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Abstract

This paper is focused on modeling and control of quadro-
tor; first modeling of moments and torque, second is of ro-
tor,the result is the complete dinamincs of UAV.mathematical
model is presented for a general study with disturbance and
we take account all parameters of control. the PID controller
is presented witout disturbance in dynamics equation for a
linear model, where we can used in the control of a group of
quadrotors for obstacle avoidance, and a group of quadrotors
with a rigid and flexible links for transporting payloads in the
free environment.finaly our results is simulated in the simulink
and the virtual reality environment.
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1 INTRODUCTION

The quadrotor,UAV (Unmanned aerial vehicles) is the au-
tonomous unmanned flying machines offering us an additional
degree of freedom and an unlimited workspace, many re-
searchers are facing this new device, and several studies are
led to discover the areas of application of quadrotors Modeling
and control of quadrotor has been studied in several papers;
mathematical and dynamic model in [8, 9] linear and nonlinear
controller in [2]and for a quadrotor control with PID controller
[10, 1, 3, 11]but the most of them is not a complete modeling in
all cases of quadrotor situation; the recent research is mainly
based on the fact that the quadrotor is an element of agent
set to schedule a mission that requires cooperation and the
control of a group of quadrotor, several research are based on
the complete modeling with more mathematical details [4, 7]
This paper presents a complete modeling that is required for
a projects that use the quadrotor as an elementary agent for
cooperation. this paper is organized as follows:first,a mathe-
matical model of quadrotor is presented .

Figure 1: Quadrotor Model in SO(3)

2 DYNAMIC MODEL

the quadrotor uav model is defined in the two frames, an
inertial reference frame FE : {éi,€3,€3} and a body fixed

frame B : {b}b},b}:}

Two vectors associated to quadrotor,q for position
and rotation in the FE frame and V for translational
and rotational velocity in the body-fixed frame B.

a=[X wf=@x y 2z ¢ 6 |7

v=V Q7= v, v. p q 7T

where X = [z y 2|7 is the relative position of the center of
mass of the UAV and w = [¢ 0 ¢]T = [Roll Pitch Yaw]"
the orientaion of the quadrotor in E frame, with the con-

straint that:

Assumption 1: it is assumed that roll, pitch and yaw
angles are defined in bounded intervals as:

(-3 <9¢<3), (-5 <0< F)and (-7 <t <)



the Roll ¢ motion is given by the thrust imbalance between
f2 and f, forces around b;,we can write the rotation matrix
Ry as:

1 0 0
Ry=10 cp —s¢
0 sp co

the Pitch 6 motion is given by the thrust imbalance between
f1 and f3 around bo, the Ry is given by:

cd 0 sO
Rg=| 0 1 0
—s0 0 cbf

and the Yaw ¢ motion is given by the thrust imbalance of all
moments around the z axis, the rotation matrix is:

cp —sip 0
Rl/J = 81/} Ci/} 0
0 0 1

we can now define the global rotaion matrix R of quadrotor
in the inertial frame F with the product of three matrices as
R=RyRyRy:

Oy spsbc) — cpsyp  copsOe) + spsi)
R = |clsy) s¢psOsy) + cpsp  copsfsyy — spcy (1)
—s6 s¢pch cocl

Where,Ry,R,R,, and R matrices of rotation is defined in
the special orthogonal group SO(3),which have the following
properties:

0(3) = {ReR¥*3 RTR =I,det(R) = 1}

Where: cx2 cosz and sx= sin z
The relation between w and {2 is given by the following equa-
tion:

R = RQ, (2)
where the hat map:
1IR3 — SO(3) (3)
Ty =z xy, (4)
where 2,y € R3 and:
0 —I3 X9
i=l23 0 -—m (5)
—T2 T 0

with @z = [r1 @y @3]
to express the angular velocity of quadrotor in the fixed
frame,we can use:

o= (r"R) (6)

where vee map is the inverse of hat map:

OV :S0(3) — R3

R = (RyRoRy). .
= RngR,ﬁ + R¢R9R¢ + RwRoR¢.

Rw:Rw([O 0 @/}]T>AA
RGRQ([O 0 or>A
R¢:R¢<[q5 0 o]T>

RT = (RyRyRy)" = RYR]RY.

we replace in the equation (4) becomes:

0 A 0/\ (;.SA Vv
Q= (RIRF |0 RyRy+REY 0] Ry+ |0
(U 0 0

we can use this properties of the hat map:
RiRT = (Rx)"
the equation (4) becomes:

0 A 0 A ¢ A\ VY
Q= |R{Rs (O | +|RE|0] ] + |0
P 0 0
p 10 —s8] [¢
Q= |q| =10 cop soch| |0 (7)
r 0 —s¢ coch| |4

Q=Mo=—o=M1Q,MecR3>3,

now we can rewrite the relation between ¢ and V in the
matrix form as:

=TV (8)
and
| B Oszxs
= [03><3 M_l]

Assumption 2: we assume that the quadrotor as near of
the nominal state, where we can rewrite the angular velocity
in inertial frame as: ' '
M = L33 therefore: (9 =p ,0=¢q, Y =r)

the dynamics equation of the unmanned aerial vehicle UAV
are as:

(9)
(10)

mv = fRes — mges

M= JQ+Qx JO.



the translational and rotational kinetic energy of quadrotor
is given by:

Tirans = %mXTX (11)
1. T 76
Tf,not - 59 JQ (12)

and J = diag{J, J, J,}¢€R3>3

is the inertia matrix of the quadrotor in the body-fixed frame
we assume symmetric.

the potentiel energy of body is:

U =mgz (13)

the Lagrangian of the quadrotor is given:
L(q,q4) = Tirans + Trot — U
L(g,q) = %mXTX + %QTJQ —mgz
s8-%=|7

F' is the external force applied to the quadrotor .
and 7 is the generalized moments around the UAV.

given by F' = Fx + Fy and 7 = [1p 7 Tw]T where
Fx is the force of translational movement generated by
propellers.and F; is the drag forces applied to the quadrotor

along {b_i by b}} vectors, f = Zle fi and Fx = fRes

I.é Od(I, — 1) J-682,

.. .. . T¢
L3 0(I, — I, 0 o
mi = (cpsOc) + spsp)Uy — Ky, & (21)
miy = (cpshsy) — spcp)Uy — Ky, g (22)
mz = (coch)Uy —mg — Ky 2 (23)
Ix¢ = 9¢(Iy - Iz) - JréQr + lUQ (24)
L0 = (L. — L) — T, +1Us (25)
IZ,IL = ¢€(Iz - ]y) + U, (26)
where:
Q) =wy +wy — w1 — w3 (27)
the thrust generated by i-th propeller along b;, is:
fi=buw? (28)

b:is the thrust factor,and w; is the speed of i — th propeller.
the rotor ¢ also produce a moment given by:
7; = +dw? and the total torque is:

(29)

d:is the drag factor.
The quadrotor is defined as a six degrees of freedom, three for
the position of center of mass, and three for rotation,which

cpsbc) + spsyp
Fx = f |cpsOsy — spcp (14) represents the output variables and also the final state of
cch quadrotor in three dimensional space,but the system’s input
are just four, one thrust force and torque, we named by U;
—Kyy 0 0 ) i =1,...,4 variable inputs of UAV controller.
F, = 0 —Ky, 0 X (15) y
0 0 —Ky. 2 2 2 2
Ur= fi=fit o+ fa+ fa = b(of + w5 +wi+wi) (30)
where Ky,, Ky, Ky, are drag coefficients. =t
Uy = fa — f1 = b(wj —w}) (31)
mv = fRes + F; — mges (16) Us=fi—f3 =b(wf—w§) (32)
4
Uy = ZTMi =d(—wi — w? +wi+wd) (33)
T cpsOco + sipsd —Kia 0 0 ) 0 i=1
m |:y:| =f |:swsé?c<z5— spc | + 0 —Kyy 0 :| X —mg |:O:|
2 0 —Ky, 1 -

: veo 0 L ] [ Ib(w? — w3)

T=|T19| = |lUs| = Ib(w? — w?) (34)
4 Ty | Uy d(w3 + wi — wi —w3)
JU=Qx JQ+ > T (2% e3) + 7 (18)
i=1

[T b b b b] [w?

_ 2
Lo o [é]  [-vér, +éir 0 - Ool |0 —b 0 bl ey (35)

[0 I, 0} 6| = | ¢gpte — oI | + J, [4 Q, + {m} (19) Us -b 0 b 0| |ws

0 0 L] |¢ —08I, + $01, 0 T | Us —d d —d d| |w?




the determinant of the above 4 x 4 matrix is —8db3,s0 it is
invertible when d # 0 and b # 0.

2 1 _ 1 _ 1
wi » 0 2 1| [
w2 Lo L 0 L U
o1 I I R O (36)
w3 » 0 % —ag| |Us
w? Lo L 0 L U.
4 ab 2b ad 4

2.1 Rotor dynamics

The quadrotor thrust and moments are produced by four
DC-motors, the dynamics modeling consist the electrical and
mechanical equations of motor and propeller.
the motor is controlled by an electric voltage input;in order
to have the induced voltage (BEMF) to generate the desired
angular velocity,the equation of electrical model is:

. di
v=Ri+ L 7 +e
with ¢ = K..wm,, in the next, the differential term was
neglected because the most motors used are a very small
inductance, therefore:

(37)

v=Ri+ K.wm (38)
the mechanical model of motor is given by:
mem = Mm - Mf (39)

where M, = K,,.1
we used the propeller with a gearbox,then the friction torque
of the motor is given by:

2
J
My = {;’ and  wp =2 Jpy, = e
therefore the equation (41) becomes:
Jp . KpK d 2  Kp
(g + Jm )i = =220 — 5wy, + v

we have the electric and mechanic power of motor are

equals, therefore K,, = K., and we replace ( > + Jm) by Jy
we obtain:
K2, d o K
o = — —_— 40
“m = TR T s, T Ry, (40)

this equation of second degree is too difficult for control, we
used the taylor series in the first order at wy value to linearize

t: flwm) = f(wo) + f(wo)(wm —wop)

where f(wm) = Wm, the linear equation of motor dynamic
is written as:

2dwqg K,, dwg
RJ nr3Jy

the equation has the linear form as: w,, = Aw,, + Bv+C, the
position of each term is shown with simulink model in fig.3.

O = — 41
im = (o + (a1)
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Figure 2: Simulink model of DC-motor

symbol | definition

v motor voltage input

R motor resistance

M,, motor torque

My the load torque

W motor angular speed

Wp propeller angular speed

K, the motor constant

K., the motor torque constant
Im the motor moment of inertia
JIp the rotor moment in the propeller axis
i the gear box efficiency

r reduction ratio

3 Quadrotor Control

3.1 position control

from the dynamic equations , we have a decoupled system
where the translational accelerations don’t depend on angular
acceleration, from the first three equations we can extract the
pitch and roll angles when we introduce the desired position
and attitude.

from equations (21)(22)(23) we can calculate § and ¢
depended of position vector and attitude [z, y, 2, 9]:

o ) )

Breg) sv+ (+ £22g) cp

2 2 2
V(o iea) s o 500 (50 52)

(43)

tanf =

(42)

(i+

sing =

in our case, we assumed that the disturbance is ne-
glected,then Ky, = Ky, = Ky, = 0 we study that in other



papers,therefore:

tand = w (44)
zZ+g
sing = —— ¥ H iV (45)

VI 7+ (4 g)?

3.2 Rotation Control

after we can inject the angle values founded to calculate the
quadrotor position, the following figure shows the strategy of
control structure.

QUADROTOR

Attitude
controller

SYSTEM

Figure 3: Block diagram of the used control structure

3.3 PID Controller

in the continuous time,the parallel PID controller is defined as:

U(t) = Kpge(t) + Kig/o e(T)dT + KdCdL@

o (46)

¢ is the variable to be controlled. ¢ € {z,y, z,¢,0,9}
Where:

e(t) = (4 —(, is the error between the desired and measured
value.
K¢ Proportional gain.
Kjc: Integral gain.
K g¢: Derivative gain.

4 Simulation results

we turne the PID parameters until we find values that
converge to a stability situation, from a desired position and
atitude of quadrotor, the values obtained are shown in the
following table:

| | Kpc | Kic | Kac ]

X 4.5 | 0.001 | 11.8
Y 3.0 | 0.005 | 14
A 6.7 | 0.001 | 12.8
Phi 8.3 | 0.09 13
Theta 9 0.07 13
Psi 13 | 0.001 | 19.5
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Figure 4: Position regulation signals of Quadrotor.
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Figure 5: Atitude regulation signals of Quadrotor.

it is necessary to define the four outputs (we have four con-



trols) these outputs are chosen to be the translational position
x,y and z and the yaw angle .

singularity in (42),can only appear when:

Ky, =0 and £ = —g,50 is when the quadrotor is in free fall
without wind disturbances.

Figure 6: Trajectory of Quadrotor in 3D.

more simulation work VRML used for validation of results
[5, 7, 6];our work is validated in a platform for virtual reality,
why we designed an application that has the control interface
and a simulation in VRML to show the appearance of the
quadrotor in the 3D space.the THM is shown in figure 7.
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Figure 7: VR interface of Quadrotor in 3D.

5 Conclusion

this paper includes the complete modeling of quadrotor,
mathematical and dynamics model in the contraint enviren-
ment, where is the strong point of that paper, Simulation re-
sults have been presented to show the powerful of the proposed
controllers in an equilibrium point, these results will able to
solve some problems of agents cooperative with a simple ma-
nipulation of position and atitude.
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