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Abstract

This paper is focused on modeling and control of quadro-
tor; first modeling of moments and torque, second is of ro-
tor,the result is the complete dinamincs of UAV.mathematical
model is presented for a general study with disturbance and
we take account all parameters of control. the PID controller
is presented witout disturbance in dynamics equation for a
linear model, where we can used in the control of a group of
quadrotors for obstacle avoidance, and a group of quadrotors
with a rigid and flexible links for transporting payloads in the
free environment.finaly our results is simulated in the simulink
and the virtual reality environment.

keywords: Quadrotor,UAVs,Modeling,Control, PID

Controller,Virtual Reality

1 INTRODUCTION

The quadrotor,UAV (Unmanned aerial vehicles) is the au-
tonomous unmanned flying machines offering us an additional
degree of freedom and an unlimited workspace, many re-
searchers are facing this new device, and several studies are
led to discover the areas of application of quadrotors Modeling
and control of quadrotor has been studied in several papers;
mathematical and dynamic model in [8, 9] linear and nonlinear
controller in [2]and for a quadrotor control with PID controller
[10, 1, 3, 11]but the most of them is not a complete modeling in
all cases of quadrotor situation; the recent research is mainly
based on the fact that the quadrotor is an element of agent
set to schedule a mission that requires cooperation and the
control of a group of quadrotor, several research are based on
the complete modeling with more mathematical details [4, 7]
This paper presents a complete modeling that is required for
a projects that use the quadrotor as an elementary agent for
cooperation. this paper is organized as follows:first,a mathe-
matical model of quadrotor is presented .

Figure 1: Quadrotor Model in SO(3)

2 DYNAMIC MODEL

the quadrotor uav model is defined in the two frames, an
inertial reference frame ~E : {~e1, ~e2, ~e3} and a body fixed

frame ~B :
{
~b1, ~b2, ~b3

}

Two vectors associated to quadrotor,q for position
and rotation in the ~E frame and V for translational
and rotational velocity in the body-fixed frame ~B.
q = [X ω]T = [x y z φ θ ψ]T

V = [V Ω]T = [vx vy vz p q r]T

where X = [x y z]T is the relative position of the center of
mass of the UAV and ω = [φ θ ψ]T = [Roll P itch Y aw]T

the orientaion of the quadrotor in ~E frame, with the con-
straint that:

Assumption 1: it is assumed that roll, pitch and yaw
angles are defined in bounded intervals as:

(−π
2
< φ < π

2
), (−π

2
< θ < π

2
) and (−π < ψ < π)
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the Roll φ motion is given by the thrust imbalance between
f2 and f4 forces around ~b1,we can write the rotation matrix
Rφ as:

Rφ =



1 0 0
0 cφ −sφ
0 sφ cφ




the Pitch θ motion is given by the thrust imbalance between
f1 and f3 around ~b2, the Rθ is given by:

Rθ =



cθ 0 sθ

0 1 0
−sθ 0 cθ




and the Yaw ψ motion is given by the thrust imbalance of all
moments around the z axis, the rotation matrix is:

Rψ =



cψ −sψ 0
sψ cψ 0
0 0 1




we can now define the global rotaion matrix R of quadrotor
in the inertial frame E with the product of three matrices as
R = RψRθRφ:

R =



cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψ

cθsψ sφsθsψ + cφsψ cφsθsψ − sφcψ
−sθ sφcθ cφcθ


 (1)

Where,Rφ,Rθ,Rψ and R matrices of rotation is defined in
the special orthogonal group SO(3),which have the following
properties:

SO(3) =
{
R ∈ R

3×3|RTR = I, det(R) = 1
}

Where: cx
△

= cosx and sx
△

= sinx
The relation between ω̇ and Ω is given by the following equa-
tion:

Ṙ = RΩ̂, (2)

where the hat map:

.̂ : R3 → SO(3) (3)

x̂y = x× y, (4)

where x, y ∈ R
3 and:

x̂ =




0 −x3 x2
x3 0 −x1
−x2 x1 0


 (5)

with :x = [x1 x2 x3]
T

to express the angular velocity of quadrotor in the fixed
frame,we can use:

Ω =
(
RT Ṙ

)∨
(6)

where vee map is the inverse of hat map:

()∨ : SO(3) −→ R
3

Ṙ = d
dt

(RψRθRφ).

= ṘψRθRφ +RψṘθRφ +RψRθṘφ.

Ṙψ = Rψ

([
0 0 ψ̇

]T)∧

Ṙθ = Rθ

([
0 θ̇ 0

]T)∧

Ṙφ = Rφ

([
φ̇ 0 0

]T)∧

RT = (RψRθRφ)
T
= RTφR

T
θ R

T
ψ .

we replace in the equation (4) becomes:

Ω =


RTφRTθ



0
0

ψ̇



∧

RθRφ +RTφ



0

θ̇

0



∧

Rφ +



φ̇

0
0



∧

∨

we can use this properties of the hat map:
Rx̂RT = (Rx)

∧

the equation (4) becomes:

Ω =




RTφRTθ



0
0

ψ̇





∧

+


RTφ



0

θ̇

0





∧

+



φ̇

0
0



∧

∨

Ω =



p

q

r


 =



1 0 −sθ
0 cφ sφcθ

0 −sφ cφcθ





φ̇

θ̇

ψ̇


 (7)

Ω =Mω̇ =⇒ ω̇ =M−1Ω , M ∈ R
3×3.

now we can rewrite the relation between q̇ and V in the
matrix form as:

q̇ = T.V (8)

and

T =

[
R 03×3

03×3 M−1

]

Assumption 2: we assume that the quadrotor as near of
the nominal state, where we can rewrite the angular velocity
in inertial frame as:
M = I3×3 therefore: (φ̇ = p , θ̇ = q, ψ̇ = r)

the dynamics equation of the unmanned aerial vehicle UAV
are as:

mv̇ = fRe3 −mge3 (9)

M = JΩ̇ + Ω× JΩ. (10)
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the translational and rotational kinetic energy of quadrotor
is given by:

Ttrans =
1

2
mẊT Ẋ (11)

Trot =
1

2
Ω̇TJΩ̇ (12)

and J = diag {Jx Jy Jz} ∈ R
3×3

is the inertia matrix of the quadrotor in the body-fixed frame
we assume symmetric.
the potentiel energy of body is:

U = mgz (13)

the Lagrangian of the quadrotor is given:

L(q, q̇) = Ttrans + Trot − U

L(q, q̇) = 1

2
mẊT Ẋ + 1

2
Ω̇TJΩ̇−mgz

d
dt
( δL
δq̇
)− δL

δq
=

[
F

τ

]

F is the external force applied to the quadrotor .
and τ is the generalized moments around the UAV.

given by F = FX + Ft and τ = [τφ τθ τψ]
T where

FX is the force of translational movement generated by
propellers.and Ft is the drag forces applied to the quadrotor

along
{
~b1 ~b2 ~b3

}
vectors, f =

∑4

i=1
fi and FX = fRe3

FX = f



cφsθcψ + sφsψ

cφsθsψ − sφcψ
cφcθ


 (14)

Ft =



−Kfx 0 0

0 −Kfy 0
0 0 −Kfz


 Ẋ (15)

where Kfx, Kfy, Kfz are drag coefficients.

mv̇ = fRe3 + Ft −mge3 (16)

m

[
ẋ

ẏ

ż

]
= f

[
cψsθcφ+ sψsφ

sψsθcφ− sφcψ

cθcφ

]
+

[
−Kfx 0 0

0 −Kfy 0
0 0 −Kfz

]
Ẋ −mg

[
0
0
1

]

(17)

JΩ̇ = Ω× JΩ+

4∑

i=1

Jr(Ω× e3)Ωi + τ (18)

[
Ix 0 0

0 Iy 0

0 0 Iz

] [
φ̈

θ̈

ψ̈

]
=

[
−ψ̇θ̇Iy + θ̇ψ̇Iz
φ̇ψ̇Ix − φ̇ψ̇Iz
−θ̇φ̇Ix + φ̇θ̇Iy

]
+ Jr

[
θ̇

−φ̇
0

]
Ωr +

[
τφ
τθ
τψ

]
(19)



Ixφ̈

Iy θ̈

Izψ̈


 =



θ̇ψ̇(Iz − Iy)

φ̇ψ̇(Ix − Iz)

θ̇φ̇(Iy − Ix)


+



Jr θ̇Ωr
−Jrφ̇Ωr

0


+

[
τφ
τθ
τψ

]
(20)

mẍ = (cφsθcψ + sφsψ)U1 −Kfx ẋ (21)

mÿ = (cφsθsψ − sφcψ)U1 −Kfy ẏ (22)

mz̈ = (cφcθ)U1 −mg −Kfz ż (23)

Ixφ̈ = θ̇ψ̇(Iy − Iz)− Jr θ̇Ωr + lU2 (24)

Iy θ̈ = φ̇ψ̇(Iz − Ix)− Jrψ̇Ωr + lU3 (25)

Izψ̈ = φ̇θ̇(Ix − Iy) + U4 (26)

where:

Ωr = ω2 + ω4 − ω1 − ω3 (27)

the thrust generated by i-th propeller along ~b3 is:

fi = b ω2
i (28)

b:is the thrust factor,and ωi is the speed of i− th propeller.
the rotor i also produce a moment given by:
τi = ±dω

2
i and the total torque is:

τMi
=

4∑

i=1

(−1)idω2
i . (29)

d:is the drag factor.
The quadrotor is defined as a six degrees of freedom, three for
the position of center of mass, and three for rotation,which
represents the output variables and also the final state of
quadrotor in three dimensional space,but the system’s input
are just four, one thrust force and torque, we named by Ui
i = 1, ..., 4 variable inputs of UAV controller.

U1 =
4∑

i=1

f1 = f1 + f2 + f3 + f4 = b(ω2
1 + ω2

2 + ω2
3 + ω2

4) (30)

U2 = f2 − f4 = b(ω2
2 − ω

2
4) (31)

U3 = f1 − f3 = b(ω2
1 − ω

2
3) (32)

U4 =

4∑

i=1

τMi
= d(−ω2

2 − ω
2
4 + ω2

1 + ω2
3) (33)

τ =



τφ
τθ
τψ


 =



lU2

lU3

U4


 =




lb(ω2
4 − ω

2
2)

lb(ω2
3 − ω

2
1)

d(ω2
2 + ω2

4 − ω
2
1 − ω

2
3)


 (34)




U1

U2

U3

U4


 =




b b b b

0 −b 0 b

−b 0 b 0
−d d −d d







ω2
1

ω2
2

ω2
3

ω2
4


 (35)
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the determinant of the above 4 × 4 matrix is −8db3,so it is
invertible when d 6= 0 and b 6= 0.




ω2
1

ω2
2

ω2
3

ω2
4


 =




1

4b
0 − 1

2b
− 1

4d
1

4b
− 1

2b
0 1

4d
1

4b
0 1

2b
− 1

4d
1

4b
1

2b
0 1

4d







U1

U2

U3

U4


 (36)

2.1 Rotor dynamics

The quadrotor thrust and moments are produced by four
DC-motors, the dynamics modeling consist the electrical and
mechanical equations of motor and propeller.
the motor is controlled by an electric voltage input;in order
to have the induced voltage (BEMF) to generate the desired
angular velocity,the equation of electrical model is:

v = Ri+ L
di

dt
+ e (37)

with e = Ke.ωm, in the next, the differential term was
neglected because the most motors used are a very small
inductance, therefore:

v = Ri+Keωm (38)

the mechanical model of motor is given by:

Jmω̇m =Mm −Mf (39)

where Mm = Km.i

we used the propeller with a gearbox,then the friction torque
of the motor is given by:

Mf =
dω2

m

ηr3
and ωp =

ωm
r

,Jpm =
Jp
ηr2

therefore the equation (41) becomes:

(
Jp
ηr2

+ Jm)ω̇m = −KmKe
R

ωm −
d
ηr3

ω2
m + Km

R
v

we have the electric and mechanic power of motor are
equals, therefore Km = Ke, and we replace (

Jp
ηr2

+ Jm) by Jt
we obtain:

ω̇m = −
K2
m

RJt
ωm −

d

ηr3Jt
ω2
m +

Km

RJt
v (40)

this equation of second degree is too difficult for control, we
used the taylor series in the first order at ω0 value to linearize
it : f(ωm) = f(ω0) + f́(ω0)(ωm − ω0)

where f(ωm) = ω̇m, the linear equation of motor dynamic
is written as:

ω̇m = −(
2dω0

ηr3Jt
+
K2
m

RJt
)ωm +

Km

RJt
v +

dω2
0

ηr3Jt
(41)

the equation has the linear form as: ω̇m = Aωm+Bv+C, the
position of each term is shown with simulink model in fig.3.

Figure 2: Simulink model of DC-motor

symbol definition
v motor voltage input
R motor resistance
Mm motor torque
Mf the load torque
ωm motor angular speed
ωp propeller angular speed
Ke the motor constant
Km the motor torque constant
Jm the motor moment of inertia
Jp the rotor moment in the propeller axis
η the gear box efficiency
r reduction ratio

3 Quadrotor Control

3.1 position control

from the dynamic equations , we have a decoupled system
where the translational accelerations don’t depend on angular
acceleration, from the first three equations we can extract the
pitch and roll angles when we introduce the desired position
and attitude.

from equations (21)(22)(23) we can calculate θ and φ

depended of position vector and attitude [x, y, z, ψ]:

tan θ =

(
ẍ+

Kfx
m
ẋ
)
cψ +

(
ÿ +

Kfy
m
ẏ
)
sψ

z̈ + g +
Kfz
m
ż

(42)

sinφ =

(
ẍ+

Kfx
m
ẋ
)
sψ +

(
ÿ +

Kfy
m
ẏ
)
cψ

√(
ẍ+

Kfx
m
ẋ
)2

+
(
ÿ +

Kfy
m
ẏ
)2

+
(
z̈ + g +

Kfz
m
ż
)2

(43)

in our case, we assumed that the disturbance is ne-
glected,then Kfx = Kfy = Kfz = 0 we study that in other
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papers,therefore:

tan θ =
ẍcψ + ÿsψ

z̈ + g
(44)

sinφ =
ẍsψ + ÿcψ√

ẍ2 + ÿ2 + (z̈ + g)2
(45)

3.2 Rotation Control

after we can inject the angle values founded to calculate the
quadrotor position, the following figure shows the strategy of
control structure.

Figure 3: Block diagram of the used control structure

3.3 PID Controller

in the continuous time,the parallel PID controller is defined as:

U(t) = Kpζe(t) +Kiζ

∫ t

0

e(τ)dτ +Kdζ

de(t)

dt
(46)

ζ is the variable to be controlled. ζ ∈ {x, y, z, φ, θ, ψ}
Where:

e(t) = ζd−ζ, is the error between the desired and measured
value.
Kpζ : Proportional gain.
Kiζ : Integral gain.
Kdζ : Derivative gain.

4 Simulation results

we turne the PID parameters until we find values that
converge to a stability situation, from a desired position and
atitude of quadrotor, the values obtained are shown in the
following table:

Kpζ Kiζ Kdζ

X 4.5 0.001 11.8
Y 3.0 0.005 14
Z 6.7 0.001 12.8
Phi 8.3 0.09 13
Theta 9 0.07 13
Psi 13 0.001 19.5

Figure 4: Position regulation signals of Quadrotor.

Figure 5: Atitude regulation signals of Quadrotor.

it is necessary to define the four outputs (we have four con-
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trols) these outputs are chosen to be the translational position
x,y and z and the yaw angle ψ.
singularity in (42),can only appear when:
Kfz = 0 and z̈ = −g,so is when the quadrotor is in free fall
without wind disturbances.

Figure 6: Trajectory of Quadrotor in 3D.

more simulation work VRML used for validation of results
[5, 7, 6];our work is validated in a platform for virtual reality,
why we designed an application that has the control interface
and a simulation in VRML to show the appearance of the
quadrotor in the 3D space.the IHM is shown in figure 7.

Figure 7: VR interface of Quadrotor in 3D.

5 Conclusion

this paper includes the complete modeling of quadrotor,
mathematical and dynamics model in the contraint enviren-
ment, where is the strong point of that paper, Simulation re-
sults have been presented to show the powerful of the proposed
controllers in an equilibrium point, these results will able to
solve some problems of agents cooperative with a simple ma-
nipulation of position and atitude.
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