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SOME COMPUTATIONS OF STABLE TWISTED HOMOLOGY FOR
MAPPING CLASS GROUPS

ARTHUR SOULIE

August 16, 2021

Abstract
In this paper, we deal with stable homology computations with twisted coefficients for mapping class groups of
surfaces and of 3-manifolds, automorphism groups of free groups with boundaries and automorphism groups of
certain right-angled Artin groups. On the one hand, the computations are led using semidirect product structures
arising naturally from these groups. On the other hand, we compute the stable homology with twisted coefficients
by FI-modules. This notably uses a decomposition result of the stable homology with twisted coefficients for
pre-braided monoidal categories proved in this paper.

Introduction

Computing the homology of a group is a fundamental question and can be a very difficult task. For example, a
complete understanding of all the homology groups of mapping class groups of surfaces and 3-manifolds remains
out of reach at present time: this is an active research topic (see [20, 23, 28] for constant coefficients and [19, 26] for
twisted coefficients).

In [29], Randal-Williams and Wahl prove homological stability with twisted coefficients for some families of
groups, including mapping class groups of surfaces and 3-manifolds. They consider a set of groups {Gn},cn
such that there exist a canonical injections G, < Gj4+1. Let G be the groupoid with objects indexed by natural
numbers, with the groups {G },n as automorphism groups and with no morphisms between distinct objects.
We consider Quillen’s bracket construction on G (see [18, p.219]), denoted by 4G, and Ab the category of abelian
groups. Randal-Williams and Wahl show that for particular kinds of functors F : 4G — Ab (namely coefficients
systems of finite degree, see [29, Section 4]), then the canonical induced maps

H. (Gu, F (n)) = H. (Gpy1, F(n +1))

are isomorphisms for N (x,d) < n with some N (*,d) € IN depending on * and d. The value of the homology for
n > N (*,d) is called the stable homology of the family of groups {Gy }, . and denoted by H. (Geo, Feo).

In this paper, we are interested in explicit computations of the stable homology with twisted coefficients for
mapping class groups. On the one hand, using semidirect product structures naturally arising from mapping class
groups, on the strength of Lyndon-Hochschild-Serre spectral sequence and of certain stability results, we prove:

Theorem A (Theorems 2.17 and 2.24). We have:

1. We denote by T'q 1 the isotopy classes of diffeomorphisms restricting to the identity on the boundary component of a
compact connected orientable surface with one boundary component and genus § > 0. Then, for m, n and q natural
numbers such that 2n > 3q + m, there is an isomorphism:

Hy (Fn,l,Hl (Zn,l,Z)®m) o~ EB Hy_ (241 (rn,l,H1 (Zn,llz)@)m—l) '
| 5 |=k=0

Hence, we recover the results of [19] and [26].
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2. We consider the graph 4, | defined as the wedge of n € IN circles with k € IN distinguished circles joined by arcs
to the basepoint po and s —1 € IN extra basepoints joined by new edges to po. We denote by Aj | the group of
path-components space of homotopy equivalences of the graph &7, (we refer the reader to Section 2.3.2 for a complete
introduction to these groups). In particular it is the quotient of the mapping class group of some 3-manifold (see Remark
2.21). Fors > 2 and q > 1 be natural numbers and F : gv — Ab a reduced polynomial functor where g denotes the
category of finitely generated free groups. There is an isomorphism:

Hy (A%, Fx) = 0.

Moreover, Hy (Af1 o Q) = 0 for all natural numbers n > 3q + 3 and k > 0. We thus recover the results of [24] for
holomorphs of free groups.

On the other hand, we deal with stable homology computations for mapping class groups with twisted coef-
ficients factoring through some finite groups. Let (X, L, @) be the symmetric monoidal groupoid with objects the
finite sets, with automorphism groups the symmetric groups and with no morphisms between distinct objects, the
monoidal structure is given by the disjoint union L. Quillen’s bracket construction X is equivalent to the category
FI of finite sets and injections used in [5]. For R a commutative ring, R-9t0d denotes the category of R-modules.
We prove the following results.

Theorem B (Proposition 3.9, Proposition 3.10, Example 3.15). Let K be a field of characteristic zero and d be a natural
number. Considering functors F : FI — K-910d, we have:

1. For n a natural number, we respectively denote by By, the braid group on n strands and by PB,, the pure braid group

on n strands. Then, Hy (Beo, Feo) = Colér}i <Hd (PB,;,K)® F (n)>
ne K

2. Hy (1";1,1-"00) = goelllg}i kfl'id (Hk (T, K) ® H ((CP"O)X”,]K)> ® F (n)] , Where T, denotes the isotopy

classes of diffeomorphisms permuting the marked points and restricting to the identity on the boundary component
of a compact connected orientable surface with one boundary component, genus § > 0 and s > 0 marked points. It

follows from Madsen-Weiss theorem [28] that Hpyq (r;l, Fw) = 0 for all natural numbers k.

3. Hy (Aut <(Z*k) Xoo) , Foo> = 0 for a fixed natural number k > 2d + 1 (where * denotes the free product of groups).

Moreover, we may make further explicit calculations for specific polynomial FI-modules F using the formulas
of Theorem B, although it generally requires some non-trivial extra work: the key point is to understand the
FI-module structure of the left-hand terms in the formula. Namely, the action of the symmetric group &, on
the homology group H, (PB;, K) is studied in [8, Example 5.1.A] using the computations of [1] and the one on

® <Hk (T_1,K) (11% H ((CP°°) T ,IK)> is induced by the action of the symmetric groups on the homology of
k+1=d
CP®. Therefore we can understand the FI-module structure of the associated pointwise tensor product and then
compute the colimit with respect to FI.

The proof of Theorem B requires a splitting result for the twisted stable homology for some families of groups:
this decomposition consists in the graded direct sum of tensor products of the homology of an associated category
with the stable homology with constant coefficients. Namely, we assume that the category (IG, fj, 0) is pre-braided
homogeneous (we refer the reader to Section 1 for an introduction to these notions) such that the unit 0 is an initial
object. For a functor F : 4G — Ab, we denote by H, (4G, F) the homology of the category UG with coefficient in F
(we refer the reader to the papers [13, Section 2] and [10, Appendice A] for an introduction to this last notion). We
prove the following statement.

Theorem C (Theorem 3.2) . Let K be a field. For all functors F : UG — K-Dt0d, we have a natural isomorphism of
K-modules:

H. (Geo, Foo) = kgi <Hk (Geo, K) © H, (ug,P)) .



If the groupoid G is symmetric monoidal, then Theorem C recovers the previous analogous results [10, Propo-
sitions 2.22,2.26].

The paper is organized as follows. In Section 1, we recall notions on Quillen’s bracket construction, pre-braided
monoidal categories and homogeneous categories. In Section 2, after setting up the general framework for the
families of groups we will deal with and applying Lyndon-Hochschild-Serre spectral sequence, we prove the
various results of Theorem A. In Section 3, the first part is devoted to the proof of the decomposition result
Theorem C. Then we deal with the twisted stable homology for mapping class groups with non-trivial finite
quotient groups and prove Theorem B.

General notations. We fix R a commutative ring and K a field throughout this work. We denote by R-9t0d the
categories of R-modules.

Let Cat denote the category of small categories. Let € be an object of €at. We use the abbreviation Obj (€) to
denote the objects of €. For ® a category, we denote by Fct (¢, D) the category of functors from € to ©. If 0 is
initial object in the category €, then we denote by 14 : 0 — A the unique morphism from 0 to A. The maximal
subgroupoid ¢t (€) is the subcategory of ¢ which has the same objects as € and of which the morphisms are
the isomorphisms of €. We denote by ¢t : Cat — Cat the functor which associates to a category its maximal
subgroupoid.

We take the convention that the set of natural numbers IN is the set of nonnegative integers {0,1,2,...}. We
denote by (IN, <) the category of natural numbers considered as a directed set. For all natural numbers n, we
denote by 1y, the unique element of Hom < (1,1 + 1). For all natural numbers n’ such thatn’ > n, we denote by
Ynu : 11— 1’ the unique element of Hom (< (1, '), composition of the morphisms 7,/ _1 0¥,/ 20 -0 Y5110 Y-
The addition defines a strict monoidal structure on (IN, <), denoted by ((IN, <), +,0).

We denote by &t the category of groups, by * the coproduct in this category, by Ab the full subcategory of &t
of abelian groups and by gr the full subcategory of &r of finitely generated free groups. Recall that the free product
of groups * defines a monoidal structure over gr, with the trivial group O, the unit, denoted by (g, *,0g.). We
denote by x the direct product of groups and by Aut (G) the automorphism group of a group G.
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1 Categorical framework

This section recollects the notions of Quillen’s bracket construction, pre-braided monoidal categories and homoge-
neous categories for the convenience of the reader. It takes up the framework of [29, Section 1]. For an introduction
to braided monoidal categories, we refer to [27, Section XI]. Standardly, a strict monoidal category will be denoted
by (¢, 4,0), where f : € x € — € is the monoidal structure and 0 is the monoidal unit. If the category is braided,
we denote by b® _ its braiding. We fix a strict monoidal groupoid (&, §,0) throughout this section.

Quillen’s bracket construction. The following definition is a particular case of a more general construction of
[18].

Definition 1.1. [29, Section 1.1] Quillen’s bracket construction on the groupoid &, denoted by 4(& is the category
defined by:

e Objects: Obj (UB) = Obj (&);

* Morphisms: for A and B objects of &, Homgg (A, B) = coéim [Homg (—8A, B)]. A morphism from A to B

in the category {® is an equivalence class of pairs (X, f), where X is an object of & and f : X§jA — Bisa
morphism of &; this is denoted by [X, f] : A — B.

e Let [X,f] : A — Band [Y,g] : B — C be morphisms in the category U®. Then, the composition in the
category U® is defined by [Y, g] o [X, f] = [YtX, g o (idyhf)].

It is clear that the unit 0 of the monoidal structure of the groupoid (&, 1,0) is an initial object in the category
& (see [29, Proposition 1.8 (i)]).
Definition 1.2. The strict monoidal category (&, t§,0) is said to have no zero divisors if for all objects A and B of

®, AjB = 0if and only if A = B = 0.

Proposition 1.3. [29, Proposition 1.7] Assume that the strict monoidal groupoid (&,8,0) has no zero divisors and that
Aute (0) = {ido}. Then, the groupoid & is the maximal subgroupoid of U®.
Henceforth, we assume that the groupoid (&, i, 0) has no zero divisors and that Aute (0) = {ido}.

Remark 1.4. Let X be an object of &. Let ¢ € Autg (X). Then, as an element of Homy g (X, X), we will abuse the
notation and write ¢ for [0, ¢].

Finally, we recall the following lemma.

Lemma 1.5. [29, Proposition 2.4][30, Lemma 1.8] Let € be a category and F an object of Fct (&,€). Assume that for
A, X,Y € Obj (&), there exist assignments F ([X,idxy]) : F (A) — F (X§A) such that:

E([Y, idYJXJAD oF ([X, idXJAD =F([vaX, idYJXJAD' )

Then, the assignment F ([X, g]) = F () o F ([X,idxya]) for [X,g] € Homye (A, idx;) defines a functor F : & — €
if and only if for all A, X € Obj (&), forall §"" € Autg (A) and all §' € Autg (X):

F([X idxsa]) o F (8") = F (8'88") o F ([X,idxa]) - @

Pre-braided monoidal categories. Assuming that the strict monoidal groupoid (®,t,0) is braided, Quillen’s
bracket construction & also inherits a strict monoidal structure (see Proposition 1.8). Beforehand, we recall the
notion of pre-braided category, introduced by Randal-Williams and Wahl in [29, Section 1].

Definition 1.6. [29, Definition 1.5] Let (&, ,0) be a strict monoidal category such that the unit 0 is initial. We say
that the monoidal category (¢, ,0) is pre-braided if:

* The maximal subgroupoid ¥t (¢, t,0) is a braided monoidal category, where the monoidal structure is in-
duced by that of (¢, ,0).



e For all objects A and B of ¢, the braiding associated with the maximal subgroupoid bi,B : AlB — BhA
satisfies:
by g o (idalig) = ighida : A — BiA. 3)

Remark 1.7. A braided monoidal category is always pre-braided but the converse is false. Indeed, for a pre-braided
monoidal category, the opposite of condition (3) (i.e. b%, g © (1phid4) = id sftp) does not hold generally speaking,
whereas this is a necessary property for a braided monoidal category. For instance, the category (4B, 1,0) is pre-
braided monoidal but not braided since bf , 0 (1hidy) # idahiy (see [29, Remark 5.24] if more details are required).

Finally, we give the effect of Quillen’s bracket construction over the strict braided monoidal groupoid (&, ,0).

Proposition 1.8. [29, Proposition 1.8] Suppose that the strict monoidal groupoid (&,14,0) has no zero divisors and that
Autg (0) = {idy}. If the groupoid (8, 1,0) is braided, then the category (4&,1,0) is pre-braided monoidal. If the groupoid
(8,4,0) is symmetric, then the category (U®, §,0) is symmetric monoidal.

The monoidal structure on the category (U®,14,0) is defined on objects as for (&,4,0) and defined on morphisms by
letting, for (X, f] € Homye (A, B) and [Y, g] € Homgg (C,D):

-1
X, 71a1¥,8) = | X0Y, (i) o (it (1) " tide ).
In particular, the canonical functor & — U& (see Remark 1.4) is monoidal.

Homogeneous categories. The notion of homogeneous category is introduced by Randal-Williams and Wahl in
[29, Section 1], inspired by the set-up of Djament and Vespa in [10, Section 1.2]. With two additional assumptions,
Quillen’s bracket construction & from a strict monoidal groupoid (&, ,0) is endowed with an homogeneous
category structure. This type of category is very useful to deal with homological stability with twisted coefficients
questions (see [29]) or to work on the stable homology with twisted coefficient (see [10], [11] and Section 3.1).

Let (¢, 8,0) be a small strict monoidal category in which the unit 0 is also initial. For all objects A and B of €,
we consider the morphism 1 45idp : 04B — AfB and a set of morphisms:

Fix (B) = {¢ € Aut (A1B) | ¢ o (1abidg) = tabidp} .

Since (€, 1,0) is assumed to be small, Homg (A, B) is a set and Autg(B) defines a group (with composition of
morphisms as the group product). The group Aute(B) acts by post-composition on Homg (A, B):

Autg(B) x Homg(A,B) — Homge(A,B).
(¢.f) — pof

Definition 1.9. Let (¢, §, 0) be a small strict monoidal category where the unit 0 is initial. We consider the following
axioms:

e (H1): for all objects A and B of the category ¢, the action by post-composition of Autg(B) on Homg (A, B)
is transitive.

e (H2): for all objects A and B of the category €, the map Aute (A) — Auts (AfB) sending f € Autg (A) to
fhidp is injective with image Fix 4 (B).

The category (€, 5,0) is homogeneous if it satisfies the axioms (H1) and (H2).
As a consequence of the axioms (H1) and (H2), we deduce that:

Lemma 1.10. If (&, 4, 0) is a homogeneous category, then Home (B, A4B) = Auty (A4B) / Autg (A) for all objects A and
B and where Autg (A) acts on Aute (AfB) by precomposition.

We now give the two additional properties so that if a strict monoidal groupoid (&, 8,0) satisfy them, then
Quillen’s bracket construction 4 is homogeneous.

Definition 1.11. Let (¢, 3,0) be a strict monoidal category. We define two assumptions.



* (C): for all objects A, B and C of ¢, if AjC = BfC then A = B.

e (I): for all objects A, B of €, the morphism Autg (A) — Aute (AjB) sending f € Aute (A) to fhidp is
injective.

Theorem 1.12. [29, Theorem 1.10] Let (&,14,0) be a braided monoidal groupoid with no zero divisors. If the groupoid &
satisfies (C) and (I), then 1& is homogeneous.

2 Twisted stable homologies of semidirect products

This section introduces a general method to compute the stable homology with twisted coefficients using semidi-
rect product structures arising naturally from the families of mapping class groups. We first establish the general
result of Corollary 2.3 for the homology of semidirect products with twisted coefficients. These results are fi-
nally applied in Section 2.3 to compute explicitly some homology groups with twisted coefficients for mapping
class groups of orientable surfaces and automorphisms of free groups with boundaries. Beforehand, we take this
opportunity to introduce the following terminology:

Definition 2.1. A family of groups is a functor G_ : (IN, <) — &t such that for all natural numbers 1, G_ (7y;) :
G — G, 41 is an injective group morphism.

2.1 A general result for the homology of semidirect products

First, we present some properties for the homology with twisted coefficients for a semidirect product and prove
the general statement of Corollary 2.3.
Let Q be a groupoid with objects indexed by the natural numbers. An object of Q is thus denoted by 1, where
n is its corresponding indexing natural number. We denote by Autg (1) = Qj the automorphism groups and
assume that there are no morphisms between distinct objects. We assume that there exists a family of groups
K_ : (N,<) — &rand a functor Ag : Q — &t such that K, is any free goup and Ag (1) = K, for all natural
numbers n. We denote by Ag, : Qun — Autg, (Ky) the group morphism induced by the functor Ag for each
natural number n. Hence, we form the split short exact sequence:
I Ky —" Ky % Qu—s Qu ——1 @
on

and we denote by s, : Q; — K, X Qj the canonical splitting of g,,. For all natural numbers n, we fix M, a
on
R |K,;, x Qj|-module. We abuse the notation and write M,, for the restriction of M, from K;, x Qj to K;;. Then
‘AQ,V’ AQ,VI
we can construct the following long exact sequcence in homology, analogous to the Gysin sequence for homology:

Proposition 2.2. For M,, an R ¥
on

Ky, in -module, the short exact sequence (4) induces a long exact sequence:

e H*+1 (Qn/ HO (Kn; Mn)) (5)

H*fl (Qnr Hl (Kn/ Mn)) I H* (Kn .AN in Mn) —— H* (an HO (Knr Mn))
on

2
d*,O

H*72 (an Hl (Knr Mn)) — =

where {d%,q}p’qu denote the differentials of the second page of the Lyndon-Hochschild-Serre spectral sequence associated

with the short exact sequence (4).



Proof. Applying the Lyndon-Hochschild-Serre spectral sequence to the short exact sequence (4), we obtain the
following convergent first quadrant spectral sequence:

Eizzq : Hp (Qn/Hq (Kn, Mn)) = Hp4q (Kn AN Qn/Mn> . (6)
on

Since K, is a free group, Hy (Ku, M) = 0 for q > 2. The resultis a classical consequence of the fact that the spectral
sequence (6) has only two rows. In particular, the map ¢ is defined by the composition:

H*fl (Ql’l/ Hl (Kn/ Mn)) —» H*fl (Ql’l/ Hl (Kn/ Mn)) /Im (di+l,0) — H, (Kn AN in Mn) ;
on

the map 9. is the coinflation map Coinf% w @, (M), induced by the composition:
Qn

H, (Kn X Qu Mn> — Ker (dio) <> H, (Qu, Hy (Kn, My,)).
on
O

Corollary 2.3. Let n be a natural number. Assume that the free group K, acts trivially on the R-module M. Then, for all
natural numbers g > 1:

Hq—l <Qn1 Hl (Kn/ R) % Mn) 5> Hq (Qn/ Mn) = Hq <Kn Dol Ql’l/ Mn) . (7)
on

Proof. As M, is a trivial K;,-module:

Hy (Ky, M) = Hy (Ky, R) %@ M, and Hy (Ky, M) = M,

and the coinflation map ¥, = Coinf%’ w 0, (Mn) is equal to the corestriction map Coresg”" o (My). Hence, de-

Qn [o%
noting by Hx (9., M) the map induced in homology by g, : K, A>4 Qn — Qn, we deduce that . = Hx (qn, My).
Qn
By the functoriality of group homology, the splitting s, : Q;, — Ky A><1 Qy of g, induces a splitting in homol-
Qn

ogy Hi (sn, My) of Hy (qn, My). Hence, Hy (pn, My) is an epimorphism and a fortiori Ker (dio) = H. (Qu, My).

Therefore, dio = 0 and the exact sequence (5) gives a split short exact sequence of abelian groups for every g > 1:

[ Hg(qn,My)
1— Hy (Qn, Hi (Kn, R) & Mn> — > H, <Kn o Qn,Mn> L~ Hy (Qu My) —=1. (8)
on

O

2.2 Properties of the twisted coefficients
Our aim here is to study the twisted coefficients H; (K, R) ® M, appearing in Corollary 2.3 so as to prove Lemma
R
2.9. This last result will be useful to prove Theorem 2.24. We now make the following further assumptions that:
e the groupoid Q is a braided strict monoidal category (we denote by (Q, ,0) the monoidal structure);

* there exists a free group K such that K;, = K*" and that that K_ (y,) = g *idk, (Where ,, denotes the unique
element of Aut(y <) (1,1 + 1)) for all natural numbers n;



e the functor Ag takes values in the subcategory gt C &t and defines a strict monoidal functor (Q,,0) —
(g, %,0).

These assumptions allow to define the functor K_ on the category £ Q:
Lemma 2.4. Assigning Ag ([1,id,41]) = K_ (n) for all natural numbers n, we define a functor Ag : $4Q — ge.

Proof. We use Lemma 1.5 to prove this result: namely, we show that relations (1) and (2) of this lemma are satisfied.
It follows from the fact that K_ is a functor on (IN, <), that the relation (1) of Lemma 1.5 is satisfied by Ag. Let n
and 7’ be natural numbers such that n’ > n,letq € Qn and g" € Q,/. We denote by e , the neutral element of K.
Since Ag is monoidal, we compute for all k € K;:

(Ao (a'29) o Ag ([ idyin|)) () = (Ao (@) * A (@) (ex, *k)
= e, * Ao () (K
= (Ao ([idysn|) o Ao (@) (k).

Hence, the relation (2) of Lemma 1.5 is satisfied by Ag. O

Recollections on strong polynomial functors. We deal here with the concept of strong and very strong poly-
nomial functors, which will be useful to prove Theorems 2.17 and 2.24. We refer the reader to [31, Section 3] for
a complete introduction to these notions for pre-braided monoidal categories as source category, extending the
previous framework due to Djament and Vespa in [12] for symmetric monoidal categories. They also are particu-
lar case of coefficient systems of finite degree introduced by Randal-Williams and Wahl in [29], thus providing a
natural setting to study homological stability.

From now we fix (9,1, 0) a pre-braided strict monoidal category such that the monoidal unit 0 is an initial
object. For all objects X of 9, the monoidal structure § defines the endofunctor Xf— : 9 — M, which sends the
object Y to the object XfY. We define the translation functor tx : Fct (91, R-Mod) — Fct (91, R-M0d) to be the
endofunctor obtained by precomposition by Xfj—.

For all objects F of Fct (9, R-Mod) and all objects X of M, we denote by ix (F) : F — tx (F) the natural
transformation induced by the unique morphism [X, idx] : 0 — X of M. This induces ix : Idgcy(om,r-mro0) —* Tx @
natural transformation of Fct (91, R-Mtod). Since the category Fct (9, R-910) is abelian (since the target category
R-0Mod is abelian), the kernel and cokernel of the natural transformation iy exist. We define the functors xx =
ker (ix) and dx = coker (ix). Then:

Definition 2.5. We recursively define on d € IN the categories Pol;tm"g (9, R-Mod) and VPol; (M, R-Mod) of
strong and very strong polynomial functors of degree less than or equal to d to be the full subcategories of
Fct (90, R-9t00) as follows:

1. Ifd < 0, Pol}™"8 (9, R-M0d) = VPoly (M, R-Mod) = {0};

2. if d > 0, the objects of Polztmng (9, R-Mod) are the functors F such that the functor dx (F) is an object of

Pol;t_mlng (901, R-Mod) for all objects X of M; the objects of VPol; (M, R-Mod) are the objects F of Pol; (M, R-Dod)
such that «x (F) = 0 and the functor dx (F) is an object of VPol;_1 (91, R-9100) for all objects X of M.

For an object F of Fct (9, R-M0d) which is strong of degree less than or equal to n € IN, the smallest natural
number d < n for which F is an object of Polztmng (9, R-Mtod) is called the strong degree of F. If in addition F is

strong very strong polynomial, its strong degree is also the smallest natural number d < # for which F is an object
of VPol,; (M, R-Mod) and is then also called the very strong degree of F.

Remark 2.6. 1f in addition the unit 0 of the monoidal structure (901, , 0) is a terminal object, the evanescence functors
automatically vanish and a fortiori the notions of strong and very strong polynomial functors are equivalent.

Furthermore, we have the following property which will be useful for our further work. The result for strong
polynomial functors is already established in [31, Proposition 3.8] and previously for symmetric monoidal cate-
gories [12, Proposition 1.7].



Proposition 2.7. Let 9 be another pre-braided strict monoidal category such that such that its monoidal unit is an initial ob-
ject. Let o : M — M be a strong monoidal functor. Then, the precomposition by a provide functors VPol,, (I, R-Mod) —
VPol, (MM, R-9M0d) which preserves the degree of polynomiality.

Proof. Let X an object of 9 and F be an object of Fct (M, R-Mod). Since a is strong monoidal, we deduce that
there is a natural equivalence tx (Foa) = (TK(X)P ) oa. Itis a standard fact that the precomposition by & is an
exact functor. Then the universal properties of the kernel and cokernel imply that there are natural equivalences
Ox (Foa) = (6yx)F ) caand kx (Foa) = (K,x( X)F) o «. The results then follow from a straightforward recursion
on the degree of polynomiality. O

First homology functor. Recall that the homology group Hj (—, R) defines a functor from the category &t to the
category R-2tod (see for example [6, Section 8]). Hence, we introduce the following functor:

Definition 2.8. The homology groups {H; (Ky, R)}, cp assemble to define a functor H; (Ag, R) : 4Q — R-Dod
by the composite H; (—, R) o Ag. Itis called the first homology functor of Ag.

If R = Z and K, is finitely generated for all natural numbers #, the target category of Hy (Ag, R) is the full
subcategory ab C Ab of finitely generated abelian groups. Let m be a natural number. We then define a functor
Hy (Ag,Z)®™ : 1Q — ab by the composite —" o Hy (Ag, Z) where —" : ab — ab sends an object G to G®".

Lemma 2.9. If the groups Ky, are finitely generated free for all n, then the functor Hy (Ag, Z)®™ is very strong polynomial
of degree m.

Proof. Recall that the free product gives a symmetric monoidal structure (&t, %, 0g.) (wWhich restricts to gr), that
the direct sum defines a symmetric monoidal structure (Ab, &, 0g,) (which restricts to ab) and that symmetric
monoidal categories are particular cases of pre-braided monoidal ones. By the result of the homology of a free
product of groups (see for example [33, Corollary 6.2.10]), the first homology group is a strong monoidal functor
Hi(—,R) : (&t,%,0¢,:) — (Ab,®,0s,) and a fortiori so is the restriction Hy (—,R) : gt — ab. As Ag is a strict
monoidal functor, then Hy (Ag,Z) is a strong monoidal functor. This is a well-known fact that the m-th tensor
power functor —®™ : ab — ab is very strong polynomial of degree m (see [10, Appendice A] for example). Then
the result follows from Proposition 2.7. O

Pointwise tensor product. We finally recall the following result, used to prove Theorem 2.24. For 91 a pre-
braided strict monoidal category such that such that its monoidal unit is an initial object, the pointwise tensor
product of two objects of Fct (9, R-Mt0d) defines an object of Fct (91, R-M0d), assigning

(M ® M’> (X) = M(X) & M’ (X)

for M, M’ € Fct (", R-Mo?d) and for all objects X of 9.

Lemma 2.10. If M and M’ are strong polynomial functors, then M @ M’ is a strong polynomial functor.
R

Proof. We fix an object X of 9. Since the translation functor Tx commutes with all limits, and as a colimit of a

natural transformation between Id and Ty, the functor éx commutes with the (pointwise) product x. Let d be the

largest of the two strong polynomial degrees. Hence, dx - --dx (M x M') = 0 and therefore M ® M’ is a strong
—— R

d+1 times
polynomial functor of degree less than or equal to d + 1. O
2.3 Applications

Many families of mapping class groups fall within the framework of Section 2.1. Corollary 2.3 is the key result to
compute the homology with twisted coefficients for these families of groups.



2.3.1 Mapping class groups of orientable surfaces

Let ZZ, denote a smooth compact connected orientable surface with (orientable) genus ¢ € IN, s € IN marked
points and i € {1,2} boundary components, with I : [~1,1] — 0X¢ ; a parametrized interval in the boundary if

i=1and p = 0 € I a basepoint. We denote by 1"2,1 (respectively I"[gsr]l) the isotopy classes of diffeomorphisms of
X, 1 preserving the orientation, restricting to the identity on a neighbourhood of the parametrized interval I and

permuting (respectively fixing) the marked points. If s = 0, we omit it from the notation. Recall that, up to isotopy,
fixing the interval [ is the same as fixing the whole boundary component pointwise. When there is no ambiguity,
we omit the parametrized interval I from the notation.

Let f be the boundary connected sum along half of each interval I. For two decorated surfaces Z . 1 and 2 017

the boundary connected sum Zgl, g2 | is defined as the surface obtained from gluing X g11,1 and X g22 1 along the

82,
half-interval I;” and the half-interval I,, and LI, = I; UI. The homeomorphisms being the identity on a

neighbourhood of the parametrized intervals I; and I, we canonically extend the diffeomorphisms of 2211,1 and

S) S1
T toXg 1h2g 1
We denote by I'» the isotopy classes of diffeomorphisms of 2g2 preserving the orientation and fixing the
boundary components pointwise. Recall that R is a commutative ring and we assume that the various mapping
class groups act trivially on it.

The following result is an essential tool for our work:

For completeness, we refer to [29, Section 5.6.1], for technical details.

Theorem 2.11. [?] Let § > 1, s > 0 be natural numbers and x be a marked point in the interior of Z;l. Forgetting x

induces a map ws : 1"([;1“] — FE% which defines the following short exact sequence:

1—m (25

g/l,x) — F[s“] L 1"5]1 — 1 9)

Gluing a disc with a marked point Z}] 1 on the boundary component without the interval I induces the following short exact
sequence:

1 Z Too r;/l 1. (10)

[s]

For all natural numbers g and s, we denote by agzrl the action of the mapping class group T 1 On the funda-
mental group (22,,1, x).
Lemma 2.12. The short exact sequence (9) splits.

Proof. We denote by Diff%-Points (Zg,l) the space of diffeomorphisms of the surface X, which fix the boundary
pointwise and fix the marked points. We recall that the exact sequence (9) is constructed from the long exact

sequence of homotopy groups with the locally trivial fibration Diff%Points (Z;J{S) &8 pifflopoints (22,,1) — Zg1\
{s points} using the fact that m; (Diffa“’POintS (Zzl)) = 0 by [17, Théoreme 1]. Namely the fibre @; is defined by
forgetting that the additional marked point is fixed and induces the morphism ws : 1"[;;_1] — Fg}l

We consider Emb (2(1) 17 2(1) 1h25 1) the space of embeddings taking I *1 to I, and such that the comple-

hZ
0,1
ment of X}, in X} 0,105 o1 = Zl+s is diffeomorphic to X ;. Using the parameterlsed 1sotopy extension theorem [7,

11 2.2.2 Corollaire 2], there is a flbratlon sequence
Difffopeints (3 ) & pifforen () o ) - Bmb ((55,), (Zh16554) ),

([g]l . r[s+l]

¢ € Diffdopoints (22,,1) , the morphism g; is explicitly defined by o5 (¢) = id 5 1¢. Implicitly, we identify X5 , with

which long exact sequence of homotopy groups defines a morphism 7y (0s) : More precisely, for all

10



28,1”:2,1: there is a self-embedding ¢ : X ; < X7 ; (the complement of whose image is a disc). Then @s o ¢s (9)

is defined on the image of e by e o ¢ o e~! and by the identity on the complement of the image of e. Therefore
the choice of an isotopy of self-embeddings from e to the identity of Z;l induces a homotopy from &@s o g5 to the

identity of Diffdo-points (22,1)' Hence, @; o 05 (¢) is isotopic to ¢: the composition @s o g is thus isotopic to the

E’jl] — 1"5]1. Therefore the

morphism 71 (0s) is injective and provides a splitting of the exact sequence (9), which defines an isomorphism

[s+1] o [s]
o = (5,x) Rt O

identity. We deduce that 7 (0s) : 1"5,]1 — FET” is a 1-sided inverse of the map ws : T

g1

Hence, applying Corollary 2.3 to this situation, we obtain:

Proposition 2.13. Let n, s and g > 1 be natural numbers. Let M, be a R {FE}L”} -module on which 1 (Zill,x) acts
trivially. Then:

H (137", My) = Hy (rf}l,Hl (25,1, R) %Mn> & Hy (Th), My ). (11)

Computation of H, (l"oo,l, Hi (Zeo, Z)®m). An application of Proposition 2.13 is to compute the stable homol-

ogy groups Hy (l"oo,l, Hi (Zeo, Z)®m) for all natural numbers m and d. First, let us introduce a suitable groupoid

for our work, inspired by [29, Section 5.6]. We fix a unit disc with one marked point denoted by Z(l)’l and a torus
with one boundary component denoted by 2(1),1. Recall that by the classification of surfaces, for all g,s € IN, there

is an homeomorphism X7 | =~ <EZ},,1) b (EZ&)’])

Definition 2.14. Let 9, be the skeleton of the groupoid defined by:

e Objects: the surfaces 22,,1 for all natural numbers ¢ and s, with I : [-1,1] — 822,/1 a parametrized interval in
the boundary and p = 0 € I a basepoint;

* Morphisms: Autgy, (ZS

2 1) = 1"2 ; for all natural numbers g and s.

Let M be the full subgroupoid of M, on the objects {1},

the boundary connected sum f induces a strict braided monoidal structure (Dﬁ‘g, 0, (Zo1,1 )) .

As stated in the proof of [29, Proposition 5.18],

For all natural numbers g, we denote by ax,, the action of the mapping class group I'q; on the fundamental
group 711 (Z,,1, p). We define a functor .Amgzz : M3 — Bt to be the fundamental groups 711 (X11, p) and 711 (Zg1, p)
on the objects £; 1 and X, and then inductively Afmg (ZupiZw 1) = m (Zp1,p) * 1 (Z,1, p) for all natural
numbers 7, and assigning the morphism ay , (¢) forall ¢ € Tg;. Recall that the group 71 (Z,,,1, p) is free of rank
2n. By Van Kampen's theorem (see for example [21, Section 1.2]), the group Asm§ (Z,18%, 1) is isomorphic to the

fundamental group of the surface X, 14X, 1: our assignment is thus consistent.
Hence, it follows from Lemma 2.4:

Proposition 2.15. The functor A,y¢ : (smg’, b, 29 1) — (g, *, 0@y ) is strict monoidal and extends to a functor rry (—, p) :
2 ’

usm§ — gt by assigning for all natural numbers n and n':

m (_' P) ( {Zn’,l/ idZn#n,l} ) = 17-[1 (Zn/,l,p) * id”l(zn,lfl’)'

For all natural numbers 7, since the free group 717 (X, 1, x) acts trivially on the homology group H; (X,1,2Z),
we have an isomorphism:

(5 ) B (502 = B (5125

11



Also, the action of T, on Hy (Z,1,Z)“™ is induced by the one of T, 1 via the surjections wy o p : T, 5 — l"}l,l —»
®m
I'y 1. It follows from Lemma 2.9 that the functor Hy (Amg, Z) is very strong polynomial of degree m. Using
®m
the terminology of [5] and [9], H; (Am§, Z) is thus a coefficient system of degree m. Hence, it follows from the

stability results of Boldsen [5] or Cohen and Madsen [9] that:
Theorem 2.16. [5, Theorem 4.17][9, Theorem 0.4] Let m, n and q be natural numbers such that 2n > 3q + m:

H, (rnz, Hy (Zn,1,Z)®m) = Hy (rn,erl (Zn,llz)®m) .

Then, we prove:

Theorem 2.17. Let m, n and q be natural numbers such that 2n > 3q + m. Then, there is an isomorphism:

Hy (rn,l/Hl (Zn,l,Z)®m) o @ Hq—(2k+1) (Fn,LHl (Zn,1/Z)®m_1) '
|22 |2k20

Proof. For the purposes of this proof, we abbreviate H; (Z,,1,Z)“" by H(™). The Lyndon-Hochschild-Serre spec-

tral sequence with coefficients given by H(") associated with the short exact sequence (10) has only two non-
trivial rows. Hence, for all natural numbers n > 1, we obtain the following long exact sequence where we denote

Aq = Hy (o, HO):

2 2
44110 490

o ——>=H, 4 (r;,yH(’”)) —— H, (Fn,z, H(M)) M H, (T;/l,H(m)) L (12)

Recall from Corollary 2.3 that, denoting (P;p a splitting of @5 : H, 1 (1“,1,1, H (WH)) — Hy (Tl

n,1’
exists by the splitting lemma for abelian groups), the isomorphism of Proposition 2.13 is defined by

o @ H, (wo, H(’”)) :H, (r}l,l, H<m>) ~H, (rn,l,HW“)) @ H, (rn,l, H(’”)) .

H (’”)) (which

Let us consider the projection pr: H;_q (l"nrl, H (””'1)) ® H, (rn,er (m)) — Hy (rn,er (m)). Then, fixing a natu-
ral number 7 so that 2n > 3q + m and applying Theorem 2.16 (the isomorphism it gives being induced by wq o p),
the composition

Hy (woop, HV) ™o pro (g & Hy (wp, HO))

defines a splitting of A,;. Therefore A, is split-injective and we obtain from the long exact sequence (12) the follow-
ing isomorphism for 2n > 3q + m:

Hy (T, HO) = Hy (T2, HU ) @ Hy o (Th 1, HO).

Now we again apply Proposition 2.13 to the homology groups Hy (Fi/l, H (m)) and H, » (l"1 H (m)). Then it

n,1’
follows from Theorem 2.16 that we have the following isomorphism for 2n > 3g + m:

Hyt (Tua HOW ) & Hy (Tuz B0 ) 2 Hy (Fua, H) & Hy o (T, H® ) @ Hyoa (T HOVY)

Note that the summand H, (rn,2, H (’”)) on both side of this isomorphism is the image of the split-injective mor-
phism A,;. Hence the image through the differential dé,o gives the following isomorphism for 2n > 3q + m:

Hy 1 (T, HOD) 2 Hy s (T, B ) & Hy g (T, H )
The result then follows by induction on 4. O

Remark 2.18. In [26, Theorem 1.B.], Kawazumi leads the analogous computation for cohomology. The method
and techniques used in [26] are different from the ones presented here. Using the Universal Coefficient-type
theorem for twisted coefficients (see for example [16, Théoreme 1.5.5.2]), Theorem 2.17 recovers the computation
[26, Theorem 1.B.].
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Computation of H; (1"10,1, Z) . Another application of Proposition 2.13 is to compute the stable homology groups
H, (rl

00,17

Z) for all natural numbers d. Using Proposition 2.13 with constant module Z and Theorem 2.17 with
m = 1, we prove:

Corollary 2.19. Let n and q be natural numbers such that 2n > 3q. Then, there is an isomorphism for all m > 0:

Hq (r}l,l’ Hy (Zn,l/z)®m) = @ Hq—(2k+1) (rn,l; Hy (Zn,l; Z)®mil)
s

L 2?9 Hy—(2k12) (rn,erl (Zn,1,Z)®m)-
= 1>k>0

In particular

Hy (Fi,pZ)% D Hyxn(Tu1,2).
[3]zk=0

Using other techniques (namely an equivalence of classifying spaces), Bodigheimer and Tillmann prove the
more general result:

Theorem 2.20. [4, Corollary 1.2] Let q and n be natural numbers such that n > 2q. For all natural numbers s

Hq (I‘E,]PZ) o k? <Hk (rnrl,Z) % H, ((CPOO)XSIZ))
=

where CP* denotes the infinite dimensional complex projective space.

2.3.2 Automorphisms of free groups with boundaries

Let ¢, . denote the topological space consisting of a wedge of n € IN circles together with k distinguished circles
joined by arcs to the basepoint. For s € IN, let 47, be the space obtained from ¥, , by wedging s — 1 edges at the

basepoint. We denote by Htpy, (g;,k; 8) the space of homotopy equivalences of ¥,  that preserve the basepoint
and restrict to the identity on each of the k distinguished circles and the s basepoints. Let A} | be the group of
path-components of Htpy, (grf,k; ) For instance, for n a natural number and denoting by F,, the free group of
rank 1, then A}, ; is isomorphic to the automorphism group of F, (denoted by Aut (F,)) and A?  is isomorphic to
the holomorphs of the free group F,,. We refer the reader to [22] and [24] for more details on these groups.

Remark2.21. We denote by M3 , the connected sum (£, (S' x 82))  (#x (8! x ID?)) £ (#; (ID?)) and by 75 Diff (M;/k)

the isotopy classes of diffeomorphisms of M; , (a.k.a. the mapping class group of M; ;). Recall from [22, Theorem
1.1] that there is a short exact sequence

1 — K, — moDif (M;,, ) A3 1,

where K? | is generated by Dehn twists along embedded 2 spheres (and is a product of at most 1 + k + s copies of
Z/27). Hence the automorphism of free groups with boundaries A$ | can be viewed as a quotient of the mapping
class group of the 3-manifold M; ,.

For k,n € N, we denote by Aut, ; the subgroup of Aut (F, ) of automorphisms that take each of the last
k generators to a conjugate of itself. Denoting by Htpy, (4, ;[0]) the space of homotopy equivalences of &,
that preserve the basepoint and fixing the k distinguished circles up to a rotation, then Aut, \ is the group of
path-components of Htpy, (¢, ; [0]). Restricting the elements of Htpy, (¢, ; [0]) to their rotations of the k distin-

guished circles defines a fibration Htpy, (¢, x;9) — Htpy, (%, [0]) — (Sl)k. The homotopy long exact sequence
associated with this fibration provides an exact sequence

13



zk Apk Auty p —1

(actually, by [25, Section 2], the left hand map is injective and this is a short exact sequence), which gives a
surjective map A, — Aut,. For k,n € IN, we denote by a4 , the composition Aik — Ay = Autyp —

Aut (F,, ) where the map A}l,k — A, x forgets the basepoint. We recall the following useful result:

Lemma 2.22. [?7] Let n, k and s > 2 be natural numbers. There is a split short exact sequence

1——F, A5 Al 1, (13)

where the map A3\ — AZ}} forgets the last basepoint and a fortiori A} | = (F, )’ 1y Ai,k where A}l,k acts diagonally
on (Fpi)* ™! via the map aa, AL — Aut (Fip).

Let k and s be fixed natural numbers. Let 2 ; be the groupoid with the spaces ¢, as its objects and A; ; as
automorphism groups for all natural numbers. For s = 1 and k = 0, 2;  is the maximal subgroupoid of the
category ge of finitely generated free groups and we denote by i : ;9 — gt the inclusion functor. Moreover

the coproduct * induces a strict symmetric monoidal structure (25 o, *, 0g.) by restriction and we thus define the
symmetric monoidal category (U2 o, *,0¢,). The functor i lifts to the category U2; o by sending a morphism

[Fry—ny, 8] : Fuy — Fp, of U2y o (Where g € Aut (Fy,)) to the morphism g o (11: * idpnl) : Fy, — Fy, of gu: since

712—7”1
foug, =1, forall f € Aut (F,), the relation (2) is trivially satisfied and the result follows from Lemma 1.5. Then
i is a faithful functor and (21} o can be seen as a subcategory of gr.

Let k and s > 1 be natural numbers. Precomposing by the surjection A} , — Aiz,_kl e A}l’k, the mor-

phisms {a A”'k}ne]N assemble to define a functor Ay, : A, — &rv such that Ay, (n) = F, for all natural

numbers n. Furthermore, we recall the stable homology result for automorphism groups of free groups due to
Galatius for constant coefficients and Djament and Vespa for twisted coefficients:

Theorem 2.23. Let q > 1 be a natural number. Then:
o [14]forn >2q+1, Hy (Aut (F,),Q) =0;
e [11, Théoreme 1] for F : gt — Ab a strong polynomial functor such that F (Og.) = O, then aoelﬁ\rln (Hy (Aut (Fy),F(n))) =
0.
Hence, we can establish the main result of Section 2.3.2.
Theorem 2.24. Let s > 2 and q > 1 be natural numbers.
1. Let F : gv — Ab be a strong polynomial functor such that F (Og,) = Og. The action of Aj  on F (n) is induced by

ot s s—1 1
the surjections A; o — Ay g — -+ — A, o. Then

Colim (Hy (A0 F (n))) =0.

2. For all natural numbers n > 2q + 2 and k > 0, Hq (A; k,Q) =0.

Proof. Since i : 4Rl o — gris faithful and the monoidal structure of 4l; ¢ is induced from the one of gr, i is strong
monoidal. Recall from Remark 2.6 that, since the trivial group Og. is a terminal object of gr, F is very strong
polynomial. We then deduce from Proposition 2.7 that the functor F o7 : {20 ) — Ab is very strong polynomial. It

follows from Lemma 2.10 that Hy (F_, Q) ® F (—) : Uy 9 EN gt — Ab is a strong polynomial functor. Hence, the
Q

first result follows from Corollary 2.3 and Theorem 2.23.
In [23, Theorem 1.1], Hatcher and Wahl prove that the stabilization morphism Ai/k — Ai:,k 41 induces an

isomorphism for the rational homology Hy (Afl k,Q) = H, (AZ r +1'Q) if n > 3g 4 3. The second result thus
follows from the previous statement. O

Remark 2.25. For k = 0 and s = 2, Theorem 2.24 recovers the results [24, Theorem 1.2 (b) and (c)] due to Jensen.
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3 Twisted stable homologies for FI-modules

In this section, we present a general principle to compute the twisted stable homology for mapping class groups
with non-trivial finite quotient groups. First, we give a general decomposition for the twisted stable homology
using functor homology Section 3.1. Then, we can establish in Theorem 3.7 a general formula to compute the stable
homology with twisted coefficients given by functors over categories associated with the aforementioned finite
quotient groups in Section 3.2. This allows one to set explicit formulas for the stable homology with coefficients
given by FI-modules for braid groups, mapping class groups of orientable surfaces and some particular right-
angled Artin groups in Section 3.3. Throughout Section 3, we fix K a field.

3.1 General decomposition for the twisted stable homology using functor homology

In this first subsection, we prove a decomposition result for the stable homology with twisted coefficients for
families of groups whose associated groupoid is braided strict monoidal and satisfies the assumptions of Theorem
1.12 (see Theorem 3.2). It extends a previous analogous result due Djament and Vespa in [10, Section 1 and 2] when
the ambient monoidal structure is symmetric. It will be a key step to prove Theorem 3.7. We refer the reader to the
papers [13, Section 2] and [10, Appendice A] for an introduction to homological algebra in functor categories and
we assume that all the definitions, properties and results there are known.

Throughout Section 3.1, we consider (G, fj, 0) a small braided strict monoidal groupoid, with objects indexed
by the natural numbers. An object of G is thus denoted by n, where # is its corresponding indexing natural
number. We denote the automorphism group Autg (1) by G, and assume that there are no morphisms between
distinct objects. These groups define a family of groups G_ : (IN, <) — &t such that G_ (7,) : Gy — Gj41 is the
injective group morphism which sends ¢ € G, to ¢fid;.

We assume that G has no zero divisors, that Autg(0) = {idy} and that it satisfies the properties (C) and
(I) of Definition 1.11. By Theorem 1.12, the monoidal structure § extends to Quillen’s bracket construction and
defines pre-braided homogeneous category (LlG, ,0). Also, the unit 0 is an initial object in (G and we recall that
tn = [n,idy] : 0 — n denotes the unique morphism in 4G from 0 to n. Hence, we have canonical morphisms
idnlt,_, : 1 — n’ in UG, for all natural numbers n and n’ such that n’ > n.

We fix F an object of Fct (UG, K-2od). Our goal is to compute the stable homology of the family of groups G_
with coefficients given by F. Namely, we are interested in the computation of

Colim (H, (G, F
ne«gﬂ\gg( ( (n)))

the colimit of the homology groups H. (G, F (1)) with respect to the morphisms
H. (G- (ya)  F (idyt1)) ¢ Hy (G, F (1) = H. (Gyyr, E (n+1))

induced by the functoriality in two variables of group homology with respect to the morphisms G_ (y,;) and
F (idufit1)).
Notation 3.1. We denote by G the colimit of the groups G, with respect to the morphisms G_ (,) and by
G- (70) : Gu — G the associated canonical group morphism. Let Fe, be the colimit of the G,-modules F (1)
with respect to the morphisms F (idpufi1). Let Hy (Geo, Fo) be the homology group of the colimit Ge, with coeffi-
cient in the colimit F: it coincides with Colim) (H« (G (n),F (n))) (since group homology commutes with filtered
ne(N,<

colimits).

As categories with one object, the groups {G,}, . are subcategories of {G: for each natural number n, we
have a canonical faithful functor i, : G, — {4G. We denote by IT : G X UG — UG the projection functor and by
IT* the precomposition by I1. Thanks to the functoriality of the homology of categories, we define for each natural

number n a morphism
¥rn: He (Gy, F(n)) = Hy (Goo x UG, IT°F)

induced by restriction along the functor (G- (7«) X ig,) ©Ag, : Gn = Geo x UG, where A, : G — Gy X Gy is
the diagonal functor. Then it formally follows from the previous definitions that for all natural numbers n:

H. (G- (7a), F (iduin)) © ¥ens1 = Feu-
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A fortiori the morphisms {¥F , }, . are natural with respect to (IN, <). Hence, the colimit with respect to (IN, <)
defines a unique morphism:
¥r 1 Hy (Goo, Foo) — Ha (Geo x 8UG, TT*F).

Let us state the main result of this section.

Theorem 3.2. Let K be a field and (G, 1,0) be a pre-braided homogeneous category as detailed before. For all functors
F: UG — K-Mod, the morphism ¥r is a K-modules isomorphism. Moreover, ¥ decomposes as a natural isomorphism:

H. (Goo, Foo) = kgi <Hk (Geo ) @ Hj (ug,F)) .

Proof. Note that the morphism ¥r is a morphism of é-functors commuting with filtered colimits. Recall that the
category Fct (LG, K-9100) has enough projectives, provided by direct sums of the standard projective generators
functors P29 = K [Homyg (1, —)] for all natural numbers 1. Therefore, we only have to show that ¥ is an isomor-
phism when F = P29, Indeed, for an ordinary functor F, there is an epimorphism from a direct sum of standard
projective generators to F and IK-2100 is an abelian category: the result then follows from a straightforward recur-
sion on the homological degree on the long exact sequence induced by this epimorphism.

We deduce from Lemma 1.10 that we have the following isomorphism of G,-sets for all natural numbers
m > n:

Homyg (ﬂ/ﬂ) = G/ Gm—n-

Hence P29 (m) 2K [Gn] ® K as Gy-modules. Therefore, it follows from Shapiro’s lemma that:
. K([Gpi—n)

H, (Gm, pig (m)) ~ H, (Gpn K).

Taking the colimit with respect to m, we deduce the isomorphism H, (Gw, (Pélg)oo) = H, (Geo, K). Recall that

Pﬂug is a projective object in UG. Then, using the first Kiinneth spectral sequence for the product of two categories,
the morphism ¥,u¢ identifies with:

H. (Geo, (P19

The second part of the statement follows applying Kiinneth formula for homology of categories. O

) = H. (Goo, K) = Hy (GO" x UG, 1T (Pélg)) )

()

3.2 Framework and first equivalence for stable homology

Throughout the remainder Section 3, we assume that the field K is of characteristic 0.
We consider three families of groups K_, G_ and C_ which fit into the following short exact sequence in the
category Fct ((IN, <), &rt):

0 K_ G-

c_ 0, (14)

where k : K- — G- and ¢ : G- — C_ are natural transformations and 0 denotes the constant object of
Fct (N, <), ®t) at Oy

Let K, G and C denote the groupoids with objects indexed by natural numbers, with no morphisms between
distinct objects, such that Auty (n) = Ky, Autg (n) = G, and Aute (n) = C,. We assume that the groupoids G
and C are endowed with braided strict monoidal structures (G, g, 0g) and (C, f¢, 0¢), where fjg and f¢ are defined
by the addition on objects, such that:

e the morphisms {c; }, . induce a strict monoidal functor ¢ : G — C defined by the identity on objects;

* G_(vn) =idifig— : Gn = Gup1and C_ () = idifjc— : Cy = Cyyq for all natural numbers 7.
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Recall that the associated Quillen’s bracket construction (UG, fig,0) and (4C, i, 0) are pre-braided strict monoidal
by Proposition 1.8. Let 6, : (N, <) — 4G and &, : (N, <) — 4C be the faithful and essentially surjective functors
assigning 0 (1) = 0f (n) = nand 0g (vn) = Op (yn) = [L,id,41] for all natural numbers n. Using the functors
ﬁ’g and ﬁé, the natural transformation c : G- — C_ identifies the morphisms [n’ — 1, idn_/} (with natural numbers
n' > n) of 4G and UC. The criteria (1) and (2) of Lemma 1.5 being trivially checked, the functor ¢ : G — C lifts to a
functor 4G — 4UC, again denoted by ¢ (abusing the notation).

The short exact sequence (14) implies that the braided strict monoidal structure (G, fig,0g) induces a braided
strict monoidal structure on /K, denoted by (KC, g, 0¢), such that:

K_ ('Yn) = id]hg— : Kn — KnJrl

for all natural numbers 1. As for the morphisms {c; },,c;, the morphisms {k; }, .y induce a strict monoidal func-
tor £: UK — UG.

We fix F an object of Fct (81G, K-200). For all natural numbers 1, we abuse the notation and write F (1) for the
restriction of F (n) from G, to K,;. Our aim is to compute the stable homology H. (Geo, Feo) 0f the family of groups
G_ under the assumption that C_ is a family of finite groups. A first step is given by the following result:

Proposition 3.3. We assume that the group C,, is finite for each natural number n. Then for all natural numbers q:
Hy (Gn, F (1)) = Ho (Cn, Hy (Ku, F (1)) - (15)

Proof. Applying the Lyndon-Hochschild-Serre spectral sequence for the short exact sequence (14), we obtain the
following convergent first quadrant spectral sequence:

E2, + Hy (Cu, Hy (Ko, F (1)) = Hyoq (G, F (). (16)
Fixing n a natural number, we have for p # 0:
Hp (Cn; Hy (Kn, F (ﬂ))) =0,

since C;, is a finite group. Hence, the second page of the spectral sequence (16) has non-zero terms only on the 0-th
column and zero differentials. A fortiori, the convergence gives that E> = E* and this gives the desired result. [

Let us now focus on a key property for the homologies of the kernels {Kj }, . wWhich improves Proposition
(3.3). Recall that, as K, is a normal subgroup of G, the map conj, : G, — Autg, (K;;) sending an element g € G,
to the left conjugation by g is a group morphism.

Lemma 3.4. We define a functor K_ : UG — v assigning K_ (n) = Ky, for all natural numbers n and:
1. forall g € Gy, K_ (g) € Autg. (Ky) to be conj, () : k > gkg™! forall k € Ky,
2. R ([Lidye]) = idihg—.

Proof. It follows from the first assignment of Lemma 3.4 that we define a functor K_ : G — &t. The relation (1)
of Lemma 1.5 follows from the definition of the monoidal product fg. Let n and n’ be natural numbers such that
n' >mn,letg € Gyand ¢’ € G,. We compute for all k € K;;:

(R- (8'268) o K= ([ idyin) ) ) (k)

(8108 (id, k) (8'168) "
idytg (sks™")
(R ([ idsn] ) 0 R- (2)) (K).

Hence, the relation (2) is satisfied a fortiori the result follows from Lemma 1.5. O

Lemma 3.4 is useful to prove the following key result.
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Proposition 3.5. For all natural numbers q, the homology groups { Hy (Ky, F (1)) }ne]N define a functor Hy (K, F (—)) :
UC — K-Dod.

Proof. Let & be the category of pairs (G, M) where G is a group and M is a G-module for objects; for (G, M)
and (G’, M') objects of &, a morphism from (G, M) to (G, M) is a pair (¢,a) where ¢ € Homg, (G,G') and
a: M — M’ is a G-module morphism, where M’ is endowed with a G-module structure via ¢. Using the functor
F : 4G — K-9od, by Lemma 3.4 K_ defines a functor (K_, F (—)) : 4G — &2. Recall from [6, Section 8] that group
homology defines a covariant functor H, : & — K-9tod for all ¢ € IN. Hence the composition with the functor
(K_,F(—)) : 4G — 2 gives a functor:

Hy (K-, F (—)) : 4G — K-9od.

Moreover, since inner automorphisms act trivially in homology, we deduce that for all natural numbers 7, the con-
jugation action of G, on (Kj,, F (1)) induces an action of C, on H (K, F (n)). The monoidal structures (G, fig, 0g)
and (C, f¢, O¢) being compatible, we deduce that the functor H; (K, F (—)) factors through the category $C using
the functor ¢ : 4G — $UC. O

Finally, we recall the following classical property for the homology of a category:

Proposition 3.6. [13, Example 2.5] Let € be an object of Cat and let F be an object of Fct (€, R-0Mod). Then, Hy (€, F) is
isomorphic to the colimit over € of the functor F : € — R-9to0.

We thus deduce from Propositions 3.3 and 3.5:

Theorem 3.7. Let K_, G_ and C_ three families of groups fitting in the short exact sequence (14), such that the group C,
is finite for all natural numbers n and the groupoids G and C are endowed with the aforementioned braided strict monoidal
structures (G, tg,0g) and (C, 4¢,0¢). Then, for all natural numbers q:

Hy (Geo, Fo) = Colim (Hy (Kj, F(1))) .
7 (Goo, Feo) Zolim (Hy (K, F (1))
Moreover, if F factors through the category $IC (in other words, F : 4G - UC — K-9N0d), then:

H; (Goo, Fso) = Coli H, (K, K)®F(l) ).
1 (G ) = Colim (Hy (K, K) 9 F ()

Proof. Applying Theorem 3.2 to Proposition 3.3, we obtain:

Colim (Hy (Cu, Hy (Ky, F (1)))) & Colim <H0 (Ca, ) © Ho (UC, H, (K_,F))> :

By Proposition 3.6, Hy (UC, Hy (K—, F)) = Cloﬂ(vjn (Hq (K;, F (1))). Since Hy (Cn, K) 22 KK, we deduce the first result.
€

For the second result, requiring F to factor through $C is actually necessary to define the functor H, (K-, K) ®

K

F(—) : UC — K-MMod using the pointwise tensor product of functors. Then the isomorphism follows from the
universal coefficient theorem for homology. O

Remark 3.8. We can generalise Section 3.2 to the setting where K is a field of positive characteristic coprime to the
cardinality of Cy for all n: the key point is that the homology group Hj (Cy, Hy (K, F (1))) = 0 has to vanish for
p # 0 which is still true under this alternative assumption (since the multiplication by |C, | defines an isomorphism
of Hy (Ky, F (n))).

3.3 Applications

We present now how to apply the general result of Theorem 3.7 for various families of groups. Beforehand, we fix
some notations. We denote by &, the symmetric group on 7 elements and by &_ : (IN, <) — &t the family of
groups defined by 6_ (n) = &, and &_ () = id; U — for all natural numbers #.

Let X be the skeleton of the groupoid of finite sets and bijections. Note that Obj (£) = N and that the auto-
morphism groups are the symmetric groups &;. The disjoint union of finite sets LI induces a monoidal structure
(X,1,0), the unit 0 being the empty set. This groupoid is symmetric monoidal, the symmetry being given by the
canonical bijection 17 Ll ny — 1 LI ny for all natural numbers 11 and np. The category X is equivalent to the
category of finite sets and injections FI studied in [8].
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3.3.1 Braid groups

We respectively denote by B, the braid group on 7 strands and by PB,, the pure braid group on n strands. The
braid groupoid B is the groupoid with objects the natural numbers n € IN and braid groups as automorphism
groups. It is endowed with a strict braided monoidal product § : B x B — B, defined by the usual addition for
the objects and laying two braids side by side for the morphisms. The object 0 is the unit of this monoidal product.
The braiding of the strict monoidal groupoid (B, ,0) is defined for all natural numbers n and m by:

bg,m = (0mo--+00p001)0 -0 (0yim00+"00,300,1)0 (Tyim_10""00y4100y)
where {0i};c (1 4 m—1) denote the Artin generators of the braid group By,1,. We refer the reader to [27, Chapter
XI, Section 4] for more details. By [29, Proposition 5.18], the category $p is pre-braided homogeneous.

The classical surjections < B, id Sy , sending each Artin generator ¢; € By, to the transposition 7; € &,
neN
foralli € {1,...,n— 1} and for all natural numbers 7, assemble to define a functor B : ${ — FI. The functor

B is strict monoidal with respect to the monoidal structures (48, 4,0) and (FI,U,0). In addition, they define the
following short exact sequence for all natural numbers # (see for example [3]):

Pn

1 PB, B, Gy 1.

Let PB_ : (N, <) — &rand B_ : (N, <) — &t be the families of groups defined by PB_ (1) = PB,, B_ (n) = B,
and B_ () = PB_ (y») = id1§— for all natural numbers n. Therefore, by Theorem 3.7:

Proposition 3.9. Let F be an object of Fct (4B, IK-910d). For all natural numbers q, Hy (Beo, Feo) = Col}z?ln (H; (PBy, F (n))),
ne

and if F factors through the category F1, then:

Hy (B, Fro) = Colim (H,7 (PB,, K) & F (n)) :

The rational cohomology ring of the pure braid group onn € IN strands is computed by Arnol’d in [1]. Namely,
H17(PB,, Q) is the graded exterior algebra generated by the classes wi j fori,je {1,...,n} and i < j, subject to the
relations w; jw; x + wj xwy i + wi,iw;,; = 0. By the universal coefficient theorem for cohomology and as H (PB,, K)
is a finite-dimensional vector space, we deduce that H, (PB,, K) = H (PB,, K).

Moreover, the FI-module structure of the homology groups H; (PB_, K) is well-known by [8, Example 5.1.A]:
the conjugation action of the symmetric group &, on H, (PBy, K) translates into the permutation action of &, on
the indices i,j € {1,...,n} of the generators {wi,j}z.’].e (1, Hence, fixing some F € Fet (FI, K-9od), we have a
complete description of the FI-module structure of the functor H; (PB_, K) (11% F(—).

3.3.2 Mapping class group of orientable surfaces

We take the notations of Section 2.3.1. Recall that we introduced the groupoid 9%, associated with the surfaces
X5 1 for all natural numbers n and s. Let ;" be the full subgroupoid of M, on the objects {ZZJ}%N. By [29,

Proposition 5.18], the boundary connected sum § induces a strict braided monoidal structure (sz:, g, (28,1, I ))
such that U5 is a pre-braided homogeneous category.
Recall that DiffooPoints (erl) denotes the space of diffeomorphisms of the surface X}/ ; which fix the boundary

pointwise and fix the marked points. Let Diffo-Permute (22,1) be the space of diffeomorphisms of the surface X} |

which fix the boundary pointwise and permute the marked points. The injections {I"Ln]1 N I, } induced by
’ ") neN
the inclusions

Diffao,points ( ZZ l) N Diffag,permute ( ZZ 1)

provide the following short exact sequence for all natural numbers n:

pmy,

1 rif e <H 1.

’
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The surjections {pm,, },, .y define a strict monoidal functor 9, — X. Let F t(N,<) = &randI” | : (N, <) —
&t be the families of groups defined by FL]l (n) = Tl I~ (m) =17, and F ]1 (vn) =TZ 1 (yn) = id1f— for all

n,1’
natural numbers 7.

From Theorem 2.20, we deduce that for all natural numbers g such that n > 2g:

Hy (FLnll’lK) D <Hk (T2, IK) & Hy ((CP“)X",]K)> .

k+l=q

The conjugation action of the symmetric group &, on Tl ]1 is induced by the natural action of &, on X} ; given
by permuting the marked points. Hence, according to the decomposition of the classifying space associated with

the pure mapping class groups in [4, Theorem 1], the action of &, on Hy (FL ]l,IK) corresponds to permuting

the n factors CP*: the FI-module structure of the homology groups H, (F[ ] IK) is thus well-understood using

n,1’
Kiinneth formula for H, ((CP"O) “n Z) . A fortiori the homology group H, (I, 1, K) is a trivial §,-module. Recall
also from [28] that:
H* (Foo,l,]K) =2 K [K],Kz, .. ]

where each x; has degree 2i.
By Theorem 3.7, we deduce that:

Proposition 3.10. Let F be an object of Fct (UM, IK-9t0d). For all natural numbers q,
00 ~ . ['rl]
Hy (T3 F) = Colin (Hy (I3, F (1))

In particular, if F factors through the category F1I, then:

H Fs) = Coli Hy (T',1,K)®H P®)*", K F ,
7 (T, Feo) = Colim ki(}_q(zc(n,l ) H ((CP™) ))% (n)

and a fortiori Hpjyq (Fw 17 Foo) = 0 for all natural numbers k.

Remark 3.11. The key point for the calculations of Section 3.3.2 to work is to consider a subgroupoid S)LTtlz of My so
that the braided monoidal structure § restricts to it (i.e (9)2,2, b, (28,1, I )) is a braided monoidal groupoid) and so
that the number of marked evolves linearly with respect to the genus: for instance we could consider the category
with objects {Zﬁ’ﬁ }neN and all the above results follow mutatis mutandis. However this does not change the

result for the colimit.

3.3.3 Particular right-angled Artin groups

A right-angled Artin group (abbreviated RAAG) is a group with a finite set of generators {s;},-;,, with k € N
and relations s;s; = s;s; for some i,j € {1,...,n}. For instance, the free group on k generators Fj is a RAAG. We
refer to [32] or [15, Section 3] for more details on these groups.

By [15, Proposition 3.1], any RAAG admits a maximal decomposition as a direct product of RAAGs, unique up
to isomorphism and permutation of the factors. A RAAG is said to be unfactorizable if its maximal decomposition
is itself. We refer to [32] or [15, Section 3] for more details on these groups. Moreover, we have the following key

property:

Lemma 3.12. [15, Proposition 3.3] Let A be a fixed unfactorizable RAAG different from Z. For all natural numbers n, we
have the following split short exact sequence:

1 Aut (A" —" o Aut (A7) e &, — 1.
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Let R4 be the groupoid with the groups A*" for all natural numbers # as its objects and Aut (A*") as auto-
morphism groups. By [15, Sections 1 and 5], the direct product x induces a strict symmetric monoidal structure
(R4, %,0¢,) such that UR 4 is a pre-braided homogeneous category. It is clear that the surjections {s; }, . define

a strict monoidal functor S : R4 — Z. Let Aut (A7) : (N, <) — &rand Aut (A)*" : (N,<) — &t be the
families of groups defined by Aut (A*7) (n) = Aut (A*"), Aut (A)*~ (n) = Aut (A)*" and Aut (A*7) (7a) =
Aut (A)*" (7yn) = idy x — for all natural numbers 1. By Theorem 3.7:

Proposition 3.13. Let F be an object of Fct (UR 4, K-Mod) and A be a fixed unfactorizable right-angled Artin group

different from Z. For all natural numbers q, Hy (Aut (A**), F) = Col}z;?rz (Hq (Aut (A)*",F (n))), and if F factors
ne

through the category F1, then:

H, (Aut (A*%), F) = Colim (Hq (Aut (4)™,K) ®F (n)> . (17)

Corollary 3.14. Let A be a fixed unfactorizable right-angled Artin group different from Z., such that there exists Ny € IN
such that Hy (Aut (A),K) = 0 for 1 < g < Na. Then, for all objects F of Fct (UR 4, K-0R0d) factoring through the
category FI:

Hy (Aut (A**®),Fs) =0,

for all natural numbers q such that 1 < g < N4.

Proof. Tt follows from Kiinneth Theorem that, for all natural numbers g such that1 < g < Ny, H; (Aut (A", ]K) =
0. Then, the result follows from (17). O

Example 3.15. Let F; be the free group on k generators. By [14, Corollary 1.2], for k > 29+ 1 and g # 0,
Hy (Aut (F),KK) = 0. Let F be an object of Fet (URF,, K-9M00) factoring through the category FI. Then, for

all natural numbers g and k such that1 < g < k%l:
H, (Aut ((F) "), F) = 0.

In particular, H, (Aut ((Foo)mo) , Foo) = 0 for all FI-module F.
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