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FULLY NON-LINEAR PARABOLIC EQUATIONS
ON COMPACT HERMITIAN MANIFOLDS !

Duong H. Phong and Dat T. T6

Abstract

A notion of parabolic C-subsolutions is introduced for parabolic equations, ex-
tending the theory of C'-subsolutions recently developed by B. Guan and more specif-
ically G. Székelyhidi for elliptic equations. The resulting parabolic theory provides
a convenient unified approach for the study of many geometric flows.

1 Introduction

Subsolutions play an important role in the theory of partial differential equations. Their
existence can be viewed as an indication of the absence of any global obstruction. Perhaps
more importantly, it can imply crucial a priori estimates, as for example in the Dirichlet
problem for the complex Monge-Ampere equation [43, 18]. However, for compact manifolds
without boundary, it is necessary to extend the notion of subsolution, since the standard
notion may be excluded by either the maximum principle or cohomological constraints.
Very recently, more flexible and compelling notions of subsolutions have been proposed
by Guan [19] and Székelyhidi [50]. In particular, they show that their notions, called
C-subsolution in [50], do imply the existence of solutions and estimates for a wide variety
of fully non-linear elliptic equations on Hermitian manifolds. It is natural to consider also
the parabolic case. This was done by Guan, Shi, and Sui in [21] for the usual notion of
subsolution and for the Dirichlet problem. We now carry this out for the more general
notion of C-subsolution on compact Hermitian manifolds, adapting the methods of [19] and
especially [50]. As we shall see, the resulting parabolic theory provides a convenient unified
approach to the many parabolic equations which have been studied in the literature.

Let (X, ) be a compact Hermitian manifold of dimension n, o = i ag;dz? A dz* > 0,
and x(z) be a real (1, 1)- form,

X =i xg;(2)d2? A dZP.

If u € C*(X), let A[u] be the matrix with entries A[u]®; = a*™(xm; + 9;0mu). We consider
the fully nonlinear parabolic equation,

dru = F(A[u]) — (), (L1)

IThe first author was supported in part by the National Science Foundation under NSF Grant DMS-
12-66033. The second author was supported by the CFM foundation and ATUPS travel grant.


http://arxiv.org/abs/1711.10697v2

where F'(A) is a smooth symmetric function F'(A) = f(Alu]) of the eigenvalues A;[ul,
1 < j < n of Afu], defined on a open symmetric, convex cone I' C R™ with vertex at the
origin and containing the positive orthant I',,. We shall assume throughout the paper that
f satisfies the following conditions:

(1) f; > 0 for all 4, and f is concave.
(2) f(A\) > —o0 as A — 0T
(3) For any o < supp f and A € I', we have lim;_,, f(t\) > o.

We shall say that a C? function u on X is admissible if the vector of eigenvalues of
the corresponding matrix A is in I' for any z € X. Fix T" € (0,00]. To alleviate the
terminology, we shall also designate by the same adjective functions in C*'(X x [0,7))
which are admissible for each fixed t € [0,7"). The following notion of subsolution is an
adaptation to the parabolic case of Székelyhidi’s [50] notion in the elliptic case:

Definition 1 An admissible function u € C*'(X x [0,T)) is said to be a (parabolic) C-
subsolution of (1.1), if there exist constants §, K > 0, so that for any (z,t) € X x [0,T),
the condition

fAu(z, )] +p) —Ouw+7=19(2), p+élel,, 7>-§ (1.2)

implies that |u| + || < K. Here I denotes the vector (1,---,1) of eigenvalues of the
identity matriz.

We shall see below (§4.1) that this notion is more general than the classical notion
defined by f(A([u]))—0wu(z,t) > 9(z,t) and studied by Guan-Shi-Sui [21]. A C-subsolution
in the sense of Székelyhidi of the equation F(Afu]) — ¢ = 0 can be viewed as a parabolic
C-subsolution of the equation (1.1) which is time-independent. But more generally, to
solve the equation F'(Afu]) — ¢ = 0 by say the method of continuity, we must choose a
time-dependent deformation of this equation, and we would need then a C'-subsolution for
each time. The heat equation (1.1) and the above notion of parabolic subsolution can be
viewed as a canonical choice of deformation.

To discuss our results, we need a finer classification of non-linear partial differential
operators due to Trudinger [61]. Let I, be the projection of ', onto R"™,

T ={N=1 ", A1); A=A, -, \,) €T for some \,} (1.3)
and define the function f,, on ', by
Joo(N) =Tlimy, oo f(N, An). (1.4)

It is shown in [61] that, as a consequence of the concavity of f, the limit is either finite for
all ' € I'y or infinite for all X € I',. We shall refer to the first case as the bounded case,
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and to the second case as the unbounded case. For example, Monge-Ampere flows belong
to the unbounded case, while the J-flow and Hessian quotient flows belong to the bounded
case. In the unbounded case, any admissible function, and in particular 0 if A[x] € T, is a
(C-subsolution in both the elliptic and parabolic cases. We have then:

Theorem 1 Consider the flow (1.1), and assume that f is in the unbounded case. Then
for any admissible initial data ug, the flow admits a smooth solution u(z,t) on [0,00), and
its normalization u defined by

1
il::u—v Xua”, V:/on”, (1.5)

converges in C to a function s satisfying the following equation for some constant c,

F(Altoe]) = (z) +c. (1.6)
The situation is more complicated when f belongs to the bounded case:

Theorem 2 Consider the flow (1.1), and assume that it admits a subsolution u on X X
[0,00), but that f is in the bounded case. Then for any admissible data ug, the equation
admits a smooth solution u(z,t) on (0,00). Let @ be the normalization of the solution u,
defined as before by (1.5). Assume that either one of the following two conditions holds.

(a) The initial data and the subsolution satisfy
Oy > sup (F(Alug]) — ) (1.7)
(b) or there exists a function h(t) with h'(t) < 0 so that
sup (u(t) — h(t) — u(t)) = 0 (1.8)
and the Harnack inequality
supy (u(t) — h(t)) < —Chinfx (u(t) = h(t)) + Cy (1.9)

holds for some constants Cy,Cy > 0 independent of time.

Then @ converges in C™ to a function Us, satisfying (1.6) for some constant c.

The essence of the above theorems resides in the a priori estimates which are established
in §2. The C! and C? estimates can be adapted from the corresponding estimates for C-
subsolutions in the elliptic case, but the C° estimate turns out to be more subtle. Following
Blocki [1] and Székelyhidi [50], we obtain C° estimates from the Alexandrov-Bakelman-
Pucci (ABP) inequality, using this time a parabolic version of ABP due to K. Tso [62].
However, it turns out that the existence of a C-subsolution gives only partial information
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on the oscillation of u, and what can actually be estimated has to be formulated with some
care, leading to the distinction between the cases of f bounded and unbounded, as well as
Theorem 2.

The conditions (a) and especially (b) in Theorem 2 may seem impractical at first
sight since they involve the initial data as well as the long-time behavior of the solution.
Nevertheless, as we shall discuss in greater detail in section §4, Theorems 1 and 2 can be
successfully applied to a wide range of parabolic flows on Hermitian manifolds previously
studied in the literature, including the Kahler-Ricci flow, the Chern-Ricci flow, the J-flow,
the Hessian flows, the quotient Hessian flows, and mixed Hessian flows. We illustrate this
by deriving in §4 as a corollary of Theorem 2 a convergence theorem for a mixed Hessian
flow, which seems new to the best of our knowledge. It answers a question raised for
general 1 < ¢ < k < n by Fang-Lai-Ma [12] (see also Sun [44, 45, 46, 48]), and extends
the solution obtained for k& = n by Collins-Székelyhidi [7] and subsequently also by Sun
48, 49]:

Theorem 3 Assume that (X, «) is a compact Kdihler n-manifold, and fir 1 < < k < n.
Fiz a closed (1,1)-form x which is k-positive and non-negative constants c;, and assume
that there exists a form x' = x + 100w which is a closed k-positive form and satisfies

‘
ke(X)F P A e =3 je() T A e >0, (1.10)
j=1
in the sense of positivity of (n — 1,n — 1)-forms. Here the constant ¢ is given by
‘
cx*la" ™ = ¢l ] [ ). (1.11)
j=1

Then the flow
Y1 ¢oi(A(Afu)))
or(A(Afu]))

admits a solution for all time which converges smoothly to a function us ast — co. The
form w = x + i00uy is k-positive and satisfies the equation

Ou = — +c, u(-,0) =0, (1.12)

¢
cwf ANa"F =" cjwl A (1.13)
j=1

Regarding the condition (a) in Theorem 2, we note that natural geometric flows whose
long-time behavior may be very sensitive to the initial data are appearing increasingly
frequently in non-Kéhler geometry. A prime example is the Anomaly flow, studied in
133, 36, 37, 38, 13]. Finally, Theorem 2 will also be seen to imply as a corollary a theorem
of Székelyhidi ([50], Proposition 26), and the condition for solvability there will be seen to
correspond to condition (a) in Theorem 2. This suggests in particular that some additional
conditions for the convergence of the flow cannot be dispensed with altogether.

4



2 A Priori Estimates

2.1 (C° Estimates

We begin with the C° estimates implied by the existence of a C-subsolution for the
parabolic flow (1.1). One of the key results of [50] was that the existence of a subso-
lution in the elliptic case implies a uniform bound for the oscillation of the unknown
function u. In the parabolic case, we have only the following weaker estimate:

Lemma 1 Assume that the equation (1.1) admits a parabolic C-solution on X x [0,T") in
the sense of Definition 1, and that there exists a C' function h(t) with W' (t) < 0 and

supx (u(-,t) — u(-,t) = h(t)) = 0. (2.1)
Then there exists a constant C' depending only on X, «, 8, ||ug|co, and ||id0u|| -~ so that
u(-,t) —u(-,t) — h(t) > —=C forall (z,t) € X x [0,T). (2.2)

Proof. First, note that by Lemma 6 proven later in §3, the function dyu is uniformly
bounded for all time by a constant depending only on ¢ and the initial data ug. Integrating
this estimate on [0, d] gives a bound for |u| on X x [0, 6] depending only on v, uy and .
Thus we need only consider the range ¢t > §. Next, the fact that u is a parabolic subsolution
and the condition that h'(t) < 0 imply that u + h(t) is a parabolic subsolution as well. So
it suffices to prove the desired inequality with h(t) = 0, as long as the constants involved
do not depend on dyu. Fix now any 77 < T', and set for each t, v = u — u, and

L= mil’lXX[07T/}U = U(Z(), t()) (23)

for some (zp,tp) € X x [0,7"]. We shall show that L can be bounded from below by a
constant depending only on the initial data ug and independent of 7. We can assume that
to > 0, otherwise we are already done. Let (z1,---, z,) be local holomorphic coordinates
for X centered at zp, U = {z;]2|] < 1}, and define the following function on the set
U=Ux{t;—=6 <2(t—ty) <},

52
w:v+z|z|2—|—|t—t0|2, (2.4)

where § > 0 is the constant appearing in the definition of subsolutions. Clearly w attains
its minimum on U at (2, to), and w > minuw%—iéz on the parabolic boundary of /. We can
thus apply the following parabolic version of the Alexandrov-Bakelman-Pucci inequality,
due to K. Tso ([62], Proposition 2.1, with the function u there set to u = —w+minuw+§):

Let U be the subset of R?***! defined above, and let w : &/ — R be a smooth function
which attains its minimum at (0, %), and w > mingw + i52 on the parabolic boundary of
U. Define the set

w(z,t)

o . < w(zg,to) + i52, |D,w(z,t)| < %, and
S = {(x,t)eu. wiy.s) > w : (2.5)

(x,t) + Dyw(x,t).(y —x), Vy e U,s <t
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Then there is a constant C' = C(n) > 0 so that

(%Wﬂg/hmmmWWMﬁ
S

Returning to the proof of Lemma 1, we claim that, on the set S, we have
lwy| + det (DHw) < C (2.6)
for some constant depending only on d, and |[i00ul| .. Indeed, let
o= Au] — Aul, T = —0u + Oyu. (2.7)
Along S, we have D;w > 0 and dyw < 0. In terms of 1 and 7, this means that p+0I € T,
and 0 < —Quw =7 — 2(t —t9) < 7+ 0. The fact that u is a solution of the equation (1.1)
can be expressed as

FO\u] + p) — Ou+ 7 = (2). (2.8)

Thus the condition that wu is a parabolic subsolution implies that |u| and || are bounded
uniformly in (2,t). Since along S, we have det(D}w) < 2"(det(DFw))?, it follows that
both |w,| and det(D};w) are bounded uniformly, as was to be shown.

Next, by the definition of the points (z,¢) on S, we have w(z,t) < L + %. Since we
can assume that |L| > §2, it follows that w < 0 and |w| > % on S. Thus we can write, in
view of (2.6), for any p > 0,

C, 642 < C/ dxdt < < ) / |w(w,t)[Pdrdt < <‘L‘> / lw(z,t)[Pdzdt.  (2.9)

Next write
52
lw| = —w=-v-— —|Z\2 (t —t0)? < —v
< —v+supyv (2.10)

since supyv > 0 by the assumption (2.1). Since A[u] € I' and the cone I' is convex, it
follows that Au > —C and hence

A(v —supyv) = Au—Au > —A (2.11)

for some constant A depending only on y, «, and [[iddu||;~. The Harnack inequality
applied to the function v — sup yv, in the version provided by Proposition 10, [50], implies
that

v —supxv|lox) < C (2.12)
for C' depending only on (X, «), A, and p. Substituting these bounds into (2.9) gives

mez _ (L7 T s (1LY
o) < [supxv — |7y x)dt < C'6 (2.13)
2 t|<3o 2
from which the desired bound for L follows. Q.E.D.

6



2.2 (C? Estimates

In this section we prove an estimate for the complex Hessian of u in terms of the gradient.
The original strategy goes back to the work of Chou-Wang [6], with adaptation to complex
Hessian equations by Hou-Ma-Wu [25], and to fully non-linear elliptic equations admitting
a C-subsolution by Guan [19] and Székelyhidi [50]. Other adaptations to C? estimates can
be found in [51], [32], [34], [67]. We follow closely [50].

Lemma 2 Assume that the flow (1.1) admits a C-subsolution on X x [0,T). Then we
have the following estimate

i00u| < C(14+ sup |Vul?) (2.14)

Xx[0,T)

where C' depends only on ||alcz, [Ylloz [Ixlle2, @ = @llze, | Vul| e, 100wl 1o, [[Oru]l 1o,
10¢(u — w)|| <, and the dimension n.

Proof. Let £ = —0, + F** Vi V5. Denote g = x + i00u, then Afu]*; = a*Pgy;. We would
like to apply the maximum principle to the function

G = log A + ¢(|Vul?) + ¢(0) (2.15)

where v = u — u, U is the normalization of v, A\ : X — R is the largest eigenvalue of the
matrix Afu] at each point, and the functions ¢ and ¢ will be specified below. Since the
eigenvalues of A[u] may not be distinct, we perturb Afu] following the technique of [50],
Proposition 13. Thus assume that G attains its maximum on X x [0,7"] at some (2, to),
with ty > 0. We choose local complex coordinates, so that zg corresponds to 0, and A[u]
is diagonal at 0 with eigenvalues A\; > --- > \,. Let B = (B’;) be a diagonal matrix with
0= B'' < B% <--- < B", and small constant entries, and set A= A— B. Then at the

origin A has elgenvalues AL = A1, >\ =\ —DB < >\1 for all i > 1.

Since all the eigenvalues of A are distinct, we can define near 0 the following smooth
function G,

G = log A + ¢(|Vul’) + ¢(v) (2.16)
where
6(1) = 5 1og (1~ o), P = supyupo (Yl + 1) (217)
and, following [51]
@(t) = Dye P2 (2.18)
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for some large constants Dy, D5 to be chosen later. Note that

1

/ 1 I __ /\2
FE<VS55 =2 >0 (2.19)

The norm |Vu|? is taken with respect to the fixed Hermitian metric a on X, and we
shall compute using covariant derivatives V with respect to a. Since the matrix B7,, is
constant in a neighborhood of 0 and since we are using the Chern unitary connection, we
have V;B7,, = 0. Our conventions for the curvature and torsion tensors of a Hermitian
metric « are as follows,

[V, Vo]V = RogsV° + T°,5VsV7. (2.20)
We also set

F = Zf,-()\[u]). (2.21)

An important observation is that there exists a constant C, depending only on |||z (x)
and ||0yu|| Lo (x x[0,7)) SO that

F>0 (2.22)

Indeed it follows from the properties of the cone I' that 3, f;(\) > C(o) for each fixed o
and A € I'7. When A = A[u], 0 must lie in the range of dyu + v, which is a compact set
bounded by ||Gul| oo (xx[0,r)) + [|¥|| Lo (x), hence our claim.

2.2.1 Estimate of L(log 5\1)

Clearly

Mgl
AT

- 1 - ~ _
Llog )\ = A—I(F'MLM — O \y) — F*E (2.23)
We work out the term F k’%j\l,gk — O;\; using the flow. The usual differentiation rules ([43])

readily give

M = Vign (2.24)
and
B |2 12 Bl o Bp e
A = ViVign + 3 Vign|” + [Vignl® > ViB p Vg + ViB"1Vigi, (2.25)
p>1 )\1 - )\p p>1 )‘1 - )‘p
while it follows from the flow that
8t5\1 = Oy = FZE’SFVIQMVlgr«s + F%Vlvigkk — P11 (2-26)
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Thus

F%S\Ll}k — M = F™(V.Vign — ViVige) + FRViguViges — 1
| R S \Vigm | + |~V1591p|2 _ VB, Vigm + YkBplvzzgip}

o1 A=A A=A
A simple computation gives
ViVigii — ViVigie = —2Re(ThVigm) +T*Vx+ RxVVu+T xT xVVu
Z —2Re(TlflV,;gﬁ1) - CQ()\l + 1), (227)

where Cy depending only on ||a|c2 and ||x||c2. We also have

S Vign|* + |~V1‘fgip|2 VB, Vigs + NVkBplvl_chp}

(2.28)
p>1 AL —Ap AL — A,
1 \Vigm|* + |V;;gip\2 1 ) )
=3 \ — s 2 5= [Vigml|” + |Vigi,|” — Cs,
2 1; A=Ay ’ 2(nA1 + 1) ;z;l kIpl k91p 3

where Cj only depends on the dimension n, and the second inequality is due to the fact
that (A — A\p)™' > (nA; + 1)~ which follows itself from the fact that 3>, \; > 0 and B
was chosen to be small. Thus

Vignl? + Vigi,l>  ViB',Vigsm + ViB1 Vg1
Vkvggil—v1vig;;k+2{| R9p] +|~ k9ip] _ VEPp kgpl+~k 1 kglp}

p>1 )\1 - )\p )\1 — )\p
1
> P o _ 42 oo 2 -
> —2Re(T}, Vigp) + 2n 1) I%:l IVigal” + |Vigl” — Co(M +1) — Cs
> —Cy|Vign| — CsAi — Ce (2.29)

where we have used the positive terms to absorb all the terms TF, V.51, except for T}, Vig
and Cy, Cs, Cg only depend on ||c||c2, ||x||c2, 7. Altogether,

Fk%j‘l,l%k — O\ > —CuF Vg | + FR V190 Vigrs — 1y — CsFA — CsF - (2.30)

and we find

. AP 1 s 14
LlogAr > —F%% - _Flk’srvigkzvlgfs - C4_Fkk|vlégil‘ - C7F, (2.31)
)\1 >\1 >\1

where we have bounded 11, by a constant that can be absorbed in CgF/A; < CgF, since
A1 > 1 by assumption, and F is bounded below by a constant depending on ||¢|| L~ and
|Oyu|| L. The constant C; thus only depends on ||al|cz, ||X||c2, 7, ||Oiu||L~ and [[1]|cz. In
view of (2.24), this can also be rewritten as
Mil” 1 Lok

— — — F""Vi1g97V1grs — C4—F |)\17,‘€| —CF. (2.32)

Llog )\, > —FFk
o8 = A A1 A1




2.2.2 Estimate for L¢o(|Vu|?)

Next, a direct calculation gives

LO(|Vul’) = ¢(FV, Vg —0,)|Vul’ + ¢"FUV,|Vu|*V4|Vul*
P {VIu(FUV Vg — 0,)Vu+ VIu(F9V, V; — 0,)Vju}
+¢' F9(|V,Vul® + |V, Vul|?) + ¢"FUV,|Vul*V4|Vul>.  (2.33)

In view of the flow, we have
Vj(?tu = Fkkng;;k — 15, V;@tu = Fk%VEQEk — Q/Jj. (2.34)
It follows that

(F*V, Vi — 0)Viu = F*(Vi Vs — Vige) + 95
= Fkk(—VEX,;k + ﬁijEVku + R;km,;vmu) + 15 (2.35)

and hence, for small ¢, there is a constant Cs > 0 depending only on ¢, ||x||c2, ||]|c2 and
||¥]|c2 such that

OVIU(FIY, Vg = 0)V5u > —CoF = SF(|V,Vul’ + [V, Vul?) (2:36)

since we can assume that Ay >> P = supy (o 1 (JVu|?>+1) (otherwise the desired estimate
A1 < CP already holds), and (4P)~! < ¢/ < (2P)~!. Similarly we obtain the same estimate
for ¢'VIiu(F1V,V; — 0,)V,u. Thus by choosing ¢ = 1/24, we have

1 ) ]
Lo(Vul’) 2 =CuF + g5 FU(|V,Vul* + |V, Vul’) + ¢ FUV, |Vl Ve Vul’.  (2.37)

2.2.3 Estimate for £G

The evaluation of the remaining term Lp(0) is straightforward,
Lp(0) = ¢ (0)(FF*V, Vit — 0,0) + ¢ (3) F**V 0V 5. (2.38)

Altogether, we have established the following lower bound for LG,

. A1 -
LG > —F’ﬁ’“% — —F™ Vg Vigrs — Ca— F™|A 5| = CoF
>\1 )\1 >\1 ’
1 } ]
+8_Pqu(|quu|2 + |V, Vul?) + ¢"FUV | Vu|*V 4| Vul?
10 (B)(F™*V Vit — 8,0) + ¢ (0) F**V .0V, (2.39)

where Cy and Cy only depend on ||x||c2, [[@|cz, ||| c2, ||Owu|| L~ and the dimension n.

For a small 6 > 0 to be chosen hereafter, we deal with two following cases.
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2.2.4 Case 1: 0\ < =),

In this case, we have #2)? < A\2. Thus we can write

L paa = £ Fm FX, CuwF
Faa 2 2 > Uny, 2 _ )\ . 2 n 10
92
> L FN\— 2.4
> 1OnP}—>\1 CroF, (2.40)

where Cj only depends on ||x||c2. Next, it is convenient to combine the first and third
terms in the expression for LG,

Mgl
_ oL pa ) > -2l
>\% 4)\ | lk)| 2 )\2

— O F. (2.41)

where C'; only depends on Clj.

At a maximum point for G, we have 0 > £G. Combining the lower bound (2.39) for
LG with the preceding inequalities and dropping the second and last terms, which are
non-negative, we obtain

0 3 el Al

> 2 9 kk
02 5 p PN = O =GP

+ ¢"FUV | Vul?)? + ¢ (0)(F*V Vb — 0,0),
(2.42)

where C1g = Cy + C1 + Ch1, depending on || x||c2, [|al[cz, [[¢]|c2, [|Osul| L~ and n. Since we
are at a critical point of G, we also have VG = 0, and hence

)\ _
)\L’k + ¢' V| Vul®> + ¢'0z0 = 0 (2.43)
1

which implies

)\ _ _ _
O SRR S PRIV + 0l < 2FH(PIVEIVP + 4RV

< FY¢" Vi Vul?]? + Ci3 FP, (2.44)

where Cy3 depending on ||9||z~ and ||[Vu(/g~. Since ¢'(?) is bounded in terms of |||z
and |Vl =, and |F¥V, Vo — 0,0] < CuFA + Ci3, where C14 depending on ||0,v|
and ||00ul| -, we arrive at

2

0>

2 1o Pﬂf — C5PF, (2.45)

where 015 depends on HXHCZ, ||OéHc2,’n,, HQ@HC'Z, H85Q||Loo, HV@HLM, ||17HL0<>, ||atUHLoo and ||atuHL°°-
This implies the desired estimate \; < C' P.
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2.2.5 The key estimate provided by subsolutions

In the second case when #A; > —\,, we need to use the following key property of subso-
lutions.

Lemma 3 Let u be a subsolution of the equation (1.1) in the sense of Definition 1 with
the pair (6, K). Then there exists a constant C = C(0, K), so that, if |ANu] — Au]| > K
with K in Definition 1, then either

Fro(Aful) (A7, [u] — A7, [u]) — (D — ) > O F (2.46)
or we have for any 1 < i < n,
F"(Alu]) > C F. (2.47)

Proof. The proof is an adaptation of the one for the elliptic version [50, Proposition 6](see
also [19] for a similar argument). However, because of the time parameter ¢t which may
tend to oo, we need to produce explicit bounds which are independent of t. As in [50], it
suffices to prove that

S A (ale] — Mfu) — (0 — B) > CF. (2.48)

i=1

For any (29,t) € X x [0,7"], since u is a C-subsolution as in Definition 1, the set
) —
Asoto = {(w, s)[w + 51 € Tny s 2 =0, f(Aluz0,t0)] +w) — (20, to) + 5 < 9(20)}
is compact, and A, 4, C B,41(0, K). For any (w, s) € A, 4,, then the set

Cups={veR"Tr >0, wtrve =61+, f(Au(z,to)]+w+rv)—0w(zo,to)+s = 1(20)}

is a cone with vertex at the origin.

We claim that C, , is stricly larger than I',,. Indeed, for any v € I';,, we can choose
r > 0 large enough so that |w+rv| > K, then by the definition of C-subsolution, at (z, to)

FfAu] +w+rv) — S+ s > (20).
Therefore there exist 7’ > 0 such that f(Au])+w+r'v) —du+s = 1(z), hence v € Cy ;.
This implies that I', C C, 5. Now, for any pair (i,7) with ¢ # j and 4,5 = 1,...,n, we
choose v := (vy,...,v,) with v; = K + 6§ and v; = —§/3 and v = 0 for k # 4,7, then
we have w + v € —§1 +T',,. By the definition of C-subsolution, we also have, at (zq, %)
FO) +w+0") = G+ 5 > (),
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hence v € C,, , for any pair (i, 5).
Denote by C7, ; the dual cone of C s,

Cos=1z €R": (z,y) >0, Vy € Cy,}.

We now prove that that there is an ¢ > 0 such that if z = (21,...,2,) € C | is a unit

vector, then z; > ¢, Vi = 1,...n. First we remark that z; > 0,Vi = 1,n since I';, C C, 5

Suppose that z; is the smallest element between z;, then (x,v(!¥)) > 0, implies that

(K +6)xy > %:Ej, hence (K + )%z} > (6%/9)27,Vj = 2,...,n, so n(K + )%z} > §°/9.
62

In(K+0)2

Fix (z1,t1) € X x [0,7"] such that at this point |Au] — Au]| > K. Let T be the tangent
plane to {(A,7)| f(A) + 7 = o} at (N[u(z1,t1)], —Owu(z1,t1)). There are two cases:
1) There is some point (w,s) € A,, 4, such that at (z1,%)

Therefore we can choose € =

(Mu] +w, —du+s) €T,
| POl + 10 A + (8 -+ + 0 =, 210

Now for any v € C,, s, there exist r > 0 such that f(A[u] +w +rv) — Qu + s = 1(z), this
implies that
VFAu)).Au] +w +rv — Au]) + (=0 + s + dyu) > 0,

so combing with (2.50) we get

Vf(Au]).o > 0.
It follows that at (z1,t1) we have Vf(Au])(z,t) € C ,, so fi(A[u]) > eV f(Au]),Vi =
1,...,n, hence .

filAul) > —=> f,(Mu]),Vi=1,...,n,
(Afu]) NG ; p(Alu])
where
52

T (K 102
2) Otherwise, we observe that if A, ;, # 0, then (wq, so) = (=0/2,...,—=0/2,=0) € A, 4,
and at (z1,t1), (A[u] — wo, —uy + sp) must lie above 7 in the sense that

(Vf(A[u]), 1).(Alu] + wo — A[u], =0 + so + dyu) > 0, at (z1,11). (2.50)

Indeed, if it is not the case, using the monotonicity of f we can find v € I',, such that
(Au] +wo+v, —0u+s¢) € T, so the concavity of (A, 7) — f(\)+7 implies that (wq+v, so)
is in A, ;, and then satisfies the first case, this gives a contradiction. Now it follows from
(2.50) that at (z1,1;)

(VF(Au)]), 1).(Au] — Au], =0+ 0u) > =V f(A[u]).wo — so
(0/2)F+6 > (6/2)F,
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where F =Y, fi(A[u]) > 0. This means

> A O] = No) = (0 = ) > (6/2)F 251)
as required.

Now if A, +, =0, then at (z,¢;)
F(A\[u] +wo) — Ouu + 50 > ¥(21),

hence we also have that (A[u] 4+ wo, —0:u+ so) lies above T using the concavity of (A, 7) —
f(A) 4+ 7. By the same argument above, we also obtain the inequality (2.51).

So we get the desired inequalities. Q.E.D.

2.2.6 Case 2: 0\ > —\,
Set

[={i; F">9'F1} (2.52)

At the maximum point 0;G = 0, and we can write

52 ]
_ZFkk‘ ;\,g‘ _ —ZF'““WV,;WUP + 90/815{]‘2
kgl 1 kel
> =2(¢')* Y FHIVEIVUP)? = 2(¢)? Y FM Vo)
kgl kel
> ="y FMVi VUl = 2(¢")207 PP — CioF, - (2.53)
k¢l

where C1g depends on ||Vu||z~ and ||9]|=~. On the other hand,

I |2 ] ]
—20)" F’“k% > —20¢" Y FM |V Vul?|> — 40(¢')? Y F*| Vo). (2.54)

kel 1 kel kel

Choose 0 < # << 1 such that 40(¢")? < £¢”. Then (2.39) implies that

1
2

o
Vv

1 . I 2|2
—— "5 1 g5 V1 grs — (1 — 20) ZFkk| 1§|
)\1 kel )‘1
1 T 1 _ _
—CA—lF’“’“IM,/;I + 8—1,3qu(|VqVUI2 + [V, Vul?)

1 . _ i
+§¢”F’f’“|v,;@|2 + @ (FF* Vo — 0,0) — 2(¢" )20 F1P — Oz F,  (2.55)
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where C17 depend on ||x||c2, ||||lc2, 1, ||¥]|c2, |0k o<, |9]| Lo and || V|| . The concavity
of F' implies that

11 Fkk

F
Rl V19 Vigrs < Z V1gix]? (2.56)

kel AL = M

since £ " _fkk < 0. Moreover, for k € I, we have F'I < §F kk, and the assumption

O > >\ ylelds

1-6 1—260
> ) 2.57
M=\ 0N ( )
It follows that
Fli Fkl_c 1 0 Fkk
Zﬁwwlk\ Z(/\i)\vlguf < —TZF%nglkP (2.58)
kel M kel 1 1 ger

Combining with the previous inequalities, we obtain

BN U P | v S
O 2 _(1 _ 29) ZFk;k| 1,]€| 2‘ lglk| . Cl’?F
kel )‘1

C 1

>\4F’“k\)\1k| + 5PV, Vul? + |V, Vul?)

1 _
+§<p”F’“k|V;;17|2 + ¢ (F*V Vi — 8,0) — 2(¢)20 F1 P, (2.59)

Since Vigi, = 5\1)\ + O()\1), we have

I a2 — Vg, |2
gl —QH)ZF’“’“‘ LE )\2| 11| > —Cs F (2.60)
kel 1

where Cg depends on ||x||c2 and ||«||cz. Next, using again the equations for critical points,
we can write
Cy

SRR NG = )\Fkk|¢Vk|Vu|2+chkv| (2.61)

< |Vk pu| + [ ViViul) + Cel¢’ |Fkk|vz‘ﬂf|2 + eChol@'|F 4+ Coo F,

2Kz

where Cg and Cyy depend on . Accordingly, the previous inequality implies

1 _ 1 - _
0o > m—Kqu(|Vun|2 + |V, Vul?) + 5go”lv’k’f|v,;@|2 + @ (FMV Vit — 00)
—2(¢")207 PP — C€\¢’|Fk’5|v,;@|2 — eClg|@'|F — Cor F, (2.62)
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where Cy; depending only on [[x|lc2, [|allc2, n, [[¢llc2, [|0wl|co, [[0]] o, [|Orul| Lo and [[Vau| oo
Finally we get

A2 1 _
> 11 N nN2p—1 o ' pkk|x7_~12
0 > F (20P 2(¢')°0 _P)+(2<p Cele' ) F™ V|
—eCho|¢|F + ¢ (F¥V . Vit — 0;0) — Cor F. (2.63)

We now apply Lemma 3. Fix § and K as in Definition 1, if \; > K, then there are two
possibilities:

e Bither F* (uz, — ug) + (Ou — du) > kF, for some  depending only on § and K,
equivalently,

F*, Vo — 9,5 — / dua” < —kF + CnF, (2.64)
X

where Cyy depends on [|0yv]| . Since ¢’ < 0, we find

)‘2 / — 1 " / k ~
0 2 FUCL - 2007 P) + (5 — D FH Vil
—Co3F — eChol|¢'|F — ¢'vF (2.65)

with Cy3 depending only on n, ||x||cz, ||al|cz, |© ||z, [|0w]| L, |0l Lo, ||Ovue|| Lo and || V| £
We first choose ¢ small enough so that eCi9 < k/2, then Dy large enough so that
©" > 2C.|¢'|. We obtain

)\2 1
11 N2p-1py _ Ly
We now choose Dy large enough (depending on ||]|z=) so that —Cos — 3¢’k > 0. Then
Mo 2etp (2.67)
20P .

and the desired upper bound for A\;/P follows.
e Or F'' > xF. With Dy, D,, and 6 as above, the inequality (2.63) implies

A2 :
02 KF(sh = 20071 P) — ConF — ' Py, (2.65)

with Cpy4 depending only on |[x|lcz, [allcz,n, [[¥llcz, 0wl Lo, |0]| Lo, |Opul[ e, [Vl pe,
and ||i00ul| . Since F** g, < FA;, we can divide by FP to get
A I\
> K .
0> ks 025(1+P+ P) (2.69)

with a constant Cy; depending only on [|x||c2, [|allc2, n, [[¥]lc2, [|0][ e, 00| oo, [|Opul| oe,
|V L, and [[i00ul| . Thus we obtain the desired bound for A\;/P.

It was pointed out in [50] that, under an extra concavity condition on f, C? esti-
mates can be derived directly from C° estimates in the elliptic case, using a test function
introduced in [39]. The same holds in the parabolic case, but we omit a fuller discussion.
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2.3 (! Estimates

The C! estimates are also adapted from [50], which reduce the estimates by a blow-up
argument to a key Liouville theorem for Hessian equations due to Székelyhidi [50] and
Dinew and Kolodziej [10].

Lemma 4 There exist a constant C' > 0, depending on u, | 0stt| oo (x x [0, 7)) ||| Lo (x x[0,17))
|||z, x, ¥ and the constant C' in Lemma 2 such that

sup |Vul? < C. (2.70)
Xx[0,T)

Proof. Assume by contradiction that (2.70) does not hold. Then there exists a sequence
(g, tr) € X x [0,T) with t, — T such that

kh_)IIOlO \Vu(tk, S(Zk)‘a = +00.
We can assume further that

Ry = |Vu(zk, ti)le = sup |Vu(z,t)|le, as k— 400,
XX[O,tk]

and limy,_,., x, = x.

Using localization, we choose a coordinate chart {U, (21, ..., z,)} centered at z, identifying
with the ball By(0) C C™ of radius 2 centered at the origin such that «(0) = [, where
B =3 ,idz? Ndz'. We also assume that k is sufficiently large so that z, := z(xy) € By(0).

Define the following maps

P, : C" = C", Op(z) := Ry 2+ 2,
Uy, - BRk (O) — R, ilk(z) = ﬂ(q)k(z), tk) = @(R,;lz + 2k, tk),

where & = u — [y ua”. Then the equation
up = F(A) = (2),
implies that
I (RIABY O + Ting)]) = C(R "2 + 2) + e Br(2), 1), (2.71)
where 3, := Ri®;a, xy := P} x. Since 8 — 3, and xx(z,t) — 0, in Cf2° as k — oo, we get

D ~ ~ Z
NG (X + )] = M) + O (‘R—') | (2.72)
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By the construction, we have

sup U < C, sup |Vig <C (2.73)
B, (0) Bp, (0)

where C' depending on ||@|| L, and
|V2~Lk|(0) = R,;1|Vuk|a(xk) =1.
Thanks to Lemma 2, we also have that

sup |001]s < CR?sup |00u(., ty)]o < C'. (2.74)
Br,,(0) X
As the argument in [50, 57], it follows from (2.73), (2.74), the elliptic estimates for A and
the Sobolev embedding that for each given K C C" compact, 0 < v < 1 and p > 1, there
is a constant C' such that

tnllora iy + llnllwzr ) < C.

Therefore there is a subsequence of iy converges strongly in C7(C"), and weakly in
W2P(C™) to a function v with supga. (o] + |Vo|) < C and Vo(0) # 0, in particular v is
not constant.

The proof can now be completed exactly as in [50]. The function v is shown to be a
I'-solution in the sense of Székelyhidi [50, Definition 15, and the fact that v is not constant
contradicts Szekelyhidi’s Liouville theorem for I'-solutions [50, Theorem 20], which is itself

based on the Liouville theorem of Dinew and Kolodziej [10]. Q.E.D.

2.4 Higher Order Estimates

Under the conditions on f(A), the uniform parabolicity of the equation (1.1) will follow
once we have established an a priori estimate on ||i00u||;~ and hence an upper bound
for the eigenvalues Alu|. However, we shall often not have uniform control of ||u(-,t)|| .
Thus we shall require the following version of the Evans-Krylov theorem for uniformly
parabolic and concave equations, with the precise dependence of constants spelled out,
and which can be proved using the arguments of Trudinger [60], and more particularly
Tosatti-Weinkove [53] and Gill [17].

Lemma 5 Assume that u is a solution of the equation (1.1) on X x [0,T) and that there
exists a constant Cy with ||i00u||p~ < Cy. Then there exist positive constants C' and
v € (0,1) depending only on «, x, Co and ||¢||c2 such that

1i00u| v (xxo.7)) < C- (2.75)

Once the C7 estimate for i00u has been established, it is well known that a priori
estimates of arbitrary order follow by bootstrap, as shown in detail for the Monge-Ampere
equation in Yau [65]. We omit reproducing the proofs.
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3 Proof of Theorems 1 and 2

We begin with the following simple lemma, which follows immediately by differentiating
the equation (1.1) with respect to ¢, and applying the maximum principle, which shows
that the solution of a linear heat equation at any time can be controlled by its initial value:

Lemma 6 Let u(z,t) be a smooth solution of the flow (1.1) on any time interval [0,T).
Then Oyu satisfies the following linear heat equation

&5(&51,6) = ijOékmajam(atu) (31)
and we have the following estimate for any t € [0,T),

miny (F(Afug]) — ¥) < du(t, ) < maxy F(Afug] — o) (3.2)

We can now prove a lemma which provides general sufficient conditions for the convergence
of the flow:

Lemma 7 Consider the flow (1.1). Assume that the equation admits a parabolic C-
subsolution u € C*'(X x [0,00)), and that there exists a constant C' independent of time
so that

oscxu(t,+) < C. (3.3)

Then a smooth solution u(z,t) exists for all time, and its normalization @ converges in
C™ to a solution us of the equation (1.6) for some constant c.

In particular, if we assume further that ||ul|pe(xxp.00)) < C and for each t > 0, there
exists y = y(t) € X such that Oyu(y,t) = 0, then u converges in C™ to a solution us of
the equation (1.6) for the constant ¢ = 0.

Proof of Lemma 7. We begin by establishing the existence of the solution for all time.
For any fixed T" > 0, Lemma 6 shows that |0,u| is uniformly bounded by a constant C.
Integrating between 0 and 7', we deduce that |u| is uniformly bounded by C'T. We can
now apply Lemma 4, 2, 5, to conclude that the function w is uniformly bounded in C¥
norm (by constants depending on k and T') for arbitrary k. This implies that the solution
can be extended beyond T, and since T' is arbitrary, that it exists for all time.

Next, we establish the convergence. For this, we adapt the arguments of Cao [2] and
especially Gill [17] based on the Harnack inequality.

Since oscyu(t,-) is uniformly bounded by assumption, and since Jyu is uniformly
bounded in view of Lemma 6, we can apply Lemma 2 and deduce that the eigenval-
ues of the matrix [y + i00u] are uniformly bounded over the time interval [0,00). The
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uniform ellipticity of the equation (3.5) follows in turn from the properties (1) and (2) of
the function f(\). Next set

for some large constant A so that v > 0. The function v satisfies the same heat equation
A = FI9,0:v. (3.5)

Since the equation (3.5) is uniformly elliptic, by the differential Harnack inequality proved
originally in the Riemannian case by Li and Yau in [29], and extended to the Hermitian case
by Gill [17], section 6, it follows that there exist positive constants Cy, Cy, C3, depending
only on ellipticity bounds, so that for all 0 < ¢t; < t5, we have

: £\ C:
supxv(-, t1) < infxwv(-,s) <i> exp <t2 —3t1 + Ci(t2 — tl)) . (3.6)

The same argument as in Cao [2], section 2, and Gill [17], section 7, shows that this
estimate implies the existence of constants Cy and n > 0 so that

oscxv(-,t) < Cye (3.7)
If we set

0(z,t) = v(z,t) — %/ va = oz, t) — %/X Ou ™ = Oy, (3.8)

X

it follows that

10(2,t)] < Cye™™ (3.9)
for all z € X. In particular,
~ C4 —nt ~ —nt
8t(u+76 77) :U—C4€ K SO, (310)

and the function a(z, )+ %e‘"t is decreasing in ¢. By the assumption (3.3), this function is
uniformly bounded. Thus it converges to a function us(z). By the higher order estimates
in section §2, the derivatives to any order of u are uniformly bounded, so the convergence
of u+ %e‘”t is actually in C* The function @(z,t) will also converge in C'*, to the same
limit us(z). Now the function u(z,t) satisfies the following flow,

- N 1 n
ot = F(Ali) = ¥(z) = /X By . (3.11)
Taking limits, we obtain

0= F(Ain]) — ¥(2) — limyu /X Byu o™ (3.12)
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where the existence of the limit of the integral on the right hand side follows from the
equation. Define the constant ¢ as the value of this limit. This implies the first statement
in Lemma 7.

Now we assume that ||u||pe(xx[0,00)) < C and for each t > 0, there exists y = y(t) € X
such that J,u(y,t) = 0. By the same argument above, we have

oscxOyu(-,t) < Cye™™, (3.13)

for some Cy,n > 0. Since for each ¢t > 0, there exists y = y(t) € X such that du(y,t) =0,
we imply that for any z € X,

|0pu(z,t)| = |0wu(z, t) — Owu(y, t)| < oscxOpu(-,t) < Cye ™. (3.14)

Therefore by the same argument above, the function u(z,t)+ %e_m converges in C* and
Jyu converges to 0 as t — +o0o. We thus infer that u converges in C°, to u,, satisfying
the equation

F(Alus]) = ¥(2). (3.15)
Lemma 7 is proved.

Proof of Theorem 1. Since f is unbounded, the function u = ug is a C-subsolution of the
flow. In view of Lemma 7, it suffices to establish a uniform bound for oscyu(t,-). But the
flow can be re-expressed as the elliptic equation

F(A) =4 + du (3.16)

where the right hand side 1 4+ d,u is bounded uniformly in ¢, since we have seen that d,u
is uniformly bounded in ¢. Furthermore, because f is unbounded, the function u = ug is
a C-subsolution of (3.16). By the C° estimate of [50], the oscillation oscxu(t,-) can be
bounded for each ¢ by the C° norm of the right hand side, and is hence uniformly bounded.
Q.E.D.

Proof of Theorem 2. Again, it suffices to establish a uniform bound in ¢ for oscxu(t, -).
Consider first the case (a). In view of Lemma 6 and the hypothesis, we have

on all of X x [0,00). But if we rewrite the flow (1.1) as

we see that the condition that w be a parabolic C-subsolution for the equation (1.1)
together with (3.17) implies that u is a C-subsolution for the equation (3.18) in the elliptic
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sense.. We can then apply Székelyhidi’s C° estimate for the elliptic equation to obtain a
uniform bound for oscxu(t, ).

Next, we consider the case (b). In this case, the existence of a function h(t) with the
indicated properties allows us to apply Lemma 1, and obtain immediately a lower bound,

u—u—h(t) >-C (3.19)

for some constant C' independent of time. The inequality (1.9) implies than a uniform
bound for oscyu.

4 Applications to Geometric Flows

Theorems 1 and 2 can be applied to many geometric flows. We should stress that they
don’t provide a completely independent approach, as they themselves are built on many
techniques that had been developed to study these flows. Nevertheless, they may provide
an attractive uniform approach.

4.1 A criterion for subsolutions

In practice, it is easier to verify that a given function u on X X [0, 00) is a C-subsolution
of the equation (1.1) using the following lemma rather than the original Definition 1:

Lemma 8 Let u be a C*' admissible function on X x [0,00), with ||ul|c21(xx[0,00)) < 0.
Then u is a parabolic C-subsolution in the sense of Definition 1 if and only if there exists
a constant 0 > 0 independent from (z,t) so that

limy, s oo f (N[w(z, )] + pe;) — Quu(z,t) > & +(2) (4.1)
for each 1 < i < n. In particular, if u is independent of t, then w is a parabolic C'-
subsolution if and only if

lim, g0 f (A[(z, 8)] + pes) > 1(2). (4.2)

Note that there is a similar lemma in the case of subsolutions for elliptic equations
(see [50], Remark 8). Here the argument has to be more careful, not just because of the
additional time parameter ¢, but also because the time interval [0,0c0) is not bounded,
invalidating certain compactness arguments.

Proof of Lemma 8. We show first that the condition (4.1) implies that u is a C-subsolution.

We begin by showing that the condition (4.1) implies that there exists ¢ > 0 and
M > 0, so that for all € < ¢, all v > M, all (z,¢), and all 1 < i < n, we have

f(Au(z,t)] — el +ve;) — Qu(z,t) > g + (2). (4.3)
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This is because the condition (4.1) is equivalent to
FooN [z, 1)]) = B2, 1) > 6 +4(2). (4.4)

Now the concavity of f(A) implies the concavity of its limit f,()\") and hence the continuity
of fo()'). Furthermore, the set

A =Nz D], V(2 ) € X x [0,00)1, (4.5)

as well as any of its translates by —el for a fixed e small enough, is compact in I'. So are
their projections on R®~!. By the uniform continuity of continuous functions on compact
sets, it follows that there exists ¢y > 0 so that

fooNu(z,t)] — €I) — dyu(z,t) > g + (2) (4.6)

for all (z,t) and all € < ¢. But fy is the continuous limit of a sequence of monotone
increasing continuous functions

fooN —€l) =1lim, o0 f (N — €l +ve;). (4.7)

By Dini’s theorem, the convergence is uniform over any compact subset. Thus there exists
M > 0 large enough so that v > M implies that

POz )] = € 4 ve)) > fuXu(z, 1) — el) — & (48)

for all (z,t) and all € < ¢y. The desired inequality (4.3) follows from (4.6) and (4.8).

Assume now that u is not a C-subsolution. Then there exists €,,, Vp,, Tm, with €,, — 0,
Um € =€l + Ty, Ty > —€, and |7p,| + |vim| — 00, so that

FAw(zm, tm)] + Vi) — Ot(2m, tin) + T = U (Zm, tn)- (4.9)
Set v, = —€m + lm, With p,, € [';;. Then we can write
Tm = _f(A[Q(Zma tm)] - Em[ + Mm) + 8tﬂ(zm7 tm) + ¢(zm7 tm)
< —fMulzm, tm)] — €nl) + Out(zm, tm) + U (Zm, tm) (4.10)

which is bounded by a constant. Thus we must have |v,,| tending to +o00, or equivalently,
|ftrm| tending to +oo.

By going to a subsequence, we may assume that there is an index ¢ for which the i-th
components 4’ of the vector i, tend to oo as m — oo. By the monotonicity of f in each
component, we have

f()‘[ﬂ(zm>tm)] —end + ,Uinei) - atﬂ(zm>t7n) < f()‘[ﬂ(zma m)] —€enl + :UM) - atﬂ(zm>t7n)

w)] + Vi) — Ouu(Zm, tn).



In view of (4.3), the left hand side is > §+w(zm, ty) for u! large and €, small enough. On
the other hand, the equation (4.9) implies that the right hand side is equal to (2, tm) —Tm-
Thus we obtain

=] Sn

+ Y (z2ms tm) < V(2ms tm) = T < V(2m, tm) + €m- (4.11)

Hence % < €, which is a contradiction, since €,, — 0.

Finally, we show that if u is a subsolution, it must satisfy the condition (4.1). Assume
otherwise. Then there exists an index 7 and a sequence 6,, — 0 and points (z,,, t,,) so that

limy, o0 f (A[w(2m, tn)] + vei) — Ou(2m, tn) < O + U (2m). (4.12)
Since f is increasing in v, this implies that for any v € R, we have
SO t)] + 15) — Bt ) < G + (200, (4.13)
For each v € R, define 7, by the equation
FOAu(2m, tm)] + ves) = Ou(2m, tm) + T = V- (4.14)

The previous inequality means that 7,, > —d,,, and thus the pair (7,,,u = ve;) satisfy
the equation (1.2). Since we can take v — 400, this contradicts the defining property of
C-subsolutions. The proof of Lemma 8 is complete.

4.2 Székelyhidi’s theorem

Theorem 2 can be applied to provide a proof by parabolic methods of the following theorem
originally proved by Székelyhidi [50]:

Corollary 1 Let (X, «) be a compact Hermitian manifold, and f(\) be a function satis-
fying the conditions (1-8) spelled out in §1 and in the bounded case. Let 1) be a smooth
function on X. If there exists an admissible function ug with F(Alug]) < ¥, and if the
equation F(A[u]) = ¢ admits a C-subsolution in the sense of [50], then the equation
F(A[u]) = ¢ + ¢ admits a smooth solution for some constant c.

Proof of Corollary 1. Tt follows from Lemma 8 that a C-subsolution in the sense of [50]
of the elliptic equation F'(Afu]) = 1 can be viewed as a time-independent parabolic C-
subsolution u of the equation (1.1). Consider this flow with initial value ug. Then

O = 02> F(Alug|) — . (4.15)
Thus condition (a) of Theorem 2 is satisfied, and the corollary follows.
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4.3 The Kahler-Ricci flow and the Chern-Ricci flow
On Kéhler manifolds (X, a) with ¢;(X) = 0, the Kahler-Ricci flow is the flow gz, = —Rj;.

For initial data in the Kahler class [a], the evolving metric can be expressed as gz, =
ag; + 0;05p, and the flow is equivalent to the following Monge-Ampere flow,

Oyp = log M —(z) (4.16)
«

for a suitable function ¢ (2) satisfying the compatibility condition [y e¥a™ = [y a". The
convergence of this flow was proved by Cao[2], thus giving a parabolic proof of Yau’s
solution of the Calabi conjecture [65]. We can readily derive Cao’s result from Theorem 1:

Corollary 2 For any initial data, the normalization ¢ of the flow (4.16) converges in C*>
to a solution of the equation (o + i00p)"™ = e¥a™.

Proof of Corollary 2. The Monge-Ampere flow (4.16) corresponds to the equation (1.1)
with x = «, f(A) = log [T}, Aj, and I being the full octant I',,. It is straightforward that
f satisfies the condition (1-3) in §1. In particular f is in the unbounded case, and Theorem
1 applies, giving the convergence of the normalizations (-, t) to a smooth solution of the
equation (a+i00¢)" = e¥T¢a™ for some constant c. Integrating both sides of this equation
and using the compatibility condition on 1, we find that ¢ = 0. The corollary is proved.

The generalization of the flow (4.16) to the more general set-up of a compact Hermitian
manifold (X, «) was introduced by Gill [17]. It is known as the Chern-Ricci flow, with
the Chern-Ricci tensor Ric®(w) = —iddlogw™ playing the role of the Ricci tensor in the
Kéhler-Ricci flow (we refer to [54, 55, 56, 59] and references therein). Gill proved the
convergence of this flow, thus providing an alternative proof of the generalization of Yau’s
theorem proved earlier by Tosatti and Weinkove [52]. Generalizations of Yau’s theorem had
attracted a lot of attention, and many partial results had been obtained before, including
those of Cherrier [3], Guan-Li [20], and others. Theorem 1 gives immediately another proof
of Gill’s theorem:

Corollary 3 For any initial data, the normalizations ¢ of the Chern-Ricci flow converge
in C™ to a solution of the equation (a4 i00p)" = e¥T¢a", for some constant c.

We note that there is a rich literature on Monge-Ampere equations, including consid-
erable progress using pluripotential theory. We refer to [26, 11, 8, 23, 24, 41, 58, 59, 30, 31]
and references therein.

4.4 Hessian flows

Hessian equations, where the Laplacian or the Monge-Ampere determinant of the unknown
function u are replaced by the k-th symmetric polynomial of the eigenvalues of the Hessian
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of u, were introduced by Caffarelli, Nirenberg, and Spruck [5]. More general right hand
sides and Kéahler versions were considered respectively by Chou and Wang [6] and Hou-
Ma-Wu [25], who introduced in the process some of the key techniques for C? estimates
that we discussed in §2. A general existence result on compact Hermitian manifolds was
recently obtained by Dinew and Kolodziej [10], Sun [47], and Székelyhidi [50]. See also
Zhang [66]. Again, we can derive this theorem as a corollary of Theorem 1:

Corollary 4 Let (X,«) be a compact Hermitian n-dimensional manifold, and let x be
a positive real (1,1)-form which is k-positive for a given k, 1 < k < n. Consider the
following parabolic flow for the unknown function u,

(x +i00u)k A an*
an

Ju = log —YP(2). (4.17)

Then for any admissible initial data ug, the flow admits a solution u(z,t) for all time, and
its normalization (z,t) converge in C™ to a function us € C°°(X) so that w = X +100Ux
satisfies the following k-Hessian equation,

wF AR = eV, (4.18)

Proof of Corollary 4. This is an equation of the form (1.1), with F' = f(\) = log ox(\),
defined on the cone

where (Z)Uk is the k-th symmetric polynomial in the components A;, 1 < j < n. In our

setting,

(x + i00u )k A anF

an

or(Alu]) =

(4.20)

It follows from [43, Corollary 2.4] that g = O’,i/ " is concave and gi = g_/i > (0 on 'y, hence
f = log g satisfies the conditions (1-3) mentioned in §1.

The function u = 0 is a subsolution of (4.17) and f is in the unbounded case since for
any p= (ft1, -+, ftn) € L'y, and any 1 < i < n,

limg oo log og (g, <+ -5 pi + 8,0+, i) = 00. (4.21)

The desired statement follows then from Theorem 1.

4.5 The J flow and quotient Hessian flows

The J-flow on Kéhler manifolds was introduced independently by Donaldson [9] and Chen
[4]. The case n = 2 was solved by Weinkove [63, 64], and the case of general dimension by
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Song and Weinkove [42], who identified a necessary and sufficient condition for the long-
time existence and convergence of the flow as the existence of a Kéhler form y satisfying

nex" 7t —(n—1)x"?Aw >0 (4.22)

in the sense of positivity of (n — 1,7 — 1)-forms. The constant ¢ is actually determined
by cohomology. Their work was subsequently extended to inverse Hessian flows on Kéahler
manifolds by Fang, Lai, and Ma [12], and to inverse Hessian flows on Hermitian manifolds
by Sun [44]. These flows are all special cases of quotient Hessian flows on Hermitian man-
ifolds. Their stationary points are given by the corresponding quotient Hessian equations.
Our results can be applied to prove the following generalization to quotient Hessian flows
of the results of [63, 64, 12], as well as an alternative proof of a result of Székelyhidi [50,
Proposition 22] on the Hessian quotient equations. The flow (4.24) below has also been
studied recently by Sun [46] where he obtained a uniform C° estimate using Moser itera-
tion. Our proof should be viewed as different from all of these, since its C° estimate uses
neither Moser iteration nor strict C? estimates Trox, < C e* nfxv,

Corollary 5 Assume that (X, «) is a compact Kihler n-manifold, and fir 1 < { < k <n.
Fiz a closed (1,1)-form x which is k-positive, and assume that there exists a function u so
that the form x' = x + i00u is closed k-positive and satisfies

ke P Aa™F — o) Aa" >0 (4.23)

[XZ]U[O‘WS}. Then for any

in the sense of the positivity of (n — 1,n — 1)-forms. Here ¢ = Gl

admissible initial data uyg € C*(X), the flow

Xy Ao

Ou = ¢ — ———
' XE A ank

(4.24)

admits a solution u for all time, and it converges to a smooth function u.. The form
w = X + 100uy 1s k-positive and satisfies the equation

n—~{

WA =cwP AR (4.25)

Proof of Corollary 5. The flow (4.24) is of the form (1.1), with

O'g()\)
)\ —_ — ,
defined on the cone
Ipy={Xo;(N)>0, 5=1,--- k}. (4.26)

By the Maclaurin’s inequality (cf. [43]), we have a,i/ b < Ué/ “ on I't, hence f(A) = —oo as

A — OT'y. It follows from [43, Theorem 2.16] that the function g = (oy/ ag)Ui‘) satisfies
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(k=)

gi = g—i >0,Vi=1,...,n and g is concave on I'y. Therefore f = —¢g~ satisfies the

condition (1-3) spelled out in §1. Moreover, f is in the bounded case with

60'5_1 ()\/)

For A (V where N €'y =T')_y.

fOO()‘/) ==
We can assume that uy = 0 by replacing x (resp. u and u) by x + i90ug (resp. u — ug
and u — ug). The inequality (4.23) infers that u is a subsolution of the equation (4.24).
Indeed, for any (z,t) € X x [0,00), set u = N(B), B; = a?*(xz; + uz;)(2,t). Since u is
independent of ¢, it follows from Lemma 8 and the symmetry of f that we just need to
show that for any z € X if g/ = (pq,- -+, ptn_1) then

lim, oo f (1, pin + 8) > —c. (4.27)
This means
lop_1 (1)
o) = ——"""L > —c. 4.28
felpl) = ot (1.29

As in [50], we restrict to the tangent space of X spanned by by the eigenvalues correspond-
ing to p/. Then on this subspace

i) =3 (4.29)
for all 7. Thus the preceding inequality is equivalent to
k(XA a™F — ()"t At > 0. (4.30)

By a priori estimates in Section 2, the solution exists for all times. We now use the second
statement in Lemma 7 to prove the convergence. It suffices to check that u is uniformly
bounded in X x [0,400) and for all ¢ > 0, there exists y such that dyu(y,t) = 0. The
second condition is straightforward since

/ dux® A" =0.
X
For the uniform bound we make use of the following lemma

Lemma 9 Let ¢ € C°(X) function and {@s}scp) be a path with ¢(0) = 0 and ¢(1) = .
Then we have

! a_gpk n—k k—j
/o/xﬁsx“o/\a ds—kHZ/WMX Aa" (4.31)

so the left hand side is independent of . Therefore we can define the following functional

/ /X s xw Ao Fds. (4.32)
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We remark that when k& = n and x is Kéhler, this functional is well-known (see for instance
[64]). We discuss here the general case.

Proof of Lemma 9. Observe that

/ /X 5s X 1" kds_ ( >/ /X (109p)’ A X" 7T A" Mds. (4.33)

For any 5 =0, ...,k we have

. 1 o _
[ [ 22800 nxts nasas = [ ([ ooy nxna)
R I
—/0 /X<p$ ((za&p)]/\xk TN« k)ds
= /X ¢(i0d¢) A X" Aan (4.34)
1 0 o .
_ _ ; J k—j n—k
/(]/tias((zﬁ&p) AXTT A« )ds
We also have
1 o . 1 _ o ‘
[ foge (000y aiinarsas = [* [ e (10052) 000y ax nartas
0o Jx
[N 0P s i ki n ek
= /0 /XJ&S (100p)” A X" A" s, (4.35)

here we used in the second identity the integration by parts and the fact that y and « are
closed. Combining (4.34) and (4.35) yields

1 — ; — . :
[ o oo T oot

Therefore (4.33) implies that

[ [ g naras = Z(lj)ﬁ J @096Y X na
= é(?)#/}(qﬁ(xqs—x)”\x’“ I N ank
) é(i)ﬁﬂc;@)(_”r%wﬁ PAanE (437)
- Z(Z@)ﬁ My p)/ 58 AR N



By changing m = j — p, we get
RN 1 (G . K\ &2 (0™ (k-
(s = (O S50 s
S\ +1\p p) Zom+p+1\ m

The right hand side can be computed by

Y2 (D)™ (k=p\ _ (k) ! —p P
<p>mz::om< m ) - <p>/o (1 — 2)*PaPdx
k 1 1 . - 1
N <p>p!/0 (l{:—p+1)“.k(1—$) dx_k‘——l—l’

where we used the integration by parts p times in the second identity. Combining this
with (4.37) and (4.38) we get the desired identity (4.31). Q.E.D.

We now have for any t* > 0, along the flow

du Xu N kon ok
//X —Xa A" —/( k/\ank>xu/\a = 0.

As in Weinkove [63, 64], there exist C7, Cy > 0 such that for all ¢ € [0, 00),

0 <supu(.,t) <—-C i&fu(.,t) + Cs. (4.39)
X

Indeed, in view of (4.31), I(u) = 0 along the flow implies that
k . .
3 / wxd AT A @ = 0, (4.40)
j=0"%

hence supy u > 0 and inf x u < 0. For the right inequality in (4.39), we remark that there

exists a positive constant B such that
a” S Bxk A an—k

Therefore combining with (4.40) gives

/ua" = /(u—infu)a"+/ inf u "
X X X x X

< B/(u—infu)xkAoz"_k+infu/ a”
X X X X
. Ak k k k
_ j —J n— : n __ n—
= B;/Xuxu/\x e’ +1£1(fu(/>(a B/XX A« )
k
= —B;/X(u—i%fu>XiAXk_jAa”_k+i§fu<[><a"—B(l{:—l—l)/Xxk/\oz”_k)

infu(/ a"—B(k—l—l)/ XkAa"_k>:—Clinfu.
X X X X
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Since Aju > —tr,y > —A, using the fact that the Green’s function G(.,.) of « is bounded
from below we infer that

u@,t) = [ wa”— [ Awuly. G y)a"(y)

Hence we obtain the Harnack inequality, sup y u < —Cyinfx u + Cs.

Since we can normalize u by supy u = 0, the left inequality in (4.40) implies
sup(u(-,t) —u(-,t)) > 0.
X

It follows from Lemma 1 that
u>u—Cs
for some constant C5. This give a lower bound for u since u is bounded. The Harnack

inequality in (4.39) implies then a uniform bound for u. Now the second statement in
Lemma 7 implies the convergence of u. Q.E.D.

A natural generalization of the Hessian quotient flows on Hermitian manifolds is the
following flow

Xu N
Xu A ant
where 1) € C*(X), the admissible cone is 'y, 1 < ¢ < k < n, and y, = x + i00u. This
flow was introduced by Sun [44] when k& = n. We can apply Theorem 2 to obtain the

following result, which is analogous to one of the main results in Sun [44], and analogous
to the results of Song-Weinkove [42] and Fang-Lai-Ma [12] for k£ = n:

Owu = log — ) (4.41)

Corollary 6 Let (X, a) be a compact Hermitian manifold and x be a (1,1)-form which is
k-positive. Assume that there exists a form x' = x +i00u which is k-positive, and satisfies

EODF P Aa™  —e? ()P Aa™ >0 (4.42)

in the sense of the positivity of (n — 1,n — 1)-forms. Assume further that there exists an
admissible ug € C*°(X) satisfying

k —k
eV > Xug NOT o

> _ (4.43)
Xb, N ant

Then the flow (4.41) admits a smooth solution for all time with initial data ug. Further-
more, there exists a unique constant ¢ so that the normalization

ﬂz%-éﬁﬁﬂ“ (4.44)

converges in C™ to a function e With ws = X + 100U satisfying

wE AR = ettt Aot (4.45)
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Proof of Corollary 6. This equation is of the form (1.1), with
F(A) = f(\) = log ——, with A = A\(A4), (4.46)

defined on I',. As in the proof of Corollary 5 we also have that f satisfies the conditions
(1-3) mentioned in §1. Moreover, f is in the bounded case with

ko_1(\)

———— Wwh NeTlw=T)1.
g&m_l()\/) where S k—1

foe(X) = lo
It suffices to verify that u = 0 is a subsolution of the equation (4.41). For any (z,t) €
X x[0,00), set p = N(B), B'; = a?*x3,(z,t). Since u is independent of ¢, Lemma 8 implies
that we just need to show that for any z € X if ¢/ = (1, -+, ftn_1),

lim, oo f (1, 8) > ¥(2). (4.47)
This means
ko -1 !
uli) = 1og 52 > ), (1.48)

where we restrict to the tangent space of X spanned by by the eigenvalues corresponding
to p/. As the argument in the proof of Corollary 5, this inequality is equivalent to

ExE A QR —le? A QT > 0. (4.49)
Moreover, the condition (4.43) is equivalent to
0=u> F(Afuo)) - ¥ (4.50)

We can now apply Theorem 2 to complete the proof. Q.E.D

In the case of (X, «) compact Kéhler, the condition on 9 can be simplified, and we
obtain an alternative proof to the main result of Sun in [45]. We recently learnt that Sun
[49] also provided independently another proof of [45] using the same flow as below:

Corollary 7 Let (X,a) be Kdihler and x be a k-positive closed (1,1)-form. Assume that
there exists a closed form x' = x + 100w which is k-positive, and satisfies

EODF P Aa™  —e? ()P Aa™ >0 (4.51)

in the sense of the positivity of (n — 1,n — 1)-forms. Assume further that

eV > cpy = (4.52)



Then for any admissible initial data uy € C>°(X), the flow (4.41) admits a smooth solution
for all time. Furthermore, there exists a unique constant ¢ so that the normalization

u=u-— [aln] /Xua" (4.53)

converges in C™ to a function ts, with we = X + 100U~ satisfying
Wk Aan eVl A at (4.54)

Proof of Corollary 6. By the same argument above, the admissible function u € C*(X)
with sup y u = 0 satisfying (4.51) is a C-subsolution. As explained in the proof of Corollary
5, we can assume that ug = 0.

We first observe that along the flow, the functional I, defined in Lemma 9 is decreasing.
Indeed, using Jensen’s inequality and then (4.52) we have

k

d ou YO A"
4y _ /_z/\ n—ZZ/ 1 u _ N
dt () x gt 8 x4 A an—t v)xuna

< log Ck,é/ o A ant —/ v, Aa"t <0, (4.55)
X X
Set
- Ly(u)
=u— h(t h(t) = ————. 4.
B0, 0= (4.50

For any t* € [0, 00) we have

//(%Xi/\a —/ /(at fxxéi\a”jt]()>%/\an_£:0'

By the same argument in Corollary 5, we deduce that there exist C';,Cs > 0 such that
0 <supu(.,t) <—-C i&fﬁ(., t) + Cs, (4.57)
X

for all t € [0, 00). By our choice, supy u = 0, and (4.57) implies that
sup(u — h(t) — u) = sup(u —u) > 0, Vt > 0.
X X
Since Iy(u) is decreasing along the flow, we also have h/(tf) < 0. Theorem 2 now gives us
the required result. Q.E.D.
Similarly, we can consider the flow (1.1) with
= (M) v a0 o, (4.58)

where 1 < ¢ < k <n. When (X, «) is Kéhler, 1 is constant and k& = n, this is the inverse
Hessian flow studied by Fang-Lai-Ma [12]. We can apply Theorem 2 to obtain another
corollary which is analogous to the main result of Fang-Lai-Ma [12].
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Corollary 8 Let (X, ), and x as in Corollary 6. Assume further that 1) € C*(X,R¥)
and there exists a smooth function u with x' = x + i00u a k-positive (1,1)-form which
satisfies

kwk—é(x/)k—l A an—k o g(X/yz—é—l A an—f >0 (459)
in the sense of positivity of (n — 1,n — 1) forms, and

4 n—~¢
k—t o X Ao .
- Xk A an—k

" (4.60)

Then the flow (4.58) exists for all time, and there is a unique constant ¢ so that the
normalized function 4 converges to a function us with w = x + 100u~ a k-positive form
satisfying the equation

WEA QT = (P 4 o)FROR A e TR, (4.61)

In particular, if (X, «) is Kahler, we assume further that x is closed, then the condition
(4.60) can be simplified as

l n—~_
k=0 :[X]U[a ] 4,62
S e = O ) .
Proof of Corollary 8. This equation is of the form (1.1), with
=
FA) = FO) = — (2 o A= AA), (4.63)
O'k(>\)

defined on I'y. As in Corollary 5, it folllows from the Maclaurin’s inequality, the mono-
tonicity and concavity of g = (ox/oy)* 7 (cf. [43]) that f satisfies the conditions (1-3)
spelled out in §1. Moreover, f is in the bounded case with

N bog_1(XN)
00 = (17

In addition, as the same argument in previous corollaries, the condition (4.59) is equivalent
to that u = 0 is a C-subsolution for (4.58). Moreover, the condition (4.60) implies that

0=u> F(A[0]) + . (4.64)

k—¢
) where N €'y =T q.

We can now apply Theorem 2 to get the first result.

Next, assume that (X, «) is Kéhler and y is closed. As in Corollary 7 and [12], the
functional I, (see Lemma 9) is decreasing along the flow. Indeed, using (4.62),

d - ou y ., (0N P ¢ p ot

1
op(A) | ** _ = n—
—/X <%> i Aan Z—i—czk‘/Xxﬁ/\a £ (4.65)
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Using the Holder inequality, we get

4 n—{ __ E—(+1 . n
/Xxu/\a = /aga —/( ke+1>‘7k «
r k—t41 T z+1
Oy et =T
T (%
¥\ g/—0FT)

L k

r L = z+1 1
k k—0+1
u

r L 1 5 z+1

- A(Zgi)rxwa Cf:f“(/ XL A Q™ >k+“

IA

This implies that

n—~¢ )\
CZk/Xu/\a </ >\ Xu/\a )

hence dIy(u)/dt < 0.

For the rest of the proof, we follow the argument in Corollary 7, starting from the fact
that I,(@) = 0 where

L IZ<U)
t=u——7—".
fX XZ A an—@
Then we obtain the Harnack inequality
0 <supu(.,t) <—-C igl(fﬂ(., t) + Cy, (4.66)
X

for some constants C7, Cy > 0. Finally, Theorem 2 gives us the last claim. Q.E.D.

4.6 Flows with mixed Hessians o},

Our method can be applied to solve other equations containing many terms of o,. We
illustrate this with the equation

¢
e Aa T =exE Aot (4.67)

j=1

on a Kahler manifold (X, «), where 1 < ¢ < k < n, ¢; > 0 are given non-negative
constants, and ¢ > 0 is determined by c; by integrating the equation over X.
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When k = n, It was conjectured by Fang-Lai-Ma [12] that this equation is solvable
assuming that

n—1
nex™ ' =3 ke AT >0,

k=1
for some closed k-positive form y' = y + i90v. This conjecture was solved recently by
Collins-Székelyhidi [7] using the continuity method. An alternative proof by flow methods
is in Sun [48]. Theorem 3 stated earlier in the Introduction is an existence result for more
general equations (4.67) using the flow (1.12) In particular, it gives a parabolic proof of a
generalization of the conjecture due to Fang-Lai-Ma [12, Conjecture 5.1]. We also remark
that the flow (1.12) was mentioned in Sun [44], but no result given there, to the best of
our understanding.

Proof of Theorem 3. This equation is of the form (1.1), with

E?:l cjoj(A)

+c,

defined on the cone I'y. As in the proof of Corollary 5, for any j = 1,...,¢, the function
—o; /oy, on I'y, satisfies the conditions (1-3) in §1, so does f. We also have that f is in the
bounded case with

Y1 dcioi(N)

h Nel, =T4.
kgk—l()\) where € k

fOO()‘/) =

Suppose x' = x + i00u with supy u = 0 satisfies

ke(x' )~ chj VA Q" > 0.

By the same argument in Corollary 5, this is equivalent to that u is a C-subsolution of
(1.12). Observe that for all t* > 0,

L(u(t?)) = /Ot/ gﬁma _/t*/ ( = 1ca<f)g(A)>X,“an_k

= /Ot* (c/Xxﬁ/\oz Zc]/xj/\a j) = 0. (4.68)

Therefore Lemma 9 implies that

k
Z/ ux? A I AR = 0.
j=07%
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Therefore we can obtain the Harnack inequality as in Corollary 5:

0 <supu(.,t) < —=Cyinfu(.,t)+ Cy, (4.69)
X

and infx u < 0, for some positive constants C7, C5. Lemma 1 then gives a uniform bound
for u. Since

/ 8tux'7j Aok =0,
X

for any ¢t > 0, there exists y = y(t) such that dyu(y,t) = 0. The rest of the proof is the

same to the proof of Corollary 5 where we used Lemma 7 to imply the convergence of the
flow. Q.E.D.

We observe that equations mixing several Hessians seem to appear increasingly fre-
quently in complex geometry. A recent example of particular interest is the Fu-Yau equa-
tion [14, 15, 32, 35] and its corresponding geometric flows [36].

4.7 Concluding Remarks

We conclude with a few open questions.

It has been conjectured by Lejmi and Székelyhidi [28] that conditions of the form
(4.22) and their generalizations can be interpreted as geometric stability conditions. This
conjecture has been proved in the case of the J-flow on toric varieties by Collins and
Székelyhidi [7]. Presumably there should be similar interpretations in terms of stability of
the conditions formulated in the previous section. A discussion of stability conditions for
constant scalar curvature Kahler metrics can be found in [40].

It would also be very helpful to have a suitable geometric interpretation of conditions
such as the one on the initial data uy. Geometric flows whose behavior may behave very
differently depending on the initial data include the anomaly flows studied in [33], [38],
[13].

For many geometric applications, it would be desirable to extend the theory of subso-
lutions to allow the forms x and v to depend on time as well as on u and Vu.
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