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UNBOUNDED LARGEST EIGENVALUE OF LARGE SAMPLE COVARIANCE
MATRICES: ASYMPTOTICS, FLUCTUATIONS AND APPLICATIONS

FLORENCE MERLEVEDE, JAMAL NAJIM, AND PENG TIAN

. . . 1/2 1/2 .
ABSTRACT. Given a large sample covariance matrix Sy = %FN/ ZNZ]’QI‘A{ , where Zy is a

N X n matrix with i.i.d. centered entries, and I'y is a N X N deterministic Hermitian positive
semidefinite matrix, we study the location and fluctuations of Amax(Sn), the largest eigenvalue
of Sy as N,n — oo and Nn~! — r € (0,00) in the case where the empirical distribution uI'~ of
eigenvalues of I'y is tight (in N) and Amax(I'n) goes to +o0o. These conditions are in particular
met when pI'N weakly converges to a probability measure with unbounded support on R,
We prove that asymptotically Amax(Sn) ~ Amax(I'n). Moreover when the I'y’s are block-
diagonal, and the following spectral gap condition is assumed:
lim sup M <1,
N—oco )\max(FN)

where A2 (I'y) is the second largest eigenvalue of I' v, we prove Gaussian fluctuations for Amax (SN )/Amax(T'n)
at the scale y/n.

In the particular case where Z hasi.i.d. Gaussian entries and I'y is the N X [N autocovariance
matrix of a long memory Gaussian stationary process (Xt)icz, the columns of F}V/QZN can be
considered as n i.i.d. samples of the random vector (X1,..., XN)T. We then prove that I'y is
similar to a diagonal matrix which satisfies all the required assumptions of our theorems, hence
our results apply to this case.

1. INTRODUCTION

The model. In this paper we consider the following model of sample covariance matrix
1
(1) Sy = EF}\{QZNZ};,F%Q

where Zy = (Zl(zjv)) is a N x n matrix whose entries Zl.(vjj\,[) are real or complex random variables

identically distributed (i.d.) for all 4, j, N and independent across i, j for each N, satisfying
(N) _ (N)2 _ (N) 4
(2) EZ;;’ =0, E|Z;;’]"=1 and E[Z;;’|" <0,

z)

and I'yy is a N x N deterministic Hermitian positive semidefinite matrix with eigenvalues
0 < An(I'n) < -+ < M(IN) = Amax(Tw) -

We consider the case where Apax(I'ny) goes to infinity as N — oo while the empirical spectral
distribution (ESD) p!'~ associated with 'y,

1 N
'y .
Hw Noi= N ];(;kk(l—‘zv)a

forms a tight sequence of probabilities on RT := [0, 00). These conditions encompass the important
case where u!'™ converges to a limiting distribution with unbounded support on R¥.

In this context, our aim is to study the location and fluctuations of the largest eigenvalue
Amax(Sn) in the asymptotic regime where

N
(3) N,n — oo and — —=re(0,00) .
n
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The regime (3) will be simply refered to as N,n — oo in the sequel.

The model Sy defined in (1) is a classical model of sample covariance matrices in the random
matrix theory, and its spectral properties have been intensively studied in the regime (3) in the last
several decades.

At a global scale, the limiting spectral distribution (LSD) of the ESD p®~ = N~! Zgzl Ore(Sn)
has been described in the groundbreaking paper by Marcenko and Pastur [30]. In the important
case where Sy = %ZNZ]*\,7 sometimes referred to as the white noise model, the limiting spectral
distribution of S~ is known as Marcenko-Pastur distribution and admits the following closed-form
expression

(AT =NA=A7)]
27\

Pyp(dA) = (1—7’71)+5O(d/\)—|— vl Tan, 2= (lzi:\/;)2 )

where x4 := max(z,0). Later, this result was improved by many others, see for instance [11, 20,
, 35, 34]. In [34], Silverstein proved that for the model Sy defined in (1), if u'> weakly converges

to a certain probability v supported on RT (not necessarily with compact support), then almost

surely, the ESD ;%N weakly converges to a deterministic distribution u, whose Stieltjes transform

g is the unique solution with positive imaginary part of the equation

(4) 9u(2) = / T 1 dv(s) e Ct, VzeCt.

1—r—rzgu(z)) — 2

Central limit theorems have also been established for linear spectral statistics Zi\il F(Ai(SN)), see
for instance [26, 24, 3, 32].

At a local scale, the convergence and fluctuations of individual eigenvalues have been studied,
with a special emphasis on the eigenvalues located near each edge of the connected components
(bulk) of the LSD of Sy. The spiked eigenvalues, that is those which stay away from the bulk of
the LSD, have also attracted a lot of attention.

For the white noise model, the support of Maréenko-Pastur’s LSD is [(1 — /7)?, (1 + /7)?],
with {0} if 7 > 1. Geman [22] showed that Apax(Sn) — (1 + 1/7)? almost surely under moment

conditions on the entries. Later, Bai et al. [13, 5, 8] showed that Apax(Sn) almost surely converges
to a finite limit if and only if the fourth moment IE|Z{11) |4 of the entries is finite. Concerning the
fluctuations of Apax(Sn), they were first studied by Johansson [24] for standard Gaussian complex
entries and by Johnstone [25] for standard Gaussian real entries. They both established that

2/3 2 N 7"11\1/ ‘
(5) YN T ()\max(SN) — (1 + \/TN) ) where rN = ; and YN = W

converges in distribution to Tracy-Widom (TW) distributions as N,n — oo, introduced in [38, 39],
to describe the fluctuations of the largest eigenvalues of GUE and GOE random matrices.

For general sample covariance matrices (1), the condition that the spectral norm of 'y is uni-
formly bounded:

sup ||IT x|l = sup Amax(Tn) < o0
N>1 N>1

implies that the LSD p (defined by its Stieltjes transform g, which satisfies (4)) has a bounded
support. In this case, El Karoui [20] and Lee and Schnelli [29] established Tracy-Widom type
fluctuations of the largest eigenvalue in the complex and real Gaussian case respectively. By estab-
lishing a local law, Bao et al [11], and Knowles and Yin [28] extended the fluctuations of the largest
eigenvalue for general entries.

The case of spiked models has been addressed by Baik et al [9, 10] where some eigenvalues (the
spikes) may separate from the bulk. In [9] where the so-called BBP phase transition phenomenon
is described, Baik et al. study the case where I'y has exactly m non-unit eigenvalues ¢; > --- >
lp,. For complex Gaussian entries, they fully describe the fluctuations of Apax(Sn) for different
configurations of the ¢;’s. Assume for instance that ¢; is simple (cf. the original paper for the
general conditions) then (a) if 1 < 14/, Amax(Sn) has asymptotically TW fluctuations at speed
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n?/3; (b) if £, > 1 + /7, the sequence

(©) v (Amaxwm - (el PRCL ))

VE =G/ — 12 -1
is asymptotically Gaussian. In [10] Baik and Silverstein consider general entries and prove the
strong convergence of the spiked eigenvalues; Bai and Yao [0] consider the spiked model with

supercritical spikes (corresponding to the case (b) above) and general entries and establish Gaussian-
type fluctuations for the spiked eigenvalues. Other results are, non exhaustively, [12, 13, 18, 7].

To make a rough conclusion from these results, Amax(Sn) does not in general approach the
largest eigenvalue of Apax(I'n). Moreover, if Apax(Sn) converges to the bulk edge of the LSD of
N, then it often has Tracy-Widom fluctuation at the scale n2/3. 1f Amax (SN) converges to a point
outside the bulk, it often has Gaussian-type fluctuation at the scale n'/2.

The previously mentionned results are limited to the case where Apax(I'n) is uniformly bounded.
There are however interesting cases where A\pax(I'n) goes to infinity, see for instance Forni et al.
[21] in a context of econometrics, or consider the context of long memory stationary processes where
the LSD of x'~ has a non-compact support.

Long memory stationary process. We recall that a process (X;):ez is (second order) stationary if
the following conditions are satisfied:

E|X;|> < oo and EX; =EX,, Vtc7Z,
and
COV(Xt+h, Xt) = COV(Xh, Xo) = ’y(h) Vit,h € Z

where Cov(Xiqn, X)) = E(Xipn — EXipn) (X —EX:) and v : Z — C is some positive definite
function, usually called the autocovariance function of the process. Note that v(0) is positive and

v(=h) = ~(h) for all h € Z. By stationarity, the covariance matrices of the process are

¥0) (=1 ... A(=N+1)
Xt-‘rl .
™ () =Cov| | =| "W
Xiin : g g 7(-1)
YN=-1) .. (1) 7(0)

The T (7)’s are positive semidefinite Hermitian Toeplitz matrices.
By Herglotz’s Theorem, there exists a finite positive measure o on (—, 7] whose Fourier coeffi-
cients are exactly y(h), i.e.

1
T or

v(h) / e~ da(z), VheZ.
(—m,m]
This measure is called the symbol of the Toeplitz matrix T () that we may also write T [c].
Tyrtyshnikov and Zamarashkin generalized in [40] a result of Szeg6 and proved that the following
equality holds

N T
(®) Jdim STy = 5 [ elfal))d,
k=1 ™

where ¢ : R +— R is continuous with compact support and f, € L'(—m,m) is the density of
the absolutely continuous part of o with respect to the Lebesgue measure dz on (—m, 7], called
the spectral density of Tx(v). The equality (8) can be interpreted as the vague convergence of
probability measures 7~ () to the measure v defined by the integral formula

Q [oar=5 [ clta@nas veea

where Cj, denotes the space of all bounded continuous functions. The measure v being a probability,
the sequence () is tight, and the vague convergence coincides with the weak convergence.
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The process is usually said to have short memory or short range dependenceif ), ., [v(h)| < oco.

Otherwise, if
Y ()] =oo,
hEZ
the process (X;) has long memory or long range dependence'.
In this article we require that the autocovariance function ~ of a long memory stationary process
satisfies
L(h)

(10) v(h) = W7

for some d € (0,1/2) and a function L : R — R slowly varying at oo, that is a function such that
L(y) > 0 for |y| large enough such that

VheZ

lim Lzy)

=1 V&>0.
y—oo L(y) v

In this case 7 is real and even and L is an even function as well. Matrix T (7) is real symmetric
and (X;) is a long memory process. In addition, Apax(T'n) N—> 00, see for instance Theorem 2.3.
— 00

Description of the main results. Let Sy be defined in (1) and assume that (u!'V) is tight with
limy 00 Amax(Tn) = 00, then we establish in Theorem 2.1 that

(11) )\max(SN)

)\max(FN) N,n—oc0
in probability. This convergence can be improved to an almost sure convergence if either the

Zi(’]]\»r)’s are standard (real or complex) gaussian, or stem from the top left corner of an infinite array
(Zij,1,7 € N) of i.i.d. random variables.

In order to describe the fluctuations of Apax(Sn), we assume in addition that (I'y) satisfies the
following spectral gap condition

tm 2en)

1
N A (T)

9

(12)

i(]]\»’) ’s are standard

where Az(I'y) is the second largest eigenvalue of I'y, and that either the Z;
Gaussian or the I'y’s have a block-diagonal structure

(13) pN:<Amax<rN> 0 )

0 MNn-1
In this case, the following fluctuation result, stated in Theorem 2.2, holds:
N
)\max(SN) 1 )\k(FN) o ,
14 Amax\ON) 1 .

where “g” denotes the convergence in distribution, o2 = IE|ZL1\4 — 1 and Mg stands for the real
Gaussian distribution.

Applications to long memory stationary Gaussian processes. Given a centered stationary process
(X})tez with autocovariance function defined by (10), one can study the spectral properties of the
sample covariance matrix

1 P .

j=1
where X is a N x n random matrix whose columns (X.J7 1 < j < n) are i.i.d copies of the random
vector Xy = (Xp,...,&N)".

Let T (7) be the covariance matrix of (X;), then it has been recalled that "~ weakly con-
verges. If the process is Gaussian, then @y can be written in the form of Sy in (1) with 'y = Tv (v)

LThere are several definitions of long range dependance, all strongly related but not always equivalent, see for
instance [33, Chapter 2].
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and the ESD u®~ weakly converges with probability one to a deterministic probability measure
by [34, Theorem 1.1].

In order to study the behavior of A\pax(@Qn) and to apply the results already presented, note
that the process being gaussian, the matrix model (1) has the same spectral properties as a model
where I'y is replaced by the diagonal matrix obtained with I'x’s eigenvalues. In particular, the
block-diagonal structure condition (13) is automatically satisfied. It remains to verify the spectral
gap condition (12) and that Apmax(Tn (7)) goes to infinity. In Theorem 2.3, we describe the asymp-
totic behaviour of the individual eigenvalues A\i(Twv (7)) and prove that for any k > 1, there exist
nonnegative numbers ay with a; > 0 such that

Me(Twn (7)) ~ agNy(N)  and lim e(Tn(y) _a

= =<1,
N —o0 Amax(TN('}/)) aq

hence the spectral gap condition (12) holds. Moreover, standard properties of slowly varying func-
tions [14, Prop. 1.3.6(v)] yield that Ny(N) — oo hence Apax(Tn (7)) — oo. As a corollary,
we obtain the asymptotics and fluctuations of the largest eigenvalue Apax(@Qn) for Gaussian long
memory stationary processes with autocovariance function defined in (10).

We now point out two references of interest: In the (non-Gaussian) case where the symbol «
is absolutely continuous with respect to the Lebesgue measure and under additional regularity
conditions on (&;), Merlevede and Peligrad [31] have established the convergence of the ESD p@~
toward a certain deterministic probability distribution. In a context of a stationary Gaussian field,
Chakrabarty et al. [17] studied large random matrices associated to long range dependent processes.

Organization. Our paper is organized as follows. In Section 2 we state the assumptions and main
results of the article: Theorem 2.1 and Theorem 2.2 are devoted to the limiting behaviour and fluc-
tuations of Apax(Sn); the spectral gap condition for a Toeplitz matrix I'y is studied in Theorem 2.3;
finally Corollary 2.4 builds upon the previous results and describes the behaviour and fluctuations
of covariance matrices based on samples of stationary long memory Gaussian processes. In Section
3, we provide examples, numerical simulations and mention some open questions. Section 4 and
Section 5 are dedicated to the proofs of the main theorems.

Acknowledgement. The authors would like to thank Walid Hachem for useful discussions.

2. NOTATIONS AND MAIN THEOREMS

2.1. Notations and assumptions.

Notations. Given z € R, denote by |z | the integer satisfying |z] < x < |z| + 1. For vectors u,v
in RN or CN, (u,v) = YN | u;5; denotes the scalar product and ||u|| the Euclidean norm of .
For a matrix or a vector A, we use A" to denote the transposition of A, and A* the conjugate
transposition of A; if A is a N x N square matrix with real eigenvalues, we use A\;(4) > --- > Ay (A)
to denote its eigenvalues, and sometimes denote A\;(A) = A\pax(A). The ESD p? of A is defined as

1 N
ph = N D s
k=1

where ) is the Dirac measure at A\. For a N x n matrix M and integers a,b € {1,--- N} and
e, d € {1,---,n}, the following notations are used to deal with submatrices of M:
(16)

Mo, = (M j)a<i<vi<j<n, M.ca = (Mij)ici<ne<j<d, Mab,e:d = (Mij)a<i<pe<j<d-

By convention, these subscripts have higher priority than the transposition or conjugate transpo-
sition, for example M, . ;= (Ma:p,c:a)* is the conjugated transposition of the submatrix Mpg.p,c:q-
For a matrix A, we write its operator norm as |[A| = sup, = [Av|| and its Frobenius norm

lAlr = Z” |Ai,j 2
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If ¢ = (¢ )rez is a sequence of complex numbers, the N x N Toeplitz matrix (¢(i — j)) is denoted
by T (c). If moreover the sequence (cg) is a positive-definite function ¢ : Z — C and admits by
Herglotz’s theorem the representation

1

=5 etk da(z),

(_77771—]

Ck

then « is called the symbol of Ty (c) which will sometimes be written Tv[a]. If moreover a admits
a density with respect to Lebesgue’s measure, i.e. da(z) = f(z)dz, Tn(c) will occasionnally be
denoted by Tn[f]. Notice that if T (c) is the covariance matrix of a stationary process as in (7)
then f(z) (if it exists) is called the spectral density of the process.

Given two complex sequences x,, y, we denote

T
(17) Ty ~Yp < lim <n> =1 and Tpn =Yp < lim (x, —y,) =0.
n— o0 yn n— oo
The notations z,, = o(1) and z,, = O(1) respectively mean lim,, o, 7, = 0 and lim,, o |7,| < co.
These notations are also applicable to functions with continuous arguments. If X,, X are random
variables, the notations X,, = o(1) and X,, = op(1) respectively mean that lim,,_, . X, = 0 almost

surely and in probability. The notations X, L. X and X, 2 x respectively denote convergence
in distribution and in probability. If u, u,, are measures, we denote with a slight abuse of notation

L KEN u for the weak convergence of p,, to p.

Given a random variable Y or a sub-algebra G, we denote by Ey (X) and Eg(X) the conditional
expectation of the random variable X with respect to Y and to G.

We denote by Nr(m,o?) the real Gaussian distribution with mean m and variance o2; we
refer to Mg(0,1) as the standard real Gaussian distribution. A complex random variable Z is
distributed according to the standard complex Gaussian distribution if Z = U + iV where U,V
are independent, each with distribution Ng(0,1/2). In this case we denote Z ~ Ng(0,1). For
a symmetric semidefinite positive matrix T, denote by ANg(0,7) the distribution of a centered
Gaussian vector with covariance matrix 7.

In the proofs we use C' to denote a constant that may take different values from one place to
another.

Assumptions. We state our results under one or several of the following assumptions:
A1l (Model setting) Let Sy be N x N random matrices defined as
1.1 1
Sy =T} ZnZNTR,
n

where Zy = (2.")
7o) 1<i<N,1<j<n

SUSINLIX) >

are N xn matrix whose entries Zi(g-[) are i.d. random variables
for all 7, j, N, and independent across i, j for each N, satisfying
EZY =0, E[zVP=1 and EZ{)* <,

and I'y are NV X N positive semidefinite Hermitian deterministic matrices.
A2 (Asymptotic spectral structure of I'y) Given a sequence of N x N positive semidefinite deter-
ministic matrices 'y, the empirical spectral distribution

1 N
MFN = N Z5Ak(FN)
k=1

forms a tight sequence on RT, and the largest eigenvalue Apax () tends to co as N — oo.

Example 2.1. If ;/'~ L. ) with v a non-compactly supported probability on R*, then A2 holds.

Example 2.2. Consider I'y = diag(égn), e ,e&?), 1,--+,1) where m = m(n) is such that mn)

n

and where EE") S oo (1 <4 < m), then A2 holds. The illustrative and simpler case where
I'y = diag(égn), 1,--+,1) will be used hereafter.
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A3 (Subarray assumption on Zy) For each N, Zy = Z1.n 1., is the top-left submatrix of an infinite
matrix Z = (Z; ;)i j>1, with Z; ; i.i.d random variables satisfying
EZi; =0, E|Z,*=1 and E|Z;;*< cc.
A4 (Spectral gap condition on I'y) The two largest eigenvalues A\pax(I'n) and Ao (T'y) satisty

Tm A2(Tn)

< 1.
N—o00 )\max(FN)

A5 (Block-diagonal structure of I'yy) For all N, T'y is in the form

| - )\max(FN) 0
N — 0 erl )

where y_1 is a (N — 1) x (N — 1) semidefinite positive Hermitian matrix.

2.2. Main results. We now present the main results of this article. Theorems 2.1 and 2.2 describe
the limiting behaviour and fluctuations of Apax(Sn) under generic assumptions. Theorem 2.3 and
Corollary 2.4 specialize the previous results to Toeplitz covariance matrices and Gaussian long
memory stationary processes.

Theorem 2.1. Let Sy be a N x N matriz given by (1) and assume that A1 and A2 hold. Then

)\max(SN) P

1.
Amax(FN) N,n—o00

If moreover either the random variables Zi(;v) are standard (real or complex) Gaussian or Assump-
tion A3 holds, then the above convergence holds almost surely.

Remark 1 (consistency with the bounded case |[I'y|| < 00). Consider the simple case where I'y =
diag(¢1,1,---,1), where ¢; > 1+ /r is fixed - see for instance (6). Then it is well known that

P rly
A 1
max(SN) N,n—oc0 Lt fl -1 ’
see for instance [10]. Notice in particular that ’\‘“%ESN) =1+ ;=5 +op(1), which is heuristically

consistent with Theorem 2.1 if one lets ¢; go to infinity.

Theorem 2.2. Let Sy be a N x N matriz given by (1) and assume that A1, A2 and A4 hold.
Assume moreover that one of the following conditions is satisfied:

(i) Assumption A5 holds, N

(ii) The random variables Z'(X/)

(i1i) The random variables Z;j ) are standard real Gaussian and matrices I'n are real symmetric.

are standard complex Gaussian,

Consider the quantities

— 1 > )‘k(FN) o )\max(SN)
(18) By = n kz::z N (Cx) — M (Tw) and  Fy:=+/n (Amax(FN) —1- 5N) ,
Then
(19) Fy —2— Nx(0,02),

N,n—o0
where 0% = IE|Z£11)|4 -1

Remark 2. Notice that if IE\Z&)|4 =1 then 02 = 0 in the previous theorem, hence Fy —” 0.

N,n—o0

Simulation 3 in Section 3.2 (see also Fig. 3(b)) supports this fact.
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Remark 3. Under A2 and A4, we have Sy N—> 0. Indeed, by the spectral gap condition A4
,N—00
and the fact that N = O(n)

N

N
e _ 1 Z Ak (T)/Amax(Tx) CZ

1—- )\k I‘N)/)\max I‘N - N —2 max 1—WN

Since pu''~ is tight, for any e € (0,1) there exists M > 0 s.t. #{k, : \e(Tx) > M}/N < ¢ where
#{-} denotes the cardinality of a set. Hence

M
< _— f—
Nim By < Clim oy TCE = C5

where we use the fact that Apax(I'y) — 0o as N — oo for the last equality. Notice however that
vnBx may not go to zero as N,n — oo.

Remark 4 (consistency with the bounded case |[Ty|| < oo, continued). Consider again the case
where I'y = diag({4,1,---,1) with ¢; > 1 + /r then

N-1 1 1
BN = = +O(>.

n f-—-1 /f1-1 n

In the case where ¢; — oo, Fyy in (18) writes

re= i (B (g o ()

and has Gaussian fluctuations. This formula is consistent with (6) which can be rewritten

o (- ()

Example 2.3 (various behaviours of \/nfy). Consider I'y = diag(ﬁgn), 1,---,1) where £§”) N oo,
then

N1 . o if (V< m,
ﬁﬁN\/ﬁx( n >X<£ _1> N,n— T/a if ggﬂ):a\/ﬁv
' ’ o it 7> /m.

2.3. Application to large sample covariance matrices associated with long memory pro-
cesses. In order to apply the above results to Gaussian stationary processes with long memory,
we need to verify the spectral gap condition of their autocovariance matrices. We first recall some
definitions.

Definition 1 (Regularly/Slowly varying functions). A measurable function R : R — R is regularly
varying at infinity if R(y) > 0 for |y| large enough and if there exists a real number p s.t. for any
z >0,
R

lim (zy) = z”.

v—oo R(y)
The number p is called the index of the regular variation. If p = 0, then we say that the function
(often denoted by L in this case) is slowly varying.

A sequence of real numbers (ci)rez is regularly (resp. slowly) varying if y +— c|y is a regularly

(resp. slowly) varying function.

With Definition 1, long memory (long range dependence) stationary processes can be defined as
follows.

Definition 2. A stationary process (X;)icz has long memory or long range dependence if its
autocovariance function v is regularly varying with index p € (—1,0).
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Remark 5. Notice that this definition is compatible with the definition of the autocovariance func-
tion provided in (10). In fact, assume that v(h) is given by (10) then it is regularly varying with
index p = 2d — 1 € (—1,0). Conversely, assume that «(h) is an even regularly varying sequence
with p € (—1,0). Set d = 25, then L(y) = v(|y))(1 + |y[)*~>? is a slowly varying function with
d e (0,1/2) and
v(h) = % )
(1+Al)

Remark 6. Notice that definitions 1 and 2 enable to consider complex processes (X;), however the
associated autocovariance function is necessarily real and cannot be complex.

Remark 7. The above definition coincides with Condition II in [33] where the autocovariance func-
tion ~y satisfies (10).

In this context, the spectral gap condition on autocovariance matrices of a long memory station-
ary process is ensured by the following theorem:

Theorem 2.3. Suppose that ¢ = (cp)nez is an even (cp, = c_p for all h € Z) regularly varying
sequence of index p € (—1,0), then for any fixed k > 1 the limit

w(T()
@ = Jim =

erists and is finite. Moreover, agp) > aép) > 0. In particular,

(p)
o) o X(Tn(e) _ ay
)\Inax(TN (C)) &y Ney — 00 and ]\;E)noo AmaX(TN (C) B agp)
Definition 3. We say that a complex Gaussian process (X;)ecz is circularly symmetric if for any
N € N the Gaussian vector Xy.y = (X1,...,Xn) " is circularly symmetric, i.e. for any ¢ € R, the
vector X}y has the same distribution as Xj.y.

Remark 8. Notice in particular that such a process is centered and satisfies that EAX]. NXlT: v =0,
for all N > 1.

As a canonical example, a standard complex Gaussian vector X = (X1,---,Xy)" where the
X;’s are i.i.d. and N¢(0, 1)-distributed is circularly symmetric with

EXX*=1Iy and EXX' =0.

For such a vector X, we will denote X ~ N (0, Iy).

As a by-product of the above theorems, we have the following result on the largest eigenvalue
of sample covariance matrices of a Gaussian long memory stationary process (recall that such a
process admits a real autocovariance function).

Corollary 2.4. Suppose that (X})iez is a real centered (resp. complex circularly symmetric) Gauss-
ian stationary process with long range dependence in the sense of definition 2. Let
1
QN = ﬁXNX]*\f

where X are N X n random matrices whose columns are i.i.d copies of the random vector X1.xy =
(X1,...,XN)T. Then

)\max(QN) a.s.

(20) /\max(TN) N,n—00 1
and

)\max(QN) 1 l al )\k(TN) D 0,2
(21) \/E (Amax(TN) ! n ];2 /\max(TN) - Ak(TN)> Nyn—roo NR (07 ) 7

where Ty = T (7y) is the autocovariance matriz of the process defined in (7) and where

2 _ E|XY| )2 af A s real
7 ~2(0) 1 1 if Ay is complex
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Corollary 2.4 being an easy consequence of Theorems 2.1, 2.2 and 2.3, we provide its proof
hereafter.

Proof. Let X be a centered N-dimensional random vector either real or circularly symmetric com-
plex gaussian with (real) covariance matrix 7. Then X writes X = T'Y/2Z where Z ~ Nz (0, Iy) or
Nc(0, Iy) depending on whether X is real or complex. In fact, if T' is invertible then Z = T-12X
has the required properties.

If not, T = O diag(d}, - - - ,dg,() -+-)OT with O orthogonal and d; > 0. Let Y = (0,...,0,Y,41,...
with Yy i.i.d. standard Gaussian random variables, either real or complex (depending on X), and
independent from X. Let

Z = Odiag(dy',--- ,d;1,0---)0TX +0Y

»p )

then Cov(Z) = Iy and if X is complex, then EZZ " = 0. In particular, Z is a standard gaussian
random vector and a covariance computation yields

Cov(X —TY2Z) =0,

which implies that X = T"/2Z almost surely.

Then for any N and almost surely, the representation Qn = %T]{/ ’z NZ}(,T]V ? holds with (Twn)
the autocovariance matrices of process (X;)iez. In Section 1 we have noticed that u’™ converges
weakly, and by Theorem 2.3, Apnax(Tn) — oo and (Ty) satisfy the spectral gap condition. By
Theorems 2.1 and 2.2, the results follow.

O

3. ADDITIONAL APPLICATIONS AND SIMULATIONS

3.1. Additional applications to Gaussian stationary processes. Although Definition 2 is a
common definition of long memory, it can seem restrictive as it requires that the autocovariance
function has at most a finite number of nonpositive values. In the first example hereafter we consider
Gaussian processes with autocovariance functions either complex or with alternate signs. In the
two subsequent examples, we relate our results with other definitions of long memory, via linear
representation or via the autocovariance density.

Covariance matrices with alternating signs of entries. Let (X;):ez be a centered Gaussian stationary
process with autocovariance function y¥. Let § € (—, 7], § # 0 be fixed and consider the process
(V: = € X,)icz. This process is a Gaussian stationary process with autocovariance function
(1) = eit07¥ (¢) and
Yin =Xy

where X0 = diag(e™*? 1 < k < N) is a unitary matrix. Notice that if (X;) is complex circularly
symmetric, then so is ();) but if (X;) is real then ()) is either complex Gaussian but not circularly
symmetric if § # 7 or real Gaussian with alternate signs if 6 = .

Let X{ (resp. X¥) a N x n matrix whose columns are i.i.d. copies of the vector X;.y (resp.

Vi.nv) and assume that the process (X;) fulfills the assumptions of Corollary 2.4. Then
1 1 1
QX = XY (X)) = —2XF (X)) (20) =2QN(EY)" where  Qn = - X (X))

n n n

In particular, Apax(Q%) = Amax(Q7) satisfies (20) and (21). In this example the positivity con-
straint of the autocovariance function is relaxed.

Linear processes with long memory. If the process (X;):ecz has a linear representation

Xy = Z Vi€—j
=0

where (€;);ez is a sequence of i.i.d real valued standard Gaussian r.v.’s and 1; ~ j41L(j) as j — oo
with d € (0,1/2) and L a slowly varying function at co, then it is well known (c.f. for example [33,

,ﬁYFI\/')T
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Corollary 2.2.10]) that its autocovariance function v is regularly varying with index p = 2d — 1, and
more precisely we have
y(h) ~ h**1L2(h)B(1 — 2d, d)

where B(1 — 2d,d) = fol r724(1 — )41 dx is the beta-function. Corollary 2.4 can be applied in
this case.

Long range dependence defined through spectral density. Among the various definitions of long range
dependence, there is an important one which defines the long range dependence through the spectral
density, that is, if the symbol of the autocovariance matrices T has a density f : (—m, 7] — R
satisfying

—2d 1
(22) f(z) = |z|7*°L (|:17|) , x € (—m0)U(0,n],
with d € (0,1/2), and L a slowly varying function defined on [1/7, +00). (cf. Condition IV in [33]).
If a (real centered or complex circularly) Gaussian stationary process (X};):ecz has long memory
in this sense, then the LSD of the covariance matrices T [f] is not compactly supported and in
particular Apax(Tn[f]) — oo and (20) in Corollary 2.4 holds. Moreover if L in (22) is quasi-
monotone, then the process is also a long memory process in the sense of Definition 2 (see for
instance [33, Corollary 2.2.17]) with index p = 2d — 1. More precisely we have

v(h) ~ 2h%? 1 L(R)T(1 — 2d) sin(dr) as h — oo

where I'(t) := [;° 2'~'e~" dz denotes the gamma-function. Hence by Theorem 2.3, Ty satisfies the
spectral gap condition, and applying Theorem 2.2 we get the same result as Corollary 2.4.

3.2. Numerical simulations.
Simulation 1: Limiting behaviour of Amax(Sn). To illustrate Theorem 2.1, we take
1 1 1
Sy =-T3ZNZNT3,
n

with Zy a N X n matrix having i.i.d standard real Gaussian entries, and 'y = Tn(7) is the
Toeplitz matrix dertermined by ~v(h) = W Let N take all the values in the finite sequence

{100, 150, 200, . .., 3000}, and let n = |5N/4|. We plot the simulation results in Figure ?7.

XX duas( ) Dar(Tx)
1

0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
~N ~

(a) (b)

FIGURE 1. Convergence of Apax(Sn)/Amax(Tn) to 1. In 1(a), the values Apax(Sn)
and Apax (') are plotted as crosses and solid points respectively; in 1(b) the values
of the ratio Apmax (SN )/Amax (I ) are plotted as crosses, compared with the constant
1.
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Simulation 2: Fluctuations of Amax(Sn). To illustrate the fluctuations of Apax(Sn), we fix N =
1000 and n = 1250 and let T'y = diag(Ax(T1000(7Y))) with 7 as in the previous simulation. We take
900 independant samples of Siggg, plot the histogram of Fjggg defined in (18) and compare with
the density of the theoretical limiting law. In Figure 2(a) we simulate the model S1pp0 With Zig00
having i.i.d. real Gaussian entries, the limiting law, according to Theorem 2.2, is Ng(0,2); while in

Figure 2(b), Z1000 has i.i.d. standardized exponential entries, i.e. Z’L(}jOOO) ~ &E(1) — 1. The limiting
law is NVr(0,8).

-

FIGURE 2. Fluctuations of Ayax(S1000), With Z1000 having Gaussian entries in 2(a)
and standardized exponential entries in 2(b). Simulation with 900 samples.

Simulation 3: Concentration. We now address the case E\Z{f\pﬁ = 1. Consider a matrix Zy
with i.i.d. symmetric Bernoulli variables taking values in {—1,1}. As previously we take I'y =

diag(Ax(Tn (7)) with v(h) = W In this case, Theorem 2.2 asserts that

N

i ()\max(SN) i 1 Z A(Tw) > P 0

Amax(]-—‘N) n 2 )\max(PN) — )\k(FN) N,n—o0

In Figure 3(a) we plot the fluctuations of Apax(S1000) With n = 1250 and notice that the corre-
sponding Fjggo are far more concentrated around 0 than the previous simulations, as predicted by
the theorem.

An interesting phenomenon occurs in Figure 3(b), where the same matrix Zjggo is considered
while we do not diagonalize T'1900 and just take T'1000 = Th000(7y)- In this case, the concentration
phenomenon disappears, and the obtained histogram is very close to that in Figure 2(a). This
simulation suggests that some universality holds in the fluctuations of Apax(Sn) if the (I'y)’s are
Toeplitz matrices. This will be explored in a forthcoming work.

3.3. Open questions.

At the border between long memory and short memory. An interesting regime is when p = —1. In
this case, the autocovariance function v(h) = (1 + |h|)~*L(h) can be summable or not depending
on the slowly varying function L. For example if L(h) = log ' "%(2 + |h|) with ¢ > 0 then v
is absolutely summable and the process has short memory. If L(-) = 1 then one can prove that
Amax(Tn (7)) = O(log N), and that the spectral gap condition no longer holds. In this case, the
asymptotics (20) remains true as Theorem 2.1 does not rely on the spectral gap condition but only
on the condition Apax(Tn (7)) — oo. The question whether the fluctuations (21) together with
their normalization and the limiting distribution hold remains open.
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FIGURE 3. Fluctuations of Ayax(Sn) in the case of symmetric Bernoulli entries.
I'y is diagonal in 3(a) and nondiagonal in 3(b).

Non-Gaussian long memory stationary processes. A Gaussian long memory stationary process ad-
mits a linear representation X1.y = Tn(v)Z1.n, where T (7) is a hermitian Toeplitz matrix and
Z1.n is a standard Gaussian vector. This representation is key in the analysis of the top eigenvalue
of the corresponding large covariance matrix of samples of the process but does not hold anymore
if the process is not Gaussian. The question whether it is possible to perform the same eigenvalue
analysis in the case of non-Gaussian long memory stationary process is open.

Correlation structure of the top eigenvalues. Beyond the top eigenvalue Apax(Sn), it would be
interesting to understand the asymptotic correlation structure and the fluctuations of the (many)
largest eigenvalues (Amax(Sn), A2(Sn), -+, Ax(Sn)) for a fixed k > 1.

Behaviour of the eigenvectors associated to the top eigenvalues. For bounded spiked models (by
bounded we mean supy ||[T'n|| < 00) the structure of the eigenvectors associated to the top eigen-
values has been studied and carries interesting information, see for example [13]. A similar study
would be interesting in the general context of unbounded population covariance matrices where
Amax(I'n) — 00 and of (Gaussian) long memory stationary processes. In this latter case, one needs
to have a good understanding of the Toeplitz matrix’ T (7y) eigenvectors.

Universality for non-Gaussian linear stationary processes with long memory. In the case where I'
is required to be (block-)diagonal, the variance of the limiting distribution depends on the fourth
moment of the entries Zf\; and may be equal to zero if ]E|Z£11)|4 = 1. However when I'y is a
Toeplitz matrix (7) with + satisfying (10), this dependence is weakened and Simulation 3 in Section
3.2 strongly suggests that some universality occurs depending on the population covariance matrix
T'w, see in particular Figures 3(a) and 3(b). This question will be addressed in a forthcoming work.

4. PROOFS OF THEOREM 2.1 AND THEOREM 2.2

4.1. A short reminder of results related to large covariance matrices. Given a probability
measure p on R, define its Cauchy-Stieltjes transform as
du(s
my(z) ::/ﬁ7 VzeCT:={z€C:3z >0}

zZ— S8

du(s)

For a random matrix Sy given by (1), we will often consider its companion matrix

Notice that my,(z) is the opposite of the Stieltjes transform g,(z) = [

1
(23) ﬁN == EZ;,FNZN’
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which shares the same non-zero eigenvalues with Sy. In particular, Apnax(Sy) = Amax(Sn). Recall
that ry = % and let u°~, 2~ be the ESD of Sy and Sy respectively, then the following relation
holds:

(24) M§N — (1—1~N)(50+7°N,uSN.

Limiting spectral distribution. We recall results from [34, Theorem 1.1]. For any probability v in R
and any r € (0,4+00), there exists a unique probability measure p = u(r,v) whose Cauchy-Stieltjes
transform m,, satisfies the equation:

dv(s)

my(z) = for any z € C*.
w(2) /z—s(l—r—krzmu(z)) v

If the probability measure v is the ESD u# associated with a matrix A, we simply write u = u(r, A)

instead of p = p(r,p®). Similarly, there exists a unique probability measure p = u(r,v) with

Cauchy-Stieltjes transform m,, satisfying

1 sdr(s)
2 = —_— f *.
(25) z mu(z)JrT/l—smu(z) orany z € C

As previously, we will write u(r, A) instead of u(r, u?). If moreover pl'~ NL> v, then
[l L —00

(26) Sy SN ©oas. and =y LH a.s.
N,n—o0 N;n—o0

Spectrum confinement. By ”spectrum confinement”, we refer to the phenomenon where the empiri-
cal spectrum of the eigenvalues ” concentrates” near the support of the limiting spectral distribution.
In the specific case of model (1) under assumption sup ||I'n|| < oo and the convergence (26), spec-
trum confinement can be roughly expressed (in the absence of spikes) as: for every € > 0, almost
surely,

supp(u®Y) C supp(u) + (—¢,¢)

for N large enough.

A more accurate description of spectrum confinement relies on the deterministic equivalent of
S~ defined as oy = p(rn, In) (cf. (25) with v = ul'™). Assume that A3 holds. By [I, Theorem
1.1], if there exists € > 0 and an interval [a, b] such that

[a,b] N (supp(HN) + (—6,5)) =0
for N large enough, then almost surely
(27) supp(p¥) N [a,b] =0

for N large enough. In particular, if @ > 0 there is no eigenvalue of Sy in [a,b] for N large enough.
The description of the support of a probability distribution defined via a fixed-point equation

(25) is given in [36, Theorems 4.1 and 4.2]. Based on these results, we now state a necessary and
sufficient condition for which a real number x lies outside the support of u N wu(ry,I'n). Let
(28) By ={yeR:y#0, y ' #\Tn), Vk=1,...,N},
and define

1 dptw
(29) xn(y) == — +TN/7S w () for y € By.

Y L—sy

A real number x € R lies outside the support of p N if and only if

1 5% dp™™ (s)
y€ By, z=uzn(y) and 2y(y) Y2 + TN/ (1—sy)?
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Ezact separation. Let [a,b] be an interval eventually outside the support of Py = u(ry,T'n), assume
that u'~ — v and let = p(r,v). "Exact separation” is a phenomenon that expresses the fact
that (almost surely and eventually) the interval [a, b] separates the empirical eigenvalues of matrix
Sy exactly in the same proportions as [1/m(a), 1/m,(b)] separates those of matrix I'y.

This expression has been coined in the article [2] by Bai and Silverstein, from which we recall the
result of interest to us, that is mainly [2, Theorem 1.2(2)]: Assume in addition to the assumptions
of [I, Theorem 1.1] (and in particular to assumption A3) that the conditions m,(b) > 0 and
r(1 —v({0})) <1 hold. For N large enough, let iy be an integer such that ;

1 1
; I _
@ M e <5

Then almost surely, \;, (Sy) > b and A, +1(Sn) < a for N large enough. This result will be used

in the particular case where v = do. In this case, m,(z) = L and r(1 - 60(0)) = 0.

)‘iN (FN) >

4.2. Reduction to the bounded model. When studying Apmax(Sy) under A2, the main difficulty
is to handle the unboundedness of A\pax(I'w). In order to circumvent this issue, we define

5 1=1/2 =1/2 ~ I'n
Sy =TV ZnZ3T h 'y = ————— .
N n N NENTN where N )\Inax(FN)
In particular, notice that /\maX(S’N) = ;‘::"75?;’; Thus, in order to establish the results stated in

Theorems 2.1 and 2.2, we only need to prove the corresponding results for Sn.
Using the definition of I'y, the tightness of (u'v) and the fact that Apax(I'n) — 00, we imme-
diatly deduce the following properties for I' y:

)\max(f]\r) =1 and qu ., do -
N—oc0

In particular, the spectral norm of I'y is bounded and many classical results, for instance those of
Bai and Silverstein [34, 1] can be applied to Sy. Considering this fact, we state and prove below
Theorems 4.1 and 4.2 which are the counterparts of Theorems 2.1 and 2.2.

A2(b) Given a sequence of N x N positive semidefinite deterministic matrices I'yy, the following
properties hold:

)‘max(FN) =1 VN Z 1 and MFN NL) 60 .
— 00

Theorem 4.1. Let Sy be a N x N matriz given by (1) and assume that A1 and A2(b) hold.
Then
(30) Amax (Sy) —— 1.

N,n—o0
If moreover either the random variables Zi(jm are standard (real or complex) Gaussian or Assump-
tion A3 holds, then the above convergence holds almost surely.

Theorem 4.2. Let Sy be a N x N matriz given by (1) and assume that A1, A2(b) and A4 hold.
Assume moreover that one of the following conditions is satisfied:

(i) Assumption A5 holds,

(ii) The random variables zM

are standard complex Gaussian,

(i4i) The random variables Zij&) are standard real Gaussian and matrices 'y are real symmetric,
then
Ien M(Tw) D
31 Amax(Sn) —1— — = 0,0%),
(1) ﬁ( (Sx) n;1Ak(FN)> Voo Me(0.07)

where 02 = IE|Z£11)|4 —1.

In order to prove Theorem 2.1 and 2.2, we only need to apply the above theorems to Sy.
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4.3. Proof of Theorem 4.1. We first prove the theorem under assumption A3. We first establish
that

(32) Im Apax(Sy) <1 as.

N,n—oc0
Recall the definition of the set By in (28). Due to the spectrum confinement property (27), we
only need to prove that for any ¢ > 0, the interval [1 + ¢, +00) eventually stays outside the support
of py = u(rn,I'n). Relying on the caracterization of a point = outside supp(EN), this will be the
consequence of the following property

Vo €[l+e,00), Jye€Bn, z=zn(y) and 2y(y) <0

that we now prove.
Since Apmax(I'ny) = 1 under A2(b), notice that (0,1) C By. Consider a real number 7 such that

IS 71 1
" 1+¢’ '

For s < 1, we have |1 — sn| > 1 —n > 0, therefore by the definition (29) of x, and by the fact that
uty oo 09, we have
—00

1 1
— <1 d ! —_— .
on) o <re and el e g <0

So for N large enough, we have () < 1+ ¢, and z/y(n) < 0. For such N’s, note that zy is
continuous on (0,7) and that xy(y) — 400 as y — 0. We have proved so far that [1 +¢,00) C
zn((0,m)). Notice finally that z/y is increasing on (0,7), in particular =y (y) < z/y(n) < 0 for
all y € (0,n). Therefore xx5((0,7)) and thus [1 + ¢, 00) eventually lie outside the support of p .
Equation (32) is established.

‘We now prove that
(33) lim Apax(Sy) =1, as.

N,n—oc0o
by an exact separation argument.

As p = 0¢, we have 1/m,(a) = a, 1/m,(b) = b for any a,b > 0. We intend to find some constant
interval of the form [a,1 — g] , for small & > 0 which separates the eigenvalues of matrix I'y into two
non-empty parts. This is not always possible because even if Apax(I'y) = 1 and p'™ — &y, there
might be some intermediate eigenvalues among the (A;(I'x))’s for ¢ > 2 eventually lying in (0, 1).
In order to circumvent this issue, we introduce the auxiliary matrices

N 1 N 1 1 1
§N = ﬁZ]*V@NZN and SN = EGJZ\,ZNZ?(V@]QV 5
where O is obtained from the spectral decomposition of I'y as:
Oy = Uy diag(1,0,---)Ux, where I'y =Upydiag(1l,2(Tn),---)UN .

Using [36, Theorems 4.1 and 4.2], we conclude that for any 0 < £ < 1/2, the interval [g,1 — ¢] is
eventually outside the support of probability u(ry,©n), obtained from (25) with parameters ry
and ©p. Notice in particular that

Amax(On) =1 and Ai(On)=0 for ¢=2:N.
Applying [2, Theorem 1.2] to S, with separating interval [e,1 — &] for arbitrary e € (0,1/2), we
conclude that almost surely, Apax(Sy) > 1 — € for N large enough. We have proved so far that
hiIn Amax(SN) Z 1

N,n—o0

almost surely. Now, since
P 1 . *
Sy =8y = ZyUn diag(0, A2(Sy), -, An(SN))UN 2N

is nonnegative definite, we have lim , , Amax(Sy) > lmy o )\max(SN) > 1. Therefore Theo-
rem 4.1 with assumption A3 is proved.
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As a byproduct of the above proof, we can easily prove Apax(Sn) P, 1 without imposing A3.
Suppose that Sy = %F}V/ZZNZ]*VF%Z satisfies A1 and A2(b) and construct Z = (Z; ;)i j>1 with
Z; ; i.i.d random variables identically distributed as the entries of Zy. Let Sy = %F}VﬂZ;\,ZﬁF}V/Q

with Z/; the top-left N xn submatrix of Z. Then according to the above proof, Apax(Sh) converges
to 1 almost surely, hence in probability. Since Amax(Sn) and Amax(Sy) have the same distribution,

we have also Apax(SN) 2.
Finally, we prove that if the entries Zi(,];»]) are i.d standard Gaussian variables, and i.i.d for all
1 <i,7 < N, the convergence (30) holds almost surely without the need of assumption A3. This

mainly relies on a concentration argument. Recall that we already have Apax(Sn) . Using [16,
Theorem 5.6], we prove the following concentration inequality: for all N > 1 and all € > 0,

(34) P(|v/ Amax(Sn) — Ev/Amax(Sn)| > ) < 2 CN<*
where C' > 0 is a proper fixed constant. Indeed it suffices to show that the function s defined by

1.1 1
S ZN — 4/ )\max(SN) = \/Amax <F12\/ZNZ]>§]F12\/>
n

-lipschitz, where we consider the N x n matrix Zy as a vector in Euclidean space RV™

is

Vow
when Zi(yjj\-/) are real Gaussian, and in R>V"™ when the entries are complex Gaussian. Note that the
Euclidean norm of the vector Zy is the same as the Frobenius norm || Zy||r of the matrix Zy. So
for any two matrices Zy and A ~, we have

|5(Zn) — s(Zw)) Vel - I 2yl < S22y - Zw)]

T

3 5
. (a) 1

< Lyrlas -z < L r2 12y — Zule 2

< \/ﬁH N (Zn—=2Zn)lr f” 12y — Zn | & 7

where (a) follows from the Frobenius norm inequality ||AB||r < || A||||B||F, and (b) from the fact

that HI’}\{QH = \/Amax(I'n) = 1. Thus s is 1/y/n-lipschitz, and the concentration inequality (34) is

proved. Using Borel-Cantelli lemma, we have

(35) \/)\max(SN - E\/)\max SN) — 0 a.s.

Together with \/Amax(SN) 7, 1, we then obtain that Ey/Anax(Sny) — 1. By (35) again, it follows
that

1Zx — Zn|F .

)\max<SN) — 1 a.s.

N,n—oc0

The proof of Theorem 4.1 is complete.

4.4. Proof of Theorem 4.2. We first prove the fluctuation of Apax(Sy) under A1, A2(b), A4
and A5. Under these assumptions, I'y is of the form

1 0
Iv = (0 er) ’

where (Ty_1) is a sequence of semidefinite positive Hermitian matrices satisfying pf~¥-1 LN dg, and

— (T
ngn )‘maX(rN 1)_ hm /\2(FN) J\;gnoo )\TEFZ;

<1

by assumption A4. We set d = limn_s o0 Amax(Fn—1). For convenience, in this section we omit
all the subscript NV of matrices, for example we write S = n~'T2ZZ*Tz. In the following of this
section we write Amax(SN) as Amax if it does not cause any ambiguity.

Recall the submatrix notations introduced in (16) and consider the following block decomposition
of matrix S:

(36) s ( S Sew \_1( 4.7 IZL'ZS:N,»F%I
So.ng S2:nv 2N n\l2ZoN 2y, T3Zon Z5 N T2 .
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Denote
N -1
—
Analog to p(ry,T'n) defined in (25), we define the probability measure u(ry, ['y—1) whose Cauchy-
Stieltjes transform m satisfies the equation B

1 *
§2:N,2:N = EZQ:N,<FZ2¢N,' and v =

N

L 1 1 A (T'w) . T
miz) n kzﬂ T awymz) ¢

Also, for ally € By :={y € R:y # 0,y ! # \e(Tn),Vk =2,..., N}, we define
N

1 1 )\k(FN) 1 / S r
37 X =+ - —_— = — dp N-1(s).
(37) W=t L T Ny~ T
Consider in particular
N
1 Me(Tw)
On = H=1 —g
(38) v =140 75 T

Let £ > 0 be small enough. Thanks to the assumption g ~v-1 2, dp and d = lim Aoy (Fy_1) < 1,
one can adapt the first part of the proof of Theorem 4.1 to obtain that eventually
supsupp pu(ry,Mv-1) < d+e€.
Let e < 15—61 so that d + € < 1 — ¢ and consider the family of events Qy defined as
(39) On = {Amax(S2:v2:n) <d+e<1—e < Apax}-
According to the spectrum confinement property [, Theorem 1.1] and to Theorem 4.1, one has

N,n—o0
In particular, for any sequence of events Ay, we have P(Ax) — P(Axy NQN) = N—oo 0, which can
be written
P(An) = Pa(An)

if one writes Pq(+) for P(- NQy) and recall the notation 2 = y for x — y — 0. Hence, with no loss
of generality, we will assume below that Q2 holds.

Let Amax € Qn. Using the bloc decomposition (36) of S together with the determinantal formula
based on Schur complements (see for instance [23, Section 0.8.5]), the eigenvalue Apyax satisfies the
equation:

det(AmaxI — 5)

= ()\maxI - Sl,l - SI,QZN()\HI&XI - S2:N,2:N)_IS2:N,1) det()\maxl - S2:N,2:N) = 0.
Since det(AmaxI — Sa2:n,2:5) # 0 on Qp, we have
/\max = Sl,l + Sl,Q:N()\maxI - SQ:N,Q:N)ilSQ:N,l )
Z0.ZF T Zin T 1 2 Zon. 27
= Lt + Sl L8 (Amaxl - 7F%Z2:N,-Z;:N ri) 2N, i
n n ) n
Z1. 1
(40) - A (1 A" O] — AA®) A) Zr . (A =n~1/2 raZQ:N,.)
n ,

Using the equality I + A*(\ — AA*)™1A = A\(A\I — A*A)~! for all scalar X and all matrix A such
that A\ — AA* and A\I — A*A are invertible, the equation (40) is equivalent to

1
(41) 1= ngy()\maxI - §2:N,2:N)_1Zik,~ .

As Oy = xn(1) > 1 lies outside the support of pu(ry,ly_1) for large N, [36, Theorem 4.2] yields
m(fy) =m(xy(1)) =1.
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This can be regarded as a “deterministic” version of (41), which indicates that An.x and Oy are
comparable.
In order to prove the Gaussian fluctuations of A\ .y, we need to prove that for all b € R

(42) IP)()\max < nN) — (I)(b7 U)
N,n—o00
where
— b 1 o 2 _ w*
nN.—GN—i—%, @(x,a).—a 27r/_Ooe 22dt and o —IE]‘ZL1 —1.

Note that on Qy the function
1 — *
T(N) = EZL-(AI —EQ:NQ:N) 1Zl,~

is decreasing on (d + €, +00). Let N large enough so that ny > d + €.
Taking into account the fact that T(Apax) = 1 due to (41), we have

(43)  Po(Amax <) = Po(Y(nn) <1) = Po (VR (T(n) — m(ny)) < va(l —m(ny))) -
We first prove that
(44) Vn(l—m(ny)) =b+o(1) .
Taking into account the fact that m(fx) = 1 and performing a Taylor expansion on m around 6y
yields
b2

Vil —m@n)) = Va(m@y) —m@y)) = —bm'(dy) *m”(&v)ﬁ
where £y is between 6 = x(1) and 7. The assumptions p'v-1 2, dp and d = im Aoy (Tv_1) <
1 yield

9]\7,’171\[ — 1.

N,n—oo

Similarly, one proves that x (1) ~ o —1. By [36, Theorem 4.2], equality m(xy(y)) = y holds
,M—00

for any y ¢ supp p'™~-"~-1. Differentiating, we get
1
m'(xn(y)xy(y) =1  and  m'(xn(1) = o) N —1.
Finally, for large N, we have supy supp p(rn,T'yv—1) < d+¢e <1 —¢e < min(ny, ) which implies
/ dg(rz\u Mn—1)(s) 2
(En —s)? T (1-d-2e)

Plugging this into the Taylor expansion finally yields (44).

We now go back to (43) and handle the quantity /n(Y(ny) —m(nn)). More precisely, we prove
in the sequel that

(15) VAt () = mio) = Vi (121,25, 1) +0p(1).
In order to proceed, we need the following estimates, valid under the assumptions of Theorem 4.2.
Proposition 4.3. Assume that A1, A2(b), A4 and A5 hold, then

(a) Vi (Ltr(on] = Synon) " —miy))  ——— 0,

m" (En)] = 2

N,n—o0
n — % _ P
(b) % (%Zl,‘(WNI —§2:N,2:N) 1§2:N,2:NZL~ - %tr(UNI —§2;N,2:N) 1§2:N,2:N) m 0.

Proof of Proposition 4.3 is postponed to Section 4.4.1. We have

\/H(T(UN) —m(nn))

1 ~1 1 1
= Vn <T(77N) 0 tr (nvI — Sy.yon)  + o tr (nvI — So.non)  — m(’lN))

) = V(T - 5t (T - Saan) )+ o)
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by the first part of Proposition 4.3. We now apply the resolvent identity A~! — B~ = A=1(B —
A)B™' to A =nn — Sy.n 2.y and B = nyI and obtain
1 —1
\/ﬁ (T(WN) - E tr (77NI - §2:N72:N) )

NE ) o )
= — EZ1,~(77NI*§2;N,2:N) 1§2:N,2:NZ1,. - Etr(nNI*EZ:N,Z:N) 'So.N 2N

nN
1
LV (ZL.Z;, - 1)

NN \Nn

B

1
47 = —71.727. -1 1
an = Y1z 1) or)

where the last equality follows from the second estimate of Proposition 4.3. Notice that by the
standard Central Limit theorem,

1 RS
vn (ZL.ZT, - 1> =vi | =Y |zP -1 =2 Na(0,Var|Zya[?)
n ’ n j:l n— oo

where Var|Z; 1|2 = E|Z11]* — 1. Since nx — 1, one has
1 1
@ (ZLZT — 1) = \/’E (ZLZiK - 1) + OP(l) .
NN \n : n ’
Plugging this last estimate into (47) and (46) finally yields (45). We can now conclude the proof
of the CLT:

I[D()\max S 77N) = IEDQ()\max S nN)
= Po (Vn(Y(ny) — m(nn)) < b+o(1))
© Pqo <\/ﬁ <71LZ1"ZT" - 1) +op(1) < b)

(48) = P <\/ﬁ <;ZL.Z{‘,, - 1) +op(1) < b>

where (a) follows from (43) and (44) and (b) follows from (45). We can now get rid of the term
op(1) in (48) by Slutsky’s theorem and finally obtain the desired result:

P(V(Amax = O8) <) = PQmax <) ——— @(bo), o =E[Z14]" — 1.
,Nn—>00
This completes the proof of Theorem 4.2 under condition (i).
Assume now that ZZ-(JN) ~ N¢(0,1) and consider the eigen-decomposition I'y = Uy Dy U}y, where
Up is unitary and Dy = diag(A1(T'n), ..., AN(T'x)). Then Sy can be written as

1 1 1 1. . 1 -
Sy = UnD3} (U;{,ZN) (Z;,UN)DJ%,U]"{, = —UNDf{,ZNZ}'Q,Dﬁ,U?{, where Zy = UJ*\‘,ZN
n

S

and has the same eigenvalues as the matrix Ry = n_lD]%\,ZNZ}kVD]%V. It remains to notice that Zx
has i.i.d. Ng(0,1) entries. In particular, Ry satisfies A1, A2(b), A4 and A5, and the desired
result follow for Sy. Theorem 4.2 is established under condition (ii).

Assume now that ZZ»(JN) ~ Ngr(0,1) and that 'y is real symmetric. In this case, I'y’s eigen-
decomposition writes I'y = ONDNOJ—\F,, where matrix Oy is orthogonal. It remains to notice that
O]—\'—,Z ~ has i.i.d Mg(0,1) entries and to proceed as in the complex case to prove Theorem 4.2 under
condition (iii).

Proof of Theorem 4.2 is completed.
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4.4.1. Proof of Proposition 4.3. We first establish item (a). Denote by

1 _
An(@) = ~tr (el = Syyan)  —mia) .

We will first establish that nA,,(ny) is tight and then, as an easy consequence, we will deduce the
desired convergence: v/nAn(ny) LN}
N,n—o0

If £ > 1—¢is fixed with 1 — e > d + ¢, then the tightness of nAy(x) is a consequence of Bai
and Silverstein’s peripheral results of their CLT paper [3], see also [4, Chapter 9]. In fact,

1

Bw@) = [ £ uSsen (@) - [ el Fy-)(d) where fo)) = — .

Notice that for any x > 1—¢e, A — f(z, ) is analytic in a neighbourhood of [0, d+&] which contains
the support of p(ry, Fn—1). According to [1, Theorem 9.10(1)] and to the remark at the end of page
265 in [1] which tightens the interval where the function f(z,-) needs to be analytic, we immediatly
obtain the tightness of (nAy(z)).

The case where =y > 1 — e for N large necessitates some adaptation. We closely follow [,
Chapter 9]. Denote by

My(z)=n (m§21N=2rN(2) —m(2))

and by C* the contour defined by (8, u > 0 fixed)

Co = {z=(-0,9), y € [0, u]}
Ct=CyUCyp UC, where Cop = {z2=(z,u), ze[-d,d+e]}
C = {Z:(d+€7y)ay€[oau]}

Consider the truncated version My (z) of My/(z) as defined in [4, (9.8.2)] then

/ ! (MN(z)fMN(zD dz —2*50 where c=ctuct
cIN — %2 N,n—oc0

and {My(-)} forms a tight sequence on C. Consider now the mapping

N 1 1
1T Je N — 2

My (z) dz .

I'y is a continuous mapping from C(C,R?) to C. Applying Prohorov’s theorem (see for instance
[27, Theorem 16.3]) and the continuous mapping theorem [27, Theorem 4.27], we conclude that
Iy (Mpy) is tight. It remains to notice that

nAy(ny) =Tn(My) + (FN(MN) - FN(MN))

—0 a.s.

to conclude that nAy(ny) is tight. Now let § > 0 be fixed, then

P(lvnAn(nn)| > ) = P(InAn (nn)| > v/nd) m 0

by tightness, hence the convergence of v/nApn(ny) to zero in probability. Part (a) of Proposition
4.3 is proved.

We now prove part (b) of Proposition 4.3 and rely on the lemma on quadratic forms [/, Lemma
B.26]. Denote by

1 _ N 1 _
Py =+/n (nZLA(??NI - §2:N,2;N) 1§2:N,2:NZ1,- T tr {(nNI - §2:N,2:N) 152:N,2:N}>

and apply the lemma on quadratic forms with p = 2: There exists a constant C' such that

C _
E(|Z§11)|4) tr {(nnI — So.y 2.n) 2§§:N,2:N} .

EZZ:N,~(|PN|2) < g

Taking into account the facts that

. T P D
lim ny =1, lmAnax(So.no.n) < d and ,uﬁ"‘:Nv??N ———— 0y as.,
n—oo N o N,n—c0o
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we obtain that

N,n—oo

1 52 P
—tr — Sonon) 2Sanont = /7 Sanan(ds) —— 0.
n {(UN f2.N,24N) szN,2.N} (ny — 3)2 1% (ds)

Thus Ez, . (|Pn|?) converges to zero in probability, from which we deduce that for 6 > 0,

1 P
<Ez . (IPn*1)pyj2ss) —— 0.

I['EZ2:N,«<]l|PN‘2>5) < K} N,n—o00

Finally

P(|Px[* > 6) = EEz, . (Ljpyj2>s) ——— 0,
,M—>00

which completes the proof of Proposition 4.3.

5. PROOF OF THEOREM 2.3

In order to study the spectral gap associated to the family of Toeplitz matrices and to prove
Theorem 2.3, we follow the method used in [15]. The main idea is to interpret the eigenvalues of
the Toeplitz matrix Ty as eigenvalues of an operator K using Widom-Shampine’s Lemma, and
then analyse the convergence of this operator, correctly normalized.

In this section, for p € [1, 00], the L? norm of a function f is denoted by | f||,, and the L? — L?
norm of an operator K is denoted by [|K|[,. Recall that |||, := supy s —1 [[Kf]],-

5.1. Widom-Shampine’s Lemma and convergence of operators. We first recall Widom-
Shampine’s Lemma, see [15] for a proof.

Lemma 5.1 (Widom-Shampine). Let A = (ai7j)£\fj_:1() be a matric with complex entries a; ;, and let

G be the integral operator on L*(0,1) defined by

(Gf)() = / aive) vy f @) dy, € (0,1).

Then a nonzero complex number X\ is an eigenvalue of A of a certain algebraic multiplicity if and
only if \/N is an eigenvalue of G of the same algebraic multiplicity.

Let ¢ = (¢ )kez be the sequence in Theorem 2.3, and p € (—1,0) be the index, then the function
R(h) := c|jpy is even and regularly varying and R(k) = c;. By Definition 1, R(N) # 0 for large
enough N € N, for convenience we can suppose that R(N) # 0 for all N € N without loss of
generality. By Widom-Shampine’s Lemma, for each N, the matrix Tx(c)/(NR(N)) has the same
nonzero eigenvalues (with the same multiplicities) as the integral operator IC%’) defined on L2(0,1)
by

(49) o 1)) = [ LI g ay.

We will prove that the operators ICE\’;) converge in the operator norm to the operator () defined
on L?(0,1) by

(50) (KO f)(z) = / l — yl° £(y) dy.

For this we need the following Lemma 5.2 which is a special case of the uniform convergence theorem
of regularly varying functions.

Lemma 5.2 ([14, Theorem 1.5.2]). If R is regularly varying with index p < 0, then for every a > 0
R(zy)  ,

R(y)

The following description of the asymptotic integral of regularly varying functions will also be
useful in the sequel.

— 0.
y—00

r>a
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Lemma 5.3 ([14, Proposition 1.5.8]). If R is reqularly varying with index p > —1, and suppose
that R is locally bounded, then

/y R(z)dx ~ vBly) (y = +00).
0 p

1+
Recall that for an operator defined by (K f)(z fo (y) dy, we have
Ky <My and H’CHoo < Moo,
where
1
(51) M = esssup/ |K(z,y)|dx, M = esssup/ | K (z,y)| dy.
ye[0,1] z€[0,1]

If the kernel K is symmetric for z and y, then M7 = M. In this case and if M} = M, < oo, then by
the Riesz—Thorin interpolation theorem (cf. [19, Theorem 2.2.14], taking pg = qo = 1,p1 = ¢1 = 0),
for all p € [1, +00], we have

(52) 1Kllp < My = M.

We are now ready to prove the theorem. As mentioned above, we first prove the following
convergence of operators.
Lemma 5.4. Let p € (—1,0), then for any p € [1,00] and any N € N, the fomulas (49) and (50)
define bounded operators ICE\?) and KP) on LP(0,1). Moreover we have

: (P) _gelo)) —
i [T =, =0
for any p € [1, ).

Proof. Let K](\f) :10,1]> = R and K, : [0,1]? — R be the integral kernels defining respectively ICS\?)
and K| that is,

R([Nz| - [Ny])
KY ) = === K@) =le—yl”
Recall that since R is even, the considered kernels are symmetric and the two essential supremums
in (51) of each kernel are equal. Moreover, for each N, K](\f)

a finite number of values, hence

is bounded on [0,1]? as it takes only

1
esssup/ |K (x,y |dy:esssup/ |K](\f)(m,y)|dx < 00.
z€l0,1] y€[0,1] Jo

For p € (—1,0), easy calculations yield

esssu z — y|? dy = esssu z —yl|’dr =
p | yl” dy p Y

< 00.
2€[0,1] vel,1] ( )
So by (52), for all p € [1 ,+oo] we have
2—p

KO, < d K@, <

” N ||P oo an ” ||Z7— (1_|_p)
Also by (52), we have

1
R(|Nx| — |[N
(5% K@ K, < esssup [ BRIy el 0
velo.1] Jo R(N)

We now prove that ||IC§\’;) — K®)||, — 0 by showing that the RHS of (53) goes to 0 as N — o0.
Taking an arbitrary € € (0,1), we set A. := {(z,y) € [0,1]? : |z — y| > €} and for y € [0, 1], we set
Acly) = {r € [0,1]: (1) € A} = {w € [0,1) : |2 — o] > e},

By the inequality

69 oyl - < Nl gy L

N
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and the uniform continuity of the function x — x” on [§, +00), we can take N1 = N;(¢) € N such
that for N > N; and (z,y) € A. we have

(55) LVe) = Nl <
and
(56) w_m_mp 5

Then applying Lemma 5.2 with a = /2, we can find Ny = Na(e) € N such that for N > Ny and
for all ¢ satisfying |c| > €/2, we have

€

(57) 5

’R(CN) e

R(N)

For all N > max(Ny, Na) and (z,y) € Ae, let ¢ = w then by (55) we have |c¢| > /2.
Moreover

R(|Nz] — [N Nz| — | Ny||?
o5 (LN¥a) — [Ny)) _ |LN2) — [Nylle| _ e
R(N) Nr 2
by (57). Combining (56), (58) and the triangle inequality, we have
R(|Nz] — [Ny]) o
R(V) lz—ylf| <e
for all N > max(Ny, N2) and (z,y) € A.. Then for N large enough, we have
R(INz] - [Ny])
(59) ess sup/ —lr—yl’ldz<e.
y€[0,1] JA(y) R(N)
On the other hand, for all y € [0,1], we have
€ 2eltr
(60) / |z —y|f de < / |z]? dz = :
[0.1\Ae (v) —e L+p

Hence we just need to control the integral

/[Oal]\AE (v)

Notice that both R and |R| are even, locally bounded and regularly varying with index p. By
Lemma 5.3, we have

‘/[071]\‘45 (y)

R([Nz| - [Ny])
R(N)

’dx.

R(LN;C%J(;])LNyJ)‘ de < /”E

R L) o,

R(N)

(@) R([Nz + ( Ny—LNyJ)J)‘ e
R(N)

_ / (L= + Ny—LNyJ)J)' e
NR( )

N5+1
</
Ne—1
(61) R(N5+ 1)‘ £ (¢) 2elte
RIN) | 1+p 1+p

as N — oo, where (a) follows from a change of variable and the fact that |x] +h = |z + h] for
every h € Z, (b) follows from Lemma 5.3 and (¢) from Lemma 5.2. Notice that the controls (60)
and (61) are independent of y, hence for N large enough, we have

Nzx| - |N
(62) ess Sup/ R(INz] - [Ny)) — |z
yE[O,l] [071]\As(y)

-
=

selte

1+p°

<

_ P
RV yl?| da
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Combining (59) and (62), and taking ¢ — 0, we finally obtain
(®) _ 1(p)
1N = Ky 5 0
for all p € [1, o0]. O

As a consequence of Lemma 5.4, we conclude that () is compact on LP(0, 1) for all p € [1, 00],

because it is the limit in operator norm of finite dimensional operators IC%)).
We will complete the proof of Theorem 2.3 in the next section.

5.2. Convergence of eigenvalues and simplicity of the largest eigenvalue. For a fixed
k=12...let afcp) be the k-th largest eigenvalue of K(») and ag\?)k = M:(Tn(c))/(NR(N)) be

the k-th largest eigenvalue of ng\‘;). From the convergence HIC%’) — K|y = 0 we deduce that

ag\’,}?k — agcp ) as N — oco. In fact, as IC%) and K(?) are compact and self-adjoint, by the Min-Max

Formula (see also [37, Theorem 4.12]) we have

aS\’;)k = min  max (uJCg\’,’)u)
’ dimU=k—1 4cy+t

flull2=1

< min  max (u,KPu+ K@ K@, = o +[IKY — K@), .
dimU=k—1 eyt
[lullz=1

Symmetrically, we also have a,(f ) < ag\’;?k + ||IC§5) — K(®)]|5, from which we deduce

a0, — al”| < K — K@,

for all N and k. This implies the convergence of each eigenvalue ag\’,’)k toward a,(f ).

We now prove that agp) is a simple eigenvalue of K(?). Let v € L?(0,1) be an eigenfunction of

a{”, then by the mini-max formula a\”’ = maxse 2 71,21 (f, K©) f), we have

1 1 1 1
o) = / / & — ylPu(z)uly) dzdy < / / & — 4P [u(@)u(y)] dz dy < ol
0 0 0 0
which implies

1,1 -
/ / & — yl? (ju(z)u(y)] — u(z)aly)) dzdy = 0.
0 0

Hence |u(z)u(y)| = u(z)u(y) for (z,y) € [0,1]? dz dy-a.e. This implies that for almost all y € [0, 1],
the equality |u(z)u(y)| = u(r)u(y) holds for almost all x € [0,1]. Let yo be such that u(yg) # 0
and ¢ = u(yo)/|u(yo)| = e*?°. Then for almost every x € [0, 1], we have

_ Ju@uto)l
e = clute)

So up to a nonzero constant multiplier we can suppose that « > 0 on [0, 1]. Therefore

u(x

1
0

1
af”u(x) = /0 [z =yl uly) dy = / u(y)dy > 0.

This implies that agp) > 0 and u(x) > 0 for all x € [0,1]. Then for any other function v € L?(0,1)
s.t. {u,v) = 0, v cannot be an eigenfunction of the eigenvalue agp ). Otherwise following the same
line of reasoning as previously we may write v = |v|e’?® where |v] is also an eigenfunction associated

to agp), |v| >0 on [0,1] and (u, |v]) = e~ (u,v) = 0. But u, |v| > 0 contradict the orthogonality

1
(wloly = [ uta)io@)lds = 0.
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Finally recall that if R is regularly varying of index p € (—1,0), then NR(N) — oo as N — o0

by [14, Prop. 1.3.6(v)]. Combining Widom-Shampine’s lemma and the convergence of eigenvalues,
we obtain

(0 _ Amax(Tn(c)) (p) (o) _ A(Tn(c)) (p)

N1T TNR(N)  Noee 1 and - aNe = TR vow 2

Hence Amax(Tn(c)) ~ agp)NR(N) — oo and

Ao(Ty (0)) o’
Amax (T (€)) Nooo™ o) '

Proof of Theorem 2.3 is now completed.
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