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Abstract

This paper is concerned with stability of a linear system with a time-varying delay. First, an optimal reciprocally convex inequality is
proposed. Compared with the extended reciprocally convex inequality recently reported, the optimal reciprocally convex inequality
not only provides an optimal bound for the reciprocally convex combination, but also introduces less slack matrix variables. Second,
a new Lyapunov-Krasovskii functional is tailored for the use of auxiliary function-based integral inequality. Third, based on the
optimal reciprocally convex inequality and the new Lyapunov-Krasovskii functional, a stability criterion is derived for the system
under study. Finally, two well-studied numerical examples are given to show that the obtained stability criterion can produce a
larger upper bound of the time-varying delay than some existing methods.

Keywords: Time-delay systems, stability, reciprocally convex inequality, Lyapunov-Krasovskii functional.

1. Introduction

Consider the system with a time-varying delay described by

ey

{ x(1) = Ax(t) + Aygx(® — h(?))
x(0) = ¢(0), 6 € [-hy,0],

where x(f) € R” is the system state; A and A, are real n X n
constant matrices; A(f) is the time-varying delay satisfying

0<h(t) < hy, dy<h@t)<dy<oo )

with &y, d,, and dy; known scalars; and ¢(6) is an initial condi-
tion. To begin with, for simplicity of presentation, we denote

L (h) x(s)
{p‘(t) = iy @S

— ! X(5)
p3(1) = ft—h(z) w0 as

1=h(1) (1=h(1)=5)x(s)
A TR 3

— (! (1=5)x(s5)
pa(t) = ft—h(t) o dS:

p2(t) ==

The Lyapunov-Krasovskii functional method plus integral
inequalities is regarded as a powerful tool for deriving a maxi-
mum upper bound £, that the system (1) can tolerate and main-
tain stability (He et al., 2007; Gu & Liu, 2009; Gu, 2013;
Xu et al. , 2015). This method has gained increasing attention
especially since the Jensen integral inequality is improved by
the Wirtinger-based integral inequality (Seuret & Gouaisbaut ,
2013), and much effort has been made in seeking less conser-
vative stability criteria for the system (1), e.g. Zhang & Han
(2015), Zhang et al. (2016), Zeng et al. (2015a), Kim (2016).
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It should be mentioned that the Wirtinger-based integral in-
equality is further improved by the auxiliary function-based
integral inequality (Seuret & Gouaisbaut, 2015; Park et al. ,
2015). However, it is found that, if taking some Lyapunov-
Krasovskii functional, the stability criterion based on the aux-
iliary function-based integral inequality may be of the same
conservatism as the one based on the Wirtinger-based inte-
gral inequality. To make it clear, we take the proof of Theo-
rem 7 in Seuret & Gouaisbaut (2013) for example, where the
Lyapunov-Krasovskii functional is chosen as

V(x, %) = X (OPX(@) + Vi(1, %) + Va(t, &) “

where X(¢) := col{x(¢), h(t)ps(t), (hayy—h(t))p1(¢)}, and
Vi(t, x) = f xT()Ox(s)ds + f xL(9)Sx(s)ds  (5)
t—h(t) t=hy,

Valt, %) = f f 3T ($)Rx(s5)dsdb (6)
t—hy J6O

Applying the Wirtinger-based integral inequality, it is proven
that (Seuret & Gouaisbaut , 2013)

V(x. ) < € (D), h(1)é (1), (N

where &1(f) = col{x(z), x(t — h(?)), x(t — hy), p3(2), p1(2)} with
p1() and p3(¢) defined in (3), and @D(h(),h(t)) is defined
in Seuret & Gouaisbaut (2013). However, use the auxiliary
function-based integral inequality (i.e. Lemma 1 on the next
page) and the reciprocally convex approach (Park et al. , 2011)
to get

V(x, 1) < €1 OPhD, hD)E (1) - O PE@E  (8)
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where &, (1) := col{x(t—h(t)) — x(t — hpr) — 6p1(2) + 120, (¢), x(t) —
x(t = h()) — 6p3() + 12p4(1)} with pa(f) and p4(¢) defined in
(3), and ¥ := ﬁ[ & 5.1 = 0. Denote £1(1) = col{&(r),0,0},
L) = col{é (1), pa(n), p2(D} and I = [9 1,1 9 =80 9 1217,
Then (8) can be rewritten as

V(x %) < ¢ (diag(P(h(t). h(r), ~11 ()= (O P& (1)
®

Notice that (7)) and {»(¢) are linearly independent since {(t)
does not include the vectors p,(7) and p4(¢). Thus, the stability
criteria derived from (7) and (9) both can be given by the same
form as @(h(r), i(r)) < 0 due to ¥ > 0. Therefore, the use of
the auxiliary function-based integral inequality may not reduce
the conservatism of the obtained stability criterion.

From the above analysis, it is clear to see that, in order to
derive less conservative stability criteria, one should construct
a proper Lyapunov-Krasovskii functional such that the corre-
sponding vector £ (¢) is linearly dependent on the vector {»(#)
in (9). To construct such a Lyapunov-Krasovskii functional is
the first motivation of the study.

On the other hand, the reciprocally convex approach is wide-
ly used in the stability analysis of linear systems with time-
varying delay. It is because, as stated in Park et al. (2011),
the reciprocally convex approach can produce stability criteri-
a with less decision variables while the conservatism will not
be increased. Recently, the reciprocally convex inequality in
Park et al. (2011) is extended in Seuret & Gouaisbaut (2016)
by introducing four slack matrix variables. Although the ex-
tended reciprocally convex inequality is helpful for deriving a
less conservative stability condition, the introduction of four
slack matrix variables undoubtedly increases the computation
complexity of the obtained stability criterion. How to reduce
the slack matrix variables of the extended reciprocally convex
inequality is a significant issue, which is the second motivation
of the study.

In this paper, we focus on the stability analysis of linear sys-
tems with time-varying delay described by (1). First, an optimal
reciprocally convex inequality is proposed, which provides an
optimal bound for the reciprocally convex combination, while
less slack matrix variables are introduced if compared with the
extended reciprocally convex inequality (Seuret & Gouaisbaut ,
2016). Second, a new Lyapunov-Krasovskii functional is tai-
lored for the use of the auxiliary function-based integral in-
equality. On the one hand, the terms p,(¢) and p4(f) appear in the
derivative of the Lyapunov-Krasovskii functional, which mean-
s that the auxiliary function-based integral inequality can be
used to formulate less conservative stability criteria; and on the
other hand, the quadratic ¥ (f)P(f) in (4) is deleted. Instead,
Vi, x,) in (5) is augmented so that the relationship between
pj®) (j = 1,---,4) and the other vectors is enhanced in the
derivative of the Lyapunov-Krasovskii functional. Third, the
optimal reciprocally convex inequality and the new Lyapunov-
Krasovskii functional are employed to derive a new stability
criterion for the system (1), whose effectiveness is demonstrat-
ed through two well-used numerical examples.

Notations: Apax(Q) (Amin(Q)) stands for the maximum (min-
imum) eigenvalue of the matrix Q; Sym{A} = A + AT.

To end this section, we introduce some lemmas, which are
useful in the stability analysis.

Lemma 1. (Seuret & Gouaisbaut, 2015; Park et al. , 2015).
For any n X n constant real matrix R > 0, two scalars r; and
ry with ry > ry, and a vector-valued function w : [ry,r,] —» R”
such that the integrations below are well defined, then

M, rm)RL(r, 1) (10)

f za)T(s)Rw(s)dsZ !

rp—ri

where R = diag{R,3R,5R} and {(r1,1;) := col{vy, vy, v2} with
vg = w(r) — w(r) and

v i=w(r) + w(r) — ,23,1 f,]rz w(s)ds N
Uy =g — rzgrl frjz w(s)ds+ (rzli])zfrlfz(rz —s)w(s)ds

Lemma 2. (Kim, 2016). For a given quadratic function {(s) =
ars® + as + ao, where a; € R (i = 0,1,2), if the following
inequalities hold

(i). €00) < 0; (ii). €(h) < 0; (iii). —h*ax + £(0) <0  (12)
one has €(s) < 0 for Vs € [0, h].

Lemma 3. (Fridman, 2014). The system (1) is asymptotically
stable if the exists a quadratic Lyapunov-Krasovskii functional
V(t, ¢, ¢) such that for some g; > 0 (i = 1,2,3)

eillp(O)* < V(t, ¢, ) < e2llplly,
V(t, ¢, ¢) < —&3llpO)I*

where |91, = ISP + 5 Io(s)IPds + [} 6@)IPde.

2. Main results

In this section, we will present our main results. An optimal
reciprocally convex inequality and a new Lyapunov-Krasovskii
functional are introduced, based on which a novel stability cri-
terion is derived for the system (1).

2.1. An optimal reciprocally convex inequality

Recently, the reciprocally convex inequality proposed in
Park et al. (2011) is extended by introducing some slack ma-
trix variables, which is given as follows.

Lemma 4. (Seuret & Gouaisbaut , 2016). Let Ry, R, € R™™
be real symmetric positive definite matrices and @, w, € R"
and a scalar a € (0,1). If there exist real symmetric matrices
X1, X5 € R™™ gnd real matrices Y1, Y, € R™™ such that

[Rl—Xl Y1]>0 [Rl Y,

YT R vI R—x, |20 (13)

the following inequality holds

1 1
F(a) = awlTR]wﬁszTszz >9(X1,Xy) (14)
G(X1,X) := @l [Ri+(1-)X @) +@5 (Ry +aXa) @,

+ 2w [aY) + (1 — @)Yl (15)



Lemma 4 presents a general lower bound ¥ (X1, X,) for the
reciprocally convex combination .% (@) by introducing four s-
lack matrix variables, which bring additional degree of freedom
if compared with the one in Park ez al. (2011). However, more
slack matrix variables usually lead to high computation com-
plexity. The following analysis gives an optimal lower bound
for .7 (@) from the set {4(X;, X5)|(X;, X>) satisfies (13)}.

Theorem 1. Let Ry, R, € R™™ be real symmetric positive def-
inite matrices and wy,w> € R™ and a scalar a € (0,1). Then
forany Y|, Y, € R™", the following inequality holds

F(a) 2 @ [Ri+(1-a)(R) - V1R 'Y]))]w,
+ @S [Ry+a(Ry — YIR'Ya) @

+2w1T[aY] + (1 —a)Ys]w, (16)

Proor. Since R; > 0 and R; > 0, the matrix inequalities in (13)
are equivalent to, respectively,

Ri-X VRV 20, Ro—-X, - YIR'Y, >0 (17)

Denote X9 = R — YlREIYIT and Xp0 = Ry — Y;RI_IYZ. Then
it follows from (17) that X;¢9 > X; and X,y > X;, which leads
to g(X]o, X20) > g(X] . Xz), where g(X] , Xz) is defined in (15)
Since (X1, Xo0) satisfies (13), by Lemma 4, one obtains

F (@) 2 9 (X0, X20) 2 G (X1, X2) (18)
which completes the proof.

Remark 1. Compared with Lemma 4, Theorem 1 provides an
optimal lower bound ¥(X19, X50) for the reciprocally convex
combination .% (@). It is worth pointing out that the slack ma-
trix variables X; and X, in (13) are removed from Theorem 1.
Moreover, if one sets Y1 = Y, = §, it is easy to show that
4 (X190, X20) is greater than w{lel + ZWITSwz + wgﬂzwz,
which is originally proposed in Park ef al. (2011).

Remark 2. In Seuret & Gouaisbaut (2016), it is suggested to
reduce the number of decision variables in Lemma 4 by impos-
ing a constraint X; = X, on X| and X,. However, in the case
where the dimensions of R; and R, are not compatible, one can-
not set X; = X5; and in the case where R; = R,, the constraint
X, = X; only makes the lower bound ¥ (X1, X;) deviate away
from the optimal one ¥ (X0, X»9) due to that, in most cases, X1
is not equal to X,y even though one sets Y| = Y>.

2.2. An augmented Lyapunov-Krasovskii functional

In this section, we introduce a Lyapunov-Krasovskii func-
tional candidate as

V(ta Xt -x[) = Vl(t7 -xl) + hMV2(t7 'xl) (19)

where x; = x(t + 0), 0 € [—hy,0]; Va(t, X;) is defined in (6);
and

15
Vi, x;) := f i (¢, $)Quni(t, s)ds
—h(r)

t—h(t)
+ f 1 (t, 5)Qama(t, s)d's (20)

—hy

where Q1 > 0, 9, > 0 and R > 0 are to be determined, and

M, s) := col {i(s), x(), no(1), [, ., X(6)d6)]
Mt 5) := col {i(s), x(s), no(1), [, x(6)do)
1o(t) := col {x(1), x(t — h(1)), x(t = hy)}

It is not difficult to verify that there exist two constants ¢; > 0
and ¢, > O such that

el O3 < V(t, xi, %) < callx iy, (1)

In fact, denote gy = min{A;n(Q1), Amin(Q>2)}. Then
' t—h(t)
Vi(t, x;) > f ex! (H)x(t)ds + f ex’ (H)x(t)ds
t—h(t) t=hy
= hyreox! (Hx(@) £ ¢1xT (Hx(F) (22)

On the other hand, denote €; = max{Aax(Q1), Amax(Q2)}. Then

Vit x) < € f ) |11 +I1xC)I3 + o (113 | s

! S S

re f f T (@)]2d6 f 1X(O)ladods
1—h(t) Ji—h(r) 1—h(z)
t—h(t) s X

‘e f f T (O)]2d6 f () ldods
t—hy t—hy t=hy

<e f |15+ 31K | ds + e Al (O3

t—hy
! i3
+€ f e f llx(6)|[3d6ds
1—h(1) t—hy

t—h(t) t
+ € f Iy f lx(O)lI3d6ds
t—hy t—hy

t
< ethyllx OB+ f ()13 -+, +3)lIx( )] ds
t—hy

!
Va(t, 1) < g A (R) f l(s)ds
t—hy
which follows that

!
V(t, X, %) < €rhpllx (0)5+(h3,+3)er f llx(s)ll3ds
t—hy

A (R)+e1] f s

Thus, there exists a constant ¢, := max{e hyy, hlzw/lmax(R)-i-El,
(hfu + 3)€1}, such that V(¢, x,) < czllx,llﬁv.

Compared with some existing Lyapunov-Krasovskii func-
tionals, e.g. (4) and He et al. (2005), Seuret & Gouaisbaut
(2013), Kim (2016), V(t,x;) in (19) has the following char-
acteristics:

i) The quadratic term, say x’ (/)Px(f) or ¥ (f)Px(t) in (4), is
deleted. Instead, an augmented integral term V (¢, x,) is in-
troduced. As aresult, the system states x(s), x(¢), x(# —d(?))



and x(z — hyy) are closely coupled by the matrices Q; and
0>. Such coupling can enhance the relationship between
x(#) and the other delayed state vectors in the derivative of
Vi(t, x;); and

ii) Taking the time-derivative of V| (¢, x,) yields two important
integrals p,(f) and p4(f), which enable us to employ the
integral inequality (10) to derive less conservative stability
conditions.

2.3. A new stability criterion

In this section, based on Theorem 1 and the Lyapunov-
Krasovskii functional (19), we establish and state a novel delay-
dependent stability criterion for the system (1).

Proposition 1. For given scalars hy,d,, and dy, the system
(1) is asymptotically stable if there exist real matrices Q1 > 0,
0>, >0, R >0, Yy and Y, with appropriate dimensions such
that

Y10, Dla=dy.ay T3 Y3 Y(ht, Dla=d,ay T1 Y1
[ v, -R | <% 2SR IS
h? d)+ 700,d FTYT
[[ wGo(d) er12( Nla=d,,.dy R <0 (4

where R = diag{R,3R, 5R} and

T1(h(0), h(D)) = [G11+h(D)12]" Q1[C11 +h(1)E12]
+ 3, G RGy— 6 0265 —(1-h(1))6) Q16— (2—a) TR
+ (1=h(O)[Car +(hag — h(0)C42)" QalCar+(hy — h(1))Clo)
+ Sym{ 2] Q1630 + h(t)63 + ()63,
+ Sym{ ] QalGeo+(hy — (1) o1 +(hy — (1)) Gea}

— (14+@)[3 R, - Sym T [a¥) + (1 — @)Y} (25)
Go(h(t)) := %1T2Q1(512+(1—h(t))%;TzQz(gAz
+ Sym{@erfnJr@zTQz%z} (26)

where 6 := Aey + Ager, a = (hy — h(t))/hy and

b1 = col{by, e1,e1,e2,e3,0}, 612 := c0l{0,0,0,0,0, eg}

©> = col{eg, er, e1,e2,e3,0}, G3 := colfe) —¢e,0,0,0,0,0}
51 := col{0, eg, €1, €2, €3,0}, €3 = c0l{0,0,0,0,0, e}
Ga1 := colleg, er,e1,e2,e3,0}, G = c0l{0,0,0,0,0, es}

G5 = colley, e3,e1,e3,e3,0}, Gp := colfe, —e3,0,0,0,0, 0}
Ge1 := col{0, eq, €1, €2, 3,0}, Gsr := c0l{0,0,0,0,0, es}

D, = col{0,0, %, (1 — h(h))es, eq, (h(t) — 1)es)

Dy = col{0,0, %, (1 — h(f))eg, €9, —e3)

I’y := colles—e3, ex+e3—2ey4, ex—e3—6e4+12e5)}

I := colle; —ey, e1+ex—2eq, €] —er—06eg+12e7}

withe; (i=1,2,---,9) being the i-th n X 9n block-row vectors
of the 9n X 9n identity matrix.

Proor. Taking the time derivative of V(z, x;) in (19) along with
the trajectory of the system (1) yields

V(t,x) = Vi(t, x)) + hy Va(t, x1) 27
where

Vilt, x)) = ni (6, DQ1mi(t, ) =13 (¢, t — har) Qana(t, t — g
— (1 = ()" (t,t — h(@) Q11 (2, — h(?))
+ (1 = h(t)nh (1,1 = h() Qama (2, t = h(2))

¥ f 207 (1, s )Qla'“(’ 9 ds
1—h(t)

t—h(t)
e[ e s 28)

t—hy

15
hyVa(t, x,) = 5,57 (OR(£) — hyy f i ($)Ri(s)ds  (29)
hy
For simplicity, denote

&) := col{x(1), x(1 = h(1)), x(t = har), p1(1), p2(1), p3(D),
Pa(0), X(t=h(1)), X(1—=hp)} (30)

where p;(#) (j = 1,2,3,4) are defined in (3). Then one has
X(t)=%o&(1), and

m@, 1) = (Cri+hOC)ED), mtt—h@) = 66@1),
m(t, t=h(t)) = [Ca1+(hy—h@®))Cn)é®), na(t, t—hy) = C5E(0),

f 277 (1, )0, ”‘“ 5 ds
1—h(o)

= 26" (7] 0, [%o + h(t)Y Gy + (O] £0), 31

1—h(t) o
f 201,10, ™25 = 26T (07 0,

t—hy

X [0 + (h = h(t)Ge1 + (b = h(O)Y G| €D). (32)

Denote .#(1) := hy | ihM 7 (s)Rx(s)ds. Then

1—h(t) 7
(1) = hy f T ($)Rx(s)ds + hy f i ($)Rx(s)ds
t—h(t)

1=y
Applying Lemma 1 yields

0 1 i
hu f i (DR¥(s)ds = ;(Flf(t))TR(Flf(t))

t—hy

t
[
#hr)

where @ = (hy — h(t))/hy. Thus, apply (16) with R,
=T1&(¢) and @, = I,£(¢) to obtain

1 ~
i (SR¥(5)ds 2 T (20) RIED)

=R, =R,

I 2 E' 0| To-(1-a) ViRV T -l Y] R Y10 | (1)
To:=(2-a)[] R +(1+a)T5 RTy+S ym {T] [aY; +(1-)Y> ]2}
To sum up, one has that

V(t, ) < EX O (h(2), h(D) + T2 (R(0)IE@) (33)



Table 1: The maximum admissible upper bound hy for d = —d,, = dy for Table 2: The maximum admissible upper bound &y for d = —d,;, = dy for
Example 1 Example 2
Method \ d 0.1 0.5 0.8 NoDVs Method \ d 0.1 0.2 0.5 0.8
Kim (2016) 4,753 | 2.429 | 2.183 27 +4n Seuret (2013) 6.590 | 3.672 | 1.411 | 1.275
Zeng et al. (2015) | 4.788 | 3.055 | 2.615 6502 +11n Kwon et al. (2014) | 7.125 | 4.413 | 2.243 | 1.662
Proposition 1 4910 | 3.233 | 2.789 | 54.5n%+6.5n Proposition 1 7.230 | 4.556 | 2.509 | 1.940

where T (h(2), k(1)) is defined in (25), and
Ta(h(t)) := (1-a)TT ViR Y T +al T YIR7'Y,T5
Notice that
T1(h(2), h(0)+C2(h(1) = > (DGo(h(1) + h(DG1 (h(1)) + G (h(1))

where Go(h(1)) is defined in (26); G1 (h(?)) and G (h(¢)) are some
proper real symmetric matrices irrespective of A(f). Let us con-
sider the quadratic function y7 [ (h(?), h(t))+'I'2(h(t))]X as

XTIC1(h(t), h(0)+Co(h()x = axh* (D) + arh(t) + ag  (34)

where ao=x" Go((t)x, a1 =x" G1(h(D)x and a> =x" Go(h(t)x
with y € R*. If the linear matrix inequalities in (23) and
(24) are satisfied, applying Lemma 2 and the Schur comple-
ment yields xy” [T (h(t), () + Y2 (h(£))]xy < O for h(t) € [0, hy]
and i(t) € [d, dy). Let y = &(f). Then one has V(t,x,) <
ELDIT1 (D), h(1) + L2(R()IE®D < O for h(r) € [0,hy] and
h(t) € [d,,, dy]. Thus, applying Lemma 3, one can draw a con-
clusion that the system (1) is asymptotically stable. O

Remark 3. Proposition 1 presents a novel stability criteria
based on the new Lyapunov-Krasovskii functional. From the
proof, it is clear that in the estimation of V(t, x;), Theorem 1
and Lemma 1 play a key role in deriving a tight upper bound
for V(t, x;). It is worth pointing out that Lemma 2 proposed in
Kim (2016) provides a useful method to deal with the quadratic
function (34) on the time-varying delay A(¢). Simulation result-
s in the next section show that Proposition 1 can produce less
conservative results than some existing approaches.

3. Numerical examples

Example 1. Consider the system (1) with

-2 0 -1 0
A‘[o —0.9]’ Ad_[—l —1] (35)
and the delay h(t) is time-varying satisfying (2).

For comparison with some existing approaches, we calcu-
late the maximum admissible upper bound #y, for different
d = -d, = dy. Ford € {0.1,0.5,0.8}, applying the approach-
es in Kim (2016), Zeng et al. (2015) and Proposition 1, the
obtained results are given in Tab. 1. Moreover, the number of
decision variables (NoDVs) involved in solving the correspond-
ing linear matrix inequalities is also listed in Tab. 1. From this

table, one can see clearly that Proposition 1 delivers some larg-
er upper bounds Ay, for the time-varying delay /(7) than those
by Kim (2016) and Zeng et al. (2015). It should be mentioned
that the number of decision variables required in Proposition 1
is smaller than that in Zeng et al. (2015).

Example 2. Consider the system (1) with
0 1 0 0
A_[—l —1}’ Ad‘[o —1] (36)

and the delay h(t) is time-varying satisfying (2).

For this example, in Seuret & Gouaisbaut (2013) and
Kwon et al. (2014), the maximum admissible upper bound £,
of the time-varying delay A(f) is calculated for d = —-d,, =
dy € {0.1,0.2,0.5,0.8} and the obtained results are listed in
Tab. 2. However, applying Proposition 1 yields some larger up-
per bounds /s, which are also given in this table. It is clear to
see that for d = 0.8, the maximum upper bound /4, is improved
by 16.73% and 52.16%, respectively, if compared with the ones
in Kwon et al. (2014) and Seuret & Gouaisbaut (2013).

4. Conclusion

Stability of linear systems with time-varying delay has been
revisited in this paper. By introducing an optimal reciprocally
convex inequality and a new Lyapunov-Krasovskii functional,
a novel stability criterion has been derived for the system under
study. It has been shown that through two well-used numerical
examples the obtained stability criterion can deliver larger up-
per bounds for the time-varying delay than some existing ones.
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