

The proof of the first part of Theorem 2.2 relies on the following lemma, which will be proven
in Section 3.3:



Lemma 3.1 (Energy estimate). There ezists Ce(t) independent of N such that

N
E |:Z \ui(t) 2

C.(H)N. (3.4)

Lemma 3.2.

IJiinooP{']b ﬁ; 7 <%) wl(t) - /Ol J(z)an(t,z)de| > 5} —0, (3.5)

for all § > 0 and all test functions J : [0,1] = R compactly supported in (0,1).

Proof. By Markov’s inequality it is enough to prove

_ % i J (%) wi(t) /01 J(2)ay (t, z)dz

lim E

N — o0

] =0. (3.6)

‘We write

1 & i 1
;J (N) —/0 J(z)ty (t,z)da
1 N 7 1 N ] 1 i 1
<|—= 2 ) w 1 O ) — an (i,
- Ni_zlj<N> Z_Zl‘]( ) (t) NZJ<N)UZ, (t) /0 J(z)an (¢, r)dx
(3.7)
Since J is compactly supported in (0,1) we have, for large enough N and after a summation by

parts, N | . .
w2 () mo -5 2 ( o0

2 N
zzl\f Nfl l <2l —1 ( ) (;j)) ui(®) (3.8)
. Nfl > )

=l |jl<
i=l |j|<l

.

for some &; ; between i/N and (i + j)/N. Therefore, the energy estimate (3.4) yields

E{l

Ni‘]@;) us NZJ( )“lz)
<), 2t L [zmz |]<HJ'||W [i - ] 9)
l
Na

<[l (L4 Ce®)

which vanishes as N — oco. Finally, for large enough NV,

1 & i !

¥ Z J (N) i (t) — /0 J(z)an (t, z)dz

1 NY (J (i) _ N/i/NH/(QN) J(x)dx) 4 (t) (3.10)
N < N i/N—1/(2N) '

— % NV_HI (J (%) - J(yi)> (1),



where y; is between i/N — 1/(2N) and i/N + 1/(2N). Therefore,

E [ ]bi!] (%) i (f) — /01 J(z)an (¢, z)dz

and the conclusion follows once more from the energy estimate, since

1971l oo
< P

N—I+1
> |ﬁl,i(t)|] (3.11)

=1

N—-Il+1

S la@F <43 [wf, (3.12)

i=1

O

It follows from Lemma 3.4 that Gy (¢,x) has values in L2(QT)2. Let us denote by On the
distribution of tin (t,x) on L*(Qr). We will show in the following that any convergent subsequence
of Qn is concentrated on the weak solutions of (2.23). By Lemma 3.2 this implies the conclusion
of the main Theorem 2.2 for any limit point of Qx.

From the interaction V' we define

v =1 3 ). (3.13)

It follows from (2.2) that V' is linearly bounded. From Appendix A, so is 7 (as defined by (2.16)).
Thus we easily obtain the following:

Corollary 3.3.

lim IP’{
N —o0

leﬁ:" (ﬁ) V(o) - Nf J (N) V()] > 5} —0,  (319)

N@MP{ L Nf Y (ﬁ) r(Fs(t) — /O (@)t )

for all § > 0 and all test functions J : [0,1] — R compactly supported in (0,1).

> 5} =0, (3.15)

The following theorem will be proven in Section 3.3.
Theorem 3.4 (One-block estimate).

N—I+1

1
v

We are now in a position to prove the following:
Proposition 3.5. Let ¢ and 9 be as in (2.24)-(2.25). Then

lim ]P’{
N —o0

Nliinoo]P’{ /000 /01 P (t, 2)0p(t, x) — 7(Fn (t, x)) 00 (2, :c)dxdt’ > 6} =0 (3.18)

for any § > 0.

lim E

N — oo

/Ot (V/Z(s) — T(ﬁ,i(s))2 ds:| =0. (3.16)

/0Oo /01 7 (t, x)0ep(t, x) — P (t, 2) 0z (8, x)dmdt‘ > 5} =0 (3.17)

Proof. We prove (3.18), as the proof of (3.17) is analogous and technically easier. We denote

7
Yi(t) =1 <t7 N) (3.19)
and, for any sequence (z;),

VCL‘Z‘ = Ti41 — X4, V*mi = Ti—1 — Ti, sz = X411 + Ti—1 — 2271'. (3.20)



Using (2.11) we can compute the time evolution:

N D)~ SO = [ S om0

Z Vi(t) (V' (riga(t)) = V(1)) + 0(t, 1) (7(t) — V,(T'N(t))):| dt (3.21)

N-1
+/OT sz (t) Api(t) dt+/ ,/zfzzpz )V dw; ()

where in the above equation we have set po, pn+1,wn identically equal to 0.
The second line of (3.21) is equal to

/0 ZV P(t)):V' (ri(t))dt — / Ya(t ))dt+/OT%(t)¢(t,1)dt. (3.22)

o

Since 1/)(t7 0) = 0 = ¢(t,1) and ¥ has continuous derivatives in [0,1], we have that :(t) =
P(t, N') ~ O(N') and the second term of (3.22) is negligeable, while the third is identically
null.

The last line of (3.21), depending on o, can be rewritten as

/0 {2 2 NHAG®)i(0) — T IN(VHW)pa(0) + N (V" 0(0) o (1)

+oUn () Vpn-1(t) = ot () Vs (1) ft (3.23)

T
+

s~
ﬁ

N-2
( Vipidw; — Py _1dwn— 1>~

0 i=1

Since v is twice differentiable,

NV () = Do) < ) ‘o <N) . NPAG(E) = 820 <t7 %) 4o (%) (3.24)

as N — oo. This, together with /N — 0 and the energy estimate imply that the first line of (3.23)
vanish as N — co. For the same reason, the quadratic variation of the stochastic integrals (last line
of (3.23)) also vanish in the limit.
Also the second line of (3.23) will be negligible for the same reason, since ¢ (¢,0) = 0 = 9(¢,1).
The conclusion then follows by replacing the sums with integrals, p; by pn(t,z) and V'(r;) by
7(#n(t, 7)) accordingly to Lemma 3.2, Corollary 3.3 and Theorem 3.4. O

Once we have (3.17) and (3.18), we deduce that the distributions Qn of @y (t, ) concentrate
on the solutions of the macroscopic equations (2.24), (2.25) as follows: we associate to Gy (¢, ) the
random Young measure 77, = 4 (1,2)- We show that the sequence (#7)n>o0 is compact, in an
appropriate probability space, and converges weakly-* to a measure ¢ 5. Since (3.17) is linear, we
are done for it. Concerning (3.18) (in which the nonlinear unbounded function 7 appears) we prove
that

rin(to) = [ o)) > [ r)dinatn ),
R R
which is not obvious, since weak-* convergence is not enough to pass limits inside unbounded
functions like 7.
Finally, using the theory of compensated compactness, we reduce the support of the limit Young
measure 7y, to a point, that is 74, = dg(s,4), for some function (¢, z) = (7(t,z), (¢, x))", almost
surely and for almost all ¢, z. This closes the equation, as it implies

T(Fn(t,x)) = T(F(t, z)).

10



What we have just presented is only a sketchy statement of what is extensively proven in the rest
of this paper. In particular, extra care is taken when applying the theory of Young measures and
compensated compactness to a stochastic setting like ours.

3.2 Convergence of the Empirical Process

Proposition 3.5 was a first step in proving Theorem 2.2. In this section we complete the proof.

This is done using random Young measures and a stochastic extension of the theory of compen-
sated compactness. We refer to Sections 4 and 5 of [2] for the definitions and results concerning
random Young measures.

3.2.1 Random Young Measures and Weak Convergence

Denote by f/,fvz = dap(t,) the random Young measure on R? associated to the empiric process
un (t, x):
F3)diea(y) = f(an(t,2)) (3.25)
R
for any f : R* — R. Since tixy € L*(Q x Qr)?, we say that f/tNm is a L?>-random Dirac mass. The
chain of inequalities

E UQT /Rz IYIQdﬁf,Vz(Y)dwdt} =E [HﬁNIILz(QT)] =E UQT |ﬁN(t,x)\2d:cdt} < (3.26)

<
Qr

with C’(T) independent of N, implies that there exists a subsequence of random Young measures

(0{'r) and a subsequence of real random variables (i, | 12(0p) that converge in law.

N—l+1 T N—l+1

Z I (o) [ty (1) Pdedt < %/0 ; [ag;(8)]> < 4/0T C.(t)dt = C(T) (3.27)

i=l

We can now apply the Skorohod’s representation theorem to the laws of (ﬁ{?’;, lan, Nl 2(g.))
and find a common probability space such that the convergence happens surely. This proves the
following proposition:

Proposition 3.6. There exists a probability space (Q,f', Iﬁ’), random Young measures Uj'y, Ut o
and real random variables an,a such that Uy, has the same law of ﬁt]t’g’;’, a; has the same law of

lan, |l 2,y and 7. X D, an — a, P-surely.

. ~N, - . ~ ~N. ~ .
Since 7, is a random Dirac mass and ', and ;) have the same law, 7, is a L?-random

Dirac mass, too: 7', = (Sﬁ"(t,w) for some 1w, € L? (Q X QT)2. U, and Gy, have the same law. Since
an — a surely, we have that (a,) is bounded and so ||ﬁ"||L2(QT) is bounded uniformly in n with

P-probability 1. Since from a uniformly bounded sequence in L? we can extract a weakly convergent
subsequence, we obtain the following proposition:

Proposition 3.7. There exist LZ(QT)2—valued random variables (Uy ), @ such that @, and Gy, have
the same law and, P-surely and up to a subsequence, @1, — @ in L*(Qr).

oy ~ * ~ . o .
The condition I/;’LT — I » in Proposition 3.6 reads

lim f(y)do, (y)dzdt = /n;ﬂ F(y)dve,o(y)dzdt (3.28)

n—oo [p2

for all continuous and bounded f : R? — R. The next proposition extend this result to functions f
with subquadratic growth:

Proposition 3.8. There is a constant C independent of n such that

E UQT /R2 \y|2dﬁt,z(y)dmdt} <C. (3.29)

11



Furthermore, let J : Qr — R and f : R* — R be continuous, with f(y)/|y|*> — 0 as |y| — co. We
have

7}2&&3 H/QT -, J(t, ) f(y)dig . (y)dzdt — /QT /]R2 J(t, x)f(y)dﬁt,z(y)dmdtu =0 (3.30)

Proof. Since 7j’, and ¥ Z/t » have the same law, equations (3.26) and (3.27) imply

E U IyIQdﬂZfz(.V)dwdt] <C (3.31)
Qr JR?

for some constant C' independent of n.

Let x : R — R be a continuous, non-negative non-increasing function supported in [0, 2] which
is identically equal to 1 on [0,1]. For R > 1 and a € R define xr(a) := x (a/R). By the monotone
convergence theorem,

L inatdsar= tim [ yntiy?)in e (3.82)
T T

Since now |y|*xr(|y|?) is continuous and bounded, we have, surely,

n—oo

/QT/ Iy xr(ly|*)doe o (y)dadt = hm/ / lyI*xr(y|*)do;", (y)dzdt. (3.33)

Then, applying the Fatou lemma twice, we get

IE{/ \y|2dﬁt,z(y)dxdt}SlimianE{/ /\y|2XR(|y|2)th,z(y)da:dt} (3.34)
Qr Jr2 R—roo Qr Jr2
< lim inf lim inf B { / |y\2XR(h(§))dﬂZz(y)dxdt} <C, (3.35)
R—oco n—oo Qr R2

which proves (3.29).
Define

I, :7/ / (t,z) f(y)dvy . (y)dzdt, I —/ / (t,z) f(y)dir,. (y)dzdt. (3.36)
Qr JR? Qr JR?
so that (3.30) reads

lim E[|I, —I|]=0. (3.37)
n— oo
We further define
ly[* ) n
(t, ) dvy . (y)dzdt, 3.38
/Q/ e (1T ) e (3:58)
/ J(t,2)f(y)xr ( v )dﬂ;x(y)dxdt, (3.39)
or Jr2 L+ |f(y)l
and estimate
E[|l, — 1) < E[|1, — I} + B[ L — 1] + E[1" — 1. (3.40)

The first term on the right hand side estimates as follows:

i - <2 [ [ [ oo (1-xe (525 ) ) ot @] . an

Since and f(y)/|y|*> — 0 as |£] — oo we have

N ly[? ) ly|®
“‘R( V1) = a2 S BE R (3.42)
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for any R > 1. This implies

B[, — I} < %E UQT /R2 |y |2do), (y)dzdt | < %. (3.43)
For (3.29) we have as well
Bl)r - 17 < Sl (3.44)
which gives
B[, — I]] < % +E[|IF - 17)). (3.45)

2
Since f may diverge only at infinity and f(y)/|y|*> — 0 as |y| — oo, then f(y)xr <%) is

continuous and bounded and hence I — I surely. Moreover, thanks to the uniform estimate
EI71] < 1) C, (3.46)

the sequence (Iff) is equi-integrable. Therefore, by the Vitali theorem,
lim E[|IF — 17| =0, (3.47)
n—oo

which completes the proof.

O

We are interested in the weak limit of 7(#x(t,z)). Since 7 is linearly bounded, the previous
proposition applies and the main theorem 2.2 is proved once we show that, surely and for almost
all (t,r) S QT, ﬁt,z = 6ﬁ(t7$).

In the next two subsections we shall prove that the support of 7 , is almost surely and almost
everywhere a point. The result will then follow from the lemma:

Lemma 3.9. 7, = qag,0) almost surely and for almost all (t,x) € Qr if and only if the support of
Uiz is a point for almost all (t,x) € Qr. In this case, @, — 0 in LP(Qr)?-strong for all 1 < p < 2.

Proof. Suppose there is a measurable function u* : Q7 — R? such that &, = Ou* (¢,2) for almost all
(t,z) € Qr. For any test function J : Qr — R? consider the quantity

/QT J(t,z) - Gn(t, x)dzdt = /QT /R2 J(t,z) - ydoi . (y)dzdt. (3.48)

By taking the limit for n — co the sense of L?-weak first and in the sense of (3.30) then, we obtain

/QT /RZJ(t,:v).ﬁ(t,a:)d:vdt:/QT AZJ(t,x).ydat,z(y)dxdt:/QT /RzJ(t,x)-u*(t,x)dxdt .

almost surely. Then u(¢,z) = u*(¢,z) for almost all (¢,x) € Qr follows from the fact that J was
arbitrary.

Next, fix 1 < p < 2. Taking f(y) = |y|” in (3.30) gives [[@n|l;p(q,y — I10ll1p gy, Which,
together with @1, — @ in LP(Q7)? and the fact that LP(Qr)? is uniformly convex for 1 < p < oo
implies strong convergence.

The case p = 1 follows from the result for p > 1 and Holder’s inequality. O

13



3.2.2 Reduction of the Limit Young Measure

In this section we prove that the support of o , is almost surely and almost everywhere a point.
We recall that Lax entropy-entropy flux pair for the system

Or(t,x) — Oep(t,z) =0 (3.50)
atp(t7x) - 893T(p(t7 x)) =0
is a pair of functions 7, g : R*> — R such that
dm(ua(t, x)) + dxq(u(t,x)) =0 (3.51)

for any smooth solution u(t, z) = (r(t, ), p(t,z))* of (3.50). This is equivalent to the following:
7 (r)0pn(r,p) + Orq(r,p) =0

Under appropriate conditions on 7, Shearer ([12]) constructs a family of entropy-entropy flux pairs
(n,q) such that 7, q, their first and their second derivatives are bounded. As we shall see in the
appendix, our choice of the potential V' ensures that the tension 7 has the required properties, so
the result of Shearer applies to our case.

In particular, always following [12], we have that the support 4, is almost surely and almost
everywhere a point provided the Tartar’s commutation relation

(Mmaz —m2q1, Dr,z) = (M, Pr,a) (@2, Pr,a) — (M2, Pra) (@1, Pr,a) (3.53)

holds almost surely and almost everywhere for any bounded pairs (71,q1), (72,g2) with bounded
first and second derivatives.

Obtaining (3.53) in a deterministic setting is standard and relies on the div-curl and the Murat’s
lemma. Both of these lemmas have a stochastic extension (cf [2][5]) and what we ultimately need to
prove in order to obtain (3.53) is that the hypotheses for the stochastic Murat’s lemma are satisfied.
This is ensured by the following theorem, which we will prove in the next section.

Theorem 3.10. Let (n,q) be a bounded Laz entropy-entropy flux pair with bounded first and second
derivatives. Let ¢ : R? — R be such that o = ¢, with ¢ compactly supported in (0,00) x (0,1) and
¥ € LRy x [0,1]) N H' (R4 x [0,1]). Define

o] 1
X = [ [ el am@nto) + ouplta@n(t o) dodt (350)
o Jo
Then Xn decomposes as ~ ~ ~
and there are two deterministic functionals Ay, By, independent of ¢ such that
E[[a(e,m]] € 4@ 10l s E[|Zalem]] < Balo) 1] (3.56)
with
lim An(p) =0, limsupBn(p) < oco. (3.57)
n—oo n—o0

Remark. Recall that the H' norm of a function f(¢,z) is defined as ||| 51 = || fll .2 + 0]l .2 +
|0z fl| ;2- Moreover, from now on, ¢ (and hence ¢) will be supported in [0, T] X [a, b] for some fixed
T>0and0<a<b<l
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3.2.3 Conditions for the Murat Lemma

This section is devoted to proving Theorem 3.10 through a series of lemmas. Since we are ultimately
interested in taking expectations of functions of u,, and since @1, and Gy, have the same law, we
shall prove the theorem for

Xn(n, ) = /000/0 Orp(t,x)n(an (t, x)) + 0zp(t, z)q(Un (¢, x))dxdt. (3.58)

Recalling that Gy is built from a solution @; = (73, p;) of the system of SDEs (2.11), and since ¢ (¢, -)
is compactly supported in (0,1), It6 formula yields

Xy =Xon+Xs N+ XS,N + My + N, (3.59)
where
oo N—1
aNSDn / Z 901 p7] ulz VVlz_ rn(ulz)v plz)dt+
i=l+1
o (3.60)
+/ > @i (0rg(t,:) Vi — Opq(tu,s) V' pra) dt,
0 =141
N—i+1
sN@Dn—J/ sz pnuuApzldtJra/ > G0t (V7 dii)?, (3.61)
i=l+1 i=l+1
oo N—1 oo N—l+1
Xs,n(p,n) = 0/ Z @0, (1) AV, Zdt—l—a/ Z @02, m(0y ;) (Vdiy )2, (3.62)
i=l+1 i=l+1
N- l+1
\/; / d S @i dV i, (3.63)
i= l+1
— oo Nl
_ \/% /0 at 3" 0 )av i (3.64)
i=l+1
and )
- [ ] et alatan(t o)zt
o Jo
N (3.65)
,/ 3" i (0rq(01)Vini — Bpq() V' r) dt.
0 =141
We have set
1 i/N+1/(2N)
wi(t) = N/ ot z)Ini(z)de =N o(t, z)dz (3.66)
0 i/N—1/(2N)
e ] ]
L =i s 1 =gl .
Wi =7 Z 7 Winj, Wi = g Z T Wing (3.67)
lil<t lil<t

The proof of Theorem 3.10 will rely on the following theorems, which we will prove in Section 3.3.

Theorem 3.11 (One-block estimate - explicit bound). There is C1(t) independent of N such that

{NZ [ (9t = rtinaten)” ds} <aw (T+5). (3.69

Theorem 3.12 (Two-block estimate). Let (i € {14, Pri Vl’l,T(ﬂl)} There is C2(t) independent
of N such that
1
|:Z/ Cl i+1 — Cl i d5:| < CQ( ) (F’ *) . (369)
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We prove Theorem 3.10 through a series of lemmas.

Lemma 3.13. Let (a:)ien and (bi)ien be families of L*(R)-valued random variables such that

N t N t
lim sup (IE [Z/ ai(s)’ds| E Z/ bi(s)2d8:|> < 00 (3.70)
N—oo i=1 70 i=1 70
for all t. Let ¢ be as in Theorem 3.10 and let
1
@i(t) == N/ o(t, )1ni(z)dx, (3.71)
0

where 1n; is the characteristic function of the ball of center i/N and diameter 1/N. Then

N oo
Z / ©i a;b;dt
i=170

] < ¢l Bn(9), (3.72)

where By is a deterministic functional independent of ¢ and such that

limsup By (¢) < oo. (3.73)
N—o00
Proof. )
o =¥ [ et onnso)de] < el < colplom, (374
where ¢y = ||¢||z~ depends on ¢ only. By the Cauchy-Schwarz inequality and since ¢(-,z) is

supported in [0,7] we have

N 00 N T N T
Z/ Giasbidt| < cg|v|| e 2/ a2dt Z/ b2dt |. (3.75)
i=170 i=170 i=1 70

The conclusion follows by taking the expectation of both sides. O

Lemma 3.14. Let (a;)ien be a family of L*(R)-valued random variables such that

N ot
. 1 2 .
A}I_I;IéoE |:N ;:1/0 ai(s) ds:| =0 (3.76)

for all t.Then, for ¢; as in Lemma 3.13, we have

N-1 e
> [ i - g de = Ya(o) + 2o, (3.77)
i=1 70
with
E[[YN(OI] < 1¥llg An(9),  E[Zn(0)]] < [[¥]lz=An(d), (3.78)
where AN is a deterministic functional independent of ¢ and such that
lim An(¢) =0. (3.79)
N —o0

Proof. We prove the lemma for ¢ smooth and compactly supported, since the result for p € H'NL>®
can be recovered by approximating ¢ with smooth and compactly supported functions. By Cauchy-

Schwarz we have
N-1 .o N-1 s N-1 .1
Z/ ai (piv1 — @i) dt| < <Z/ (¢i+1—@i)2dt) <Z/ agdt>. (3.80)
i=1 70 i=1 70 i=1 70
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We write

Bisr — cpz—N/ In.it1 (2)p(t, m)dac—N/ 1nv.i(2)p(t, z)dz (3.81)
—N/ 1n,i(z ( (t,w—&—%) —@(t,x)) dx (3.82)
:/0 Ini(2)0z0(t, x)da + 2N/ 1n,i ()02, (L, & n)dz, (3.83)

for some intermediate values &; n. This implies

1

(o =00 < 3 [ Ivil@) @ttt + iz [ bi@@et n)n (389

By summing over i and noting that the term involving 82, vanishes, as N — oo more quickly than
the term involving 0,¢ we have, for N large enough,

oo N—1 3 oo 1 3
/ Z (Giy1 — @) dt < 7/ / dwp(t,x)’dxdt = = ||0up|72 - (3.85)
(O — NJo Jo N
The conclusion finally follows from (3.80) and

102172 < 200l Zoe 10:9ll72 + 201028l L2 [ ¥l 100 < Colllplin + I1¥l1Z=2), (3.86)
where Cy = 2max{|[¢]|] = ,[|0-¢||72} depends on ¢ only. O

Remark. We will diffusely use summation by parts formulae like

N1 N-1
Z @iV pi = Z DL,V @i + Prr1Dig — PN—1+1D1, N1 (3.87)
i=l41 =11

However, since ¢(t, ) is compactly supported in (0,1) and {/N — 0, the boundary terms @;+1 and
@n~N—i+1 will be identically zero for N large enough. With this in mind, and since we will eventually
take the limit N — oo, we shall simply write

N-1 N-1
Z oV P = Z P1,iV@;. (3.88)
i=lt+1 i=l1+1

Lemma 3.15. Let ¢ be as in Theorem 3.10 and Xqo,n as in (3.60). Then there exist two random
functionals Aq,n, Ba,N independent of ¢ such that Xo N = Yo, N + Za,~n, where

Ya,n(o:m| < ¥l Aan(9), [ Zan(psn)| < [[¢]|Loe Ba,n(4) (3.89)
and
Jim E[A, v (6)] = lim E[B,n(6)] =0, (3.90)
Proof.
o N—I
Xenlom) == [ 3 @@n(ins) +Opalin,) V' i+
= (3.91)
/ Z Wl ( p’l’](lll 7«)v‘/l i + 8r£](lll ’L)vrl 7,) dt.
i=l+1

We use the equations which define the entropy-entropy flux (7, ¢), namely

7' (r)0pn + 8rq =0
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to obtain

Xa,n(#,n Z / i) (VUi = /(7 Vi) dt. (3.93)
i=l+1
Z / @i0pm(0,:)V (Vs — 7(F1,))dt+ (3.94)
i=l+1
S | et (9 = ) T (3.95)
i=l+1

After a summation by parts, (3.94) gives

Z / @i0pm(0,))V (Vs = 7(P10))dt = Qa,n (,1) + Za,n (0,m), (3.96)
i=l+1
where
o N l
Quten) = [ 73 (V)00 (7 = (i)t (3.97)
i= l+1
and
Zaw(pm / S (7 Opn,0) (7 — (70, (3.98)
i=l+1
We can apply Lemma 3.14 to Qq,~. In fact, 9,1 is bounded; moreover, Theorem 3.11 implies
T N !
lim —/ / “ 7(71,4) dug\rdt =0, (3.99)
Nooo N
i=l+1
for any T' > 0. Therefore we can write
Qa,n (@, 1) = Ya,n(0,1) + Zaq,n(9,7), (3.100)
where
Ya,n (@, < Yl Aa,n (D), 1Z@a,n (@, m)] < [[Y]| o0 Aa,n(9), (3.101)

for some random functional A, n independent of ¢ and such that

lim E[Aq n ()] = 0. (3.102)

N—oo

We can apply Lemma 3.13 to Z,1,~. In fact, since the second derivatives of n are bounded, we have
(V' Opn(,)* < OV, + (V' hui)*), (3.103)

for some C' > 0. Furthermore, Theorems 3.4 and 3.12 imply

T N—I1 T N l
E / > (Fri = frica d,uivdt] [/ —7(f1,0))%dt| +
0 =141 i= z+1
T N-I T N l
E / Z pll pll 1 dt |:/ —T(fl,i))th:| (3'104)
0 i=l+1 i= l+1
N
<20 C =+ =
<2 (4 + L)
which vanishes as N — oo for any T" > 0. Therefore,
|Za1,n (0, m)| < |19l Lo Ba1,n (), (3.105)
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where Bg1,n is a functional independent of ¢ such that

lim E[Ba1,n(¢)] = 0. (3.106)

N — oo

Finally, Lemma 3.13 applies to (3.95), too. We set

N-1 0o
Ziante) = 3 [ @@ (Vrtins) - 7'u) Ve (3.107)
i=l+170
and write
V(i) — 7' (i) Vive = (7' (Fra) — 7' (71,:)) Vi = 77 (71,0) (Fri — 71,0) Vi, (3.108)

where 7 ; is between 7 ;11 and 7 ;, while ﬁi is between 7 ; and 7; ;. With this in mind and using
the fact (proven in Appendix A) that 7’ is bounded, we obtain

| V7 (F1i) — 7' (1) Vi | < (|77 poe | Vil (3.109)
Finally, since, for any T > 0,
N—1 T N 1
. L2
E Z A (7”17141 — ’r‘l,i) dt| < CQ(T) (lj + ;) — 0, (3.110)
i=l+1
as N — 0o, we obtain
|Za2,n ()| < ||[¥[|Lo0 Ba2,n (), (3.111)
where Bg2 v is independent of ¢ and
lim E[Ba2,n(4)] = 0. (3.112)
N—oo

Putting everything together, we have obtained

Xa,N = Ya,N + Za,N, (3113)

where
ZaN = ZQa,N + Za1,N + Za2,N, (3.114)
and Y, n and Z, n have the claimed properties. O

Lemma 3.16. Let ¢ be as in Theorem 3.10 and let X’S,N be as in (3.62). Then there exists
three random functionals As N, Bs N and By y, independent of ¢ such that decomposes as Xs Ny =
Yo N+ Zs N + Z n, where

Yo (o,m)| < [0l g1 Asn (@), | Zen(2,m)| < 9]l Bon(6),

- i (3.115)
1Zsn(p,m)| < H"/’HL“’BS,N((M
and ~ - B
lim E[As n(¢)] = lim E[Bsn(¢)] =0, limsupE[B: ()] < . (3.116)
N— o0 N— oo N—00
Proof. We look at the term involving V| first. We write
o N—I oo N—I
o / > @idn(an) AV dt = —o / > @0t VIV Vit
0 i=l+1 0 i=l+1 (3117)
= Qun(p,m) + ZEn(9,m),
where
~ e Nil A~
Qutom) ==a [ 37 (V" p)dm(an ) Vit (3.118)
0

i=l+1

19



and
N—1

Zinto =0 [ Y @V (i) Vi (3.119)
0 i=it1
Since 0r7n is bounded and

2 T N-I 2
lim sup (‘]’VE [/ S (Wi - Vll,i)th:|> < Co(T) lim (?—3 + %) -0 (3.120)
0 oo

N—oo i=lt+1

for any T > 0, Lemma 3.14 applies to QS,N, yielding

Qs.n(0ym) = Yan (9. 1) + Zas.v (0,m), (3.121)
where ~ ~ ~ ~
Yen(o,ml < 10l As N (), [Zs@n(0,m)] < (|9l As n(8) (3.122)
with ~
lim E[A, n(¢)] =0. (3.123)
N —o0
From
(V*0rn(t,:))* < (V)" + (Vri)?) (3.124)
and
T N-I T N—I
E 0/ > (Fri = frio1)’dt | E [a/ > (Vi — Vi)t | +
0 =141 0 =141
T N—I T N-I
+E U/ Z (Pri — Pri—1)’dpr dt | E [0/ Z (Viip1 — ‘/l,,i)2dt:|
0 =141 0 =141
No 2
<2Ch (T)C2(T) NER +1) , (3.125)
which stays bounded as N — oo for any 7" > 0, Lemma 3.13 applies to Z;"N. Therefore, we have
12w (@) < 9]l BEn (9), (3.126)

for some random functional B;" ~ independent of ¢ and such that

lim sup E[B; y ()] < oco. (3.127)

N—o0

We estimate the term involving the Brownian motions, namely

N—l oo
Zan(em) =0 Y / B:02,m (0, (V™ diby, ;)2 (3.128)
i=l+170
Since (w;) are independent Brownian motions, we have
2 2 1 = =
(dwu — dwl’¢_1)2 = ﬁ(dwl,i—H—l — dwl,i_l)z (3.129)

= -1 2 9
=7 (Z dib; 1415 — ZdeJ) = st (3.130)
=0 =0

Therefore,
~ o oo N7 No
|Zs1,n (@, m)| < ”872‘7‘77HL00 73/0 Z |@s]dt < ||a72‘7‘77HLoo lf3||w||L°°- (3.131)
i=l41

Since No/I* — 0, as N — oo, the proof is completed if we set

ZS,N = ZQS,N + Zs1,N. (3.132)
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Similarly, we prove the following.

Lemma 3.17. Let ¢ be as in Theorem 3.10 and let X; n be as in (3.61). Then there exists
three random functionals As n, Bs n and B y independent of ¢ such that Xs N decomposes as
Xsn =Ys N+ Zs N+ Z; n, where

Yon (o] < 1@l As,n (@), | Zs,n (0, m)| < N9l Bo,n (),

3.133
Zo ()| < e B (9) (3:139)
and
A}im E[As n(9)] = A}im E[B.,n(¢)] =0, limsupE[B; x(¢)] < oco. (3.134)
— 00 — 00 N —oco

Lemma 3.18. Let ¢ be as in Theorem 3.10 and let My be as in (3.63). Then there exists two
deterministic functionals Apm,n and Ba,n independent of ¢ such that My = Yy, n + Zam,n, where

E[Ymn (el < el Amn (@), EllZrmn(e,n)l] < llollee Ba,n(9) (3.135)
and
lim Am,n(¢) = lim Bum,n(¢p) =0. (3.136)
N — oo N—o0
Proof. Recall ¢ = ¢tp and set ¢;(t fo o(t, x)1n i (x)dx, it fo o(t, z)1y,i(z)dr. Summing
by parts and up to terms of the form ||1/JHLOOO(1/N2), we obtaln My =Yman + Zma,N + Zrma,N,
where
o N=l
Yau(o,m) = /25 / > 6i(V0) (i) dib., (3.137)
i=l+1
o N=l
Zmi1,N(@;m) \/Zf/ > iV i) Oy (tui)diiv i, (3.138)
i=1+1
Zma2,n(@,n) ”27/ Z @i (VOpn(Q,;))diby ;. (3.139)
i=l+1
We write
= o N=l B 2
Yo (oml=4/25 ( > ¢i(V¢i)3pn(ﬁz,i)dlﬁz,i> (3.140)
0 =141
2
<./22 |IN— Z 5 (Vi) o) = (3.141)
> N 12 i i pn l Wi —j . .
i= l+1 lil<t

Now we write

(Z/ B (V) Oym(in) l'j'd wi-j

lil<t
_|]z<31</ G (V) pm(an) l]|dwi—j)2+ (3.142)
+ ([T s Man ) ([T awianast=Hav., ).

k#j
This, together with It6 isometry implies implies

E [|Ym.n (¢,m) _\j Z ZE[/ G2(Vh;)2(Bpn(uy))? ( lm) dt]. (3.143)

i=l+1 j|<1
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< Cho NlN / N2(Ve;)2dt < Cyy g ,/ Ml (3.144)

=Il+1

where C), 4 is independent of ¢ and the coefficient of ||1)|| ;1 vanishes as N — oo.
Similarly, we obtain

, o
EllZpmrn (ol < Cpoy[ 77 [Wllzoe. (3.145)

Finally, recalling that ¢(-, x) is supported in [0, 7], we estimate

1! N 1
< CM,\/CQ(T) <T4J + 7) (3.146)

Since the last term at the right hand side vanishes as N — oo, the lemma is proven. O

E{|Zp1n (0] < [$llL=Cylg *E [

Z/ (Vp,i)2dt

i=l+1

Similarly, we prove the following.

Lemma 3.19. Let ¢ be as in Theorem 3.10 and let My be as in (3. 64). Then there exists two
deterministic functionals AM N and BM ~ independent of ¢ such that MN = YM N+ ZM N, where

E (|7 (eml] < llelm Amn (), E[1Zan(en)l| < lellimBan(9) (3.147)

and
lim Aapn(¢) = lim B n(¢) = 0. (3.148)
N—oo N—oo

Lemma 3.20. Let ¢ be as in Theorem 3.10 and let Ny be as in (3.65). Then there exists two
random functionals A, n and Bp,n, independent of ¢ such that Ny = Y, N + Zn, N, where

Yo, n (@) < [[Wllg1 Ann (@), [ Zn,n (0, n)| < (Y]l Loe Bn,n (9), (3.149)
and
1\}1_r}n E[An,n(0)] = A}gn E[B. n(¢)] =0. (3.150)

Proof. As in the proof of Lemma 3.14, we prove the statement for ¢ smooth and compactly sup-
ported, and the general statement for ¢ € H' N L*> will follow by approximating ¢ with smooth
and compactly supported functions.

- /O - /0  uio(t, 2)qlin (b, 7)) dudt (3.151)
/ z;l (/ Bep(t, T) 1N iz )dm) q(iy;)dt (3.152)
_ 7/00o ZNIZ_ZI ( ( 2y %) — (t, % - %)) g(tu.s)dt (3.153)
/ - ZNHll ( ° —%) Va(tu)de (3.154)
:/Ooo ;ﬁ; @ Vq(ay;)dt (3.155)
:/w Ni 21(0rq(i,1) Vi + Opa(,6) Vo), (3.156)
0 I
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for some 1;,; between 0;; and 0;,;4+1 and where

- 7 1
Thus,
o N—I
Nivto) = [ @i(0raln) Vs + 0pa() Vi )d+
s 3.158
oo N—1 (3. )
- / > @i (0rq(in,:)Viv: — Opq (i) V) dt
0 i=i+1
= Nin(p,1) + Npn (0,1) + Nin (0,m), (3.159)
where
0o N—1
Nev (e, m) =/ > (@i0rq(t:) — @i0pq(t,:) Vi adt, (3.160)
0 =141
0 N-—I
No.n (p:m) :/ S (@i0pa(ns) — §i0pq(1.:)) Viradt, (3.161)
0 i=it1
0o N—1
N (e,m) =/ > i0pq(a1i) (Vi + V7 pri)dt. (3.162)
0 =41
Since
Viii + Vi = pritr + Pri-1 — 21 = Apu, (3.163)
the term N7 n can be estimated exactly in the same way we estimated
0o N—1
U/ > G0 (i) AV dt (3.164)
0 =141

in Lemma 3.16. The main difference here is that in ./\/1, ~ does not have a factor o. Therefore we
obtain
Nin(pn) = Yar,n(9,1) + Zoa,n (9,m), (3.165)

where
Yoi,n(@,n)| < [Yllar Anin (@), [Zna,n (@, n)| < 111 Bri,n(9), (3.166)

for some random functionals A,1,nv and Bp1, v independent of ¢ and such that
lim E[Anl,N((ﬁ)] = lim E[Bnl,N(qﬁ)] =0. (3.167)
N—oo N—oo

We are left with estimating N, n and Np n. We only evaluate N, n, as Np n is dealt with in a
similar way. From (3.160), we evaluate

?i0rq(01,5) — @i0rq(0,i) = (@5 — @:)0rq(W i) + @i (0rq(Tu,i) — Org(tuys)), (3.168)

which implies N, v = N1, 8 + Moo N, where

o N-1
NN (p,m) = / > (@i — @)0rq () Vi, dt (3.169)
0 =41
and
o N—1
Neante = [ 3 i@ralins) - 0ra()) V. (3.170)
0 =41
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Since |@i| < C||9||Le, performing estimates identical to the ones done in the proof of Lemma 3.16,
we can write Nyo, N = Yro N + Zr2, N, where

Yoo, n (@, < [[¥ll1 Ara,n(0), | Zr2,n (@, m)| < (19l Loe Ara,n (), (3.171)

for some random functional A2 n independent of ¢ and such that

lim E[A,2 n(4)] = 0. (3.172)

N—o0

Let us now estimate N;1,n, given by (3.169). We write

i1 !
~i__i: o T o — N In. s 1
bi-pi=v(tg g ) N [ vt a)is (3173
1 i 1
= N/o 1n,:(2) (<p (t v ﬁ) — o(t, x)) dx (3.174)
—N/ll i(2)0wip(t, ) i,L,x dz+
-, NAEEREIAN T aN
; ) (3.175)
7 1
for some intermediate value &, ;,n. Since, for z € [i/N —1/(2N),i/N + 1/(2N)],
7 1 1
e gl <= .
N v O S v (3.176)

the term involving 82,¢ will vanish faster than the term involving 8, and we obtain, for N large
enough,

/ Z (@i — @i)°dt < — ||8L¢||L2. (3.177)
0 = I+1
Moreover, since
1 T N-—I
lim E 7/ (Friv1 — 71)2dt| =0, (3.178)
Nmree |:N 0 i:lz+1

for any T" > 0 and since the first derivatives of ¢ are bounded, we can follow the proof of Lemma
3.14 and obtain N1,y = Y18 + Zr1,n, where

Yer,n(om] < 19l Arin (D), | Zri,n (sm)| < [[9]loe Ari,n (9), (3.179)
for some random functional A,1,ny independent of ¢ and such that

lim E[Aq1,n(¢)] = 0. (3.180)

N —oco

The proof is concluded once we write Ny = Yo, N + Zn,n, with Y, v = Y1, v + Yri, v + Yo, v and
Zn,N = Zn1,N + Zr1,N + Zr2,N

O
3.3 One and Two-Block Estimates
3.3.1 The Relative Entropy and the Dirichlet Forms
Denote by AN the Gibbs measure
)\N(dr,dp) =AY 0,0(dr,dp) = Hexp ( <p‘ + V(Tz)) — G(,B,O)) dr;dp;. (3.181)
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Denote by pi¥ the probability measure, on R*Y, of the system a time ¢. The density f{¥ of ¥ with
respect to AV solves the Fokker-Plank equation

a(f;’f (g*“)) 7N (3.182)

Here (gfv(”) = —NLf\,(t) + N7(t)py + oN(Sn + Sn) is the adjoint of g;,(t) with respect to AV.

Define the relative entropy

Hn(f) ::/ f log f¥ aa™ (3.183)
R2N
and the Dirichlet forms
N— N NN 2
= Z/ ! (aft _ i ) dAY, (3.184)
— Jean AfY \Opis1  Opi
N— 2
1 ofy ofl N
= — =] d\". 1
§=: /RQN 4ft <6T1‘+1 87“1- (3 85)

Theorem 3.21. Assume there is a constant Cy independent of N such that Hn(0) < CN. Assume
also the external tension T : R — R is bounded with bounded derivative.
There exists C(t) independent of N such that

Hy(f) + a/ot Dn(f&) + Dn(fN)ds < C(t)N. (3.186)

Proof. The statement will follow by a Gronwall argument. We calculate

d
GHNY) = [@slog fYax + [ o
(3.187)
= / @) log fN AN + / O fN AN
By (3.182):
4y G log N AN
pn N ft ft gf
_ (3.188)
- N / L P 10g fNAAY 4+ No / N Snlog fNdAY + No / N Sn log fNax™.
‘We have
/ L P 1og fNay = / LN aN = N7(t) / pn AN, (3.189)
We estimate the second term in (3.188) (the third term will be analogous).
N-1
/ FSnlog fAAY = =) / f:D; D;log fd\N (3.190)
=1
_ (Ds ft _ N
S Z (Di fN)(Dilog f)dAN Z = —4Dn(f). (3.191)
Putting everythmg together, we obtain
d N
GHNY) = N7(t) [ pn s aAY — aNo(Dx () + D (£Y) (3.192)
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which, after a time integration, becomes,

() = 15+ N [ as(o) [ s2an = ano [ (Dn () + D, (3199
We estimate the term involving py.
N / pnfNdNY = N / (L gn) NN = / (G gn) fNaN = / anOs FN AN (3.194)
where we have used the nontrivial identity Sygny = 0. Hence we get

N/Ot ds%(s)/prSNd/\N = %(t)/qutNd/\N —%(O)/quéVd)\N - /ot ds?'(s)/quSNd)\N

(3.195)
By the entropy inequality and for any a > 0,

N
/quvlftNd/\N < éHNUtN) +1og/ea'QN‘dAN < éHN(ftN) +1og/Hea‘”‘dAN
i=1 (3.196)

= 1ILIN(f,gN)-i-Nlog/c>o

« — 00

IV dry = ZHN(FY) + C(a)N,

with C(«) is independent of N. Therefore,

N / dsf(s)/pr;VdAN‘ <K (HN(fiv) +Hn(fo) +/ HN(fjv)ds> + N2+ t)K-C(a),
0 @ 0
(3.197)
where K- = sup,>o{|7(t)| + |7'(t)|}. Thus, choosing @ = 2K+,
Hn(fN) < 3HN(fY) + / Hy(fN)ds + C'N — SNJ/ (Dn(fN) + Dn(fN))ds, (3.198)
0 0

where C’ does not depend on N. Since Dy and Dy are non-negative and since H. N(fY) < CoN,
by Grénwall’s inequality we obtain

Hy(f) < C"e'N, (3.199)
for some C” independent of N. Using this, equation (3.198) becomes
t
No [ (Dn(£Y)+ Dn(s))ds < € (@N, (3.200)
0
for some C"’(t) independent of N, which completes the proof. O

In order to obtain an explicit bound on the one-block estimate, we make use a logarithmic
Sobolev inequality.

For 1 < m < i < N, denote by [Lf,’fi € My (R*™) the projection of the probability measure
on {Ti—m+1,Di—m+1,---,Ti,pi} conditioned to

1 m—1 1 m—1
o Z riej =P Z pi—j =P (3.201)
j=0 J=0
Denote also by j\f,’f . the measure analogously obtained from AN, Since the potential V is strictly

convex, the density of the measure A% is log-concave. The same applies to the conditional measures
Apki. Thus, we have the following logarithm Sobolev inequality (LST):

o m—1 B 2 o
/gz log g° dX.7, < Cram® Y / {(Di,jgy n (Di,jg) } P, (3.202)
j=1

if g% is a smooth probability density on R*™ (with respect to Xf,’fi and Cis; is a universal constant
depending on the interaction V only. A straightforward consequence of the LSI is the following
lemma.
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Lemma 3.22. Let fp’p be the density of i”P. with respect to ;\fﬁi" Then

m,i

Z/ Fo log fordNE < mPCrai(Dn (fY) + Dn(f1)).- (3.203)

Proof. Choosing g = fﬂ’l’, in (3.202), and using Jensen inequality we obtain

fj/ P log fo AN, < m zsii§/4f ((DifjftN)zwL(Dz‘—jftN)z>d>\N- (3.204)

- 2
The last step is noting that, when summing over i, any of the terms (Di_j w )2 or (Di_]- mw )

appear at most m times. This gives the extra factor m and re-constructs the Dirichlet forms:

Z / 7 log FERANP, < m®Cl z_; / ﬁ ((Di ftN)2 n (Di iy )2> AN (3.205)

=m’Clsi (DN(ftN) + DN(ffv)) . (3.206)
O

3.3.2 Block Estimates

In this section we prove the three main estimate we have used in proving our main result: the energy,
one-block and two-block estimates. In what follows the expectations E at time ¢ shall be evaluated
in terms of integrals with respect to the measure ul.

Lemma 3.23 (Energy estimate). There ezists Ce(t) independent of N such that

N
Z / (r} +p7) duy’ < Ce(t)N. (3.207)

Proof. Let a > 0. By the entropy inequality we have
N N 2 2
o / > (i +p7) dut’ < Hu(f1) +1log / e T PO gAN, (3.208)
i=1

Since V(0) = V/(0) = 0 and ¢; < V" (r) imply c17?/2 < V(r), we have

/eazﬁzl(p%w?)dw _ (% /_o; /_O; eaP2+MZe—p22—V<’“>drdp>N < (3.209)
N
( ) / / eoptert o=t drdp) (3.210)
2w 2w N
- (G(EO) Vi-2aV e — QQ) ’ (3:211)

provided a < min{1/2, ¢1/2}. Therefore, since H(f¥) < C(t)N, choosing a = min{1/4, c1/4} gives

N
Z/(r? +p7) dpi < Ce(t)N, (3.212)
=1

for some C.(t) independent of N. O
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We denote, for 1 <1 <i< N,
— 1 — 1 ( 7/ 1 !
i = 7 jE_O Tiejy  PLi = 7 E piej, Via:=7 ) Virij). (3.213)

Lemma 3.24 (One-block estimate). There exists lo € N and C1(t) independent of N such that

Z/ / (71,))" dpdds < C1 (1) (? + ;) , (3.214)

whenever N > 1> ly.

Proof. Fix a > 0. By the entropy inequality and Lemma 3.22:

Z / / (71.0))° dpl < 1°Cla /t(DN(S) + D (s))ds+

0
+tZlog/exp (a (Vi — T(Fl,i))Q) dj‘zp,f'
=l

The time integral of the Dirichlet forms is bounded by C(t)/o. Moreover, it is a standard result
that there exists a universal constant C’ and lo depending on V' only such that

/e*"d,'\;{f < C'/e“’d)\ff@T(p) (3.216)

(3.215)

for any bounded function ¢ and whenever [ > ly. Hence, we obtain

Z //Vz ru)dus<t§jlog/cexp (Vh ()))dAlwwc()f

(3.217)
We are left to estimate the expectation with respect to )\g,ﬁ,f(p)- In order to do so we introduce a
normally distributed random variable £ and write

/ exp (a (W, = 7(9))?) dXp () = Be { / exp (6v3a (Vi — (s) dxﬂﬁ,T(p)} (3.218)

!
—E [e—ﬁp)sm (/ exp <57V120‘v/(r1)> d,\{fﬁﬁ(m> ] : (3.219)
Since, by Lemma A.2,
2 2
[ew (S0 ) g < oo (e 4 YR (3.220)
we obtain
- 2
/exp (a (Vi — ’T(p))2> d)\ll\jﬁﬁ(p) < E¢ [exp (2T§2>} , (3.221)

and the right hand side is independent of p and p. Putting everything together yields

o3 [ [ mr i < SO (v i (e e (2267)]) . 3222

(o2

and the conclusion follows taking a = 1/(4cz). O
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Lemma 3.25 (Two-block estimate). Let lo as in Lemma 3.24. There exists C3(t) independent of

N such that, forlo <l <m < N,

2

N—m t N m
S [ [ s - auas < st (4.
i=t “0

whenever T, € {p,i, Vi, 7(F1,6), 1.4}

Proof. We start with 7;; = V//;. Denote by V/ := V'(r;). The integration by parts formula

(3.223)

[ W =V N = [ (0= 00) 22N 4 [ (91 s = 01 £5) XY, (3220

gives

-1
> > 1 / 'y !
/(‘/l,,i+m - Vl/,i)Qd,uév =7 E /(Vi+m—j - Vil—j) (‘/l,,i+m - Vl,i) fsNd)\N
Jj=0

-1

1 _ _ _ _
= 7 Z/ (am+wn—j (Vl/,i+m - Vllz) - &“i—j (Vllyier - Vl/l)) duiv—l—
j=0
1 -1 ~ ~
72 / (Wi = V) (O £ = 00 £ ) dY.
j=0

We evaluate

~ =

87‘1'44”7]' (‘_/Zl,'ﬁ»m - ‘_/l/,z) - a?”z j (W i+m ‘/l z) = (‘/z+m 7 + ‘/7,”])

Moreover, by the Cauchy-Schwarz inequality:
=
7 Z/ (‘/ll,ier - ‘/l/,z) (8T¢+m7j f.sN - an'fj faN) d)‘N
=0

<

N | =

-1
_ _ 2 1 2
/(Vl/,i+m — Vi) dps + 7 > :/‘fzv (&Hmﬂ.fSN - 6Ti7jfsjv) ™.
3=0 s

Finally, we estimate

2 1 N N 2 N
7‘ /fN (ari+m—jfs _6”'1‘—ij) X

2

A ) o

ml 1i+m—7—1
S DD DI B e I
j=0 k=i—j
1+m—1

<om S /f Orpir fY arkfs) AN

k=i—l+1
Putting everything together we obtain

(3.225)

(3.226)

(3.227)

(3.228)

(3.229)

(3.230)

(3.231)

(3.232)

(3.233)

N —1 +1
Z/ (Vs — Vi) s < N =L Ly 22/ Ve = Vi) dplds

Nm7,+m1

tom 3 / / v (o 0, ) a\Vas,

i=l k=i—I+1
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which leads to the conclusion, since we gain an extra factor m + 1 — 1 in the last term order to
rebuild the Dirichlet form D(fY) as in the proof of the Lemma 3.22.
Thanks to the integration by parts formula

/(pier _pi) ‘PfsNd)‘N = / (apzdrm@ -0 i‘P) ‘Pf;VdAN + /@ (apiergpf;V - api@fév) d)\Na
(3.235)
the case 7j;,; = Pi,; is analogous. Finally. we treat the cases 7;,; = 71,; and 7;,; = 7(71,;) simultane-
ously. Since, by Appendix A, 7 is bounded from below, we have, for some constant C,

c? (fl,ier - 7;171')2 < (7‘(771,1‘+m) — T(ﬁ,i))Q (3.236)
<3 (Wapm — Vi) 4+ 3 (1(71i) = Vi) + 3 (T(Friem) — Vogm) (3.237)
which imply the conclusion by the first part of the proof and the one block estimate. O

The two-block estimates can be written in terms of the averages 7);,; thanks to the following
Lemma.
Lemma 3.26.

. . 1 _ _
it =i =7 (Mt — M,a) - (3.238)

Proof. We prove the statement by induction over [, for each fixed k. The statement for [ = 1 is

obvious, since both 71,41 — 71,; and 71,i+1 — 71,; are equal to Mi+1 — ;.
Assume now the statement is true for some [ > 1, that is

. . 1 _ _
it =i =7 (Mt — M,a) - (3.239)

We prove it holds for [ + 1 as well. We have, in fact

5 5 1 L+1-1j 1 [+1—1j|
AN i Ty Miti-i T i—j 3.240
Mi+1,i+1 — M+1, 1 Z S Nit+1—j 1 Z 1 Ni—j ( )
[7]<i4+1 [7]<i+1
1 .
BR(ESE D U+ 1= Mer1-5 — miy) (3.241)
l7l<i+1
S| 1— 4] 1
= ——(Mit1—§ — Ni—j — it1—j — Ti—j)- .242
(l+1) ZZ i (77+1 J n J)+ (l+1)2 Z (77 +1—j n ]) (3 )
lil<t lil<i+1

For the first summation we can use our inductive hypothesis, while the second summation is a
telescopic one. Therefore we obtain

-1

1 1

Ni41,i+1 — g1, = itl—j — Ni—j) + 75 (M — M- 24
e R (P E ;(n Hl—j — Mi—j) T EE (Mi+i+1 — M—1) (3.243)
1 l -1
REESE (Z Miti+1—5 + Miki41 — D Mimj — nm) (3.244)
j=1 j=0
1 l
= (Mit141-5 — Mi—5) (3.245)
2
(+1)? =
1, _ _
= m(nz+1,i+l+1 = M41,i)- (3.246)

From the previous lemma and the two-block estimate it follows:
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Corollary 3.27. Let N > 1> lo and ij; € {pr,i, Vi's,7(71,1),71,:}. There is C4(t) independent of N
such that
= [t N 1
> / /(ﬁl,w1 — i) dpl ds < Cao(t) (73 + ;> . (3.247)
i=1 /0

Proof. Let fi,; € {ﬁz,i,f//’i,ﬁ,i}. Then, from

Myit1 — i = 5 (Mitt — i), (3.248)

~ =

where 7;,; is defined as in the previous lemma, we have

. . 1, _ _
(g1 — i)’ = ﬁ(m,m — i), (3.249)

and the conclusion follows from Lemma 3.25 with m = L.
For 7y,; = 7(#,:) the conclusion follow once more from the lemma, since

(T(Fris1) = T(71,0))? < C(Fraigr — 710)% (3.250)
O

Finally, we compare the averages 7;; and 7);,;. This allows us to write the one-block estimate in
terms of the averages 7;,;.

Lemma 3.28. Let ly be as in Lemma 8.24. There is Cs(t) independent of N such that

N—I+1

t N 2
> /O /(ﬁz,z- — i) dps’ < Cs(t) <7 + ;) , (3.251)
i=L

forn; € {rj,p;,V'(rj)} and whenever N > 1> lo.

Proof. We prove the statement for n; = V'(r;), first. Define

l
5 . 1 3 ¥l
87‘»57]'7 8l,i = 7 I 8”,]- (3252)

lil<t

ML

= 1
81,1‘ = 7

J

Il
<}

Integrating by parts we have
[ (= i) = [ (= i) (Vi Vi) 22
= / (él,i - 51,2') (‘7/1 - ‘7/1) dpd + / (Vz'z - ‘7/1) (5l,ifsN - 5l,z‘fsN) d\".

1 1
O — O = 7 Z ¢iOri_jo Vii—=Vii= 7 Z Vi, (3.254)

i<t i<t

(3.253)

where the numbers c¢; have the following properties: c? <1, and Zj ¢; = 0. This allows us to

estimate 2 [V
A = Nt ! 1 2 11 oo
(81’7; — 6177;) (‘/l,z — ‘/l,z) = ﬁ Z ciV (’I"ifj) S f (3255)

li]<l

For the remaining term in (3.253) we use Cauchy-Schwarz:

[ (=) (Buar = duar) an < 5 [ (Vo= via) a5 [

1 /A _ 2
7 (8l,¢f3N —al,ifjv) AN,
’ (3.256)
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The last term at the right-hand side evaluates as
1
5 N 5 N _ 1 J N N
8l,ifs - al,%‘fs = 7 Z 7 (a’rifjﬁ»lfs - ari—j fs ) . (3'257)
j=1
Therefore
2 4 2
1 (4 N 5 N N _ 1 J N N N
/fsN (al,ifs —Aaf! ) AN = fz/fTv (Zz (ammfs N )> A (3.258)

Jj=1
is estimated by the Dirichlet form as in the proof of the two block estimate, since j/I < 1, leading
to the conclusion.

The proof of the statement for n; = p; is analogous. We are left with the case n; = r;. Since we
do not have an integration by parts formula involving r; alone, we follow the proof of Lemma 3.24:
for any a > 0,

al k ~ = 2 N al a('f i —T ,)2 N PP (2l - 1)3
Z « (P15 = 7,6)" dps < tz log [ eV i) dAGY i+ O —, (3.259)
i=l 0 i=l g

We write
/eXp (ou(frs — 7"1’1-)2) d;\gle’iﬂfl <cC /exp (ou(frs — fl,i)Q) d/\fjl—,,T(p) (3.260)
— C'E, U exp (\/Qag(m - m)) dAiYﬁ,T(pJ : (3.261)
where ¢ is a normally distributed random. In order to calculate the last integral, we write
. _ V2
/exp (\/2@5(7"1,1' - Tl,i)) d)\i\fﬁﬁ(p) = /exp 7;15 Z CiTi—j d/\Jl\fﬁ’T(p) (3.262)
l5]<t
2a
=TT [ew (V5 emes + 7oy = Vi) - G0 ) dricy (3.263)
l71<t
V2
= IJ exp <G (T(p) + lafcj) - G(T(p))) (3.264)
l5]<t
/ 2a oo af?
—ow Y (G e + @)% ). (3.265)
l7l<t
for some intermediate value 7. Since Zj c; =0, cf <1, and G” is bounded, we have
2 "
exp 3 (G’(T(p))%afcj + G”(%)C“TEC?) < exp (20‘(21 + QHG o= 52) . (3.266)
[FIN

Therefore we have obtained
o 6a||G" || 1,00
/GXP (a(fl,i - Fl,i)Q) d>‘§£1,z‘+l—1 < C'Ee |:exp (Mf)} ) (3.267)

and again the right hand side is independent of p and p. The conclusion then follows as in the proof
of the one block estimate. O

We end this section by stating the one block estimate in terms of the averages 7 ;.
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Corollary 3.29. Let lo be as in Lemma 3.24. There is C1(t) independent of N such that

N N PP
(7)) dpl ds < C1(t) T + - (3.268)

Proof. It follows immediately from the first one block estimate and the average comparison, since

N— z+1

whenever N > 1> lg.

(Vi = 7(714))? < 3Vl = Vi) + 3(Vii — 7(71,0))? + 3(7(71s) — 7(F1,0))° (3.269)

and
(T(Fri) — T(F1,6)) < O(Fri — 71.6)°. (3.270)
O

4 Thermodynamic Consequences

In this final section we want to prove that any limit distribution 9 of Qn satisfy the thermodynamic
principles applied to isothermal transformations. Throughout this section, we shall restore .

In order to perform a isothermal thermodynamic transformation we fix 70, 71,t1 € R and take
the external tension 7 to be a smooth function such that 7(0) = 7o and 7(¢t) = 7 for all t > ¢;.
This corresponds to the following physical situation: at time 0 the system is at equilibrium, and the
equilibrium state determined by (8, 70). Then we vary the external tension and we eventually bring
the system to another equilibrium state (reached asymptotically as ¢ — o0), identified by (3, 11)
(we are performing isothermal transformations, so the temperature does not change). This is the
way we define a a thermodynamic isothermal transformation between two equilibrium states (3, 7o)
and (8, 7m1).

Recall the definition of the Gibbs potential:

G(B,7) =log /jo exp(—=B(V(r) — 7r))dr + log \/% (4.1)

Moreover, the free energy F' is defined as
F(ﬂ7p) = Su%{’]—piﬁilG(/BaT)} (42)
TE

and the tension 7 is given by
7(8,p) = 0,F (B, p)- (4.3)
Finally, the internal energy U is defined by

2

U(B,7) =En, ., {% + V(Tj)] . (4.4)

Through this section we need the following assumption on the convergence of the energy:

Assumption A.

N —oco

lim IE( / U(B,(rn(t, x))dm) =0, (4.5)

and
1\}LmooEN(0) =U(B,70). (4.6)

Furthermore, under the proper convergent subsequence,

. Lo AN . B 1 poo A i
hm//0 P(t,z)E (f(uzv(t,x)))d:vdt—/o/o Y(t, 2)E™ (f(a(t,x))) dedt. (4.7)

N—oo [

for all test functions ¥ and all continuous f with quadratic growth.
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Remark. Assumption A is necessary because all our bounds rely on relative entropy that is not
sufficient to give the uniform integrability for the convergence of second moments.

We also need some assumptions on the weak solutions considered:

e When tension is held at the constant value 71,

lim 7(3,7(t,z)) = 1, tli}m p(t,x) =0 (4.8)

t—oo

for almost all z € [0, 1].

1
L(t) ::/ r(t,y) dy. (4.9)
0
is a bounded variation function of ¢. This is necessary in order to define the macroscopic work
W (t) below.
The first law of thermodynamics is an energy balance which takes into account energy loss (or
gain) via heat exchange. It reads as follows.

AU =W +Q, (4.10)

where AU is the difference of internal energy between two equilibrium states, W is the work done
on the system (which depends on the external force 7) and @ is the heat exchanged (which depends
on the noise, i.e. on ). In order to deduce the first principle, we use the equations (2.11) to obtain,
from a direct calculation,

t

En(t) — Ex(0) = / dEn(s) = Wx (1) + Qn (1), (4.11)

0

where
Wi (t) :/0 7(s)pn(s) ds (4.12)

and
+ N—1

Qn(t) =—0o Z ((Vpi(s))2 — 2571) ds + 20 i t(Vpi(s))dwi(s), (4.13)
0 BN —~ Jo

W can be rewritten in the more expressive form
t t N
Wi (t) = / 7(s)d (QN(S)) = / 7(s)d 1 > ris) |, (4.14)
0 N 0 N i=1

W) = Tim W(t) = /0 CH(s)dL(s), (4.15)

so that we have

N—oo

W (t) is the macroscopic work done by the external tension up to time ¢.
By our Assumption A about the convergence of the energy, we obtain that En(t) — En(0)
converges to the difference of internal energy, and so Qn (t) converges, as N — oo to the quantity

Q) = /OI(U(B, (7 (t, x))) — U(B, 70))dx — W (t). (4.16)

Therefore, taking the limit ¢ — oo we obtain the first principle of thermodynamics
UB,m)—U(B,10) =W +Q. (4.17)
Let us move now to the second principle. It states that, during a isothermal thermodynamic trans-

formation,

AS > pQ, (4.18)
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where AS is the difference of entropy and @ is the heat. The equality holds only for reversible (or
quasistatic) transformations. The entropy S is defined by

S =B(U-F). (4.19)

where F is the free energy and U is the internal energy. We can combine the first principle (4.17) and
(4.19) to have an equivalent formulation of the second principle for an isothermal transformation.
In fact, we have

AF =AU —TAS =W +Q — 87 AS.

Therefore, since 3 is positive, the second principle is equivalent to the following inequality of Clausius
AF <W. (4.20)

We show that (4.20) for our system is a consequence of the above assumptions and the assumption
that the hydrodynamic limit concentrates on the the vanishing viscosity solutions.
Define the free energy at time t by

F(t) = /01 (@ + F(B, F(t,x))) da. (4.21)

Notice the presence of the macroscopic kinetic term in (4.21), that eventually disappears when the
system reach global equilibrium. It follows from the initial and asymptotic conditions on 7 and p
that

F(0) = F(B.7 (). lim F(t) = F(8,7(m). (4.22)

In Appendix B we show that the vanishing viscous solutions satisfy F(t) — F(0) < W(¢), and
consequently
F(B,77 (1)) = F(B,7 (10)) < W, (4.23)

where W is defined in (4.17). In order to make the following calculations more transparent, we omit
to write the dependence on f.
A Properties of the Tension

In this section we shall give some technical properties about the tension 7. In order to simplify the
notation we set 5 = 1 once again. Thus, we define

m(p)=F'(p),  Flp)= sup{rp — G(7)}, (A1)
where -
G(r) = log/ eV dr —log V2. (A.2)

We will prove the following

Proposition A.1. Let the potential V € C*(R) be strictly convex, in the sense that there exist
c1,c2 € R such that
0<eci <V'(r)<co, VreR (A.3)

Moreover, assume there exist some positive constants V{', V" a, R such that
V'ir) =V <e™, Vr>R
| ,,() T,} o . (A.4)
|[V'(r) = V| <e*, V¥r<-R
Then the following properties hold true.
i) The p-system (2.23) is strictly hyperbolic, meaning T'(p) > c1 > 0 for all p € R;

i) 7" (p)(7'(p)) " and 7" (p)(r'(p))"/* are in L*(R), while 7" (p)(7'(p))~*/* and " (p) (' (p))
are in L= (R).
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iii) 7'(p) < c2 for all p € R. Moreover, T(p)/F(p) = 0 as |p| = oo.

Finally, suppose we can write
2

V(a) = 5 +0U(r),

(A.5)

for some 6 € R, where U is a smooth and convex mollification of the function xr max{r,0}/2—rr?/2,

for some 0 < K < 1/2.

i) There exists 6., > 0 such that, for 0 < |0| < 0., the p-system (2.23) is genuinely nonlinear,

meaning 7" (p) # 0 for all p € R.

We prove the previous propositions through a series of lemmas.
Fix 5,7 € R. We denote by Ay, the probability measure on R? defined by

e ¢ _e=p L vir
[ 100t = = [ g O,

for any measurable f : R — R.
The first lemma we state is used in the proof of the one block estimate.

Lemma A.2. Let « € R. Then
/eavl(r)d)\ﬁﬁ < exp (om- + %CMQ) .

Proof. Let
Ala, 1) = 10g/eavl(T)d)\5,T.

Then, integrating by parts, we have

O A(a,7) = /:)O V'(r) exp (on'(r) +71r—=V(r)—G(1) — A(a,T)) dr

_ / T @V () + ) exp (V' (1) + 71 — V() — G(r) — Ale, 7)) dr

Since
c < V”(r) <c2, VreRr,

if @ > 0 we obtain
0o A, 7) < coa+ T,

while, if « <0
OaA(a,7) > coa+ 7.

(A.12), together with (A.13) and A(0,7) = 0 imply
Ao, 1) < ar + 02—2@2,

for all o € R, from which the claim follows.

(A.9)

(A.10)

(A.11)
(A.12)

(A.13)

(A.14)

O

Lemma A.3. Let 7 and G as in (A.1) and (A.2). Moreover, let c1 and c2 be as in (A.3). Then

;' <G (1) < et for all T € R. Moreover, c1 < 7'(p) < ¢o for all p € R.

Proof. Let p(7) be the expectation value of r with respect to A . We have

p(r) = /rexp (rr =V (r) — G(1))dr = G'(1)

and so

G'(1) = /r2 exp (tr — V(r) — G(7)) dr — /TG/(T) exp (tr = V(r) — G(7)) dr
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= / r?dAp,. — ( / rdxp,T)Q (A.16)

= [ = sdrs. (A7)
- / (r — p(r)) g +2p / (r — p(r))dAp.r (A18)
= / (r — p(7))?drp~ > 0. (A.19)

Therefore G is smooth and convex on R, and so is its Legendre transform F. Then, integrating by
parts yields

- / (r— p(r) (V'(r) — 7) dAp.» (A.20)
= [0 (V') = Vo) s = [ = plr)V (P (a21)
where 7 is between r and p(7). Recalling that ¢1 < V" (r) < c2, this implies
' < [ pm)dr, <, (A.22)
that is
<G (1)<t (A.23)

Finally, since G is smooth, the supremum in (A.1) is attained when G’(7) = p. But since we have
proven that G’ is invertible (G” is strictly positive), the equation G’(7) = p has exactly one solution
for any p € R. We claim that this solution is precisely 7(p), as defined in (A.1). In fact, let p € R
and let 7 = 7(p) solve G'(7) = p. We have

F(p) = pr — G(1). (A.24)
This implies
7(p) = F'(p) =7+ pr'(p) = G'(1)7'(p) = 7 (A.25)
and, in turn,
, 1
m'(p) =1 (p) = G0 (A.26)
Therefore we have the desired bound on 7" and the proof is complete. O

Remark. Since there is a 1:1 correspondence between 7 and p via the equation p = G'(7), we can
always express 7 as a function of p and viceversa. For this reason, we shall adopt the following
notation. When writing a chain of equalities or inequalities, the object at the far left tells us which,
between 7 and p is the independent variable. To be precise, the writing

f(r)=g(r,p)
stands for
f(r) = g(r,G' (7))
while
f(p) =g(7,p)
stands for

I(p) = g(7(p), p)-

Corollary A.4. Let T and F be defined by (A.1). Moreover, let ca be as in (A.3). Then 7' (p) < ca
for all p € R and 7(p)/F(p) — 0 as |p| = oo.
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Proof. 7' is bounded from above thanks to (A.3). Since 7 = F’, it is enough to show that F(p)
grows at least quadratically and F'(p) grows at most linearly in p. We consider p — oo, as p — —o0
will be analogous. Since 7 = F’, we have ¢1 < F”(p) < co. Integrating this twice we obtain

F'(0) 4+ c1ip < F'(p) < F'(0) + cap. (A.27)

and
F(0) + F'(0)p+ 5 6° < F(p) < F(0) + F'(0)p + 5" (A.28)

Therefore, since c1, c2 > 0, F grows at least quadratically and F’ at most linearly, and the conclusion
follows. O

Since we have shown that 7' is bounded from below, the L* bounds in part #ii) of Proposition
A.1 follow from the following

Lemma A.5. Let T be as in A.1. Then both 7"’ and ™"’ are bounded.

Proof. First of all let us note that

" _ G/”(T)T/(p) _ " 1, \3
T (p) = — G(r?2 —GT(m)T(p) (A.29)
and
7" (p) = =G (1) (p)* = 3G" (1)7'(p)*7" (p) (A.30)
l ( ) (iv) 4
=3P ) ¢ ()" (A.31)
Therefore it is enough to prove that G’ and G are bounded. We have
G"'( = / r— Ap,r (A.32)
— =00 - G @ir - 20() / (r = D)drs s (A.33)
= /(r —p)2drp - (A.34)
and
G = [ = p)'ah, ~30() [ pPdnsr (A.35)
:/wfm%&wfg(/@fm%&ﬁ) (A.36)
= / (r —p)tdrp,r — 3G (1)? (A.37)
Moreover, since
Jir=elax <5 [o=odr+ 5 [ pdrsr, (A.38)

it is sufficient to show that [(r — p) Y*dAp,» is a bounded function of 7. In order to do so, let § € R
be the point at which the function r — 7r — V(r) attains its maximum (note that § will depend
on 7). Since V is strictly convex, § is the unique root of the equation V'(§) = 7. We claim that
[(r — p)*ds,- is bounded provided [(r — §)*d)\s,- and |p — §| are. In fact, from

/@—m%&ﬁgs/@-@%%J+g/@—®%&J (A.39)

and

3 /(r —0)%d\pr = /(r =8> (V'(r) = 1) dXs. (A.40)
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= /(r 83V (r) = V'(8))dpr = /V”(F)(r —0)*drpr > 1 /(r —0)*dAp.r, (A.41)

for some 7 between r and 4, we obtain
4 24 2 4
(r—p) drs,r < - (r—20)°d s, +8(p—9)". (A.42)
1
The boundedness of [(r — &)?d\s,- is in turn given by

1= /(r —O(V'(r) = T)dApr = /V”(f)(r —8)%dAp.-. (A.43)

Finally, a bound for |p — §| follows from
Jo=0ran = [0=pran, + (-5 +200-8) [ (= pars, (A.44)

=G"(1)+ (p— 9> (A.45)

Let us now prove the L? bounds in part t31) of Proposition A.1. By

(p) = =7 (p)°G"(7), (A.46)
7_/// _ iT” 2 7_/ 4 ~(iv) .
(») ) (p) (p)" G (7), (A.47)

and the fact that 7’ is bounded away from zero, 7 is in L? if and only if G/ (7) is. Moreover 7"’

is in L? provided both (7”/)? and G () are. But 7" € L™ N L? implies 7"/ € L” for all p > 2:
in particular 7"/ € L*, and $0 (r")? € L? Finally, via the substitution 7 = 7(p) (or, equivalently,
p=G'(1)), for f e {G" G} we have

|ty = [~ orsar (A15)

Therefore using once more the boundedness from below of 7/, the L? bounds in part ti1) of Propo-
sition A.1 follow from the next lemma.

Lemma A.6. Let G be defined by A.2. Then both G"' and G are in L*(R).

Proof. We observe that, since G and G are bounded, it is enough to prove that they vanish
quickly enough at infinity. We shall prove that they indeed vanish and the decay rate is exponential.
Since

G" (1) = / (r—p)dXp - (A.49)
and

G (7) = /(r —p)'drpr —3 (/(r - p)Qd)\p,T) ’ , (A.50)

we need to estimate the quantities

/(r —p)"drsr = /00 (r—p)"exp(rr — V(r) — G(7))dr (A.51)

— 00

for integers 2 < m < 4, as well as

p= /rd)\ﬁ,T = /OO rexp(rr — V(r) — G(1))dr, (A.52)

—o0
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as |7| — oo. We will deal with 7 — oo, as the case 7 — —oo is analogous. Recalling that ¢ is such
that 7 = V'(§), we can write

exp(tr — V(r) — G(7)) = exp (76 - V() —G(r) — VHQ(?) (r— (5)2) , (A.53)

for some 7 between r and §. Also, integrating c¢1 < V"'(r) < c2 between 0 and § gives
' = V(0) << et — e 'V(0), (A.54)

and so d — 00 as T — 0.
Next, we show the following:

‘/:(r — &)™ exp (— V/;(f) (r— 5)2) dr — /jo r™ exp (— V; r2> dr

4, some 0 < & < « and 7 large enough. The constant V| is defined
in (A4). Let a € (0,7) be a multiple of 7. We divide the domain of integration as follows:
(—00,00) = (=00, —a)U (6 —a,d +a) U (§ + a,00). The integrals over the unbounded domains
vanish exponentially fast as 7 — oo. In fact, since there exists 0 < v < ¢1 such that, for 7 large
enough,

<e o7 (A.55)

for integers 0 < m <
0,

)

|r — 6]™ exp (—@(r - 6)2> < exp (—%(r - 6)2) , (A.56)
we have } -
/5+a [r — 8™ exp (f v 2(1") (r— 6)2) dr < /5+a exp (f%(r - 5)2) dr (A.57)

= /OOO exp (—%(r + a)2) dr < exp (—%aQ) /000 exp (—%T2) dr, (A.58)

which vanishes exponentially fast since a is a multiple of 7. The case of (—oo,d — a) is analogous.
From similar calculations we obtain also that

/ r™ exp (—%ﬁ) dr = / (r—96)™exp (—V%(r - 5)2> dr (A.59)

— /5 M(r — &)™ exp (f%(r —~ 5)2) dr + R(), (A.60)

—a

with R(7) vanishing exponentially fast in 7. Therefore (A.55) follows provided

J o (e (50 0) o (e )

Recall that 7 is between r and §, and therefore is in (6 —a, d +a). Recall also that § — oo as 7 — oo.
Moreover, 6 — a goes to co as well, provided a < 62_17'. For such a choice of a, 7 goes to co as 7 — oo
and so, thanks to (A.4), for 7 large enough we have

<e o, (A.61)

V)~ Vil = )% < e, (A.62)

for some positive &. This implies

/:+a(r )™ exp (— V;(’Z) (r— 5)2) dr — /:“(r )™ exp (—‘%(r _ 5)2> dr

—a —a

S+a 17
< [i-aren (-5 o -o7)
s5—a

< 2am675”/ exp (—%(r - 5)2> dr (A.64)
5

dr (A.63)



27 m_—aT —aT
<2, e e <e (A.65)
+

for 7 large enough and a possibly different choice of &. This proves (A.55).
We have now all we need to prove the actual lemma.

1= /;OO exp(tr — V(r) — G(7))dr (A.66)
_ /_ " exp (75 V@) -6 - LD 5)2) dr, (A.67)

implies .
exp(G(r) — 76 + V(5)) = 1 exp (-VT(’")(T _ 5)2) dr, (A.68)

and the left hand side is bounded away from zero, as the right hand side is. In particular,
exp(76 — V(6) — G(7)) is bounded.
Next, we show that p — § — 0 exponentially fast. We write

p—0= /jo (r—d)exp <7'5 - V() -G(r) - @(r - 6)2> dr (A.69)
— oxp (16 — V() — G(r)) /_ = — ) exp (— V”Q(’:) (r— 5)2> dr, (A.70)

which converges to zero exponentially fast, as exp (76 — V(§) — G(7)) is bounded and the integral
converges to

/00 T exp (fVTlTQ) dr=20 (A.71)

exponentially fast. Next, we write h
6"(r) = [ (= pPdrsr = [(7 = s, (A72)
- /w (r — 6)% exp <T<s _ V() - G(r) — V/;(’:) (r— 5)2> dr — (p— 0)°. (A.73)

The term (p — §)? goes to zero, while the integral, and so G (7), converges to

V// oo 2 V// 5 1
\/i/_oor exp(f%r )dT:W (A.74)

exponentially fast. G"'(7) goes to zero exponentially fast. In fact from

(r=p)" =(r =8+ —p) ((r = p)* + (r = p)(r = 8) + (r — 6)*) (A.75)

and after integration, the first term vanishes, in the limit, by symmetry. Moreover, all the other
terms vanish, after integration, as they are bounded terms multiplied by § — p.

Finally G vanishes exponentially fast as well. This time, though, we have the difference of
two non-vanishing terms, so we do need to pay some extra attention. The quadratic term —3G" (7)?
converges to —3/(V{)?. On the other hand, the quartic term decomposes as

(r=p) = (r=0)' + (5= p)2r— p—08) (r = p)* + (r = 9)?) (A.76)
— (=8 + (6= p) (2r—p)’ +20r =0’ + (=) r = p)* + G —p)r—8)>).  (ATT)

Again, all the terms that multiply § — p are, after integration, bounded, and therefore the only term
which survives is (r — 6)*, whose integral converges to

VT e, vy, 3
_+ _ = . A.
5 /7007" exp( 5" dr (e (A.78)

Putting everything together we obtain that G(i”)(T) converges exponentially fast to zero, and the
proof is complete. O
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We now deal with the question of genuine nonlinearity. First of all we make the following remark.
Remark. Suppose V(r) = r?/2 + 0U(r). Then, if U is an even function, the function 7"/ vanishes
at the origin for all § € R. In particular we can never have genuine nonlinearity.

In order to see this, it is enough to show that F' is even: in fact in this case its third derivative,
7', is odd and so 7"/(0) = 0. F is indeed even:

F(-p) = ilég{—fp - G(r)} = fﬁﬁ{”’ = G(=71)} =F(p), (A.79)
G(—7) = log [ " exp (—rr — V() dr (A.80)
=log /700 exp (tr — V(=) dr = G(7). (A.81)

Thanks to the remark, in order to have genuine nonlinearity we must look among non-symmetric
interaction. Nevertheless, apart from that, it is not known to us which features a potential must
possess in order to ensure 7 # 0. Therefore, we shall only give one family of examples which work.
Proposition A.7. Suppose we can write

2

V(r) = 5 +6U(r), (A.82)

where § € R and U(r) is a smooth and convex mollification of the function kr max{r,0}/2 — xkr?/2,
for some 0 < k < 1/2. Then there exist 6, > 0, depending on k, such that, for 0 < |0] < 0., T is
either strictly convex or strictly concave, meaning that either 7"(p) > 0 or 7" (p) < 0 for all p € R.

Proof. Since

" (p) = =7 (p)G"(7), (A.83)

with 7/ > 0, the sign of 7" is the same as the sign of —G"”. Therefore we need to study
-G" (1) = - /(r —p)2dArp.r, (A.84)

with 7 € R. Let |[r|+ = max{r,0}. In order to make things slightly less technical, we use directly
U(r) = wkrlr|1/2 — kr?/2 instead of its smooth mollification (note that U is already everywhere
differentiable and the mollification only adds the existence of U” at the origin). Write
2
_r fad A

V(r) =5 +0(5rirk = 5r°) = 50 + oW (1), (A.85)
where a = 1 — 0k and W(r) = kr|r|+/2. Then we notice that, by the usual integration by parts
trick, we have

/(r — )2 (V'(r) = T)drpr =2 /(r — p)dXrs,- =0. (A.86)

Therefore we write

a/(r —p)Pdrs, = /(r —p)(ar —ap—V'(r) + 7)d\p.» (A.87)
= /(r — )2 (1 —ap— OW'(r)d)p.r, (A.88)
from which, together with W’ (r) = &|r|4, it follows
—aG" (1) = 9/(r — )W (r)dAp, — (T — ap)G” (1) (A.89)
— os / 7|+ (r — p)2dApr + (ap — TG (7). (A.90)
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We evaluate

o 2
/ Irl+(r — p)2dArp,, = e ) / r(r—p)e” "z dr = (A.91)
0
G oo 'r'2 G oo 'r'2 G oo ’7.2
= ¢ / r2e”" T dr — 2pe ¢ / e T dr + pPe 9 / re’" 2 dr. (A.92)
0 0 0
Now, for m e N, m > 1,
*° _r2 d [ i1 ror?
/ re T T dr = — v e 2 dr, (A.93)
0 dr Jo

with

R . 7'2 T2 oo '7'2
/ e’ Tdr=e7? / e 2dr. (A.94)
0

—T

.2 2
Therefore, setting ®(7) := [°] e~ = dr and noting that ®'(7) = e~ = yields
oo -2 d L2 L2
/ re’’" Tdr=— (67<I>(T)) =71e? O(7) + 1, (A.95)
0 dr
oo 2 2 d S 2 2 72 72
/ ree”" T 2Tdr = — / re’" " Zdr=71"e?2 ®(r)+e2 O(r)+ T (A.96)
0 dr Jo
o 3 TT‘fﬁ d o 2 TT*ﬁ
rie’’ T 2dr = — roe’" T 2 dr (A.97)
0 dr Jo
L2 L2 L2 9
=7e 2 B(1)+ 14272 B(1) + 772 B(T)+ 72+ 1 (A.98)
2 2
=72 ®(1) 4312 O(1) +7° + 2. (A.99)
Putting everything together we obtain
2 2
e / 7|4 (1 — p)’drpr = T°€ 2 B(7) + 372 B(T) + 2+ (A.100)
72 72 72
—2p(T%eZ (1) + e Z (1) +7) + p°(1e 2 B(7) + 1) (A.101)
L2
=247 =207+ )+ (77 = 207" + 3+ pP)T — 2p)e z B(7) (A.102)
_r2
=2+ -p*+ (37’—2p+7’(7‘—p)2) ez o). (A.103)
Next, we have to evaluate the term proportional to G”(7) in (A.90), which can be written as follows
ap—T=ap— /V’(r)d)\ﬁ,f (A.104)
=ap— /(ar + OW' (r))dp,~ (A.105)
=0 / W' (r)dXp,- (A.106)
G ~ 2
= —fOre ¢ / re’" 2 dr (A.107)
0
72
= —Orke (1 + 7T B(7)). (A.108)

We discuss the case § > 0, which will give 7/ > 0. The case 6 < 0 is analogous and gives 7"’ < 0.
7,2
Note that 1+ 7e2 ®(7) > 0 for 7 > 0. On the other hand, for 7 < 0,

L2

a2 ez
/ e 2dr< , (A.109)

—T

-
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which implies

N

.

TO(T) > —e” 2. (A.110)
Therefore we have 1 + Teg ®(7) > 0 also for 7 < 0 and, as a consequence
T>ap=(1-0k)p, VTeER (A.111)
Putting everything together we obtain

aeC (™)

o G" (1) = (27G (1) + (7 = p) )+ (A112)

+ (T(S —~G"(1)) = 2p+7(T — p)2) eéd)(r).

Since

" ]-7 r>0
V' (r) = , A113
() {1 -0k, r<o0 ( )

in order to have V" > 0 we need 6 < 1/k, and, since 0 < k < 1/2, we are allowed to fix § < 1.
Under this assumption we have a =1 — 6k > 0 and

1<G" (1)< < 2. (A.114)

1-0k
We show that —G"” (and therefore 7"') is positive fo 7 < 0. Using 1 < G"'(7) < 2 yields

e " 2y 12
O G"(1)> @21 =2p+7(r—p))ez &(7). (A.115)

72

Moreover, using 7 > (1 — 0k)p and 7®(7) > —e™ 2 gives

G(7) 2 2
GG () > e T B(r) (7 = )7 B(r) (A116)
72
- 129; e B(r) > 0. (A.117)
— UR

Therefore 7"(p) > 0 if r <0 and 0 < 0 < 1.
For 7 > 0 we have to be more careful. First of all we note that

+2
ap — 7 = —Ore= ) <1 + TeTq;(ﬂ) (A.118)
implies
7,2
T—p= O e ¢ <7’ (67‘1>(7') - eG(T)) + 1) . (A.119)
1-0k
This, together with
LG _ / V) gy (A.120)
a2 O 1-6k.2
= / e’ 2dr —I—/ e z " dr (A.121)
0 — 00
22 1 T T
—e?2®(1)+ —— M- P [ —— A.122
(7) 1—0k ( V1-— 9“) ( )
and 7 > 0 gives
o e )
=" ¢ 14+ — ezu e~>¢> A.123
H N gy VI—0r 1— 9;-; (A123)
—G(1) s 1— o= Gm) ~ 30— Gm) A.124
>e - ( e e (A.124)
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Therefore 7 — p > 0 if 7 > 0 (note here that 7 — p is trivially positive for 7 < 0, too). From this we

get 2 2 )
CL@G( ) 1" ” + (7 — 1% + (7(1 " A.125

+r(r = p))e B(7)

> (2= G"(1) + (1 — G"(r))reT B(r). (A.126)

2 — G"(7) is positive, while 1 — G”(7) is negative, so we need to perform a careful estimate. First
of all, the estimate G (7) < 2 is too blunt, and will be replaced by G”(7) < 1/(1 — 6k), so that

1 Ok
A >9_ _1_ )
2-G'(N22- =5 =1- 705, (A.127)

which is positive, since 8k < 1/2. In order to estimate 1 — G” (1) we calculate

.2 42 .2
aG" (1) = 14 0kpe (1 — 7T ®(7)) — Ore (e O(7) + 72T B(1) + 7) (A.128)
72
=14 p(r —ap) — ke DT d(7) — 7(r — ap) (A.129)
7_2
=1—(r—ap)(t —p) — e e T d(1). (A.130)
Therefore 11 0 2
L=G"(r) =1~ + (r—ap)(r—p) + fe’G“)e%@(r) (A.131)
Ok Ok —G(1) é
> T on + T o:¢ ez ®(r), (A.132)
which implies
2
" 2 Ok ez B(7) 2 G(r)
1-G"(m)rez ®(1) > T—on oo "\ Zd(r)—e (A.133)
2
Ok eT®(r) -1 > ( T )
— e2@-0m P [ ———— A.134
1—0k €S /1T— 0k V1—0k ( )
2
O e (1) 0k
— - Al
1 0k 0~ T 1—6w (A-135)
T2
since e 7 ®(7) < €%, Putting everything together we obtain
G(7)
ae 1 20k
- 1-— Al
Ok G > 1—0k’ (A-136)
and the right hand side is positive provided 6 is small enough (say 6 < 1/2). O

B On the viscous approximation

If in the dynamics (2.11) we choose ox = N4, for fixed § = (61, 2), §; > 0,j = 1,2, the macroscopic
equation will be given by the diffusive system:

{@r(t, ) — Oup(t, ) = 610207 (B, 7(t, 7))

(B.1)
Op(t,x) — OuT(B,7(t,x)) = 62022p(t, ),

with the boundary conditions:
p(t,0) =0, 7(r(t,1))=7(t), 0Op(t,1)=0, 0,r(t,0) =0,

This system has a strong unique solution.
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The derivative of the total length is given by

1
G20 =5 [ r(e.e) do = p(6,1) + 010,76, 1(0,) (B2)
dt dt 0 x=1

and the macroscopic work up to time ¢ is given by

t t
W(t) = / 7(s)dL(s) = / 7(6) (p(s, 1) + 810.7 (B, r(1,2)| ) ds (B.3)
0 0 z=
Then a direct calculation of the free energy time change gives:
t 1
FO) = FO = WO - [ ds [ [ @ur(8,r(s,2)* + 82 (Bup(s, )] (B.4)
0 0

Letting ¢t — oo, this gives the Clausius relation
oo 1
F(B.m) = F(Bom) =W = [t [ [ Qur(Bur(t ) + 0 Qupt. )] < W, (B5)
0 0

Let rg(t, x),ps(t, x) the solution of (B.1). We cannot prove the uniqueness of the limit an § — 0,
but any limit point should satisfy the Clausius inequality

F(t) - F(0) < W(b), (B.6)

where W(t) is defined as the limit of (B.3).
Any limit point (¢, x), p(t, z) with the corresponding boundary layers are natural candidates for
being the entropy solution of the equation (B.1) and one can conjecture that such limit is unique.
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