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SOME INEQUALITIES INVOLVING THE EXTENDED GAMMA
AND BETA FUNCTIONS

KOTTAKKARAN SOOPPY NISAR, FENG QI, GAUHAR RAHMAN, SHAHID MUBEEN,
AND MUHAMMAD ARSHAD

ABSTRACT. In the paper, the authors present some inequalities involving the
extended gamma and beta functions via some classical inequalities such as
Chebychev’s inequality for synchronous (or asynchronous respectively) map-
pings, give a new proof of the log-convexity of the extended gamma and beta
functions by using the Holder inequality, and introduce a Turan type mean

inequality for the Kummer confluent k-hypergeometric function.

1. INTRODUCTION

The gamma function I' can be defined [26], B0, 33| 34] by
o0
I'(2) :/ t*"le7tdt, R(z) > 0.
0

Alternatively, it can also be defined [22] by

nln?~!

I'(z) = lim

nsoo  (2)p

where (2),, for z # 0 is the Pochhammer symbol defined [29] as

(2) = 2z+1)(z4+2)---(z4+n-1), n>1;

1, n=20

The relation between (z),, and I'(z) is
I'(z+n)

B =10
The beta function B(x,y) can be defined [19] 23] [24] by

B(a,y) = / et ) R() > 0
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and can be expressed by

Blavy) = o R(a). %) >0

In 1994, Chaudhry and Zubair [4] introduced the extended gamma function
I'y(2) :/ e b4t R(z) >0, b>0. (1.1)
0

If b =0, then I'y, becomes the classical gamma function T'.
In 1997, Chaudhry et al [3] introduced the extended beta function

Bb(m,y):/ol N1 — )y te A0 q e R(b), R(z), R(y) > 0. (1.2)

It is clear that By(x,y) = B(x,y).
In 2009, Barnard et al [I] established three inequalities
[b(a,a+b,2)] > p(a+v,a+bz)d(a—v,a+bz),
[¢(a7 Gy .’E)]2 > ¢(a’ +v,¢, QIJ)¢(G - 517)7

and

A(pla+v,a+b,2),p(a—v,a+b,x)) > ¢(a,a+ b, x)
> G(p(a+v,a+b,x),d(a—v,a+b,x)),

where A(a, 8) = (XT—H? and G(a, 8) = v/af are the arithmetic and geometric means

and
o0

=2 G

n=0

is the Kummer confluent hypergeometric function [27] 30].

The Kummer confluent hypergeometric k-function is defined by

dr(a,bz) =Y %Zin: %

n=0
where
(@) = ala+k)(a+2k)---[a+ (n —1)k]
for n > 1 and k > 0 with (a)o,x = 1 is the Pochhammer k-symbol which can also

be rewritten as

_ Ti(a+nk)
(a>n7k - Fk (a)
and the gamma k-function I'y(a) is defined [6] by

o0
Fk(a):/ o=t t kb gy
0
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In 2012, Mubeen [I7] introduced the k-analogue of Kummer’s transformation as
or(a,b,z) = e*pi(a,b— a, —x). (1.3)

In Section [2] we prepare two lemmas. In Section [3] we discuss applications of
some integral inequalities such as Chebychev’s integral inequalities. In Section [4]
we prove the logarithmic convexity of the extended gamma and beta functions. In
the last section, we introduce a mean inequality of Turdan type for the Kummer

k-function.
2. LEMMAS
In order to obtain our main results, we need the following lemmas.

Lemma 2.1 (Chebychev’s integral inequality [7, 8, 12, 25]). Let f,g,h: I CR —
R be mappings such that h(z) > 0, h(z)f(x)g(x), h(z)f(z), and h(x)g(zx) are
integrable on I. If f(x) and g(x) are synchronous (or asynchronous respectively)
on I, that is,

forall x,y € I, then
/Ih(x)dx/lh(x)f(x)g(x)dx > /Ih(x)f(x)dm/lh(x)g(x)dx.

Lemma 2.2 (Holder’s inequality [31), B2]). Let p and q be positive real numbers
such that % + % =1and f,g: [c,d] = R be integrable functions. Then

<[/ dlf(x)l”dz] v | d|g<z>|qu] "

3. INEQUALITIES VIA CHEBYCHEV’S INTEGRAL INEQUALITY

/C " f@)g@)da

In this section, we prove some inequalities involving extended gamma and beta

functions via Chebychev’s integral inequality in Lemma [2.1]
Theorem 3.1. For positive numbers r, s,p, and q satisfying

(p—7)(g—5) 20, (3.1)

we have
Bb(T,S)Bb(p, Q) z Bb(pa S)Bb(rv Q), b 2 0. (32)

Proof. Consider mappings f,g,h :[0,1] — [0,00) given by
fz)=aP™", glz)=(1—-2)7° and h(z)=a""1(1—2z) e /202
It is easy to see that

flla)y=@p-ra""! J@)=(-g1-2)"" ze(01).
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By virtue of Lemma and the condition (3.1)), we observe that the mappings
f and g are synchronous (asynchronous) on [0,1] and h is non-negative on [0, 1].

Thus, using Chebychev’s integral inequality for the function f, g, and h arrives at

1 1
/ $T71(1 _ z)sflefb/z(lfzr) dZZ?/ xpfr(l _ x)qfsxrfl(l _ x)sflefb/m(lfz) dz
0 0

1 1
/ xr—lxp—r(l _ x)s—le—b/w(l—a;) dx/ 1,7-—1(1 _ (,E)s_l(l _ x)q—se—b/z(l—x) dx
0 0

AIV

which implies

1 1
/ .’Er_l(l _ x)s—le—b/m(l—x) dx/ xp_l(l _ x)q—le—b/x(l—w) dx
0 0

1 1
> -1 s—1,_—-b/x(l—x r—1 —1_—-b/zx(l—x
Z/Oasp (1 — ) Le b/ )dx/Ox (1 —2)i e t/e0=2) q g,

Further applying (1.2]) leads to the desired inequality (3.2]). O
Corollary 3.1. Forr > 0, we have
By(r,p) = v/ By(p, p)By(r, 7).

Proof. This follows immediately from setting ¢ = p and s = r in Theorem [3.1} O

Remark 3.1. When setting b = 0 in Theorem [3.I] and Corollary [3.1] we can obtain

those corresponding results for Euler’s beta function.

Theorem 3.2. Let m,p and r be positive real numbers such that p > r > —m. If

r(p—m—r) =0, then
Ty (m)Ty(p) Z Ty(p — r)T(m + 7). (3.3)

Proof. Let us define the mappings f, g, h : [0,00) — [0, 00) given by

F@) =t g(t) =+t", and h(t) =" lemt0
Ifr(p—m-—r) z 0, then we can claim that the mappings f and g are synchronous
(asynchronous) on (0, 00). Thus, by applying Chebychev’s inequality on I = (0, c0)

to the functions f, g and h defined above, we can write

> -1 > -1
/ tm—le—t—bt dt/ tp—r—mtrtm—le—t—bt dt
0 0

oo 1 oo —1
z / tpfrfmtmfleftfbt dt/ trtmfleftfbt dt.
0 0

This implies that

o0 o0
/ tm—le—t—bf1 dt/ tp—le—t—brl dt
0 0
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o] (o)
E / tp—r—le—t—bf1 dt/ tm+r—1e—t—br1 dt.
0 0

By (L.1), we acquire the required inequality (3.3]). O

Corollary 3.2. If p > 0 and ¢ € R with |q| < p, then

Ty(p) < M(p — O)Tu(p + @)]>.
Proof. By settingm =pandr = ¢in Theorem we obtain r(p—m—r) = —¢*> <0

and then the inequality (3.3) provides the desired Corollary O

Theorem 3.3. If m,n > 0 are similarly (oppositely) unitary, then

> Dy(m+ b+ 1Ty (n+b+1)
< y(b+2) '

Proof. Consider the mappings f, g, h : [0,00) — [0, 00) defined by

I'y(m +n+b)

f&)y=t""1t gt)=t""', and h(t)= B

Now if the condition (m —1)(n—1) z 0 holds, then Chebychev’s integral inequality

applied to the functions f, g, and h means

o -1 > -1
/ thrleftfbt dt/ tmfltnflthrleftfbt dt
0 0

> [~ b bt = b bt~ !
2/ ittt dt/ e
0 0

This implies that
oo oo
/ tb+167t7bt_1 dt/ tm+n+b7167t7bt_1 dt
0 0

> -1 > -1
% / tm+be—t—bt dt/ tn—‘,—be—t—bt dt
0 0

By the definition of extended gamma function, we have
Ly(b+2)o(m+n+b) = Ty(m+ b+ 1)ly(n + b+ 1),

or

> Dy(m+ b+ DTy (n+b+1)
< Ly(b+2) '
The required proof is complete. O

Ly(m+n+b)

Corollary 3.3. Ifb= 0, then

mnI'(m)T'(n)
I'(2)

Theorem 3.4. If m and n are positive real numbers such that m and n are similarly

I(m+n) E

(oppositely) unitary, then

Ly(b+ 1)Dy(m+n+b+1) ZTy((m+b+ Dly(n+b+1), b>0.
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Proof. Consider the mappings f, g, h : [0,00) — [0, 00) defined by
FO)=t", g(t)=t", and h(t) =tle 70"
If the conditions of Theorem [3.2 hold, then the mappings f and g are synchronous

(asynchronous) on [0,00). Thus, by applying Chebychev’s integral inequality in
Lemma [2.1] to the functions f, g and h defined above, we have

o0 o0
/ the—t=bt"" dt/ tmgngbe—t=bt " 4t
0 0

o0 -1 o0 -1
= / tmbe—t—bt dt/ bt 4t
0 0

This implies that

o0 o0
/ tbe—t—bfl dt/ tm+n+be—t—bt*1 dt
0 0

o0 -1 o -1
z / tm+b67t7bt dt/ thrbeftfbt dt.
0 0

Thus by the definition of extended gamma function, we have
Ly(b+ D)Ip(m+n+b+1) = Dy(m+b+1)Iy(n+ b+ 1).

The required proof is complete. O

Corollary 3.4. If b= 0, then
mnl(m)T(n)

F(m—|—n)§ mt )

4. LOG-CONVEXITY OF THE EXTENDED GAMMA AND BETA FUNCTION

It is well known that, if f > 0 and In f is convex, then f is said to be a logarith-
mically convex function. Every logarithmically convex must be convex. See [18]
and [2I, Remark 1.9]. In this section, we verify the log-convexity of extended

gamma and extended beta functions.

Theorem 4.1. Let p and q be positive numbers such that % + % = 1. Then the

extended gamma function T'y : (0,00) — R is logarithmically convez.

Proof. Since

(24 2) < ) )
see [0], letting A = % and (1 —\) = % leads to
Dy[Aa + (1= A)y] < [To(a)* o (y)] Y.

As a result, the function I', is logarithmically convex. O
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Theorem 4.2 ([16, Theorem 2]). As a function of two variables, the extended beta

function By is logarithmically convex on (0,00) x (0,00).
Proof. Let (p,q), (r,s) € (0,00) x (0,00) and ¢,d > 0 with ¢+ d = 1. Then
By(c(p, q) + d(r,s)) = By(cp + dm, cq + dn). (4.1)

Applying the definition of extended beta function on the right hand side of (4.1))

shows

1
Bulelpya) + dlr.s)) = [ 4 Hm i psinie o gy
0

1
_ / tcp+dmf(c+d)(1 o t)chrdnf(c+d)efb(c+d)/t(17t) dt
0
1
— / tc(p—l)td(r—l)(l _ t)c(q—l)(l _ t)d(s—l)e—bc/t(l—t)e—bd/t(l—t) dt
0

_ /1[tp1(1 )amtemb/HDe =1 (] _ ys=1gmb/H1-01d q
0
Thus, it follows that
By(c(p, q) + d(r, 5)) < [By(p, 0))°[By(r, )]
which implies the logarithmic convexity of B, on (0,00) x (0, 00). O
5. A MEAN INEQUALITY OF THE TURAN TYPE FOR THE KUMMER k-FUNCTION

In this section, we present a mean inequality which involving the confluent hy-

pergeometric k-function. For this, we consider the relation
or(a+k,b,x) — dr(a,b,z) = ]%Eqﬁk(a +kb+k,x), k>0 (5.1)
Theorem 5.1. Fora,b,k >0 and v € N with a,b > v — k, the inequality
[or(a,a+b,2)]> > ¢r(a+v,a+b,x)pp(a —v,a+b,x) (5.2)
is valid for all nonzero x € R.
Proof. Assume that x > 0. For ¢ #20,—1,—-2, ..., define
for(@) = [pr(a,c,z)]* — ¢r(a+v,c,2)dp(a —v,a + b, 2)
and
fotrp(@) = di(a,c, x)2 —¢pla+v+k,c,x)pr(a—v—ka+b ).
From , it follows that

fv+k,k(1’) - fv,k(l') = ¢k(a + v, ¢, x)¢k(a -, C7x)
—opla+v+k,c,x)pp(a—v—k,cx)
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= o¢pla—v,c,2)[pp(a+v,¢c,2) — dp(a+ v+ k,c x)]
+orla+v+k,c,x)dr(a—v,c,x) — dr(a—v—k,c )

:qsk(a—v7c,x)<_]§x)¢k(a+v+k7c+k7m)

+¢k<a+v+k,c7x>(’“j”)¢k<av,c+k,z>

kx
= ?gv,k(x)v

where
gu. k() = pr(a+v+k,c,x)pr(a —v,c+ k,x)
- ¢k(a —v,cC, x)d)k(a + v+ k,C+ kax)

Accordingly, by the Cauchy product, we have

Go.k(x ZZ a+v+k8k(r)! e

s=0r=0

{ 1 B 1 ]xs
(C)s,k(c + k)sfr,k: (C)sfnk(c + k)s,k

i (a4 v+ k)sp(@—v)s—rk {(C—I—mk)— (c+nk—mk)] |
= x
$=0 r=0 ri(s —7)! cle+k)sk(c+k)s—rk

c© s
§ § srk: T_S
=0 r=0

X

where
T, — (a+v+k)spla—v)s—rk
s rl(s =) c+k)sk(c+k)s—ri
If s is even, then
s s/2—1 s
ZTS’T,k(Qr —s) = Z Tsri(2r — s) + Z Ty r (21 — )
=0 r=0 r=s/2+1
s/2—1 s/2—1
:ZTST]C2T_S ZTSS rk S—?") )

r=0
sfl)/ﬂ

= ss rk T srk)(S_ZT)v
r=0

where [2] denotes the ceiling function whose value is the greatest integer not more

than x. Similarly, if s is odd,
s [(s—1)/2]
Z Ts,r,k(27n - S) = Z (Ts,sfr,k - Ts,r,k)(s - 27’)
r=0

r=0
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Accordingly,

Fosin(@) = For() = g, (2)

kgx oo [(s—1)/2]
Z Z ss rk — srk)(8_2r)‘rs' (53)

Carefully simplifying gives

(a 0+ Bor(a = v)op — (@t v+ Dyplo— 0o
(s =)l (c+ k) s—rr(c+k)sk
B (a+v+k)skla—v)sk |:(a+v+k)s—r,k (@—V)s—rk
).k

ri(s —r)l(c+ k) s—rrlc+k (a+v+k)sp  (a—0)ss
(a+v+k)sula—v)sk

= = et kot ko TR = Inla =0l (54)

Ts,sfr,k - Ts,r,k =

where hi(x) = (2)7‘;’“ For x > 0 and s —r > r, that is, [551] > r, the logarithmic
derivatives of hy is
hy ()
hi ()
where ¢y, = F is the digamma k-function (see [6] [T}, [18]). Hence, the function hy
is increasing under the condition stated. This fact together with the aid of (5.3

and (5.4)) yields
kx

Jorkk(x) = for(z) = ?gv,k(l')

oo [(s—1)/2]
Z Z s s—r,k — a r, k)(s - 2T)-775 >0, (55)

=p(z+ (s —1)k) — Yp(z +nk) >0

where a > v >0, x>0, c+ k > 0, and ¢ # 0. Consequently, from (5.5, it follows
that

fork k(@) = [forr k(@) = for(@)] + [for(®) = fomrr(@)] + -+ [frr() — for(z)]
is positive fora > v >v—k >v—2k > --- > 0 and for(x) = 0. Now replacing v
by v — k gives that

for(x) >0, x>0,veN,a>v—k. (5.6)

Therefore, the function f, j is absolutely monotonic on (0, c0), that is, fy,l () >0
for £=10,1,2,.... This proves Theorem for the case = > 0.
Now suppose that z < 0, a,b > 0, and v € N with a,b > v — k. Since ¢(a, ¢, x)

is symmetric in a and b, by interchanging a and b in Theorem we obtain

or(bya+b,—x)* — pp(b+v,a+b,—2)pp(b—v,a+ b, —x) > 0.
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By using Kummer’s transformation , we have
e pp(a,a+b,x)? — e dp(a —v,a+b,x)dr(a +v,a+bx) > 0.
Thus, Theorem [5.1] also holds for z < 0. O
Corollary 5.1. Ifa >0 and c+ k > 0 with ¢ # 0, then the inequality
br(a,c,x)? > dr(a — v, c,x)pp(a + v, ¢ x)
holds for any v € N with a > v — k.

Proof. This follows directly from the proof of Theorem [5.1] and the fact that the
equation (j5.6)) holds under the conditions ¢+ & > 0 and ¢ # 0. (]

Corollary 5.2. Ifv € N and a,b > v, then

A(¢k(a +v,a+ bvx)vd)k(a —v,a+ bv l’)) > ¢k(a’7a+ bv CL’)
>G(¢k(a+v7a+b7x)a¢k(a_U7a+bu‘r)) (57)

for all nonzero x € R, where A and G are respectively the arithmetic and geometric

means.

Proof. First assume z > 0 and a,b > v for v € N. Then the left hand side inequality
in (5.7) is a direct consequence of the facts that

A((a+v)s,k, (@ = v)sk) = (a)s,k

for s =0,1 and
A((a+ )5, (a—v)s) > (a)sk

for s > 2. Hence, by induction, we have

A((a+v)s5, (@ — )5 )x®

A(¢k(a + ’U,G,—F b7 x)a(z)k(a —v,a + ba JZ)) = Z

— (a+b)s,ks!
> iM = ¢r(a,a+ b, x).
= (a+b)s,ps! ’ ’

For z > 0, the right hand side inequality in (5.7)) follows from taking square root
of (5.2). The proof of Corollary for > 0 is thus complete.
Now assume = < 0 with a,b > v. Interchanging a and b in (5.7 arrives at

A(¢k(b+ v, a + ba 7$)7¢k(b - v,a+ ba 7‘%)) > ¢k(b7a + ba 7‘7:)
> G(opp(b+v,a+b,—x), dr(b—v,a + b, —x)).

Making use of the k-analogue of Kummer’s transformation and the homogeneity of

A and G acquires
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e PA(pp(a —v,a+b,x),pp(a+v,a+b,x)) > e “Pr(a,a+ b, )
> eizG(ﬁbk(a —v,a+ ba I’), ¢k(a +v,a+ ba x))
Consequently, Theorem (5.7)) also follows for z < 0. O

Remark 5.1. In Section[5] we have established a Turdn type and mean inequality for
k-analogue of Kummer confluent hypergeometric function. If we letting & — 1, then

we can conclude corresponding inequalities of confluent hypergeometric function.

Remark 5.2. In [2], some inequalities of the Turdn type for confluent hypergeometric

functions of the second kind were also discovered.

Remark 5.3. By the way, we note that the papers [9, [10, [13] 28] 34, [35] belong
to the same series in which inequalities and complete monotonicity for functions
involving the gamma function I'(x) and the logarithmic function In(1 + z) were

discussed.
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