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I. INTRODUCTION

Let us consider a Kalman filter (KF) based on an autoregressive model of order 2 (AR(2)) for tracking a complex scalar process
denoted by «y,). The equations of the AR(2) model are given in [1, Egs (4), (9)-(11)] and those of the corresponding KF together
with its steady state version in [1, Section III-A, III-B, III-C]. In the following, the notations introduced in these equations will
be used. Let a(z) be the z-transform of ;). Let L(2) be the z-transform of the impulse response of the steady state AR(2)-KF
that gives the estimate of «(z), denoted by &(z), with the observation as input (see Fig. 1).

a(z) a(z) a(z) €(z) = a(z) — a(z)

—» L(z) —» —» 1—L(z) —»

Fig. 1: Scheme of the steady state KF

This report is a self-content report that gives the expression for |1 — L(z)|?, which is useful when calculating the mean square
error of the estimate.

L(z) is given by [1, Eq. (47)]:
. K+ GQKQZil
o 1 + Z_1<a2K2 — a1(1 — Kl)) — CL2<1 — K1)2_2

L(2) ey
II. EXPRESSION FOR |1 — L(2)|?

In this section, we calculate the expression for |1 — L(z)|2 as a function of the KF parameters 6 = 1 -7, war)T = 27 far)T,
fT and K;. The only assumption that is used here is related to the fact that low normalized frequencies f71 < 1 are considered,
which leads to z = e*™/T ~ 1 4 i27 fT. In order to obtain the squared modulus of (1 — L(z)), we multiply 1 — L(z) by its
conjugate (1 — L(z))*, which yields:

(@)

i AU +B(fT)* +C
1= L) = D(fT)* + E(fT)2 + F

where A, B, C, D, E, F are defined as functions of §, warpZ and K as follows:

A = 647102 K2 — 256102 K2 4+-38474 02 K2 — 256402 K1 + 641462 —64n* 0 K1 +320m 0 K2 — 576 6 K2 4+ 448746 K, — 128746
1 1 1 1 1 1
+ 167K} — 967 K3 + 20874 K7 — 1927 K, + 167%  (3)



B = 16720 K} (wary T)* — 64720 K (wary T)? + 64725 K — 64726 K3 (ware) T)* + 2561261 K3 (wary T)? — 2567201 K3

+ 96725 K3 (waryT)* — 384720 K7 (waryT)? + 384720 K7 — 64725 Ky (waryT)* + 256726 K1 (waryT)? — 2567204 K4
+167%6* (war@) T)*—64726* (war) T) 2 +64720% 487253 K (war@yT) *+160725° K} (wary T)* — 64728 K1 4+208725° K (wary T)*
— 7047283 K3 (waryT)? +320m% 63 K3 — 336m20° K2 (wary T)* + 1152702 6% K2 (war@) T)? — 57672 6% K2 42401253 Ky (warey T)*
—8327m2 53 Ky (warey T) 2 +4487% 63 K — 647263 (warey T) 2247263 (warey T) 2 — 1287283 +5212 6% K (wary T) = 1447262 K (wary T)?
+16m%62 K1 2487252 K3 (waryT) * 4+ 70472 0% K3 (wary T) 2 — 96720 K3 4+-436720% K7 (wary T)* — 12647262 K7 (war) T)*+20872 0% K}
33671202 K (waryT)* +9927% 62 K1 (waryT)* — 1927207 K1 +96720% (wary T)* —2887%6% (war) T) 2 +64720% — 2412 K (waryT)*
+ 56120 K} (waryT)? + 128720 K3 (waryT)* — 304726 K3 (war@y T)? — 248725 K2 (waryT)? + 600720 K7 (wary T)?

+208720 K, (wAR(g)T)4 — 512720 K, (wAR(g)T)Q — 64772(5(wAR(2)T)4 + 1607726(wAR(2)T)2 +4m? K} (wAR(z)T)4 — 87r2Kil (wAR(g)T)2
— 24712 K3 (waryT)* +4872 K3 (war)T)? + 5272 K3 (war@yT)* — 10472 K7 (waryT)? — 4872 Ky (warT)* + 9672 K1 (war) T)?

+ 167 (ware T)* ()

C = +45* K} (waryT)* — 166* K3 (war@yT)* +246* K (war@) T)* — 160* K1 (war@yT)* +46* (waryT)* — 1263 K7 (waryT)*
+ 520 K (wary T)* — 8483 K7 (waryT)* 4 600° K1 (war@yT)?* — 160° (waryT)* 4 1362 K (wareyT)* — 6262 K3 (waryT)*
+ 10962 K2 (waryT)* — 8402 K1 (war@yT)?* + 2402 (waryT)* — 60K 1 (warayT)* 4 320 K3 (wareyT)* — 620 K2 (waryT)*

+ 520 K1 (waryT)* — 160 (waryT)* + K1 (waryT)* — 6 K3 (wareT)* + 13K % (waryT)* — 12K (warT)*  (5)

D = 647'0°K? — 1287%6° K, + 64n%6% — 64n*0K? + 1927%0K, — 1287%0 + 167*K? — 647K, + 327% (6)

E = 16120 K? (warT)* — 64720* K3 (waryT)? + 64726 K7 — 3272 6* K1 (waryT)* + 128726 K1 (warpyT)? — 128726 K,
+16725% (war@)T)* —647%6* (war@) T) 2 +6472 0% — 641253 K3 — 6412 0° K (warey T) 2247263 K3 (waryT)? +12872 53 Ky (wary T)*
— 4487253 K1 (warey T)? + 1927263 K1 — 647263 (waryT)? + 2247263 (wary T)? — 128720° 4+ 967262 K3 + 9672 6% K2 (warey T)*

— 3047252 K} (waryT)? — 967262 K7 — 1921262 Ky (war T)* + 5927202 K1 (waryT)? — 647%62 K1 + 967°6% (war)T)*

— 2887252 (warT)? + 647207 — 48720 K} — 6425 K3 (waryT)* + 192726 K7 (waryT)? + 48720 K7 + 128720 K1 (warT)*
—35271 25 Ky (wary T) 2 — 64720 (wary T)* +160726 (wary T) 24812 K3 41612 K7 (waryT)* —487% K (wary T)? 3212 Ky (waryT)*
+ 8072 K1 (waryT)? 4 1672 (wareT)* — 3272 (waryT)?  (7)

F =166*K} — 166" K3 (waryT)? — 3201 K3 4 46 K7 (waryT)* + 320* K (waryT)? + 166 K7 — 85* K (waryT)*

— 160* K (war@)T)? + 46* (warT)* — 3263 K7 + 485° K3 (warpyT)? + 646° K3 — 166° K3 (war@)T)* — 960° K7 (waryT)?
—320° K74-320° K1 (war@)T) *+485° K1 (war@) T)? —160° (wary T)* 42402 K —5262 K3 (war@y T)? —400? K3 4-246% K (wary T)*
+ 10062 K2 (war@yT)? +1652 K7 — 4852 Ky (wareyT)* — 4862 K1 (waryT)* 4240 (wary T)* — 80K} + 245 K3 (waryT)* + 86 K3

— 160 K% (waryT)* — 406 K2 (war@yT)? + 320 K1 (waryT)* + 160K (warT)? — 168 (waryT)? + Ki — 4K 3 (ware T)?
+4K7 (ware)T)* + 4K7 (warT)? — 8K1(wareT)* + 4(war)T)*  (8)

III. APPROXIMATIONS OF A, B,C, D, E, F

The expression for |1 — L(z)|? given in the previous section is valid for any scalar complex process o) to be tracked as long
as low normalized frequencies are considered. Now, in order to get a closed form expression, we restrict the application field by
considering the additional assumptions made in [1]}, i.e., the Assumptions (i), (i), (iii), (v), (vi), (vii), (viii), (ix) and (x) in [}
Section II1.D]. In particular, we use the fact that (i) leads to (war@)T)* < (War@)T)? < (War@)T)? < (ware)T) < 1, (iii) leads
to 6 < 0% < 02 < 0 < 1, (viii) leads to K} < K} < K? < K; < 1, and (x) leads to fareT < K. This yields:

A ~ —1927*K; + 167? )
B =~ 167 (wareT)* (10)
C =~ —12K;(wareyT)* (11)
D ~ —647*K, + 327t (12)
E =~ -321%(wareT)? (13)
F ~ K (14)



Then, inserting Eqs (9)-(T4) in (), the following expression is obtained:

|1 — L(SZinT)‘Q ~ (71927‘(4[(1 + 167T4)(fT)4 + (167T2(WAR(2)T)4)(fT)2 - 12K1 (wAR(2)T)4
- (—6474 K + 3274) (fT)* + (—3272(war)T)?) (fT)? + K{
Now we provide a closed form approximation of the previous expression for f1" close to far@)Z < 1, which is in many cases
the frequency range for which the values of the power spectral density of ;) dominate. This is typically the case for the Jakes’
Doppler spectrum for instance. Using Assumptions (i), (viii) and (x) in [1, Section II.D] and assuming that (f7)* < (fT)? <
T < far@T < 1, the following approximation of |1 — L(z)|? is finally obtained in closed form:

. 1674 (fT)"
R [
1

15)

(16)
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