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WHEN DOES A PERTURBED MOSER-TRUDINGER
INEQUALITY ADMIT AN EXTREMAL?

PIERRE-DAMIEN THIZY

ABSTRACT. In this paper, we are interested in several questions raised mainly
in [17] (see also [18,20]). We consider the perturbed Moser-Trudinger inequal-
ity I(S2) below, at the critical level a = 4w, where g, satisfying g(t) — 0
as t — +o00, can be seen as a perturbation with respect to the original case
g = 0. Under some additional assumptions, ensuring basically that g does
not oscillates too fast as t — +o0o, we identify a new condition on g for this
inequality to have an extremal. This condition covers the case g = 0 studied
in [3,12,23]. We prove also that this condition is sharp in the sense that, if it
is not satisfied, I{_(€2) may have no extremal.

1. INTRODUCTION

Let  be a smooth, bounded domain of R? and let H} = H}(2) be the standard
Sobolev space, obtained as the completion of the set of smooth functions with
compact support in €2, with respect to the norm || - ||z given by

Julfyy = [ IVuta) s
Throughout the paper, ) is assumed to be connected. Let g be such that
geCHR), lim g(s)=0, g(t)>—Tandg(t)=g(-t)forallt, (11)

(see also Remark 1.2). Then, we have that

Cya(2) = sup /Q(l + g(u)) exp(u?) dz (I9(2))

uEHéHuH?{% <«

is finite for 0 < a < 47 and equals +o0o for a > 4m. This result was first obtained
by Moser [19] in the unperturbed case g = 0. Still by [19], we easily extend the
g = 0 case to the case of g as in (1.1). At last, [19] gives also the existence of an
extremal for (I2(€2)) if 0 < o < 47 (see Lemma 3.1). If now a = 4, getting the
existence of an extremal is more challenging; however Carleson-Chang [3], Struwe
[23] and Flucher [12] were also able to prove that (I3, (©2)) admits an extremal in the
unperturbed case g = 0. Yet, surprisingly, McLeod and Peletier [18] conjectured
that there should exist a g as in (1.1) such that (I]_(2)) does not admit any
extremal function. Through a nice but very implicit procedure, Pruss [20] was able
prove that such a g does exist. Observe that, since g(u) — 0 as u — +oo in (1.1),
(1 + g(u))exp(u?) in (IZ(2)) sounds like a very mild perturbation of exp(u?) as
u — 400 and then, this naturally raises the following question:
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2 PIERRE-DAMIEN THIZY

Question 1. To what extent does the existence of an extremal for the critical
Moser-Trudinger inequality (I3.(Q)) really depend on asymptotic properties of the
function t — exp(t?) ast — +oo ?

To investigate this question, we may rephrase it as follows: for what g satisfying
(1.1) does (I (2)) admit an extremal? This is Open problem 2 in Mancini and
Martinazzi [17], stated in this paper for Q = D?, the unit disk of R%. In order to
state our main general result, we introduce now some notations. For a first reading,
one can go directly to Corollary 1.1, which aims to give a less general but more
readable statement. We let H : (0, +00) — R be given by

() =1+ g(0) + 20 (1.2)
so that we have
(14 g(t)) exp(t?)] = 2tH (t) exp(t?) . (1.3)

We set tH(t) = 0 for t = 0, so that ¢t — tH(t) is continuous at 0 by (1.1). This
function H comes into play, since the Euler-Lagrange associated to (I9(2)) reads
as

Au = \uH (u) exp(u?) in Q, (1.4)
u =0 1in 0N, '
where A € R is a Lagrange multiplier and A = —30,, — 0y, (see also Lemma 3.1

below). Now, we make some further assumptions on the behavior of g at +00 and
at 0. First, we assume that there exist dp € (0,1) and a sequence of real numbers
A = (A(7))~ such that

a) H (v — %) =H(y) (1+A()t+ oA +~7)

in CP. (R;), as vy — +00,
t _
b) 3C > 0, }H <~y - ;) - Hm} < CIHM|(AM)] + 7 Yexp@ot)  (15)
for all ¥ > 1 and all 0 <t < 42,
c¢) lim A(y)=0.

y—+o0

In a) of (1.5) and of (1.6), v is a parameter and the CP ([0, +00)) convergence is

in the ¢ variable. We also assume that there exist &, € (0,1), k > 0, & € {—1,+1},
F given by F(t) := &ot", and a sequence B = (B(7)), of positive real numbers such
that

2 L (3) = BOWF(®) + o(|BG)| +77)
in C’looc ((0,400)¢), as v — 40,

t t
v (7)

for all v >> 1 and all 0 < t < 42,

b) 3C >0, < C(IB(y)| + 7~ exp(dyt)

Observe that we may have B(y) = o(y~!) as v — +o0, in which case the precise
formula for F is not really significant. Since t — (1 + g(t)) exp(#?) is an even C*
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function, we have that
lim B(y) = (1.7)

Y—+oo
in view of (1.3) and (1.6). Following rather standard notations, we may split the
Green’s function G of A, with zero Dirichlet boundary conditions in €2, according
to

Ar
for all x # y in 2, where H, is harmonic in Q and coincides with — log e ‘2 in 09Q2.

Then the Robin function x — H, () is smooth in €, and goes to —oo as & — 01,
so that we may set

Caly) = - (1g| ! |2+%<>) (18)

M = maxH,(x),
e

Ko ={y € Qst. Hy(y) =M} and (1.9)
5 = max [ GL)PURG. ().

where F' is as in (1.6). For N > 1, we let gy be given by

+o00o k
(L+ gw(8) exp(t?) = (1+ gt >><1+t2>+<1+g<t>>( > 2—,) (1.10)
k=N+1

so that gy < g, gn(0) = g(0) for all N > 1, while g = gy for N = 1. We also set
Ay(Q) = max / (1 +g(u)(1+u?) — (1+9(0)) dz. (1.11)
Q

uEH%HuHZ& <4r

We are now in position to state our main result, giving a new, very general and
basically sharp picture about the existence of an extremal for the perturbed Moser-
Trudinger inequality (5 (€)).

Theorem 1.1 (Existence and non-existence of an extremal). Let 2 be a smooth
bounded domain of R?. Let g be such that (1.1) and (1.5)-(1.6) hold true for H as
n (1.2), and let A, B and F be thus given. Assume that
P i A(”Y)4/2 + 4y exp(—1 — M)B(7)S
y=+oo YA+ BO)
exists, where M and S are given by (1.9). Then
1) if‘l >0 or Ag(2) > mexp(l+ M) |,
Ag(2) is as in (1.11);
(2) if]l <0 and Ag(Q) < mexp(l+ M) |, > 1 such that (I{Y (Q2))
admits no extremal for all N > Ny, where gy is given by (1.10).

(1.12)

(I () admits an extremal, where

Observe that, for all given N > 1, gy satisfies (1.1) and (1.5)-(1.6), with the
same A, B and F as the original g, in view of H(y) — 1 as v — 400, see (3.3).
Moreover it is clear that Ay, (€2) < Ag(€2). Then, this second assertion in Theorem
1.1 proves that the assumptions on g in the first assertion are basically sharp to
get the existence of an extremal for (I3 (£2)). As a remark, Pruss concludes in
[20] that the existence of an extremal for the critical Moser-Trudinger inequality
is in some sense accidental and relies on non-asymptotic properties of exp(u?).
Theorem 1.1 clarifies this tricky situation: the existence or nonexistence of an



4 PIERRE-DAMIEN THIZY

extremal for (17 _(€2)) may really depend on a balance of the asymptotic properties
of g both at infinity (given by A(v)) and at zero (given by B(7y)). Yet, it may
also depend on the non-asymptotic quantity A,(Q) (see Corollary 1.2). Observe
that Ag(2) = (47m)/ 1 (2) in the unperturbed case g = 0, where A1 (f2) is the first
Dirichlet eigenvalue of A in €.

From now on, we illustrate Theorem 1.1 by two corollaries dealing with less
general but more explicit situations. Let ¢, ¢’ € R, (a,b), (a’,b") € £, where

E={(a,b) €[0,4+00) xR | b>0ifa=0} . (1.13)
Let R > 0 be a large positive constant. If one picks g such that
£) := g(0) + et [log 117" in (0,1/R’],
g(t) = { 900 79(, Y Jb,g,f} in (0, 1/R] (1.14)
Joo(t) := 't [logt]™" in [R/,+0),

['in (1.12) of Theorem 1.1 can be made more explicit. Indeed, we can then set
1 1
_ +g(0) C(a+ ) - and F(t) _ {
" 2y (log )

A(y) =¢ 'y~ @+ (logy) ™ if o’ > 0,
V= Vy~2(log~)~ ¢+ if o/ =0,

tmin(a,l) if ¢ 7& O,

B
™) t otherwise,

(1.15)

(see also Lemma 3.2). Theorem 1.1 is even more explicit in the particular case
Q = D?. Indeed, in this case we have that Kp2 = {0} in (1.9) and Go(z) = 2 log I;_I
Still on the unit disk D?, it is known that

47
AO(D2) = W < Tme, (116)
(A1(D?) ~ 5.78). Property (1.16) shows in particular that the second assertion
Ao(D?) > me of Theorem 1.1, Part (1), is not satisfied. In some sense, this is
an additional motivation for the nice approach of [3], proving the existence of
an extremal for (I3 (D?)) via asymptotic analysis. As an illustration and a very
particular case of Theorem 1.1, we get the following corollary.

Corollary 1.1 (Case Q = D?). Assume that Q = D?. Let ¢’ # 0 and (a/,b') € €
be given, where € is as in (1.13). Let goo be as in (1.14).

(1) If we assume ‘ a>2o0rcd >0
that g > —1, such that

, then for all even function g € CY(R) such

(9 —9(0) () = o) (1.17)
as t — 0 and such that
g (t) = g (H)(1 + o(1)) (1.18)

as t — +oo for all i € {0,1}, (I (D?)) admits an extremal.

(2) If we assume ‘ a' <2 and ¢ < 0|, there exists an even function g € C1(R)
such that g > —1, (1.17) and (1.18) hold true, while (I _(D?)) admits no
extremal.

Our main concern in Corollary 1.1 is to write a readable statement. In this result,
the existence of an extremal in the unperturbed case g = 0 is recovered for quickly
decaying ¢’s, namely if a’ > 2 (see [17]). But a threshold phenomenon appears
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(only if ¢ < 0) and there are no more extremal for less decaying ¢’s, namely for
a’ < 2. Note that Theorem 1.1 also allows to point out the existence of a threshold
¢’ < 0in the border case a’ = 2,0 = 0 (See Remark 1.1). Indeed, proving Corollary
1.1 basically reduces to give an explicit formula for [ in (1.12), which only depends
on 2 and on the asymptotics of g at +00 and at 0. On the contrary, we do not care
about the precise asymptotics of ¢ in the following corollary, thus illustrating the
role of Ay(€2) in Theorem 1.1.

Corollary 1.2 (Extremal for A,(Q2) large). Let Q be a smooth bounded domain of
R2. Let A1(Q) > 0 be the first Dirichlet eigenvalue of A in 2 and M be given as
n (1.9). Let A be such that 4(1 + A) > A\ (Q) exp(1 + M) and let C > A be given.
Then there exists R > 1 such that (I _(Q)) admits an extremal for all g satisfying
(1.1) and

g(0)=A, ¢g>g(0)in[1/R,R] and |g|<C inR. (1.19)

We give now an overview of the proof of Theorem 1.1, since it is a bit intricate.
First, we comment on Part (1). For all 0 < ¢ < 1 small, we start by picking an
extremal function u. for (Ifﬂ(l_a) (D?)). Making our assumptions of Part (1), we
only need to rule out the case where (2.1) holds true, as described in the Proof of
Theorem 1.1, Part (1) of Section 2. Then we assume by contradiction that (2.1)
holds true. By Lemma 3.3 in (Case 2), we get expansions of the u.’s, and then
expansions both of the Moser-Trudinger functional (see (2.4)) and of the Dirichlet
energy (see (2.5)). These results are gathered in Proposition 2.1 below, whose proof
(see Section 4) amounts to show that not only M but also S in (1.9) may have to
be attained at a blow-up point of our sequence of mazimizers (uc)e (see Lemma
4.1). Observe that this twofold maximization property is necessary to get a sharp
picture in Theorem 1.1. Moreover, this is not seen when restricting to the case
Q) = D?, where Kq in (1.9) contains only the single point 0, so that expanding
the Dirichlet energy of a blowing-up sequence of critical points (u.). is sufficient
(see [17]). Theorem 1.1, Part (1), is eventually obtained by getting a contradiction
with (2.1): either by comparing (2.4) with our assumption A4(2) > mexp(1 + M),
or by comparing |[uc||3,, = 4m(1 — ) (see (3.8) in Lemma 3.3) and (2.5) with our
assumption [ > 0. ’

Now we comment on Part (2). Making our assumptions of Part (2) and assuming
also by contradiction that there exists an extremal function u. for (IJ¥(9)) such
that N. — 400 as ¢ — 0, we get from Lemma 3.3 in (Case 1) that our assumption
Ag(Q) < mexp(l + M) automatically implies (2.1) (see Step 3.2), so that we may
get expansions of the u.’s and then (2.10). This gives a contradiction by comparing

el = 4

and (2.10) with our assumption [ < 0, as developed in the Proof of Theorem 1.1,
Part (2) of Section 2. These key ingredients are gathered in Proposition 2.2. In
comparison with the expansions of Part (1), the key observation is that the delicate
N.-dependence generates additional terms which may only reduce the Dirichlet
energy, as explained in the Proof of Proposition 2.2 of Section 4.

Overall, the proof of Lemma 3.3 in (Case 1) is the most delicate part: we need
to use first that the u. are mazimizers to check that we are in a Moser-Trudinger
critical regime (see Step 3.2 and Remark 3.2) and that the pointwise and global
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gradient estimate (3.52) is true. In both cases (Case 1) and (Case 2), resuming
the approach of [10], this last point is the key ingredient to be in position to use the
radial model B, studied in Appendix A. To conclude, the case of a general domain
Q addressed by Theorem 1.1 requires sharp estimates, not only at small scales close
to a blow-up point ., as performed in the radial case by [17], but also in the whole
Q (see (3.99) or (4.1)). This allows in particular to get a useful accurate expansion
of the Lagrange multiplier A; in (4.12), when proving Proposition 2.1. As a remark,
in the process of the proof below (see Remark 2.1), we answer the very interesting
Open problem 6 of [17].

Remark 1.1 (Links between Theorem 1.1 and [3,12,17,23]). For Q = D?, Part
(1) of Theorem 1.1 implies in general [17, Corollary 3], which gives back itself the
existence of an extremal function for (IJ () pioneered by [3] in the original case
g = 0. Ewven if both [17, Corollary 3] and Theorem 1.1 are much more general, we
restrict there for simplicity to g’s satisfying (1.17) and coinciding with 9o for all
t > 1 (see (1.14)). Then [17, Corollary 3] covers the fast decaying case a’ > 2
(or ¢ =0) on the disk. By (1.15), thanks to the explicit formulas above (1.16) for
Q =D? and since [, (log |x])? dx =, it is easy to check that we have in this latter
case that 1 > 0 in (1.12), since we have

T AC)/2 + S expl-1- MBS = (14 204 9(0)) +or7),

as v — +oo. Pushing further their asymptotic analysis, Mancini-Martinazzi [17]
cover also the case a’ = 2 and then suspect (see [17, Theorem 4-Open problem
2]) that there could be no extremal function for (I _(D?)), if, in addition, ¢’ is a
sufficiently large negative constant. Corollary 1.2 claims that there can actually be
an extremal for such a g, whatever ¢’ is, and even independently from the precise
behavior of g close to 0 or +o00. However, Part (2) of Theorem 1.1 gives with (1.15)
the following picture in this threshold case a’ = 2:

2
if ¢ > — <1 + E(l + g(O))) or Ay(D?) > me, there is an extremal for (I (D?)),

o <= (1+2(1+9(0))
if Ay (D?) < e, there is no extremal for (I{¥ (D?)).
and N > 1,

Observe that there are many ways of building such g’s satifying Ay(D?) < me:
one is given in the ”Proof of Corollary (1.1)” of Section 2 (see also (1.16)). As
observed just below Theorem 1.1, this gives a basically sharp picture about how far
we can get the existence of an extremal function for (I (Q)), relying only on
the asymptotic properties of g (see Question 1). Theorem 1.1 gives a similar
picture on any domain ), and then gives back (for ¢ = 0) the results of [12,23].
Stronger perturbations, for instance a’ < 2 or even a’ = 0 and ' > 0, are also
covered by Theorem 1.1.

We conclude this introductory section by the following remark about the relevance
of the assumption (1.1) on g introduced by [17]. We also mention the nice and early
result by de Figuereido-Ruf [6].

Remark 1.2 (About assumption (1.1)). Indeed, assume that g is a C*, even func-
tion such that 1+ g > 0 in R. Assume also that § = lim;_ 400 g(t) € [—1, +00]
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exists. Firstly, if g = 400, it is easy to check with the test functions of Step 3.1 that
Cyax(Q) = 400. Secondly, if g = —1, it follows from standard integration theory
(see for instance [17, Lemma 7|) and from Moser’s result [19] that there exists an
extremal function for (I (). Thus, up to replacing 1 + g by (1 + g)/(1 + g),
we have that (1.1) holds true in the remaining more sensitive case g € (—1,400).
To end this remark, we mention that [6] already studied (1.4) in D?, permitting to
recover the existence of an extremal in some subcases where § = —1. First, as-
suming that H given by (1.3) is positive in (0,400), it is clear that a nonnegative
extremal for (I3 () turns out to be a positive solution of (1.4) (for some XA > 0).
Now following [6], assume also that Q = D?, that t — tH(t) is C? and that, given
a > 0, there exist K,C,0 > 0 such that tH(t) = Kt~ for all t > 1 and such that
H(t) < CKt? for allt > 0 close to 0. Then, [6, Theorem 1.1] allows to claim that
there exists no positive solution of (1.4) for all 0 < X < 1 small enough if a > 1,
while there exists a family of positive solutions of (1.4) blowing-up as X — 0 if
a < 1. From by now standard arguments, this first property directly gives back the
existence of an extremal in the subcase a > 1. However, observe that g = —1 for all
a >0, since 1+ g(t) ~ 2Ke™ " flt 570 e¥ds = O(t""') — 0 as t — +o0, so that an
extremal also exists in the subcase a € (0,1). Actually we assert that a more pre-
cise analysis in the spirit of [17] allows to exclude that the aforementioned blow-up
solutions of (1.4) were mazimizers and to recover the existence of an extremal also
in the subcase a € (0,1) through this approach using the Euler-Lagrange equation.

ACKNOWLEDGEMENTS
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2. PROOF OF THE MAIN RESULTS

We begin by proving Corollary 1.1, assuming that Theorem 1.1 holds true.

Proof of Corollary 1.1. The first part of Corollary 1.1 is a direct consequence of
the first part of Theorem 1.1: plugging the formulas of (1.15) in (1.12), we get
that { > 0 for g as in Case (1) of Corollary 1.1. In order to prove the second part
of Corollary 1.1, we apply the second part of Theorem 1.1. Let x be a smooth
nonnegative function in R such that x(¢) = 0 for all ¢ < 1/2 and x(¢) = 1 for all
t > 1. By the Sobolev inequality and standard integration theory, we can check
that gr := goo x X(-/R) satisfies Ay, (D?) — Ag(D?) as R — +oo. Then, by
(1.15), (1.16), assuming o’ < 2,¢ < 0, the second part of Theorem 1.1 applies,
starting from g = gg, for R > 1 fixed sufficiently large. Observe that, for all given
N > 1, (gr)n~ (given by (1.10) for g = gr) satisfies (1.17)-(1.18). Corollary 1.1 is
proved. 0

Proof of Corollary 1.2. Let Q, A, \;(2),C be as in the statement of the corollary.
By Theorem 1.2, it is sufficient to prove that there exists R > 1 such that for all
g satisfying (1.1) and (1.19), we have that A,(Q2) > mexp(1 + M), where Ay(f2) is
as in (1.11). Let v > 0 in Q be the first eigenvalue of A normalized according to
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[[v]]%,, = 4w. For all g satisfying (1.19), we have that
0

2
7

Ay(@) > / ((1+ g(0))0? + (g(v) — g(0)) (1 +?)) da

A 9
> (14 A+ /{ PRCCRFOIERETS

and, since we have

< (JA] + O)A + |[vli~) {v & [1/R, R} — 0

[ (o) - g0+ o)
{vg[1/R,R]}

as R — 400, we get the result using that 4(1 + A) > A\ (Q) exp(1 + M). O

The following proposition is the core of the argument to get the existence of an
extremal in Theorem 1.1, Part (1). Its proof is postponed in Section 4. It uses the
tools developed in Druet-Thizy [10] that allow us to push the asymptotic analysis
of a concentrating sequence of extremals (uc). further than in previous works. In
the process of the proof of Proposition 2.1 (see Lemma 4.1), we show first that a
concentration point Z of such wu.’s realizes M in (1.9). But in the case where |B(7)|
matters in (1.12) or, in other words, where v3|A(y)| + v~ ! < |B(y)| as v — +o0,
we also show that S in (1.9) has to be attained at Z.

Proposition 2.1. Let Q be a smooth bounded domain of R?. Let g be such that
(1.1) and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B and F' be thus given.
Let (ue)e be a sequence of nonnegative functions such that ue is a mazimizer for
(Ifﬂ(lis) (), for all 0 < e < 1. Assume that

ue — 0 in H} (2.1)
as e — 0. Then, ||ug|\§{é = 4m(1 — ), there exists a sequence (\:)e of real numbers

such that u. solves in Hg

Aue = MoucH (ue) exp(u?), ue >0 in Q, (2.2)
ue =0 on 092, '
u. € CH9(Q) (0 <0 < 1) and we have that
Ve = MaX ue — +00. (2.3)
Moreover, we have that
i [ (14 g(ue) exp(u)de = (|1 +9(0)) + exp(L+ M) (2.4)
Q
and that
luellFa = 4m (1 +1(7e) + 0 (=" + [A(e)| + 97| B(e))) (2.5)
as € — 0, where
I(7e) = 72"+ A(ye) /2 + 47 exp(=1 — M)B(7.)S , (2.6)

where |Q| stands for the volume of the domain Q@ and where M and S are as in

(1.9).
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Remark 2.1. Let g, H be such that (1.1), (1.2), (1.5)-(1.7) hold true. Let u. be a
mazimizer for (Ifﬂ(lis)) such that (2.1) holds true, as in Proposition 2.1. Then, for

such a sequence (uc)e satisfying in particular (2.2) and (2.3), we get in the process
of the proof (see (3.16) below) that the term I(v:) in (2.5) is necessarily smaller
than o(y=2) as € — 0. Moreover this threshold o(y=?) is sharp, in the sense that
this term may be for instance of size 7;(2+a/) , for all given ' € (0,2]. This can be
seen by picking an appropriate g such that I () has no extremal, as in Corollary
1.1, and by using Proposition 2.1. Observe that, for such a g, assumption (2.1) is
indeed automatically true. This gives an answer to Open Problem 6 in [17].

Proof of Theorem 1.1, Part (1): existence of an extremal for (I (€2)). We first prove
the existence of an extremal stated in Part (1) of Theorem 1.1. Let g be such that
(1.1) and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B and F be thus given.
Assume either that I > 0 in (1.12) or that Ay(Q) > mexp(1 + M). Using Lemma
3.1, let (ue)- be a sequence of nonnegative functions such that wu. is a maximizer
for (Ifﬂ(lfs) ()), for all 0 < ¢ < 1. Then, up to a subsequence, (u.). converges

a.e. and weakly in Hg to some wug. Independently, we check that

lim Gy ar(1-)(2) = Cgax (), (2.7)

where Cy () is as in (I3(2)). Indeed, if one assumes by contradiction that the

Cy.an(1—2)(€2)’s increase to some | < Cy 4 () as € — 0, then we may choose some

nonnegative u such that [lul|%, <47 and [,(1+ g(u)) exp(u?)dz > . But, picking
0

ve = uy/1 — ¢, we have ||v[|3,, <4n(1 —¢) and
0

tim [ (1 o) exp(e2de = [ (14 o) exp(u)da.

by the dominated convergence theorem, using (1.1), v2 < u? and exp(u?) € L'(Q).

But this contradicts the definition of [ and concludes the proof of (2.7). Now, by

(2.7) and since [lugl|3;; < 47, in order to get that ug is the extremal for (I7(€2))
9]

we look for, it is sufficient to prove that

giE% (1 + g(ue)) exp(u?) de = / (1 + g(uo)) exp(u?) dz . (2.8)
Q Q

If ug = 0, then Proposition 2.1 gives a contradiction: either by (2.4) and (2.7) if
Ay(Q) > mexp(l + M), since it is clear that

Cg,ax () > Ay () + (1 4 9(0))[€2],
or by (2.5)-(2.6) if I > 0, since [[uc|[zz < 4m. Thus, we necessarily have that ug # 0.
Then, noting that ||ue —ug||3,, < 47— ||ug||3;1 +0(1), the standard Moser-Trudinger
0 0
inequality (I3 (©)) and Vitali’s theorem give that (2.8) still holds true, and Part

(1) of Theorem 1.1 is proved in any case. O

The following proposition is the core of the argument to get the non-existence
of an extremal in Theorem 1.1, Part (2). Its proof is postponed in Section 4.

Proposition 2.2. Let Q be a smooth bounded domain of R?. Let g be such that
(1.1) and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B and F' be thus given.
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Assume that Ag(Q) < mexp(1+M), where M is as in (1.9) and Ay(Q2) as in (1.11).
Assume that there exists a sequence of positive integers (N¢)e such that
lim N, = 400 (2.9)
e—0

and such that (I{Y° (Q)) admits a nonnegative extremal u. for all € > 0, where gn.
is as in (1.10). Then we have (2.1) and that |[uc||3, = 47 for all 0 < ¢ < 1.
0

Moreover, we have u. € CH%(Q) (0 < § < 1), (2.3) and that
luellfy < 4m (1+1(7e) + 0 (v * + [A(e) | + 722 1B()1)) (2.10)
as € — 0, where 1(~.) is given by (2.6).

Proof of Theorem 1.1, Part (2): non-existence of an extremal for (I{Y (2)), N > Np.
Let g be such that (1.1) and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B
and F be thus given. Assume [ < 0 and Ay(R2) < wexp(1 + M), where [ is as in
(1.12), Ay asin (1.11) and M asin (1.9). In order to prove Part (2) of Theorem 1.1,
we assume by contradiction that there exists a sequence (N¢). of positive integers
satisfying (2.9) and such that (I;~*(2)) admits an extremal, for gy, as in (1.10).
We let (uc)e be a sequence of nonnegative functions such that w. is a maximizer
for (I{¥<(Q)), for all ¢ > 0. But this is not possible by Proposition 2.2, since
HuEqué = 47 contradicts (2.10), since we also assume now ! < 0. This concludes

the proof of Part (2) of Theorem 1.1. O

3. BLOW-UP ANALYSIS IN THE STRONGLY PERTURBED MOSER-TRUDINGER
REGIME

In this section, we aim to prove the main blow-up analysis results that we need
to get both Propositions 2.1 and 2.2. The following preliminary lemma deals with
the existence of an extremal for the perturbed Moser-Trudinger inequality (IZ(2))
in the subcritical case 0 < a < 4m. Its proof relies on integration theory combined
with (I9.(£2)), and on standard variational techniques. It is omitted here and the
interested reader may find more details in the proof of Proposition 6 of [17].

Lemma 3.1. Let Q be a smooth bounded domain of R%. Let g be such that (1.1)
holds true. Then, (I(S2)) admits a nonnegative extremal uq for all 0 < o < 4.
Moreover, we have the following alternative
(1) either ||uall3, < o and uoH(uq) =0 a.e.,
0
(2) or lual3; = a and there exists A € R such that ue solves in Hj the Euler-
9

Lagrange equation (1.4).

Remark 3.1. The first alternative in Lemma 3.1 may occur in general, but does
not if t — (1 + g(t)) exp(t?) increases in (0, +00).

The following lemma investigates more precisely the behavior of g and H, when we
assume (1.1) together with (1.5)-(1.6).

Lemma 3.2. Let Q be a smooth bounded domain of R?. Let g be such that (1.1),
(1.5) and (1.6) hold true, for H as in (1.2), and let A, B and 0y, 0y, F, k be thus
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gwen. Then we have that

o o)) e(5) - oo 2

in Clooc ((07 +Oo)t) ; asy — 400,

b)3C >0, (3.1)
t t° B(y)l | 1
1+ <—>)exp<—)—1+ 0 '§C< + — | texp(d)t
(140 (2 ) -0 S T
forallv>1 and all 0 <t < 2,
c) [1gllLoem) < +o0,
and that
t 1 »
a)1+g|v— 5 =HO) (1+A40) (t+5 ) +o(lAM)I+777)
in CY.(Ry), asy — —l—:o, (32)
)30 > 0,149 (1= 1) - HO)| < CUHOIIA) + 77 explon)
forally>1 and all 0 <t < 2.
In particular, we have that
H(y)—=1asvy— +oo. (3.3)
Proof of Lemma 3.2. We first prove (3.3). Using (1.3), we write
(14 g(r) exp(r) — (1 + g(0)) = 2/ SH(s) exp(s?) ds (3.4)
0

for all » > 0. Then, as v — 400, setting r = -y, we can write

14+g(v)

= exp(—+2) (1 + ¢(0)) + 2/;2 (1 - %) H (7 - %) exp <—2u+ :—z> du,
= O (exp(—y?)) + 2H () /07 (1 - %) exp (—Qu + :—z) du,
e (IH(W)I(IA(W)I wr [ " exp(=(1 — Sy exp (—u <1 - %)) du> |
= O (exp(—?)) + H(7y) (1 — exp(—?)) + o(H (7)),
using (1.5). This proves (3.3) since g satisfies (1.1). Observe that parts a) and

b) of (3.1) follow from (1.6) and (3.4) with » = t/~, while part ¢) of (3.1) is a
straightforward consequence of (1.1). We prove now part b) of (3.2). As vy — +o0,
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we write for all 0 <t <~

(149 (v-1)) e ((7 - §>> (14 gy — D) expl(y — 1?)

o (22l
= H(v) (exp <(W - §>2> —exp((y — 1)2)>

0 (IHOIIAW +7) [ exw (22 = 2 = do)u) )

using b) in (1.5). Multiplying the above identity by exp(—(y— (t/7))?), using t < v,
(1.1) and (3.3), part b) of (3.2) easily follows. Using now a) of (1.5) in the above
before last inequality, we also get part a) of (3.2). O

In the sequel, for all integer N > 1, we let ¢ be given by (see also (3.36) below)
400 s
kE=N+1

The main results of this section are stated in the following lemma.

Lemma 3.3. Let Q be a smooth bounded domain of R%. Let g be such that (1.1)
and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B and F be thus given.
Let (ae)e be a sequence of numbers in (0,4w]. Let (N:)e be a sequence of positive
integers. Assume that

lim . = 47 and that u. > 0 is an extremal for (IS5 (2)), (3.6)

e—0

for all 0 < e < 1, where gn. is as in (1.10). Assume in addition that we are in
one of the following two cases:

(Case 1) Ehi% N =400, a. =47 for all e, and
Ag(R2) < mexp(l+ M), (3.7)
where Ag(Q) is as in (1.11) and M as in (1.9), or
(Case 2) N. =1 for all € and (2.1) holds true.

Then, up to a subsequence,
”ua'ﬁ{é = Qg, (3.8)

u. € CH9(Q) (0 < 6 < 1) solves

Aue = MeucHy_(ue) exp(u?), ue >0 in (3.9)
ue =0 on 092, '
where Hy(t) =14 gn(t) + gg#. Moreover, we have (2.4), that
4 1
+o(l) (3.10)

= v2exp(l1+ M)’
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that
A&ﬁ)—2&<:o(é), (3.11)
and that
e =T (T € Kq) (3.12)

as € = 0, where x.,ve satisfy

us(ze) = MAX Ue = Yo — +00 (3.13)

as € — 0, where & is given by

72(N5—1)
= = , 3.14
& o GE 1) o
and where (. is given by
- 1
= max (OO ) (3.15)
g

At last, (3.97)-(3.99) below hold true, for p. as in (3.40) and t. as in (3.41).

Observe that N. = 1 in (Case 2) reduces to say that gn. = ¢g. From (3.30)
obtained in the process of the proof below, we get that £, = o(1/+2) in (Case 2),
so that (3.11) is then equivalent to

AWJ=0($>, (3.16)

€

as discussed in Remark 2.1.

Proof of Lemma 3.3. We start by several basic steps. First, a test function compu-
tation gives the following result.

Step 3.1. For all g such that (1.1) holds true, we have that
Cgar () 2 [Q(1 + ¢(0)) + mexp(l + M),
where Cg 4x () is as in (I2(Q)) (o = 4m) and where M is as in (1.9).

Proof of Step 3.1. In order to get Step 3.1, it is sufficient to prove that there exist
functions f. € Hy such that || f[|3,, = 47 and such that
0

/Q (1L+ g(f)) exp (f2) dy > [9I(1+ g(0) + mexp(l + M) +o(1)  (3.17)

as € — 0. In order to reuse these computations later, we fix any sequence (z.). of

points in €2 such that
g2 0!

For 0 < & < 1, we let v, be given by v.(y) = log W + H.. ., where H,_. is
harmonic in Q and such that v, is zero on 9. Then, by the maximum principle
and (1.8), we have that

82

HZE75(y) = HZE (y) + 0 <W) for all Yy e Q, (319)
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where H,_ is as in (1.8). Then, integrating by parts, we compute

H'Us”%r(% = / Ve Ave dy,
Q

4 1 1
= 5 (log = +log ———— +H..(y) | dy,
Q 2 |ze—yl? 3 1 ezl
€ (1 + 55—2) =

) (3.20)
=dx (log = + 0(1)) —4m(14+0(1))
+4m (M. (22) +o(1))
=4 (loga—l2 —1+H.. (Za)) +o0(1),
where the change of variable z = (y — z.)/e, (3.18), (3.19) and
H. (2:+e2)=H. (2:) + O (%) : (3.21)

(see for instance Appendix B in [10]) are used. From now liminf._,o d(z.,98) > 0
is assumed. Let f. be given by 4mv? = f2||vc||%,,. We can write
0
2
(log m) +2M.. < (y) log m + Mo (y)?

tog 2 (1+ 25597 + 0 (7))

log 5%

fs(y)2 =

using (3.20). Then, writing log W = log 8% + log wa we get

/ (1+ g(f2)) exp(f2) dy
B._(7:)NQ

— / (1+ 0(1))exp (_258@) +2H (y) — Ha(2e) + 1) "
B._(7:)NQ g2 (3.22)

{2 1+¢ 14+ £2
exp —+0 +1€+ +82 dy,
log = log = (log ELZ)

= mexp(H.. (ze) +1)(1 +0(1)),

as € — 0, using (1.1), (3.19) and (3.21), where f.(y) = log (1 + IZEE;ZUF) and where

~2
7= is given by log (1 + ;—;) = %log E% Now, we can check that

1 - 1 :
2< (log = 1 log —— 1
707 < (log 5+ o) (toe L +0) |
< (log % + O(l)) X (l + 0(1)) for all y € Q\B,_(7),
|ze — 9 2
using (1.8), (3.19) and our definition of 7., so that we also get

[ agtpens(s?) dy— 1+ g0)) (3.23)
O\ B ()

as € — 0, by the dominated convergence theorem, using (1.1). Property (3.17) and
then Step 3.1 follow from (3.22) and (3.23), choosing z. € Kq as in (1.9). O
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From now on, we make the assumptions of Lemma 3.3. In particular, we assume
that either (Case 1), or (Case 2) holds true. Given an integer N > 1, observe
that Step 3.1 applies to gn, since gn satisfies (1.1), if g does. Then, using . = 47
in (Case 1), or (2.7) and gy. = g in (Case 2), we get that

/(1 + g(0)) + wexp(1 + M) < { Clonm in(Case 1), 5 0))

Cy.a. +0(1) in (Case 2),

as ¢ — 07, where C, () is as in formula (12(€2)) and where M is as in (1.9). Let
us rewrite now (3.9) in a more convenient way. Let Uy be given by

Un(t) = (14 gn(t)) exp(t?). (3.25)
Observe in particular that
(1+9(®))(1+1%) < Un(t) < (1+g(t)) exp(t?),
for all ¢ and all N, by (1.1). Using (1.2), (1.3) and (1.10), we may rewrite (3.9) as

— A/ ;
Au, = 2\I/N5(u€), ue > 01in Q, (3.26)
ue = 0 on 082,
with
t2N
Ui(t) =2tH(t) 1+ +on(t?)) +2t(1 + g(t)) (W - t2) ,
e : (3.27)
— 2t (Oon() 4 20 (14 57 ) (14 900) + /00 + ).
Indeed, in (3.9), it turns out that
Wiy (t —t2
Hy(t) = M i (3.28)

2t

Observe that by (1.1) and (3.3), using the first line of (3.27), we clearly have that
there exists C' > 0 such that

Wi ()] < Ctexp(t?) (3.29)

for all t > 0 and all e. In (Case 2), (2.1) is assumed to be true. We prove now
that (2.1) also holds true in (Case 1).

Step 3.2. Assume that we are in (Case 1). Then (2.1) holds true. Moreover, if
e = esssupu. < +o0o for all €, we have that

2
ot 2= 2) g (3.30)
=0 exp (72)
———
:=8.€(0,1)
and, in other words, that
2
T 2 N, _
llgélf NS > —00, (3.31)

where pn is as in (3.5).
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Proof of Step 3.2. By (3.6) and (3.24), we get that
/ W (u)dy > (1+ g(0))]2 + mexp(1 + M) (3.32)
Q

Writing now
Un(t) = (1+9(0) + ((1+g(0) (1 + %) = (1 +¢(0))) + (1 + g(t))pn ()

and using (1.1), we also get

/Q\I/Na (ue)dy < (14 9(0))[9Qf + Ag(Q2) + /Q(l +g(ue)en. (u)dy,  (3.33)
where Ay is as in (1.11). Then by (1.1) and (3.7), we get from (3.32) and (3.33)
that

liminf [ o, (u)dy > 0. (3.34)
Q

e—0

Up to a subsequence, u. — ug in H&, for some ug € H& such that ||uo||§11 < 4m.
0
Let 0 < B < 1 be given. First we have that

ug < (1+[3)(u5—u0)2+ <1+%) ug.

Independently, by Moser-Trudinger’s inequality, we have that
u € H& — Vpe[l,+o0), exp(u?)eLP. (3.35)

Therefore, if ug # 0, lime_q ||us — UO”%ﬂ < 4m, there exists pg > 1 such that
0

(exp(u?)). is bounded in LP0, by Moser’s and Hlder’s inequalities. Then, by Vitali’s
theorem, since ¢y, < exp in [0, +00) and since N. — 400 in (Case 1), we get

£ 0 = /Q o (u?)dy = o1)

as € — 0, which proves (2.1), in view of (3.34). Noting that the function ¢
©n (t) exp(—t) increases in [0, +00), we can write

2 en.(12) / 2
on. (uz)dy < ——=—=2 [ exp(u;)dy
/sz (u2) exp(72) Jo (u2)
and conclude that (3.30) holds true by (3.34) and Moser’s inequality. Observe that
r SN
en() = exp(I‘)/ exp(—s)ﬁds. (3.36)
0 .

Setting I' = 72, N = N. and s = N. + uy/N¢, we get (3.31) from (3.30), using
Stirling formula and

u \V 2
(1+—) e*“‘/ﬁgefT

VN

for —vVN < u < 0. 0

The next steps applies in both (Case 1) and (Case 2).
Step 3.3. We have that (3.8), (3.9) hold true, and that u. is in C*?(Q).
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Proof of Step 3.3. Assume by contradiction that (3.8) does not hold true, or in
other words that [Juc||?,, < . for all e < 1, up to a subsequence, then it follows
0

from the fact that u. is an (unconstrained) critical point of our functional that
Ul(ue) = 0 ae. in Q. The key property is now that the Lebesgue measure of
{to < ue < t1} is positive, for all 0 < ¢ty < t; < 7., as it follows by fQ |VTu|? >0
where Tu. € H& is the truncation of u. —tg as 0 when u. < ty and as t; — tg when
ue > ty; this shows that ¥y = 0in (0,7.) and then

1+ ¢(0)

(I+g(t) = T2+ on () (3.37)
for all t € [0,7:). If 7= = +00 a contradiction arises; then 7. < +o00 and one can
use Step 3.2 to show that 7. — 400, still reaching a contradiction. Then (3.8) is
proved, so that (3.9) holds true in H{. Thus for all given ¢, u. is uniformly bounded
and then in C*? by (3.9) and elliptic theory. We also use there that g appearing
in the formula (3.27) of ¥y is assumed to be C' in (1.1). O

The previous steps give in particular that (3.13) makes sense and holds true.
Step 3.4. There holds that A\. > 0 for all 0 < e < 1. Moreover

Ae =0 (3.38)
as € — 0, where \; is as in (3.9).

Proof of Step 3.4. By (2.1), we have that u. — 0 a.e. and in LP, for all p < +o0.
Since [, _ . Y. (us)dz — (1 +g(0))[€2], by (3.24) one has that

lim inf Uy (ue)dx > mexp(l + M)
e—0 we > My

for all given My > 0; one can now use (3.27) with (1.1), (3.3) and some standard
integration argument, to get that

lim inf (W (ue) +2(1 + g(ue))ud] uede = +o0. (3.39)
e—> Q

Then, multiplying (3.26) by u. and integrating by parts, we get that A. > 0 and
dr+o(1) = / |Vue|?de > A,
Q

which proves (3.38). O
Then, using (3.3), we may let . > 0 be given by
AH (ve)udrion.—1(72) = 4, (3.40)

where ¢y is as in (3.5). Before starting the core of the proof, we would like to
make a parenthetical remark.

Remark 3.2. Note that (Case 1) is particularly delicate to handle, since the
nonlinearities (¥'y_)e are not of uniform critical growth, even in the very general
framework of [9, Definition 1]. A more intuitive way to see this is the following: if
(Je)e is a sequence of positive real numbers such that Y. — 400, but not too fast,
in the sense that 42 < N, then it can be checked with (1.1) and (3.3) that

Ae - < -
U (52) = A1+ 0(1)32
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as e — 0, where \e = Ae/(NC!). Then, in the regime 0 < us < 4., at least formally,
(3.26) looks at first order like the Lane-Emden problem, namely

Au, = /N\EugNE*l, ue >0 in

ue =0 on 09, (Lane-Emden problem)

N; — 400,
for which very interesting, but very different concentration phenomena were pointed
out (see for instance [2,7,8,11,21,22]). A real difficulty to conclude the subsequent
proofs is to extend the analysis developed in [1,9,10] for the Moser-Trudinger "purely
critical” regime, in order to deal also with such other intermediate regimes. As a

last remark, a much simpler version of the techniques developed here permits also to
answer some open questions about the Lane-Emden problem, as performed in [24].

We let t. be given by
|z — x|
te(z) =log [ 1+ —z ) (3.41)

g
Here and in the sequel, for a radially symmetric function f around of z. (resp.

around 0), we will often write f(r) instead of f(x) for |x — x| = r (resp. |z| =r).
Step 3.5. We have that
Ve (e — ue(ze + pe)) = Ty == log (1 + |- [2) in O} (R?), (3.42)
where Ye, T are as in (3.13) and p. is as in (3.40). Moreover, we have that
liminf A\.y2 > 0. (3.43)
e—0

At this stage, by taking the log of (3.40), by estimating A. with (3.38) and (3.43)
we get from (3.3) and (3.30) that

log% =214 o(1)) (3.44)

as € — 0. Observe in particular that (3.44) holds true in (Case 1).

Proof of Step 3.5. We first sketch the proof of (3.42). In (Case 2), (3.42) follows
closely Step 1 of the proof of [9, Proposition 1]. Thus, we focus now on the the
proof of (3.42) in (Case 1). Observe that

2N 9 NN 1+0(1)
sup — exp(—t“) = —exp(—N = , 3.45
D oy p(=t%) = 7 exp(=N) N TN (3.45)

by Stirling’s formula. Then, by (1.1), (3.3), (3.13), (3.27) and (3.30), we have that

W (e 2N,
D))o, (1) + s+ g0 S+ 0 ()

N,!
< (L4 o(M)epn.—1(72) .
Observe that, by (3.13) and elliptic theory, we must have supg AeW'y_(ue) — +00
as € — 0. Then, (3.46) implies that Acv.pn.—1(72) — +00 and then that p. — 0
as € — 0, by (3.40). Let 7. be given in (2 — x.)/u. by
Te
Ue(Te + fle) = Ve — ,7_ .

€

(3.46)

Then, since A7 = —p2v.(Aue)(ze + pe-), we get from (3.26), (3.40) and (3.46),
that there exists C' > 0 such that |A7.| < C, while 7. > 0, 7.(0) = 0. As in
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[9, p.231], we have that u. = o(d(x.,09)). Then, by standard elliptic theory, there
exists 7y such that

7. — 10 in CLY(R?), (3.47)
as € — 0. Note that for all I'; 7 > 0 and all N, we have that
r N
s
on(T) = pn(D)exp (-0 = T)) —exp(T) [ exp(-s)5ds. (349
T .

Writing the previous identity for N = N. — 1, T =42 and T = u? = 42 — 27. + ;—Ez,
noting from (3.45) and (3.47) that

[ e = ()

in Rfoc and resuming the arguments to get (3.46), we get that
A(—79) = dexp(—27)

using also (3.26), (3.30) and (3.40). Now, choosing R >> 1 such that |g(¢)| < 1 and
H(t) > 0 for all t > R, we easily see that there exists Cr > 0 such that

ue [Uly, (ue)] ™ < Crlue| + 4u? (3.49)
by (1.1), (3.3) and (3.27), where ¢t~ = —min(¢,0). Then, we have that
A
75 / ue [y, (u;._-)]Jr dy =4m +o(1),
Q

by (3.8), (3.26), (3.38) and (3.49), where ¢* = max(t,0). For all A > 1, we get
that

A
4/ exp(—279)dy < liminf —5/ ue [y (u;._-)}—|r dy,
Bo(A) 2 Ja

e—0

by (3.47) and, since A is arbitrary, we get then that [, exp(—270)dy < +oc. Thus,
by the classification result Chen-Li [4], since 79 > 0 and 79(0) = 0, we get that
10(y) = log(1 + |y|?). Thus (3.42) is proved by (3.47). Similarly, we may also
choose some A.’s, such that A. — 400 and such that

A 21 + o(1
2 By, (Acpie) Ve
We use for this (3.45) to write that
2 2N,
(pNg(Wa)Q 1 _ ' Ve - :1+0(1)
en.-1(72) Nelon.—1(72)

as € — 0. Thus, since 0 < Wp_(t) < (1 + g(t))exp(t?) for all t > 0, and since
Cy.4x(Q) < 400, we get (3.43) from (1.1). This concludes the proof of Step 3.5. O

By Step 3.5 and estimates in its proof, since we assume |[uc||3,, < 47, we get
0
that

lim lim (Auc(y))Tue dy =0. (3.50)
R—+o00e—0 Q\B.. (Rp.)

We let 2. be given by

0 _ { {y€Q st pn—1(ue(y)?) = uc(y)? +1} in (Case 1),
: Q in (Case 2).
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Now, despite the difficulty pointed out in Remark 3.2, we are able to get the
following weak, but global pointwise estimates.
Step 3.6. There exists C > 0 such that
|- —2 2| Auc|u. < C in Q. (3.51)

and such that
| - —xe||Vue|us < C in Q. (3.52)

for all .

In (Case 2), it is not so difficult to adapt the arguments of [9, 3,4] to get Step
3.6. Thus, in the proof of Step 3.6 just below, we assume that we are in (Case 1).
Then observe that Q. # () by Step 3.2. Given ng € (0,1), writing

Ne pa7Ne [0 et) Ve
o) = T (S ot = S (g ot
k=0

N! V2N \1—t
by Stirling’s formula, where o(1) — 0 as € — 0 uniformly in |t| < 7, the unique
positive solution T of ¢y, _1(I'.) = T'- + 1 satisfies I'. = (14 0(1))2=. Then, since
©n.—1/(1 4 -) increases in (0, +00), we clearly get that

N,
(1 +o(1))f < n?linug. (3.53)

Observe also that (3.53) almost characterizes €2, in the following sense: given § > 0,
for all & < 1 so that (146)2= > T'., one has that u(y)? > (1+6)2= implies y € Q..

Proof of Step 3.6, Formula (3.51). As aforementioned, we still assume that we are
in (Case 1). Thus, in particular, we assume that N. — +o00 as ¢ — 0. Assume
now by contradiction that

15%%2)( ly — x5|2|Au5(y)|u5(y) = |ye — 3:5|2|Au5(y5)|u5(y5) — 400 (3.54)

as € — 0, for some y.’s such that y. € Q.. First for all sequence (Z:). such that
Ze € Q¢, we have that Auc(2:) > 0, that ¢'(us(Z:)) = o(us(2:)) and that

Uy, (ue(Ze)) = (1+0(1)) 2 ue(Ze) @n.—1(ue(Z)?) (3.55)
as € — 0, using (1.1), (3.3), (3.27) and (3.53). Besides, we have that
Ue(Ye) = +00 (3.56)

as € — 0. Let v, > 0 be given by

V2| Aue (ye) lus(y:) = 1.
Then, using also (3.54), we have that

lim Y =%l o (3.57)
e—0 Ve

and, in view of Step 3.5, that
lim Y =Tl o (3.58)
e—0 e

For R > 0, we set Qp . = B, (Rv.) N and QR,E = (Qpr.e —Ye)/Ve. Up to harmless
rotations and since €2 is smooth, we may assume that there exists B € [0, +00] such
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that QRQ — (—00,B) x R as R — +o00, where QRE — QRD as ¢ — 0. In this
proof, for z € Qg ., we write 2. =y + .2 € Qr. Let 4. be given by

e (2) = ue(ye) (ue(ze) — ue(ye)) , (3.59)
so that we get

~ _ (Aue)(z:) - \I}/NE(UE(ZE))
(Ate) (2) = B~ Ty (0) (3.60)

First, we prove that for all R > 0, there exists Cr > 0 such that
|Aiie| < Cr in Qg (3.61)

for all 0 < e < 1. Otherwise, by (3.60), assume by contradiction that there exists
ze € Qg such that

(W, (ue(22))| > Wy (ue(ye)) (3.62)
as ¢ — 0. If, still by contradiction, z. € Q., we have that u.(z:) < uc(y:), that

. —1(ue(2)?) < o —1(uc(ye)?)
by definition of €. and since ¢ /(1 + ) increases in [0, +00), and then that

|\I// E(UE(ZE)” S ue(ze) (1 + Us(zs)2 =+ @stl(us(zs)z)) S “IJ/NE (ue(ye)),

using (1.1), (3.3), (3.27), (3.55) and y. € €. again. This contradicts (3.62) and
then it must be the case that z. € .. Thus, since y. is a maximizer on ). in
(3.54), we get from (3.57) and (3.62) that u.(z:) < us(y-). But this is not possible
by (3.55) and (3.62), which proves (3.61). Now we prove that, for all R > 0,

limsup sup u.(z) <0. (3.63)

e=0  2eQp..
Until the end of this proof, we set 4. := u.(y.). If (3.63) does not hold true, since
1:(0) = 0 and by continuity, we may assume that there exist z. € Qg such that
Be = [Fe (ue(ze) = Fe)] = Bo € (0,+00) (3.64)
as ¢ — 0. Since uc(z:) > u:(ye) for 0 < e < 1 by (3.64), we have that z. € Q..

Moreover, since y. is maximizing in (3.54), we then get from (3.55), (3.56) and
(3.57) that

pn—1(u(2:)?) < (L+0(1)) pn.—1(32) -
Independently, since ¢y is convex, we get that
PN —1(ue(2)?) = one—1(32) + i1 (32) (ue(2)® = 32)
> (1+260(1+0(1))) pn.—1(32)

using (3.64) and ¢\ (t) > @n(t) for ¢ > 0. But (3.64)-(3.65) cannot hold true
simultaneously, which proves (3.63). As in [9, p.231], @-(0) = 0, uc = 0 on 09,
(3.61) and (3.63) imply that

(3.65)

lim d(y%m) = +o0. (3.66)
Moreover, by standard elliptic theory, @.(0) = 0, (3.61), (3.63) and (3.66) give that
e — ug in C}(R?) (3.67)

as € — 0, for some uy € C1(R?). Given R > 0, we prove now that
liminf inf (A@.)(z)>0. (3.68)

€0 2eQp,.
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Using (3.27), (3.56) and (3.67), we have that

Wy, (ue) = 29epn. -1 (u2) (1 + o(1)) +o(72),
uniformly in Qg .. Then, coming back to (3.60), using (3.55) and y. € ., we get
that

~ .1 (ue(2)?)

Atg)(z) = (1+o(1))———=5— +0o(1),

(Atc)(z) = (L +o(1)) o1 (7D) (1)
uniformly in z € Qg .. Now, we write (3.48) with I' = 32 and T = u2, where u.
stands for u.(z.) here and below. Then, in order to conclude the proof of (3.68),
using also (3.36), it is sufficient to check that there exists ng < 1 such that

-2 G
Ve sNe

exp(u2 A2 sV w3 €Xp(—s)ds
L= ——s p(_€)~2_ 2 / exp(=s) 3 195 = 752 J\zfvi ’
<PN5 (’Ya)exp( (FYa ua)) ug Na' fO € exp(—s)%ds (369)
< "R,

for all 0 < ¢ < 1, uniformly in Qg., where N, = N. — 1. If u. > 4., the last
inequality in (3.69) is obvious. If now u. < 7., we write

0 t NE
fug—&g exp(—t) (1 + 73) dt

<NR

using (3.67), where I, is as in (3.69). We get the last inequality using (3.53) and
Ye € Qo (3.69) and then (3.68) are proved in any case. Let R > 0 be given. By
(3.57), (3.58) and (3.68), we clearly get that

/ (Aue () e dy > / A (y)ue(y) dy
Q\Bra (Rpe) By, (ve)

for all € small enough. Using now (3.56) and (3.67), we write that u. = 3.(140(1))
uniformly in B,,_(v¢), so that

e—0 e—0

lim inf/ Aue(y)ue(y) dy = lim inf/ At (z)(1+0(1)) dz > 0,
Bya (Vs) Bo(l)

by (3.68). Since this last term is independent of R > 0, this contradicts (3.50),
which concludes the proof of (3.51). O

Proof of Step 3.6, Formula (3.52). Remember that we assume that (Case 1) holds
true. Assume then by contradiction that there exists (y.). such that y. € Q. and

%%X ly — 2| Vue (y)|ue(y) = lye — 2c||Vue (ye ) [ue (ye) := Cc — +00 (3.70)

as € — 0. Then, by (3.53), (3.56) holds true. Let v > 0 be given by
Ve = min (Jz: — ye|, d(ye, 0Q)) . (3.71)
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For all R > 1 and all ¢, we let Qg . and QR,E be given by the formulas above (3.59).
Let w. be given by

we(z) = ue(ye + ve2).
Since [uc|[3,, < 4, we get from Moser’s inequality that [, exp(u2)dy = O(1) and
9
then that, for all given p > 1,
”Vg/pwa”Lp(QRyE) =0(1) (3.72)

for all €. Set . = *<-¥=. Now, for any given R > 1 and all sequence (z.). such
that z. € Qp\{z.} (e Zo = (2 — ye)/ve € Qr\{Z.}), we get that
e 7 € O,

A e ~5 = SA e\<e S e
| Awe (%] = vel Aue ()] {/\5V§|\IJ’N5(uE(zs))|—O(/\Eug(1+u5(zs)3)) it 2 & Q.

using (3.51) for the first line, and (3.27) for the second one. Then, using either
(3.53) or (3.38) with (3.72), we get that

||Aw8HLp(QR,5\B;EE(1/R)) =0 (3.73)
as € — 0. Independently, since |uc| g1 = O(1), we easy get that
/ |Vw.|?dz = O(1). (3.74)
QR,E
Observe that |Z.| > 1. Now, we claim that up to a subsequence,
d(ye, 00
ve 0 and 2029 (3.75)
|=Ta - yal

as ¢ — 0. In particular, by (3.71), this implies that v. = |z. — y.|. Now we
prove (3.75). Indeed, if we assume by contradiction that (3.75) does not hold, for
all R > 1 sufficiently large, we get that the (we/u.(yc))’s converge locally out of
B;.(1/2) to some C* function which is 1 at 0 and 0 on the non-empty and smooth
boundary of limpg_, 1 lim. 0 Q R,e (maybe after a harmless rotation). We use here
the Harnack inequality and elliptic theory with (3.56), (3.73) (with p > 2) and
(3.74), since u, = 0 in I9Q. This clearly contradicts (3.74) and (3.75) is proved. Up
to a subsequence, we may now assume that

P — & |7 =1, (3.76)

ase — 0. By (3.56), (3.73), (3.74), and similar arguments including again Harnack’s
principle, we get that

We . 1 2\ [~
— 1lin C, (R*\{z}), 3.77
w0 loc(R\{7}) (3.77)
using also (3.75). By (3.72) and (3.77), we get that for all p > 1
v2/Puc(ye) = O(1) (3.78)

as € — 0. Let now w. be given by w, = lf:fv_ui%, so that |[Vw.(0)| = 1. For any

given R > 1 and all sequence (z.). such that 2. := (2. — y.)/v. € Qr.\Bz(1/R),
we get that
L e if z. € Q.

o ’U,g(yg) 5 C.lz.—7.12
A (2| = S A, () < { T
A ()] = == w(Z)'”{é—ivsuxya)‘*ifz&%ﬂm
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for all e, using (3.51), (3.70) and (3.77). Then, since A. = o(1), we get from (3.70),
(3.75) and (3.78) (with p > 4) that

At — 0 in L2 (R?\{z}) (3.79)

as e — 0. By (3.70), (3.76) and (3.77), given R > 1 and z. € Qgr..\B;(1/R), we
get that

Ve (ze)| < Ue (Ye) 1 < 1+0o(1)
[Vue(ye)| = ue(ze) [Te — 2| — |Te — Z|
for all 0 < ¢ < 1. Then, by (3.79), (3.80) and since w.(0) = 0, there exists a
harmonic function H in R*\{Z} such that lim._,ow. = H in C}_(R?*\{Z}). Now,
for all given S > 0, integrating by parts, we get that

/ w0 u.do = C; / O, Hdo +o(1) | ,
0B, (Bve) 0Bz (B)

< | |VuPdy + / ue(Aus)Tdy = O(1),
Q Q

Ve (2:)] = (3.80)

using (3.70) and (3.77), as e — 0. Since C. — +o0, this implies that faBi(ﬁ) 0, Hdo =
0. Then, also by (3.80), 8 being arbitrary, H is bounded around & and then the
singularity at & is removable. By the Liouville theorem, H is constant in R?, which
is not possible since |V, (0)] = [VH(0)| = 1. This concludes the proof of (3.52).

O

Remark 3.3. Note that we do not assume that the continuous function W'y  is
positive and increasing in [0,+00). Then, standard moving plane techniques [1,5,
13,15] do not apply. We wuse in the proof below the variational characterization
(3.6) of the u:’s to get that T € Kq, Kq as in (1.9), and that, in particular, T ¢ 0Q
in (3.12).

Let B. be the radial solution around z. of

AB. = %0 (B
e = TUN(Be), (3.81)
B. (175) = Ve
where . is still given by (3.13). Let 4. be given by
1
Ue(z) ue do, (3.82)

© 2mlee — 2| Jom, (w—sp)

for all z # z. and U (z:) = uc(x:) = .. Let g9 € (y/1/e,1) be given. Let p. > 0
be given by

t(pe) = (1— o). (3.83)
By (3.44), we have that
2 = exp(— (0 + o(1)72) (3.84)
Let . be given by
1
Te = sup {r € (0, pc] s.t. Jue — Be|] < — in By, (r)} . (3.85)
€

Observe that r. > u. by Step 3.5 and Appendix A. Then, we state the following
key result.
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Step 3.7. We have that

) = Bu(r) +o () (3.86)

Ve
and then that r. = p. for all 0 < e < 1. Moreover, there exists C > 0 such that

V(B —ue)| < in By, (p:) (3.87)

Ve
for all 0 < e < 1, where (z:): is as in (3.13), B: as in (3.81), 4. as in (3.82), p.
as in (3.83) and r. as in (3.85).
Since Be(z:) = us(re) = ve, (3.87) obviously implies that
B. —u.| <ol =% B (o) (3.88)
PeVe

for all 0 < ¢ < 1. Then, combined with Appendix A, Step 3.7 provides pointwise
estimates of the u.’s in By, (pe)-

Proof of Step 3.7. The proof of Step 3.7 follows the lines of [10, Section 3]. We
only recall here the argument in the more delicate (Case 1). Let v. be given by

U = B, + v, . (3.89)

By Appendix A, we have that B. is well defined, radially decreasing in By, (p.),
and that

t t

B. = — i+o<i) (3.90)
Ve Ve

uniformly in B,_(p:) as € — 0, where t. is given by (3.41). Then, we get first from

(3.83) and (3.90) the following lower bound:

min B: > v-(eg + 0o(1)).

Ba:E (TE
Let us introduce now an intermediate radius 7. given by

€0e

7. = sup {r e (0,r] s.t. 28z, — [|Vue| < C in Bms(r)} ,

for C' as in (3.52). We prove now that 7. = 7. for all ¢ < 1. Indeed, by Wirtinger’s
inequality on 0By(r), 0 < r < 7., we have that
2C

€07e

|’U,5 _us| <

T,

so that, by (3.85),
2rC _
el = 152 - el < (2 4 1) o
€o
in B,_(7). Then, we get a lower bound on u. as well, namely

Bmi(r} )uE > ve(e0 +0(1)), (3.91)
so that, by (3.52), the condition in the definition of 7. never saturates: 7. = r. for
all e < 1. Observe for this that (3.91) combined with (3.53) (see also the paragraph
below (3.53)) and with our assumption es? > 1 implies B,_(7.) C Q.. Observe in
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particular that (3.31) provides v2 > N.(1+ o(1)). Summarizing what we have just
obtained in B,_(r:), we may write

1
H|£L'8 - .||vu5|||L°°(BwE(r5)) =0 <—) 5
Ve
and
1
Vel Lo (B, (re)) = O <—) : (3.92)
Ve
We also have that
B <. (3.93)

in By_(re). By combining (3.26) and (3.81), (3.92) allows to linearize (3.81) to
control v.. More precisely, (1.5) and Lemma 3.2 permit to compute the variations
of Wy in (3.27), even if g is only C* in (1.1), so that ¥y is only continuous.
Namely, we get from a) and c) in (1.5) and from Lemma 3.2 (for v = B.) that

1
|Ave] = [A(us — Bo)| < C'Ar2on, —o(B) [|vs| o (—)] in By (r.)

€

for all &, using (3.48), (3.91)-(3.93) and some computations. Then, (3.90) gives
exp (—21%5(1 +o(1)) + L )
X

72

|Av.| < C”

pZ (3.94)

oo ()] in Bt

using (3.30), (3.40) and (3.45). Starting now from (3.92)-(3.94), we can compute
and argue as in [10, Section 3] in order to get (3.86)-(3.87). O

Conclusion of the proof of Lemma 3.5. Let ¢, € (€9,1) be fixed and let p. > 0 be
given by

te(pl) = (1 —eo)2, (3.95)
so that, by (3.44),
(p2)* = exp(—ep(1 +0(1)72) - (3.96)
In order to conclude the proof of Lemma 3.3, by Steps 3.1-3.7, it remains to prove
(2.4), (3.10)-(3.12), that
ua(y) . 47TG15 (y) ' — 0 (ng (y)> (3'97)
Ve Ve
uniformly in B,_(pL)¢, that
we =7 — 2y SO; + 51; F(A() — 26222 4o (tag—g) (3.98)
Ve Ve P e e

uniformly in B,_(pL), where the S;.’s are as in (A.5), and that

1
ue(y) = Ga.(y) <4—7T + iizi 1 Ax(A0e) - 255))
Ve i—0 Ye

Ve
4B (75)
Y2 exp(l + Ha. (7)) Jo

£ B 13

Gy(2)F (47Gy. (x)) d (3.99)
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uniformly in By, (pL)¢, as € — 0, where F' and B(~.) are given in (1.6), where the
A;’s are as in (A.3), and where (. is given in (A.8).

e (1) In this first point, we aim to get pointwise estimates of the u.’s out of By, (pL).
Let G be the Green’s function in (1.8). It is known that (see for instance [10,

Appendix B]) there exists C' > 0 such that
1 C
and 0 < Gx(y) < — log ——— 3.100
el R

for all z,y € Q, = # y. By (3.87) and since ||luc||3,, < 4, it is possible to prove
0

VyGa(y)| <

(see for instance the proof of [10, Claim 4.6]) that, given p < 1/¢y,

| exp(u) || Lo(B,, (5. /2)) = O(1) (3.101)

for all €, where B,_(p./2)¢ = Q\B,_(p./2). In the sequel, p’ > 1 is choosen such
that

1 1

-+ — < 1.

p P
Let now (z¢). be any sequence of points in B,_(p.)¢. By the Green’s representation
formula and (3.26), we can write that

wer) = 5 [ Golo)¥i (uelw) dy.

By (3.100), we have that there exists C' > 0 such that

G2 (we) — G| < OM (3.102)

€

in B,_(p./2) for all e. Set t. =1+ t.. By (3.44) and (3.84), we have that

|- —a.| -

) . &
=o|— ) in Q. :={yst. t-(y) <~
Ve Pe (75) ) { ) 3

g
as € — 0, and then, by (3.88), (A.9) holds true for v. as in (3.89). Independently,
using (3.29), (3.40), (3.88) and (A.3) with (A.7), we clearly get that there exists
C' > 0 such that

t2
exp (—2t8 + 7_52)

AW ()] < C————"L in B, (p./2) (3.103)
HeTVe
for all e. Then, we get that
AU (ue)
ue(ze) =G, (Is)/ %dy
Ba. (pL/2)
2
exp (—2155 + %) |- —z.]
+0 / 2~ dy | +0 (Aelluell o)
Bo. (pL/2) HeTePe (3.104)
4 1 A -2 ~
o) (14 5+ 2O o)
. Ve 2

1
+o(—)+ou%myu
Ye

where (. is given by (3.15). We start by focusing on the first equality of (3.104):
(3.102) and (3.103) are used to get the first two terms; the last term is obtained
from (3.29), (3.100), (3.101) and Hlder’s inequality. We focus now on the second
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equality of (3.104), resuming the previous one term by term: the first term is easily
computed by integrating (A.9) in €. and by plugging the values of the A;’s from
(A.2)-(A.4) on the one hand, and by estimating roughly in B,_(p.)\Qe with (3.103)
on the other hand; the last term obviously follows from A. = o(1); as to the o(1/7:),
we get first O(pe/(plye)) using €9 > 1/2, which clearly concludes by (3.95). Using
first that ue < 7. and (3.84) in B,_(p), and then (3.104) with (3.100) in Q\B,_(p.),

we get that
U r=0 + ||u 4+ 0 .
S Ve S Ve

This implies with (3.104) that

SR CD) <1 + % LA 226 o(c;)> +o (i> . (3.105)
Ve vz 2 Ve
e (2) In this second point, we prove that
4+ 0(1)
~ Zexp(l+ M)
as € — 0, for M as in (1.9). Observe that (3.105) implies that
4Gy, +o(1)
Ve

in Q\B,_(p:). By (1.1) and (3.100), our definition of p. and the dominated conver-
gence theorem, this implies that

ue(ze) =

us = (1+o(1)

lim U (ue)dy = |Q|(1 4 g(0)). (3.107)
=0Jo\B,. (pe)

Independently, (A.7) and (3.88) give that
1 1))t
up =, — LH D)t (3.108)
Ve
in B,_(pe), since pe < pe. Then, using (3.30), (3.45), €2 > 1/e and resuming the
arguments to get (3.55), we have that
Wi (1) = (1 -+ 0(1))pn, 1 (12) and Wy, (u:) = 2(1 +o(1) weipn, 1(u2) (3.109)
in B,_(pe). Independently, observe that, for all T',§ > 0,
on(T) = bexp(T) = VT € 0,T], n(T) < dexp(T), (3.110)
since ¢’y > ¢y in [0, 400]. Then we get that
4m(1+o(1))
Uy (ue)dy = ——— 220 3.111
/Bzg(ps) ( E) FYE2A5 ( )

as € — 0, by (3.30), (3.40), (3.108), (3.109), with (3.48) for |y — x| < pe, or with
(3.110) and the dominated convergence theorem for |y — .| > p.. Then, because
of (3.6), we get that (3.106) holds true, by combining (3.107), (3.111) with (3.24).

e (3) In this point, we conclude the proof of (3.10), and prove (2.4) and (3.12). For
R > 1, let xc g be given in Q. g := Q\B,_(Rpue) by

Xe,R = 47“'A57RG1E )
for A. g > 0 to be chosen later such that
Xe.r < ue on OBy (Rye) - (3.112)
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Integrating by parts, we can write that

|o1vubay = [ aldy-2 [ @) - xer)do
Qe R Qe r OB, (Rpc)
+/ [V (ue = xe,r)|*dy , (3.113)
Q. r

> / IVxe,r|dy,
Qe r

where v is the unit outward normal to the boundary of B,_(Ru.), using (3.112).
Indeed, by [10, Appendix B] for instance, since d(z.,0) > p. by Step 3.5, we
have that

1 1
&,G% = —m + O (m> on 6BmE(R/LE) . (3114)

Now, by (3.3), (3.40), (3.42), (3.45), (3.84), in order to have (3.112), we can choose
A g such that

An 1 (1_ 10g(1+R2)+0(1)) y

2

Ve ( )
2 -1 3.115
<1 108 S5 + o (o) + o<1>>

7
with d. € (0,1] as in (3.30). In (3.115), we use

i, = e (0] = O (555 ) = ot)

uniformly in 0B,_(Ry.), using Step 3.5 and computing as in (3.21). Now, by (1.8),
(3.44), (3.84), and (3.114), we compute and get first that

/ IV xer2dy
QE,R

> _/ (avXE.,R)Xs.,R do,
ast(Rl‘s)

5:Aer? !
> 4n <1 ~ 2log(1 + R?%) +0(1)> <1 N log =57= + Ha. (2) +0(1)> |

2 V2
using also (3.115). Independently, we compute and get also that

47 R2
Vu 2dy——<log1—l-R2 — +01),
/B%(Rﬂg)' Py = 75 (loa(1+ R = 5 +ol)

by (3.42). Thus, since ||u5|\fqé < 47 and by (3.6) and (3.113), we eventually get

10g 0c e + ,st (xa)
2
Moreover, using also the definition (1.9) of M, (3.106), . < 1 and that R > 0 may
be arbitrarily large, we get together that

0e = 1, (3.116)

>o(1).
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and that (3.10) and (3.12) hold true. As a remark, in (Case 2) where N, = 1,
(3.116) is a direct consequence of the definition (3.30) of d.. Then, (2.4) follows
from (3.10), (3.107) and (3.111).

e (4) Now we prove (3.11). Since g, > &9, we get from (3.84), (3.88), (3.96) and
(A.7) that

te  t. le te(e
Us:7s____3_(A(75)_2§s)2,78 +0< /}E ) (3.117)

uniformly in {y € B,_(p.) s.t. t- > ~./4}, using also (A.3). Then, noting that the
averages of (3.105) and (3.117) have to match on dB,_(p.), we compute and get
that

4
Ae =

- 2 ’YE(A(’YE)_2£E) F 2 ’ (3118)
v2exp (1+ M+ =—5—= 4 0(¢"2)

by (3.12), (3.116) and (3.40) with (3.3) and (3.45). Observe in particular that
1S9 %Ge, S1, 157251

on 0B,_(p.), by (3.95) and (3.96) with (1.8) and (3.12). By (3.10) and (3.118),

(3.11) is proved.

e (5) Here, we conclude the proof of Lemma 3.3. As an immediate consequence
of (3.105), we get that (3.97) holds true. Pushing now one step further the above
computations with very similar arguments, we get that (3.98) holds true as well.
At last, using in particular (3.10) with (1.6) to improve the estimates in Point (1)
of this proof, we get (3.99). O

Lemma 3.3 is proved. 0

4. PROOF OF PROPOSITION 2.1

Proof of Proposition 2.1. We make the assumptions of Lemma 3.3 in (Case 2) with
ae = 47(1 — £). In particular, we assume that u. is a maximizer for (Ifﬁ(lfs) (€)),
for all 0 < € <« 1, and that (2.1) holds true. Then, Lemma 3.3 in (Case 2) will
be currently applied in the sequel. In particular, we may let Ac, e, xc, pt- be thus
given and it only remains to prove (2.5)-(2.6) to get Proposition 2.1.

Let z € Q be given. In view of (3.99), for v, u > 0, we let now U, . be given by
U#-,%Z(x)
= % (— log (1 + 2 ;;'2) + log% + H_l)u)z($)>
1
+ ; 73i2i (Si (30 ; 2) + % (10g% + Hi,u@@)) - Bi> (4.1)
B (222) 2 i) )

I
4B(7)
ey L G P (nGL ) dy.
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where the S; are given by (A.2), where the 4;, B; are as in (A.3), where H is as in
(1.8), where the #; , . are harmonic in {2 and given by

1 Am -z
H—l,u,z = —10g (m) or by %j,;,e,z = _A_J (SJ (T) — BJ) + loguz

on 09, for j € {0,1,2}. By the maximum principle and (A.3), we have that
Hjpz(x) = Ho(z) and |0, H; .- (2)| < Cp uniformly in x € Q as pp — 0, for all j.
Then, setting f, (1) = v U, 4..(2) — 1, using that S;(0) = 0 and (4.1), it may be
easily checked that f,(u) = —y 2log u?(1+0(1)) — 1, C'-uniformly in p € (0, u(v))
as 7 — 400, where u(7y) is given by —log uu(y)? = v%/2. In particular, there exists
¥ > 1 such that lim, o f (1) = +oo, fy(u(v)) <0 and f7 <0 in (0, (7)), so that
there exists a unique fi(7y,z) € (0, (7)) such that f,(a(y,z)) = 0 for all v > 7.
Fixing K a compact of (2, it is clear that 4 can be chosen independent of z € K; in
particular, we may let fi. := fi(7e, 2) be the unique p € (0, u(v:)) given by

Ui e,2(2) = 7e (4.2)

for all € small. We denote from now on H; . , := H; ;.. and U. , := Uj_ . .. The
following result concludes the proof of Proposition 2.1.

Lemma 4.1. We have that

S = / G (y) P (4G () dy, if L D)
Q .

IRy A (43)

as e — 0, where S is as in (1.9) and T as in (3.12). Moreover, (2.5) holds true in
any case.

Proof of Lemma 4.1. Let K be a compact subset of 2 and (z.). be a given sequence
of points of K. For simplicity, we let in the proof below (. be given by

; 1 |B(7e)|
(e = max (7_;1, [A(7ve)l, 7753 . (4.4)
e (1) We first derive the following more explicit expression of the fi. from (4.2):
4
fi2 exp(y2)72
4 .
= 1 . 4 A . 2
T Ty L0 (G +2140:)P) > (4.5)
2
= A0:) 4B(7.) )
1= - G..(y)F (47G._(y)) d
( 2 Yeexp(l +H..(2)) Jo (y)F ( () dy

as ¢ = 0. By the maximum principle and (A.3), we get that there exists Cx > 0
such that |H;.. | < Ck in €, so that, by elliptic theory, the H;. . ’s are also
bounded in C}, () for all € and j. We get from (4.2) that ‘log ﬁ% — 72| < CY, and
then that

Hjero — Haoo| < Cheexp (—72) in Q, (4.6)
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forall0 < e < 1 and j € {—1,...,2}, by the maximum principle, (1.8) and (A.3).
Rewriting then (4.2) as

1 A A A()As A
2 _ L 0 1
7: =log 2 (1 + pr + 477%4 t— +H. (2) | 1+ g
By 4B(v.) /
2 T exp(l+ Ha(22) Gz () F (4G (y)) dy
+0 (75 + |A(Vs)|) )

we easily get (4.5), using (3.16) and (A.3) with 42 — A8 _ By — (.
e (2) We prove now that
/ |VU...[*dz =47 (1+ L_(7.) + 0 () (4.7)
Q
as ¢ = 0, where I,_(.) is given by
- A(”Ys) 43(75) /
I =71+ + G..(y)F(4rG, dy (4.8
-(e) =1: 5 Fop( + A=) Jo LY F(ArG..(y) dy  (4.8)

and where U, ,_ is given by (4.1)-(4.2). By (1.6) and elliptic theory,
(:1: — /Q G (y)F (47G,_(y)) dy> is a bounded sequence in C*(Q). (4.9)
e
By construction of the #;. .., we can write that
|9V )Py = [ AV....) Ve ) d,

A(=t.) ASy. ASi.  A(v.)AS.
:/ (=te) e | A1, QOLVITANY
{yite(y)<ve} Ve Ve Ve Ve

EE gO.s |A(FYE)| 1 Zs|
e — — + —— _— 1 t
<7 . +O<( v t (4.10)

~ 43(75)
+/ (O B2y + F(4rG._ (y
(e (9)>7: (1)} (ienz) V2 exp(l +H.. ()

(42620 | o (=), 1502) >) )

Ve ’75 75

where #.(y) = log (1 + |y — 2|?/fi%) and Sie = Si(ly — z|/fic). We use also here
(1.8) with (3.16), and the estimates of Point (1) of this proof, including (4.5)-(4.6).
The integral on {t. € (Ve,7:(7= — 1))} gives a o(y-*) term. Estimate (4.7) follows
from (4.10), Appendix A and some computations that we do not develop here again
(see also [17], 5).

e (3) We prove now that

/Q|Vu5|2da: =41 (1+ L. (1) + 0 (&) (4.11)

as € — 0, where I,_(7.) is given by (4.8), for (z.). as in (3.13). Now, we can push
one step further the argument involving (3.118), writing now that both formulas
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(3.98) and (3.99) must also coincide on dB,_(pL), where p. > 0 is as in (3.95). We
compute and then get for p. in (3.40) the analogue of (4.5) for fi.

4 1
MNHA) = —— (140 =
H (%) N?eXP(”@)%Q( (%ﬁ-‘))

4 .
= 1 2 B '
v2exp(l + Ha. (22)) (1+00:¢)) > (4.12)
2
_2=A0e) 4B(72) /
(1 2 Ve exp(l + Hy, (z2)) Go. (Y F (47Go (y)) dy )

using (1.8), (3.16), (A.3)-(A.7). Independently, integrating by parts, resuming some
computations in Appendix A and using (2.2), (3.12), (3.44), Point (1), and (3.97)-
(3.99) (see also (3.89) and (A.9)), we get that

/ |V [2dz = / te (A H (ue)ue exp(u?)) da,
Q Q

(4.13)
= / Ueo. AUc z dx + 0 (és) .
Q

In order to get the second equality and to apply the dominated convergence theo-
rem, it may be useful to split 2 according

1 1-96
Q= {yst te(y) <7} U {y s.t. e(y) > 7= and log PR 2 — 073}
1 1— 0
U .1 042

where §(, is as in (1.6), and to use the first line of (4.12) with (1.5) (resp. with
(3.29)) in the first region (resp. in the second region), or (1.6)-(1.7) in the last
region. Observe that the argument here is to show that U, . (resp. AU, . ) is in
some sense the main part of the expansion of u. (resp. Au.). Thus we get (4.11)
from (4.7) and (4.13).

e (4) We prove now that, for any fixed sequence (7). of real numbers such that
ne = o(y- %), we have that

/Q (14 g(Vas.)) exp (V2..) dy

= |Q|(1 + g(0)) + mexp(1 + M. (2:))(1 — ner?) %

1 (4.14)
H( ) (1 + '75],25(’75) + - + o (’78 (Ca + |77€|)))
8B(7:) /
1 G..(y)F (47G, dy ) ,
( +7€(/€+1)6Xp1+7‘[z€ (22)) at "Gz (v)) y)
where & is as in (1.6) and where V. ,. > 0 is given by
‘/52,25 (1 - nE)UE ,Ze ! (415)

where U, ., is given in (4.1). Computations in the spirit of the proof of (4.13) give
that

/(1+9(Us,x5))e><p (U2,.)dy :/(1+9(us))exp (u?) dy + o0 (v2¢) , (4.16)
Q Q
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not only by combining (1.1), (1.5)-(1.6), Lemma 3.2, (3.12), (3.97)-(3.99) and Ap-
pendix A, and by splitting  as in (4.10), but also by using (4.5) and (4.12). In
particular, once (4.14) is proved, choosing 1. = 0 and z. = z., we get from (4.16)
that

/Q (1+ g(uc)) exp (u2) dy = |Q(1 + g(0)) + mexp(1 + Ha(z2))H (7:)

<1 + 2L (7e) + % +o (v?éi)) X (4.17)

€

B(”Ys)
<1 * Ve (k+ 1) exp(l + Ha_(x2)) /QGIE (Y)F (47G2.(y)) dy) .

It remains to prove (4.14). We compute and get that

- 12 25, _ .
Us,zg(y)2:7§—2ts+?+ 510 (A + D)1+ E()”) + |y — 22[) (4.18)

for all y such that f.(y) < 7., using (1.7), (4.1)-(4.2), (4.5), (4.9) and (A.3). Then
we get

/ (L g(Ver) exp(VE )dy
{t <'YE}

- /{ O OUAGE) | exp(0ol)) exp(o?) exp( 212 expl—nr?) <

2 425, _
exp (TO> exp (O ((Ine| + [A()| +921) (L +82) + |y — z]) dy,

using (3.2) and (4.15) with (4.18). Then combining 1. = o(y.?), (3.16), (4.5),
computing explicitly [o, exp(—2T9)Sody = 0 and [, exp(—2Ty)T3dy = 27 for Ty
as in (3.42), we get that

/ (Lt g(Ves)) exp(VE)dy
{t6<75}

_a- Us”Y?)H('Ys)ZXP(Hza (ze) +1) (140 (V2 (JAGE)] + ne]) +722))

V2A(7e) 4B(7.) (4.19)
X <1+ 5 + %exp(?—[zs(zg)—i—l)x

/QGZE (2)F(4nG; (2))dz + o <B§ZE)> ) X 4m (1 + %) .

Independently, we get from (1.6), (3.1) (parts a) and b) in {y,47G._(y) < v:/2},
or part ¢) otherwise), (4.1), (4.5) and the dominated convergence theorem that

[ g yess(v2, iy
{te>7e}

— 190 (1 + 9(0)) + 8”3% / G..(y)F (47C..(y)) dy (4.20)

c(k+1)
B 1
wof! <%>|+_2),
Ve Ve
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Combining (4.19) and (4.20), we conclude that (4.14) holds true, using (3.3) and
(4.5).
e (5) We are now in position to conclude the proof of Lemma 4.1. Let Zy be a point
in the compact Kq CC § where S is attained in the third equation of (1.9). Let
7e be given by

dr(l —¢)

Q—n) = 25 (4.21)
Uz 30
0

First, we can check that

Ne = Lzo(7e) — Lo (V) + O(és) ) (4.22)

so that the condition 1. = o(y-2) above (4.14) is satisfied, using (1.7), (3.6), (3.16),

(4.7) and (4.11). Besides, we have that ||V z,[|3;, = 47(1 —¢), by our choice (4.21)
0

of 7., and then, by (3.6), that

/ (1+ g(ue)) exp(u?) dy > / (14 g(V.ng)) exp(V2s,) dy
Q Q

this implies, in view of (4.14), (4.17), (4.22) and of our choice of Zg, that (4.3) is
true and then, by (4.11) again, that (2.5)-(2.6) are true as well. This concludes the
proof of Lemma 4.1. (I

Proposition 2.1 is proved. 0

Proof of Proposition 2.2. Let Q be a smooth bounded domain of R2. Let g be such
that (1.1) and (1.5)-(1.6) hold true, for H as in (1.2), and let A, B and F' be thus
given. Assume that Ay(Q) < mexp(l + M), where M is as in (1.9) and A4(2)
as in (1.11). Assume that there exists a sequence of positive integers (N;). such
that (2.9) holds true and such that (1< (£2)) admits a nonnegative extremal u,. for
all ¢ > 0, where gy, is as in (1.10). Then, by Lemma 3.3 in (Case 1), we have
(2.1) and that (3.8) holds true for a. = 4, for all 0 < e < 1. Moreover, we have
ue € CH9(Q) (0 < @ < 1) and (2.3) by (3.13). In order to conclude the proof of
Proposition 2.2, it remains to prove (2.10). Still by Lemma 3.3 in (Case 1), (3.97)-
(3.99) and (A.9) (v as in (3.89)) hold true. Concerning (3.97)-(3.99) and (A.9),
observe that, contrary to (Case 2), the term {. cannot be neglected in (Case 1)
we are facing here. Indeed, using also now (3.30), (3.40), (3.110) and (A.9), we can
resume computations of (4.10), (4.13) and Appendix A (now with (3.11)) to get
that

HUEH%([} =dm (1 + j(Va) +o (7;4 + |A('78)| + '75_3|B('78)| + 55))
as € — 0, where
I(7e) = 72" + (A(ye) = 262) /2 + 492 exp(=1 = M)B(%:)S,
so that (2.10) holds true, which concludes. O

APPENDIX A. RADIAL ANALYSIS

Let (z:)e be a sequence of points in R? and (v:). be a sequence of positive real
numbers such that v. — 400 as € — 0. Let g be such that (1.1) and (1.5) holds
true for H as in (1.2), and let A be thus given. Let (N:). be a sequence of integers.
We assume that we are in one of the following two cases:

N, — +00 as € — 0, and (3.30)-(3.31) hold true, (Case 1)
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N.=1foralle. (Case 2)

Let B. be the radial solution around z. in R? of (3.81), for ¥y as in (3.25), where
(\e)e is any given sequence of positive real numbers. Let Ty be given in R? by

To(z) = log (1 + [z]?) . (A1)
Let S;, i = 0, 1,2, be the radially symmetric solutions around 0 in R? of

ASO — 86Xp(—2TQ)SO = 4€Xp(—2T0) (T02 — To) 5

T4
AS; — 8exp(—2Tp)S1 = 4exp(—2Tp) (So + 283 — 4TySp + 280Ty — Tiy + 70> ,

ASQ -8 exp(—2T0)S2 = 4€Xp(—2To)T0 y
(A.2)

such that S;(0) = 0. In the sequel, we will use the following C! expansions of the
Si’s given by

T 2

- 7T
So(r) = I log ) + By + O (log(r)*r™?) where Ay = 4w, By = 3 +2,
Al 1 4 —92 7T2
Si(r) = 4—10gr—2 + B1 + O (log(r)*r~?) where A; =4 ( 3+ k B, € R,
0
Ay 1 5
Sa(r) = - log— + B2 + O (log(r)r~?) where Ay =2m, B; €R,
T
(A.3)
as r = |z| — +oo. Note that in particular

R2
The explicit formula for Sy

272 1 1—p2 [ logt
SO(T):_TO(T)+H—73_§TO(T)2+ 1+’I”2‘/1 1_tdt,

and the expansions in (A.3) are derived in [16,17]. Let g9 € (y/1/e,1) be given.
Let p. be given by (3.40) and ¢ by (3.41). Let p. > 0 be given by (3.83) and
satisfying (3.84). Let S; . be then given by

&A@—&<E1@>, (A.5)
e
for ¢ = 0,1,2. Let & > 0 be given by (3.14). In (Case 1) where N. — +o0 as

e — 0, we get that £ = O( ;1/2) by (3.30) and (3.45). Then, in any case, we

clearly have that
& — 0 (A.6)

as € — 0. Then we are in position to state the main result of this section.

Proposition A.1. We have that

ts SOE Sls 825 < <1 |A(VE)|+€E)>
B =y — =45 2 (A(ye) —26) =S o [t | —= + — 54 2F A7
T T T (Alre)—2) Ve 72 Ve (AD)

uniformly in [0, pc] as e — 0.
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In particular, using also (1.1) and (3.3), it can be checked that B, is positive
and radially decreasing in [0, p.]. Observe also that (. < v-* can be seen as a
remainder term in (Case 2). Let (. > 0 be given by

¢ = max (% |A<vs>|,5s) . (A8)

Set t. = 1+ t.. Resuming the computations below, we get as a by product of
Proposition A.1 that, v. = o (f-7°) implies that

)\5\11/5(35 + ve) _ 4 exp(—2t.) [1 N (ASp) (;ZE) N (AS)) (;Zs)

2 W2e V2 yi (A.9)

€

+ (A(’Va) - 255) (AS2) ( :an) +o (<€ eXP(gota)) 1

uniformly in {y s.t. t.(y) < 7.}, for some given dy € (do, 1), for dy as in (1.5).

Proof of Proposition A.1. Since both arguments are very similar to prove (Case 1)
and (Case 2), for the sake of readability, we only write the proof of Claim A.1 in
the more delicate (Case 1). Then, assume that we are in (Case 1). We let 7. be

given by
Te

B.=v.——. (A.10)
Ve
Let w. be given by
t S S S, 0
&:%_i+%w.f+m@p%g“+§%. (A.11)
e e Ve Ve Ve
Let § > 0 be fixed and let 7. > 0 be given by
7o =sup{r >0 s.t. |w.| < bt in [0,7]} . (A.12)

Now, since 6 > 0 may be arbitrarily small, in order to get Claim A.1, it is sufficient
to prove that 7. = p., for all 0 < ¢ < 1. Using (A.12), we perform computations
in [0,7.] and the subsequent o(1) are uniformly small in this set as ¢ — 0. First,
by (1.5), (A.3), (A.6) and (A.12), we have that

Te =t(1+0(1)). (A.13)

Observe that, as soon as we have AB. > 0 in [0, 7], then B is radially decreasing
and (3.93) holds true in [0,7.]. Let L and LY be given by

H(B:) = H(v:) (1+ L) and then, (1+g(B.)) = H(v.) (1 + L¥ + L) . (A.14)
In view of (A.10) and (A.13), estimates of LY LY are given by (1.5) and (3.2),

respectively. We are now in position to expand the right-hand side of (3.81). From
now on, it is convenient to denote

Ne=Ne—1. (A.15)
Going back to (3.27), we have that
\Iﬂ (B ) B2N5
M2s:&Hw)u+ﬁﬂuwmwm+@(§,—@ﬂ.(Am
2!

By (3.83), (A.10) and (A.13) and since 7. < p., we have that
min] B, > (g0 4+ 0(1))ye = +o0 (A.17)

[0,7
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as € — 0. Thus, by Stirling’s formula, we get that

2
B2Ne /(N.!) > exp <Ns <10g 7\[—5 + (logeg +1) + o(1)>)
€

and then, for all given integer k£ > 0, that

B2N5
e
N.!

(A.18)

in [0,7.] as € — 0, using €2 > 1/e with (3.31). Similarly, for all given integer k > 0,
we have that

BE
¢n.(B2)

in [0,7.] as € — 0. Then, by (3.40), (A.10), (A.19) and (A.18), we may rewrite
(A.16) as

AUy (B:) 4 < Ta> 5. (B2)
< = 1——= | |O(exp(— 52 + —= X
2 e 3 | O L
(A.20)
H 0] BQNE L9
14 L e
TR O\ Ny B
in [0, 7], as € = 0. Indeed, by (A.17), we have that
L7 = o(1) and L? = o(1) (A.21)

in [0,7:] as € — 0, using (1.1), (3.3) and (A.14). In (A.20), the term O(exp(—~2))
equals (14 L) /¢y (72) and we thus get this control by (3.30) and (A.21). In the
following lines, we expand the terms of (A.20). By (3.48) with I' = 42 and T' = B2,
we get that

¢y, (B2) 2 2

———~ =exp(B. — ) — I,

(pNE (752) ( € a) €
where F. satisfies in [0, 7]

B2J\75 v2-B2 U N.
F. :~57/ exp (—u) (1+—> du,
T Noleg (12) Jo B2

B2 ’752 ]\7E
— M/ exp(—s) —ds, (A.22)
PN. (7&) B2 N!
0 y N.
= & exp(B? — mf)/ exp(—y) (1 + —2> dy .
B2—n2 Te
By (A.10) and (A.11), we may write
S S
Te = ta - % - % - (A(Va) - 258) S2,€ - Cawa .
Ve Ve
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Then, keeping in mind (A.3), (A.6), (A.12), (A.13) and t. <2, we may compute
exp(BZ —77)

v (-2 3)
= ex — 2T, -
P Y (A.23)

1 2t

= o | -2+ 5 (- 250 o))

V2 V2
in [0,7] as € — 0. Observe that

N .

AN R
N ZLl<
exp(y) — Y 1| < v o)

=0

for all y € R and all integer N > 0. Then we draw from (A.23) that

.
(1= 2 ) expl? - 22)
e

1
=exp(—2t.) |1+ ?(28054%2 te) +
1>

1 .
<2Sl e+ 280 e + 5 + 250 ¢t < — 45y <t ele tg + S075> (A 24)

E

+2 (A('ya) - 255) S2,a + 2Cawa

w05 S e o (v —fz)ﬂ

in [0,7] as e — 0. Independently, by (3.30), (3.45), (A.10), (A.12), (A.13) and
since Be(x¢) = 7, for all given R > 0, we have that

(k)
= 2
N,! YR, (B2) N ! ‘PN (Bs) L>°([0,min(Rpue,7e)] Ne
and that (4.25)
2N,
B <1

Nel oy (B2) —

in [0, 7], the second inequality being obvious by (3.5) and (A.15). In the sequel,
by (3.31), we may assume that

N,
fBe := —5 satisfies lim 8. = By € [0,1], (A.26)
= e—0
up to a subsequence. Now, we give estimates for F. given in (A.22). Up to a
subsequence, we can split our results according to the following two cases

2 _
Case A: lim 2= Ne _ +o00,

e—0 \ -
| VA (A.27)
Case B: e
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Observe that, since we assume (3.31), all the possible situations are considered in
(A.27). Let (re). be any sequence such that

re €10,7] (A.28)
for all . We prove that, in (Case A):

Fo(re) = O (£-7= exp(—2te(re)(Bo + 0(1)))) , if Be(re)? > Ne + /N,
e(Te O (exp (—(1 + g0 + o(1)to(re))) , if Be(re)? < N + VN

(A.29)
while we get in (Case B):
) = 2t (.)€ exp(—2t.(r-)(1 + o(1))), if te(r:) = o(72),
F.(re) { O (to(re)ée exp (—(1+ 0 + o(1))te(r2))) if 7o = O (t(r2)) . (A.30)

Now we prove (A.29). We start with the first estimate of (A.29). Then, we assume
that B.(r.)? > N. +\/N., and thus in particular that

N. < 1+ 0(1)
B.(re)> = /N,
Writing now F. according to the first formula of (A.22), using (3.93), (A.17) and

log(1+1t) <tforallt>-—1, (A.32)

1—

(A.31)

we get first that

v2-B:? v
F.(ro) <& eXP(_2Ta(r€)ﬁa)/O €xp <_y (1 B %)) dy.

and conclude the proof of the first estimate of (A.29), by (3.31), (A.13) and (A.31).
In order to prove the second estimate of (A.29), it is sufficient to write F. according
to the second formula of (A.22), to check that

siVe
exp(—s)—=—ds =1,
/R p( )N,

£

that r. < 7. < p. imply
ta(fa) < (1 - 50)7527 (A33)

and to use (A.10), (A.13) and (3.30). Now we turn to the proof of (A.30). Then,
we assume that (Case B) in (A.27) holds true and in particular that

1
1- ﬂs =0 <_
Ve
Writing F. according to the third estimate of (A.22), we get that

Fe =¢c exp (-Ta (2 - E)) (72 = B2)x

72

1 ) .
/ oxp ((752 — B2)y + N:log (1 — (757725)y)> dy
0

€

> in (Case B). (A.34)

(A.35)

at r.. Expanding the log, we easily get the first estimate of (A.30) from (A.13),
(A.34), (A.35) and the assumption t.(r.) = o(7:). The second estimate of (A.30)
can also be obtained from (A.35) by (A.13), (A.32), (A.33) and (A.34). This
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concludes the proof of (A.30). Now, we prove that, in (Case A) of (A.27), we have

that
FE u2
/ F.(r)yrdr =0 (—Z) . (A.36)
0

€

Since r. < pe, we get from (3.14), (3.30), (3.31), (A.29) and by Stirling’s formula
that

/ FE.(r)rdr
{rE[O,FE],BE(r)2ZNE+\/N_E}

S exp (V[f(B:) + O((log =) /42)]) % (A.37)
12 if Bo > 1/2,
(2 exp(2(1 = e0)(1 — 260 +o(1))) if B < 1/2,

where f is the continuous function in [0, 1] given for 8 € (0, 1] by

f(ﬂ):ﬂlog%+ﬂ—1-

Independently, since 7. < p., if

re € Je 1= {T € [0,7], B-(r)? < N. + \/NE} ,

then J. # () and v2 < N., by (A.10), (A.13) and (A.33). Thus we have that

Ve ,S Y Na < ts(Ts)v

using that we are in (Case A) for the last estimate. Then, we get from (A.29) that

/JE F.(r)rdr < ‘/{T<p£1ts>%} exp(—(1+eo+o(1))t(r)) rdr =o (M—g) . (A.38)

€

Observe that f and g — f(B) + (1 — 28)/2 are negative in [0,1) and [0,1/2]
respectively. Moreover, because of (Case A) and by (3.31), we can check that

ﬂsz%g%gl—l—i_ofl)§1—1+0(1),
’YE 1+\/N_ \/‘Z\/v‘E FYE

since 752 > Ng + VvV Ng, and then that

0< _f(ﬁa) S 1/'76' (A,39)

Thus, we get (A.36) from the first estimate of (A.37) with (A.39), from the second
estimate of (A.37) with 1 —¢gp <1 —+/1/e < 1/2 and from (A.38). Computing as

in (A.37), we get also that
1
& =o0 < ) (A.40)

vé
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in (Case A) (see (A.39)). By (A.13) and the second part of (A.25), using that
Te < pe, we may rewrite (A.20) as
AUy (B:) 4
2 H2Ye

te
+0 (?|F€| + exp(—vf))

,
(1- 2+ ot expl2 =) - 2
1>

Et (A41)
0 (L ewsz =2+ R1) (2] +122)
€
5 ) B2N5
O [ L8] exp(B2 — 72)— 22—
By (3.84), we clearly have that
Pe 9 B /'Lg
exp(—yZ)rdr =o( = | . (A.42)
0 Ve
Integrating by parts, observe that @w. given by (A.11) satisfies
we(0) =0 and — r.wl(r:) = / (Awe) rdr, (A.43)
0
where, still using radial notations, @.(r) = % (r). From now on, we estimate @. in

[0,7:] with (A.43). By (1.5) and (A.14), we may expand L in (A.41). Now, since
(3.81) holds true, by taking the laplacian of B., we get from (A.11) and (A.41) an
estimate of Aw, and then of the RHS of (A.43), for r. still as in (A.28). The key
observation is that the precise form of the ODE’s in (A.2) generates a cancellation,
when plugging (A.24) in (A.41). The lower order terms when taking the laplacian
of (A.11) are estimated thanks to (A.3). We are left with estimating the lower
order terms in (A.41), in both Cases A and B of (A.27). Assume first that we are
in (Case A). Estimating these lower order terms amounts to gather the appropriate
previous estimates (see (A.21), (A.25), (A.29), (A.36), (A.40), (A.42)). This gives
after some a bit long, but elementary computations that

Te TE/)U‘E 2d
- _ —7 HeT™ar
/0 |((Awe)|rdr =0 <|wa||L°°<[o,r51>/0 (1+T2)1+so+o<1>>

re/He rdr
to 0 (]_ +7"2)1+80+O(1) '

We also use (1.5) and (3.2) to estimate L and LY. The first term in the right
hand side of (A.44) uses that, for all 7 € [0, r.],

e (r)| < 7@ e jo,r.)) -
Observe now that (A.44) still holds true in (Case B) of (A.27), replacing (A.29),

(A.36) and (A.40) by (A.30) in the above argument. Since €9 > 1/2, we clearly get
from (A.43) and (A.44) that, in (Case A) and in (Case B),

_/ _ _/ UE(TE/NE)B (Ts/ﬂs)z
’f‘a|w€(7°g)| =0 (||w€|L°°([0,rE])W) +o0 (W) . (A45)

(A.44)

Now we prove that
pre ||l Lo f0,77) = 0(1)- (A.46)
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If (A.46) does not hold true, then, by (A.45), there exists s. € [0,7.] such that
se = O(pe), pe = O(se),

|0 (s)| = ||wl]| Lo ([0,7.]) and limsgpu€|w;(sa)| >0. (A.A4T)
E—r

In particular, up to a subsequence, we may assume that there exists ag € (0, +00]
such that 7. /e — ag as € = 0. Let w. be given by

We (y) = we (pey) / (pre |0 oo (j0,7.7)) -

By (A.45) and (A.47), we get that (||(1+-)@|| £ ([0,7./u.]))e is @ bounded sequence.
Then, computing as in (A.44) and by radial elliptic theory with (3.81), we get that
we — W in C*([0, a)) if g < 400 or in CF ([0, ap)) if g = 400, where @ solves

A’LZI() = 8€Xp(—2To)’LZ}0 in Bo(ao) y
wp(0) =0,
Wo is radial around 0 € R?,

still making usual radial identifications, and where Ty is given in (A.1). By standard
theory of radial elliptic equation, this implies wy = 0, which contradicts (A.47) and
proves (A.46). Then, since w,(0) = 0 and by the fundamental theorem of calculus,
we get from (A.45) with (A.46) that 7. = p. in (A.12). By the discussion just above
(A.13), this concludes the proof of Proposition A.1. O
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