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Abstract

‘We consider the corrector equation associated, in homogenization the-
ory, to a linear second-order elliptic equation in divergence form —9;(a;;0;u) =
f, when the diffusion coefficient is a locally perturbed periodic coeffi-
cient. The question under study is the existence (and uniqueness) of the
corrector, strictly sublinear at infinity, with gradient in L" if the local
perturbation is itself L", r < 4o00. The present work follows up on our
works [7, 8, 9], providing an alternative, more general and versatile ap-
proach, based on an a priori estimate, for this well-posedness result. Equa-
tions in non-divergence form such as —a;;0;;u = f are also considered,
along with various extensions. The case of general advection-diffusion
equations —a;;0;;u + b;j0;u = f is postponed until our future work [10].
An appendix contains a corrigendum to our earlier publication [9].
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1 Introduction

Motivation. In a series of works [7, 8, 9] (see also the related works [6, 25]),
we have shown that the solution to a highly oscillatory equation of the type

—div (a(z/e) Vus) = f (1)

may be efficiently approximated using the same ingredients as classical periodic
homogenization theory when the coefficient a in (1) is a perturbation of a periodic
coefficient, say to fix the ideas a = aP" 4+ @ where aP®" is periodic and a € L",
1 < r < 400, is a local perturbation that formally vanishes at infinity. The
quality of the approximation (that is, the rate of convergence in H' norm of
u. minus its approximation based on homogenization theory) is entirely based
upon the existence of a corrector function w,, strictly sublinear at infinity (that
1+ |z

associated to (1), namely

0), solution, for each p € R?, to the corrector equation

)

—div(a(p+ Vw,)) =0 in R% (2)

Such a situation comes in sharp contrast to the general case of homogeniza-
tion theory where only a sequence of ”approximate” correctors wy, ., satisfying

—div (a(z/e) (p + Vwpe)) 2% 0, is needed to conclude, but where the rate
of convergence of the approximation is then unknown. See more details in our
previous works and in [6, 25]. A quick inspection on (2) shows that the corrector
wp is expected to read as wp = Wp per + Wp With wy, per the periodic corrector
(solution to — div (a?°" (p + Vwp per)) = 0) and @, solution with Vi, € L™ to

—div (a Vi,) = div (@ (p + Vwp per))  in RY. (3)

In turn, the setting being linear, the existence and uniqueness of w, solution
to (3) in the correct functional space is formally equivalent to the existence of
an a priori estimate

IVullpe <Cfllga, (4)

for the exponent ¢ = r, and u solution to
—div(aVu) = divf inR% (5)

The purpose of this article is to show how the estimate (4) (and similar es-
timates) can be established with a good degree of generality (in particular ¢
needs not be equal to r, the Lebesgue exponent such that a € L", but can be
any exponent 1 < ¢ < +00), using a quite versatile approach based on a simple
version of the concentration-compactness principle [28]. Intuitively, estimate (4)
holds true because the perturbation & within the coefficient a in (5) vanishes
in a loose sense at infinity, while, by the celebrated results of Avellaneda and
Lin (see [2, 3] and more specifically [4]), the estimate holds true when a = aP*".
Thus, the integrability in R? of the solution remains unchanged. The approach



introduced here not only provides an alternate proof of the results of our earlier
works for local perturbations of periodic coefficients, but also allows for con-
sidering, instead of (1), equations not in divergence form —a;; 9;;u4 = f, which
were not approached in our works so far. This also provides an approach for
the case of advection-diffusion equations — a;;(-/€) 0;u° + e ' b;(-/e) Ou® = f
which will be discussed in a forthcoming publication [10].

Mathematical setting. More precisely, (1) is supplied with homogeneous
Dirichlet boundary conditions and posed on a bounded regular domain Q C R¢,
with a right-hand-side term f € L?(£2). For our exposition, we will assume d >
2. Of course, as always, dimension 1 is specific and can be addressed by (mostly
explicit) analytic arguments that we omit here. In our earlier publications [7,
8, 9], the coefficient a considered is of the form a = ag + @ where ag denotes
the unperturbed background, and a the perturbation. For some of our results
there, the unperturbed background can be quite general provided it enjoys the
"natural” properties that make homogenization explicit. Similarly, we consider
different cases of perturbations a, and can prove some of the results in the
absence of some regularity of the coefficients. We refer the reader to [7, 8, 9] for
all the precise settings and statements regarding the above informal claims. In
the present contribution, however, we only address the case

a=ad" +a (6)

where aP¢” denotes a periodic unperturbed background, and a the perturbation,
with
a?*"(z) +a(z) and aP*"(z) are both uniformly elliptic, inx € R?,
aPer e (Loo(Rd))dXd,
a€ (L=(RYN L”(R”l))dXd7 for some 1<7r <400

dxd
= (0070‘ (Rd) (]Rd)) for some « >0,

unif

(7)
Note that, actually, in the above assumptions, the fact that a is bounded
(o9

is implied by the assumption a € Cghif(Rd) N L". We nevertheless state it as
above to highlight the fact that a € LY for any ¢ > r.

The reason why we make the above set of assumptions (7) is that (a) we need
our results to hold true in the absence of the perturbation @ and the periodic
case ag = aP¢" with aP¢" sufficiently regular is the only one where we are actually
aware of (thanks to the works of Avellaneda and Lin) that this is the case (see
however Remark 7 below), and (b) the perturbation a has to formally vanish at
infinity for our specific arguments to hold.

We note, on the other hand, that we readily consider the case of matrix-
valued coefficients, instead of scalar-valued coefficients as in our previous works.
The modifications are only a matter of technicalities.

All the results of the present article are stated and proved for equation,
not for systems. However, as we point out in Remark 6 below, the result of



Proposition 2.1 (i.e the divergence form case) carries over to systems. This is
not the case of our proof for the non-divergence form (see Remark 8 below), since
our proof makes essential use of the maximum principle or of its consequences.

Given the above assumptions, it is well known [5] that there exists a periodic
corrector Wy per unique up to the addition of a constant, that solves

— div (@ (&) (p + Vitpper (2))) = O, (8)

posed for each fixed vector p € R%. In these particular conditions, Vw, pe, €
C2°(R?) N L. This corrector allows to consider the following first-order ap-
proximation to u® issued from the so-called two-scale expansion truncated at

the first order
d
u;élr(x) =u’(z) +*€Zain*($) We, per (T/€), (9)
i=1

where e; are the canonical vectors of R? and where u* denotes the homogenized
limit of u®, that is the solution to

—div (a* Vu*) = f, (10)

with homogeneous Dirichlet boundary conditions on 92, where a* is the homog-
enized matrix-valued coeflicient (actually also computed from local averages of
the solution wy yer to (8)). We have that u® — ug,,. converges to zero (at least)
in H' norm and, precisely because of the existence of the corrector, the rate of
the convergence Hus — uf,’elT H 1 as € vanishes can be made precise in terms of €.
We refer the reader to our previous works and the classical textbooks [5, 24] for
more details.

It has been pointed out in our works that this quality of approximation
carries over to the case of a local perturbation of the coefficient in (1). A
proof of this fact is contained in [6, 25]. Problem (8), now reading as (2), is
therefore a key step in the understanding, and approximation, of the solution u®
both locally and globally. This fact is intuitively clear when one has realized
that this problem is obtained by zooming-in from (1) to the small scale. Using
linearity, (2) is equivalent to (3) and the key question is thus to prove existence

for the latter equation.

Plan. Our contribution is organized as follows. To start with, we consider
in Section 2 the case of the equation in divergence form (1) under the condi-
tions made precise in (7). We establish the estimate announced in (4) for the
solutions to (5). Our result is stated in Proposition 2.1. The subsequent Sec-
tion 3 is devoted to the analogous estimate, stated in Proposition 3.1, for the
equation in non-divergence form. The fact that each of the estimate implies the
well-posedness of the corresponding corrector problem (and thus, subsequently
and using the arguments of our other works, the agreement of the first order



approximation (9) with the oscillatory solution u® in various norms and at a
certain well defined rate in ¢) is made precise in Section 4. Finally, we take the
opportunity of the present article to provide, in Appendix A, a corrigendum of
our previous work [8, 9]. Although this did not at all affect the main results
of our works, we made there, for some intermediate technical result (namely
Lemma 4.2 of [9] and Lemma 1 of [8]), some erroneous claims. We correct this
here.

2 Estimate for operators in divergence form

As mentioned in our introduction, we wish to prove existence and uniqueness
of the (strictly sublinear at infinity) corrector w,, solution for p € R? fixed, to
the corrector equation (2). Assuming that the coefficient a is of the form (6)
and satisfies the assumptions (7), we readily introduce W, = w, — wp per Where
the latter denotes the periodic corrector associated to aP®”, the existence and
uniqueness (up to the addition of a constant) of which is a classical fact [5].
For further reference, we note that under the regularity conditions (7) for the
coefficient aP*", elliptic regularity implies that the periodic corrector wy per is
a Wb function. Indeed, the classical Hilbert theory gives that wy, e, € H} .
and is periodic. Harnack inequality then implies that wy, per € L. Finally, [21,
Theorem 8.32] implies that Vw,, pe, is Holder continuous, hence in particular is
in W1, Equation (2) reads as (3), that is,

—div (a Va,) = div (@ (p + Vwp per))  in R,

which we now have to solve. Formally simplifying both sides of the equation
leads to considering the equation —Aw, = div(ap) and we thus expect, for
r > 1, to find Vw, in the same space as @, namely L". This of course will in
particular ensure that w,, is strictly sublinear at infinity. This expectation is
confirmed by the results of our earlier contributions, which we now prove in a
different manner here. Our main result is the following:

Proposition 2.1 Assume (6)-(7). Fiz 1 < ¢ < 4oo. Then, for all f €
(Lq(Rd))d, there exists u € L} (R?), such that Vu € (Lq(Rd))d, solution to
equation (5) namely

—div(aVu) = divf in R% (5)
Such a solution is unique up to the addition of a constant. In addition, there
exists a constant Cy, independent on f and u, and only depending on q, d and
the coefficient a, such that u satisfies (4), namely

||VUH(LLI(R(1))(1 S Cq HfH(L‘I(Rd))d . (4)

The existence and uniqueness (up to the addition of a constant) of @, (and
thus of the corrector w,) is an immediate consequence of Proposition 2.1. For
r > 1, the proposition is applied to ¢ = r, f = a(p + Vwp per), given that
a € (L"(RY))™4 and Vwy per € (L°(R?))9. The case r = 1 is considered in
Remark 1 below.



Remark 1 As stated in assumption (7), the case a € L" forr =1 is allowed in
Proposition 2.1. However, the proposition then only gives existence of Vi, €
LYR?) for any ¢ > 1, and not Vi, € L' as a. Writing — div(aP*"Vi,) =
div(a(Vw, + p)) and using Vw, € L, a fact that is established there, the
results of [4] imply that Vb, is in weak-L'(R?). But Vb, ¢ L'(R?), contrary
to what is mistakenly stated in [9, 8]. A counterexample for a?°" = 1, a with
compact support, is provided in Remark 4 below.

The proof of Proposition 2.1 to which we now proceed is based upon the
following intuitive property. When the defect a identically vanishes, the coef-
ficient a is the periodic coefficient a?¢”. In this particular case, estimate (4)
has been established in [4]. The estimate is shown there, using the representa-
tion of the solution u in terms of the Green function GP*"(z,y) associated to
the operator — div (aP¢" V.), and the properties of approximation of this Green
function obtained from the results of [2]. Next, when a # 0, one notices that,

dxd

since @ € (L’"(Rd) N C’Sﬁf(Rd)(Rd)) , we have that a(z) =g, Intuitively,
the operator —div (a V.) is therefore close to the operator — div (aP*" V.) at in-
finity, and estimate (4) is likely to hold true there. On the other hand, locally,
estimate (4) is a consequence of elliptic regularity and the fact that it holds true
in the Hilbertian case ¢ = 2. The actual rigorous proof of Proposition 2.1 im-
plements this strategy of proof, using a continuation argument, the celebrated
results of [4] and our results [7] on the case g = 2.

Proof of Proposition 2.1 We argue by continuation. We henceforth fix
some 2 < q < +00. The case 1 < ¢ < 2 will be obtained by duality at the
end of the proof.

We define a; = aP®" + ta and intend to prove the statements of Propo-
sition 2.1 for ¢ = 1. For this purpose, we introduce the property P defined
by: we say that the coefficient a, satisfying the assumptions (6)-(7) (for some
1 < r < 400) satisfies P if the statements of Proposition 2.1 hold true for
equation (5) with coefficient a. We next define the interval

Z={tel0,1]/Vs € [0,t],Property Pis true foras}. (11)

We intend to successively prove that Z is not empty, open and closed (both
notions being understood relatively to the closed interval [0, 1]), which will show
that Z = [0, 1], and thus the result claimed.

To start with, we remark that the results of Avellaneda and Lin in [4, The-
orem A] show that Z # () since 0 € Z. Notice that the property u € L} _ is

a straightforward consequence of elliptic regularity using f € (L}OC(Rd))d and
the Holder regularity of the coefficient aP¢” because of (7). This property im-
mediately carries over to all ¢ € [0, 1] as soon we know there is a solution in the
following argument.

Next, we show that Z is open (relatively to the interval [0,1]). For this
purpose, we suppose that ¢ € Z and wish to prove property P on [t,t + [ for



some ¢ > 0. In order to solve, for f € (Lq(Rd))d
—div ((a; +€a) Vu) = divf in R%

we write it as follows:

Vu =&, (eaVu + f), (12)

where ®; is the linear map which to f € L9(R?) associates Vu € LI(R), where
u is the solution to (5). Since ®; is continuous from L7 to L4, with norm
Cy, it is clear that, for Cyellal|;w@ay < 1, the above map is a contraction.

Hence, applying the Banach fixed-point theorem, (12) has a unique solution
in L(R?), which satisfies the estimate (4), in which C, has been replaced by

Cy (Cye lll ey — 1)
We now show, and this is the key point of the proof, that Z is closed. We

assume that t, € 7, t, <t, t, — t asn — 4oo. For all n € N we know
that, for any f € (Lq (Rd))d, we have a solution (unique to the addition of a

constant) u with Vu € (Lq(Rd))d of the equation
—div (a;, Vu) = divf in R%,

and that this solution satisfies ||Vul| 1qgayya < Cn || fll(z4(ra)e for a constant
C), depending on n but not on f nor on u. We want to show the same properties
for t¢.

We first temporarily admit that the sequence of constants C,, is uniformly
bounded from above in n and conclude. For f € (L‘I (]Rd))d fixed, we consider
the sequence of solutions u” to

—div (ar, Vu™) = divf in R%,
which we may write as
—div (a; Vu") = div (f + (as, — a;) Vu™)  in RY,

The sequence of gradients Vu™ is bounded in (Lq(Rd))d, and therefore
weakly converges (up to an extraction) to some Vu. We may pass to the weak
limit in the above equation (recall that a;, — a; converges strongly in L°) and
we find a solution to — div (a; Vu) = div f. The solution also satisfies the es-
timate (because the sequence C,, is bounded and because the norm is weakly
lower semi continuous). There remains to prove uniqueness, that is,

—div(aVu) = 0 inR?, (13)

with Vu € L4(R%), implies Vu = 0 in the present setting. To this end, we
notice that (13) also reads as

—div (aP*" Vu) = tdiv(a Vu). (14)



1 1 1

Using that, in the right-hand side, a Vu € (L‘“ (Rd))d for — = — 4+ — (by
q1 r q

the Holder inequality), and the results of [4] on the operator with periodic

coefficient, this implies that, in turn, Vu € (L‘h (Rd))d. One may then iterate

1 1
this argument, and inductively obtain Vu € (L (Rd))d for — = + -
qn dn—1 r
1 1
One thereby obtains Vu € (L (Rd))d for — = = + . We recall that we

an q T
have assumed ¢ > 2, thus 1 < % If in addition » > 2, it is then always

possible to find n > 0 such that 1 < ¢, < 2. In the case r < 2, we note that
@ € L"NL>® C L?, hence we apply the argument with » = 2. In both cases, we
have 1 < ¢, < 2 for some adequate n > 0, and we obtain, by interpolation, Vu €
(LN Lq(Rd))d C (Lz(Rd))d. But, for such an L? function, (13) immediately
implies Vu = 0 by ellipticity (a precise argument may be found in [7]). This
concludes the argument of uniqueness.

In order to prove that the sequence of constants C,, is indeed bounded, we
argue by contradiction and assume that the sequence C,, is unbounded, which
amounts to assuming there exist f™ € (Lq (Rd))d and u" with Vu,, € (Lq (Rd))d,
such that

—div (a;, Vu™) = div f* in R?, (15)
||fn||(Lq(Rd))d e 0, (16)
[Vu"™[|(pagays =1, foralln€N. (17)

We readily notice that (15) also reads as
—div (a; Vu™) = div (f" + (ar — as,) Vu"),

where, as n — 0, the rightmost term inside the divergence strongly converges
to zero in (LY (Rd))d because a; — a;, strongly converges to zero in (Lq(Rd))d
and Vu" is bounded in (Lq(Rd))d. Therefore, without loss of generality, we
may change f™ into f™ + (ax — a¢, ) Vu™ and replace (15) by

—div (a; Vu™) = div f* in R% (18)

We now concentrate our attention on the sequence Vu"™. In the spirit of the
method of concentration-compactness, we now claim that

dn>0, FJ0<R<+oo, VneN, [Vu'|rapnye=n>0, (19)

where Br of course denotes the ball of radius R centered at the origin.

We again argue by contradiction (we recall the main argument we are con-
ducting here is also an argument by contradiction) and assume that, contrary
to (19),

Y0 <R <+00, [[VU"|(pappys " — 0. (20)



Since a satisfies the properties in (7), it vanishes at infinity and thus, for any § >
0, we may find some sufficiently large radius R such that

Il e g0 < 5 (21)

where B, denotes the complement set of the ball Br. We then write

la Ve Ny = /BR deu/&% vl
S e A [P
i ||&|\’ELOC(B%))(M IV (17 ey
< Al o gayyaxa VU Lo gy
4o, (22)

using (17) and (21) for the latter majoration. On the other hand, (20) implies
that the first term in the right hand side vanishes, and since § is arbitrary,
this shows that a Vu™ converges strongly to zero in (Lq(Rd))d. Inserting this
and (16) into (18), which, for this specific purpose, we rewrite as

—div (a?" Vu") = div (f" +taVu"),

and using the continuity result in (Lq(Rd))d for the periodic setting estab-
lished by Avellaneda and Lin in [4], we deduce that Vu™ (strongly) converges

to zero in (Lq(Rd))d. This evidently contradicts (17) . We therefore have es-
tablished (19).

Because of the bound (17), we may claim that, up to an extraction, Vu™
weakly converges in (Lq(Rd))d, to some Vu. Passing to the limit in the equation
in the sense of distributions, we have — div(a;Vu) = 0. Next, we show that this

d. . .
loc(Rd)) is indeed strong. By Sobolev compact embeddings,
we know this convergence implies the strong convergence of the sequence u™
to u (up to a sequence of irrelevant constants c¢,, which, with a slight abuse of

notation, we may include in u) in L} (R?). Since we have

convergence in (L]

—div (a; (Vu"™ — Vu)) = div(f™),

we multiply this equation by (u™ —u)x g, where x g is a smooth cut-off function
such that xg =1 in Bg, and xg = 0 in Bf . Integrating by parts, we have

[xwlarvr -]Vt -0 = - [ a9 -] (V) @ - )
+ /XR V(" — )] f + /(u" ) 7 Vyn.

We may pass to the limit in each term of the right hand side, since V(u™—u) —
0 in L9, hence in L?(Bpg), u™ — u converges strongly in L*(Bgr), and f* — 0

10



in L%, hence in L?(Bgr). Using the fact that a is elliptic, we therefore obtain
that Vu" — Vu in L?(Bg). Finally, using the elliptic estimate (see e.g. [19,
Theorem 7.2])

1900 ozt < CR) (190l + 1 hgaamye) s (23)

for all 0 < R < +o00, and all solutions v to — div (a; Vv) = divf, we obtain,
applying (23) to u™ — u, that Vu™ strongly converges in (Lq(BR))d to Vu. We
infer from (19) and the local strong convergence that Vu cannot identically
vanish, while it solves —div(a;Vu) = 0. The argument following (13) implies
that Vu = 0, and we reach a final contradiction. This concludes the proof in
the case 2 < g < +o0.

For the case 1 < ¢ < 2, we argue as announced by duality. At this stage,
we have established the claims within Proposition 2.1 for 2 < ¢ < +00. We
may apply them to the case of the transposed coefficient a’ of a, and the
operator —div (a” V.), since obviously, a’ satisfies the assumptions (7) if a

does. Let us now fix f € (Lq(Rd))d, for some 1 < ¢ < 2, and denote by

1 1
2 < ¢’ < +oo, the conjugate exponent of ¢, that is, — + — = 1. To any
q q
, d
arbitrary function g € (Lq (Rd)> , we may associate the unique (up to an

, d
additive constant) solution v, such that Vv € (Lq (Rd)) , to —div (a” Vv) =

divg. Its gradient Vv depends linearly, continuously, on g. We may therefore

, d
define by g — Lf(g) := [za f- Vv a linear form on (Lq (Rd)) . Since, using
the result of Proposition 2.1 for ¢/,

‘Lf(g)=/Rdf-Vv

IA

||fH(LKI(Rd))d ||VU||(Lq/(Rd))d

A

< Oy ”fH(Lq(]Rd))“" ||g||(Lq/(Rd))d7 (24)

, d
this linear form is therefore a continuous map on (Lq (Rd)) . Hence there exists

some U € (L4 (Rd))d such that

Ly(g) = Rdf.sz/Rdg.U,

and we read on estimate (24) that

Ul (zaayys < Co 11l (naqaye-

We now identify more precisely U. Assuming that g additionally satisfies

, d
curlg = 0 on R?, we have — div (aT Vv) = divg = 0 with Vv € (Lq (Rd)) ,
and thus, by the estimate, Vo = 0. It follows that, for such g, Ls(g9) =

11



fRd f-Vv =0, thus fRd g.U = 0. This property shows that there exists some u
such that U = Vu, and thus Vu € (Lq(Rd))d with

||VU||(Lq(JRd))d <Cy Hf“(Lq(Rd))d :

We finally show that u satisfies —div(aVu) = divf. To this end, we
consider the specific case where v € D(R?) (that is, v is smooth and has compact
support) and set g = a® Vv, so that, in effect, — div (aT Vv) = div g holds true.

Applying the above, we have / f-Vuv= / g.Vu. The left-hand side is the
d ]Rd

R L
duality product (div f,v)p/(ra) pre), While, by definition of g, the right-hand
side reads as

/ al Vv .Vu = Vv.aVu = (—div (a Vu),v)p (r),p®d)-
R4 R4

Since this holds true for all v € D(RY), this shows — div(a Vu) = div f and
concludes our proof. O

Remark 2 Although, in the above proof, the case 1 < q < 2 is proved by duality,
it is also possible to use a direct approach similar to the above argument. The
heart of the above proof is the following result: if u is a solution to —div(aVu) =
0 and if Vu € LY(RY), then u is constant. We use it for q¢ = 2, but it is still
valid for any q > 1, as it is stated in Lemma 2.2 below. Note however that we
do not know if this lemma, which is proved only for equations, carries over to
systems.

Lemma 2.2 Assume d > 2, and that the matriz a is Cg;loi‘f(Rd), uniformly

elliptic and bounded. If u satisfies — div(aVu) = 0 and Vu € L1(RY), for some
1<qg<d, then Vu=0.

Proof: We first note that, according to the Galiardo-Nirenberg-Sobolev in-
equality [18, Section 5.6.1, Theorem 1], u € L (R?), up to the addition of a

. 1.q* .
constant, with q% == — é. Hence, we have u € W/ | with

1
q

sup |[ullwi.er (By(zg)) < +00-
zo€ER?

Here, By(x) is the ball of radius 2 centered at zy. Next, we apply [14, Theo-
rem 1], which states that, if u satisfies the above properties, then for any ball
By (x0) of radius 1, we have u € W1*(By(zg)) for all 1 < s < +oo, with the
following estimate

[ullwios By o)) < Cllullw.e (a0 (25)

where C' depends only on the ellipticity constant of a, on ||al|¢o.«(p,), on d and
on s,¢*. In particular it does not depend on u nor on zy. Applying the De
Giorgi-Nash estimate, we have

1/2
HUHL‘X’(Bz(wo)) < C (/ U2> 5
BQ(ZL’Q)
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where C' does not depend on x, for the same reasons as above. Hence, applying
(25) for s = 2, u is bounded, which, by Liouville theorem (see for instance [30]),
implies that u is constant. &

Remark 3 In the proof of Proposition 2.1, we have used some of our results
established in the case ¢ = 2 in [7]. We actually only made use of the unique-
ness result (in order to prove that Vu = 0 in (13) above), while we did estab-
lish [7] existence and uniqueness of the solution (although not stated as such, the
proofs of [7] and [9] imply continuous dependency on the datum). If we allow
ourselves to also use the existence result, then the above proof may be slightly
simplified. One may then prove by continuation “only” that estimate (4) holds
true (in particular, it in turn implies uniqueness), while the existence part is a

consequence of a density argument: we approximate f € (Lq(Rd))d by a se-
quence f, € (L2 N Lq(Rd))d; for each f,, we have a solution u,, the gradient of
which s in (LQ(Rd))d; using the estimate, the sequence Vu, is a Cauchy se-
quence in (Lq(Rd))d; we may finally pass to the limit and obtain a solution for

f only in (Lq (Rd))d. We chose to present the proof of Proposition 2.1 because
its pattern is more general and applies (see Section 3) to operators that are not
in divergence form (to which our arguments of [7] do not carry over).

Remark 4 It is well known that, even when a = aP*" = 1, estimate (4) is
wrong for ¢ =1 (in dimensions d > 1). For instance, for d > 3, let us define

1 (x—y)-e
u(x) = dy,
=GBy, e ™

where By is the unit ball of RY, |By| its volume, and e # 0 is a fived vector in
Re. It is clear that —Au = div (1p,€) in the sense of distributions. However,

a simple computation shows that Vu(z) ~ d‘ild (e — d(ijgg”) , as |z| = 4o0.
Hence Vu & L' (Rd).

Remark 5 We shall see in Section 4 below that a consequence of Proposi-
tion 2.1 is the existence of a corrector in the adequate functional space, and,
in turn, a quantitative theory of homogenization where the rates of convergence
may be made precise, both for the Green functions associated to the divergence
operators and for the solutions to the homogenized problems. Actually, the exis-
tence of a corrector in the adequate functional space conversely implies Propo-
sition 2.1. By the arguments introduced for the periodic case in [2], further
made precise in [27] for various boundary conditions, and adapted in [6] to the
case of divergence operators with perturbed periodic coefficients satisfying (7),
it is indeed possible to establish, from the existence of a suitable corrector, the
approzimation properties for the Green function G(x,y). Then, the arguments
of [4], using the representation formula for the solution of (5), can be replicated
to obtain the results of Proposition 2.1.
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Remark 6 The statement and proof of Proposition 2.1 concern equations, but
an analogous result holds for systems in divergence form. Indeed, all our argu-
ments carry over to systems, including the central result by Avellaneda and Lin
of [4] (based on the results of [2]) on the continuity of operators with periodic
coefficients, and the uniqueness result that is a consequence of our arguments
of [7] when Vu € (LQ(Rd))d. The only point above at which we have used the
fact that we deal with an equation (actually, applying the Harnack inequality)
is when we prove that Vwy per € L. But this is also implied by the results of
Avellaneda and Lin [2]. However, as stated in Remark 2, for systems, we do
not have a direct proof of the case ¢ < 2, and only can prove it by a duality
argument.

Remark 7 All what we need in the above proof of Proposition 2.1 is that (i)
the gradient Vwpe, of the periodic corrector is L™ (and the latter fact is, in
particular, true when ape, itsef is Hélder continuous), (i) the coefficient a is
uniformly continuous (in order to be able to use the local elliptic regularity re-
sult (23)), (iii) the result of Avellaneda and Lin concerning the continuity (4)
in the case of a periodic coefficient. The recent results of [22] allow to provide
a functional analysis setting for non Hélder coefficients.

3 Estimate for operators in non-divergence form

The purpose of this section is to prove the result analogous to that of Proposi-
tion 2.1 in the case of the equation, not in divergence form,

—aijaiju = f in Rd. (26)
Note that because of the specific form of (26), we may assume, without loss of
generality, that the matrix-valued coefficient a in (26) is symmetric.

Our result is:

Proposition 3.1 Assume (6)-(7). Fiz 1 < q < +oo. Then, for all f € LI(RY),
there exists u € L} _(RY) such that D*u € L(R?), solution to equation (28)

loc
namely
—aijﬁiju = f m Rd. (26)

Such a solution is unique up to the addition of an affine function. In addition,
there exists a constant Cy, independent on f and u, and only depending on g,
d and the coefficient a, such that u satisfies

||D2u||(Lq(Rd))d><d < Cq H.f”LQ(]Rd) ' (27)

Proposition 3.1 will be used in the next section (and also in [10]) to proceed
with the homogenization of the equation

—Qij (l‘/e’:‘) (91‘]‘1,66 = f (28)
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The correctors associated to (28) may be put to zero, since they are solutions
to —a;;0;;(p.x + wp(x)) = 0. Because it is not in divergence form, the homoge-
nization of (28) (or the precise understanding of the behavior of its solution u®
for € small) however requires to understand the adjoint problem defining the
invariant measure associated to (28). The latter reads as

—81-]- (Clij m) = 0, in Rd, (29)

or equivalently,

—&j(aij ﬁl) = é)ij(dij mper), in Rd, (30)
decomposing, in the same spirit as we decomposed the corrector earlier, the
measure as m = My, + M , where —Bi»(afj” Mper) = 0. The existence and
uniqueness of Mmpe,, under the constraints mpe, > 0 and (mpe,) = 1, is proved
in [5]. The existence of 7 in the suitable functional space is readily related to
Proposition 3.1. We will see the details in Section 4.

3.1 From the non-divergence form to the divergence form

To start with and as a preparatory work (both for the proof of Proposition 3.1
and the homogenization of equation (28) in Section 4), we recall here, for con-
venience of the reader, a classical algebraic manipulation (see e.g. [5]) that
transforms an equation in non divergence form to an equation in divergence
form provided an invariant measure (that is, a solution to the adjoint equation)
exists and enjoys suitable properties. We perform the transformation here in
full generality and abstractly, in the case of the general equation

—ai;0iu + b;Oju = f, (31)

where a;;, 1 < 4,5 <d, b;, 1 <14 < d, are general coefficients. We will actually
use the transformation at several distinct stages of our work in the present
article, and also in our forthcoming article [10]. The coefficients a;;, b; will
either be periodic, or include the local perturbation. They will either be at
scale one (meaning a;;(x)), or be rescaled by ¢ as in a;;(x/¢), etc. The first-
order coefficients b;, 1 < i < d, will identically vanish (as in the case here), or
not (in [10]).

Consider (31), posed on a (not necessarily) bounded domain €2 and supplied
with some suitable boundary conditions (or conditions at infinity) we do not
make precise in this formal generic argument. Assume that there exists a pos-
itive solution m, actually bounded away from zero, inf m > 0, to the adjoint
equation

—82- (ajaij m —+ bz ’ITL) = 0, (32)

on the same domain, with boundary conditions that we do not make precise
either, and suitably normalized. Multiplying (31) by m, we obtain, without
even using the specific properties of m, that

—div (@Vu) + (b +diva) . Vu+ = f, (33)
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where B B
ma, b=mb, f=m}f (34)

a =
Precisely because of (32), b+ diva is divergence-free
div(b + diva) = 0. (35)

Equation (35) (again formally) implies the existence of a skew-symmetric matrix
B such that B
b+ diva = divB. (36)

In the particular case of dimension d = 3, this is equivalent to the existence of
a vector field B = (Bj, Ba, B3) such that

b+ diva = curl B, (37)

where B and B are related by

0 —B;y B,
B=| B 0 -Bi|. (38)
-B, By 0

Using B and relation (36), it is then immediate to observe that
div [u (b + diva)| = div(u div B) = div(B Vu), (39)
and thus (33) reads as the equation in divergence form
—div (AVu) = f. (40)

with
A=a-B (41)

Since inf m > 0, @ is elliptic. Moreover, B is skew-symmetric, hence the matrix
A is elliptic.

As mentioned earlier, we will make the above transformation explicit, and
justify it, in each specific instance we need. The first of these instances, and
actually a very classical and well known one, is a simple periodic setting. Con-
sider (31) posed on the entire space R? for periodic second-order coefficients
aij = ajy", 1 <i,j < d, with period the unit cell of the periodic lattice VAS
bi =0,1<4i<d, and ¢ = 0. The adjoint equation (32) to be considered is
posed also on the entire space, for periodic solutions, and reads as

—81'3' (a%er mpe,«) =0. (42)
It is established, e.g. in [5], that there exists a unique nonnegative periodic
solution My, that is normalized, regular and is indeed bounded away from
zero. Performing the above manipulations, we note that b = 0 and div a?*" is of
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zero mean in (36). Thus, the matrix B = BP¢" may be assumed periodic, and
we write the equation originally considered in the divergence form

—div (AP"Vu) = myper f- (43)

We notice that, because b; = 0, 1 < i < d, here, div BP*" = div(mpe, a?*"), and
therefore
div AP = div(mype, a”°") — div BP" = 0, (44)

a property we shall use in the next section.

3.2 Proof of Proposition 3.1

The proof of Proposition 3.1 essentially follows the same pattern as that of Propo-
sition 2.1. We again argue by continuation, (this time for all 1 < g < 400 since,
in this case, the exponent ¢ = 2 does not play any specific role), and show that
the interval defined by (11) is again the entire interval [0,1]. Of course, this
time Property P is based on the statements of Proposition 3.1 and not those of
Proposition 2.1 any longer.

The fact that 0 € 7 is a consequence of the results of [4, Theorem B], precisely
because of the algebraic manipulations we recalled above, which allow to rewrite
the equation under the conservative form (43), with the specific property (44).
The local integrability u € L}OC(Rd) is like in Section 2 obtained by elliptic
regularity.

Next, we show that Z is open (relatively to the interval [0, 1]). In order to do
so, we proceed exactly as in the proof of Proposition 2.1, writing the equation
—(ay +¢€a);j0;;u = f as

D2u = (25,5 (f + s&ijaiju) 5 (45)
where ¢, is the application f — D?u, where u is the solution to
- (at)ij 8”"11, = f

Here again, the map appearing in (45) is proved to be a contraction for € > 0
sufficiently small, thereby showing existence and uniqueness of the solution,
together with the continuity estimate.

Regarding the closeness of Z, the heart of the matter is, similarly to the case
of an operator in divergence form, to show that if we have f™ € (Lq (Rd))d and

u™ with D?u,, € (Lq(Rd))dXd, such that

- (at)ijf}‘iju" = fn in Rd, (46)
||fn||(Lq(Rd))d e 0, (47)
[ D[ Lo(gayaxa =1, for alln € N. (48)
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then we reach a contradiction. To this end, we first prove, using the same
argument as in the proof of Proposition 2.1 and the result by Avellaneda and
Lin [4] on the operator with periodic coefficient (this time in non divergence
form), that

dn >0, I0<R< 400, VneN, HD%"H(W >n>0. (49)

BR))dxd

Because of the bound (48), we may claim that, up to an extraction, D?u" weakly

. dxd . e
converges in (Lq(Rd)) *? to some D2u. Passing to the limit in the sense of
distribution implies that u is a solution to — (a;);;0;;u4 = 0. Hence,

— (a¢)ij 0 (u" —u) = f".
The Poincaré-Wirtinger inequality and (48) imply that, up to the addition of
an affine function, u™ is bounded in W24(Bg). Applying Rellich Theorem, we

know that, up to extracting a subsequence, u™ converges strongly in LI(Bg),
for any R > 0. Elliptic regularity results [21, Theorem 9.11] then imply

Ju™ — UHWM(BR) < C(R) (”fn”Lq(BRJrl) + [Ju" — u||La(BR+1)> : (50)

Here, the constant C(R) depends on R, on the ellipticity constant of a and
of its CY%(R?) norm, but not on f” u” u. The right-hand side of this in-
equality tends to 0 as n — 400, hence we have strong convergence of u™ to u in
W?24(Bg). In particular, (49) implies that u # 0. Concluding the proof amounts
to reaching a contradiction with — (a;);;0;;u4 = 0. This requires a significantly
different proof from the case of operators in divergence form, because here we
cannot bootstrap some L? integrability and use coerciveness to conclude. The

proof, in the present case, relies on the maximum principle.

We first give the end of the proof assuming d > 3. We will explain below
how to adapt it to the case d = 2.
First, we assume ¢ < d/2. In such a case, we claim that

d 1 1 2
Vn € N such that n < %0’ D?*u e (LS"(Rd))Ule7 where — = — — jn (51)
q Sn q

This is proved by induction on n. The case n = 0 is true by assumption. If we
assume that (51) is true for n — 1, with n < d/(2q), the Gagliardo-Nirenberg-

Sobolev inequality [18, Section 5.6.1] and the fact that D?*u € (L~ (Rd))dXd
imply that, up to the addition of an affine function, Vu € (Lszfl(Rd))d and
u € L¥n-1(R%), where

1 1 1 1 1 1 1 2

s 1 d sp1  d

*

)
sf_1  Sp—1 d sr*

n—1

In other words, s** ; = s,. We then apply [21, Theorem 9.11] again (that is,
inequality (50) with «™ =0 and f™ = 0), finding

Sn

1Dl <l (5, o)y < ClUl T (Bagaey = C |
/31 o W2:en (Bi (o)) L#n (Ba(20)) Ba(on)
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where C' does not depend on u nor on the center x( of the balls. Summing up
all these estimates for zg € Z¢, with § > 0 sufficiently small, we obtain (51).
Next, we choose n such that

d d

——1l<n< —,

2q 2q
which is always possible because d/q > 2. Then, we have s, > d/2. Hence,
Morrey’s Theorem [18, Section 5.6.2] implies that u € C’Sl’l?f(Rd). Since we also
have u € L*»~1(R%), we infer that u vanishes at infinity: for any § > 0, we have,
for R sufficiently large, |u(z)| < ¢ if || > R. Applying the maximum principle,
we infer that —¢ < u < § in R%. This being valid for any § > 0, we find u = 0,
reaching a final contradiction.

Second, we assume that ¢ > d/2. We claim that

1 1
Vn e N such that - + = < 1, D%*ue (L”"(Rd))dXd, where — = - +
q r

On

|
33

(52)
Here again, we prove this by induction: for n = 0, we have oy = ¢ and assump-
tion (48) implies D?u € LY(R?)4*4, Assuming that (52) holds for n — 1, with
n < r —r/q, we write the equation satisfied by u as
1 1 1 1

g ~ E d
afje’@iju = taij(’)iju S L%R )7 ; = p— + ; = ;
n— n

since @ € L"(R?) and D?*u € L°»-1(RY). Applying the results of [4], we thus

have D?*u € (L (Rd))d. This concludes the proof of (52).
Next, we choose n such that

(a=3)<m<r(-3)
rl-——)<n<r{l-—=).

d q q

This is possible if r (1 — %)—r (% — %) > 1, that is, r > %. Since a € L"NL>,
we may in fact increase r so that this condition is fulfilled. For such a value

of n, we have o, < d/2, and we may therefore apply our argument of the case
g < d/2. Here again, we reach a contradiction.

Let us now assume that d = 2. We cannot, as we did above, assume that
q < d/2. However, the proof of (52) is still valid. We apply this inequality

for the largest possible value of n, that is, n = {r - gJ, where |-] denotes the
integer part. We thus have

-7
q _r
L)

As we already pointed out above, since our assumption is that @ € L™ N L>®(R?),

D e (L7(R) P! o =0(r,q) =

. . . . q r .
we may increase r if we wish. Since = |r— —| — ¢ —1 as r — +00, we infer
r q

19



that ixd
D*ue (L°(RY)™", Vo €]l,q). (53)
Next, we note that, since the ambient dimension is d = 2, the fact that
the matrix a is elliptic and symmetric implies that there exists two positive
constants Cp and C such that, for any symmetric matrix e = e;;,

Co (aijei;)? > €2 + Cy det(e),

with summation over repeated indices. This inequality is easily proved by el-
ementary considerations, and was used for instance in [15], and stated in [32,
Equation (4)]. We apply it to e = D?u, multiply by x%, where yz is a smooth
cut-off function such that xg =1 in Bg, xg =0 in BI%H? and |Vxg| <2. We
integrate over R? and find

0= CO / (aijaiju)Q X% Z /(aiju)Q X% + Cl/ (811u822u — (612’&)2) XQR.

We note that the integrand in the last term is equal to 9 (O1udsu) X% —
D (01u012u) x%. Integrating by parts, we thus have

0> /(aiju)2 X%a*QCl/XRal’anQualXR+201/XR31U312U<92XR~

Hence,
/ (Dyu)* X% < 2C4 / VxRl [Vulxr|D?ul. (54)

If ¢ > 4/3, (53) implies D?u € L*?, and, by the Gagliardo-Nirenberg-Sobolev
inequality, Vu € L*. As a consequence, |Vu||D?u| € L', and, letting R — +o0
in (54), we infer that D?u = 0. If ¢ < 4/3, then by the Gagliardo-Nirenberg-
Sobolev inequality, Vu € L7, where q% = % — 5. In particular, the conjugate
exponent of ¢*, denoted by (¢*)’, satisfies 4/3 < ( *) < 2. Thus, ¢ < (¢*) < 2.
Hence, successively applying Holder inequality and the interpolation inequality
o (54), we infer

[ 102053 < 2093 9y Il D -
< 201|||VXR| ‘VU|||L4 (R4) ||XR|D2U‘HL2(R¢1) HXR|D2“|||Lq(Rd) , (59)

4-3
for g = q.Thus,
2—q

||XR|D2U|HL2 (RD) = 201H|VXR‘ |v“|HLq (R%) HXR|D2U|||L<1 (R?) Rjooo’
since Vu € LY and D?u € L9. Recalling that 8 €]0,1[, thus 2 — 8 > 0, we
obtain D?u = 0.
Once again, we have reached a contradiction. This shows that Z is closed.
As it is also open and non empty, it is equal to [0, 1] and this concludes the
proof of Proposition 3.1. &
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Remark 8 In sharp contrast to the case of operators in divergence form, Propo-
sition 3.1 and its proof as presented above cannot be extended to the case of
systems. In particular, we have made use of the result by Avellaneda and Lin
for non-divergence form operators, which is, to the best of our knowledge, spe-
cific to equations. In addition, even though some systems satisfy the mazximum
principle, we do not see how to adapt our proof of uniqueness to the generic case
of systems. Note also that, besides the usefulness of Proposition 3.1 on its own,
the specific use we will make of that proposition in homogenization theory is
exposed in Section 4. The treatment of non-divergence form operators there will
require the use of the invariant measure associated to their adjoint, a concept
we do not even know how to define for systems.

4 Application to homogenization

4.1 Divergence form
We return to the corrector equation (2), namely
—div(a(p+ Vw,)) =0 in R?
which we write under the form (3):
—div (a Va,) = div (@ (p + Vwp per))  in R
Since wp per is the periodic corrector, that is the solution to (8)
— div (77 (2) (p + Vi per (2))) = 0,

with the coefficient aP¢" satisfying assumptions (7), we have, as pointed out at
the beginning of Section 2, Vw, per € (L°° (Rd))d. We insert this information
in the right-hand side of (3), and may therefore conclude, using Proposition 2.1
for the specific exponent ¢ = r that there exists a function w,, uniquely defined
up to the addition of a constant, that solves (3), with V&, € (LT(Rd))d and
with, considering (4),

vap”(Lr(Rd))d <Cr <|P‘ + vap,per”(Loc(Rd))d) ||C~LH(LT(1Rd))d :

Setting wy, = wWp per + Wy, returning to equation (2) and using the regularity (7),

we also have that Vw,, € (L°° (Rd))d. We have therefore provided an alternative
proof of our main results in Theorem 4.1 of [9]. The arguments of [6] then allow
to prove quantitative homogenization results. Recall however Remark 1: the
above argument does not cover the case r = 1, since in Proposition 2.1, ¢ = 1
is excluded.

To end this section, let us mention that, using the above computation, if G is
the Green function associated to (31), and if G is the Green function associated
to (40), we have

G(x,y) = m(y)G(z,y).
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Moreover, the measure m satisfies v < m(z) < %, for some v > 0, and m €

ngfff(Rd). Hence, all the estimates which are valid for the Green function G
give estimates on G. The same conclusion holds for V,G. On the other hand,
estimates on V,G can only be proved if m € W°°, which is in general not the

case.

4.2 Non-divergence form

We discuss here homogenization for the equation in non-divergence form (28)

— Q5 (I/E) 8iju€ = f

In order to deal with this problem, we may apply two different strategies,
both relying on the central estimate of Proposition 3.1:

e The first one consists in using this estimate to derive a bound on the
distance between the solution u® and the solution corresponding to the
case @ = 0. Then, using the results of [2, 3|, valid only in the periodic
case, we may prove equivalent convergence estimates in the present case.

e The second one, which is the one we chose to apply below, consists in using
Proposition 3.1 to prove the existence of a stationary measure. Then,
multiplying the equation by this measure m, the calculations performed
in Subsection 3.1 allow to write the above equation in divergence form.
We may therefore use the same method as in Subsection 4.1. This strategy
seems more intrinsic and more easily adaptable to different situations. We
follow it here.

We claim there exists an invariant measure associated to this equation. The
precise result is the following.

Proposition 4.1 Assume the coefficient a in (28) satisfies (7) with r > 1.
There exists an invariant measure associated to this equation, that is, by defini-
tion, a unique function m solution to (29):

—5'ij(aij m) = 0, m Rd, (56)

which writes m = Mpe, + M where Mpe,r 15 the periodic invariant measure Mper
(defined in Section 3.1 above), and 1 is defined as the unique solution in L"(R?)
to (30)

—0yj(aij ) = 8ij(ai; mper), in R™. (57)

This function m is Holder continuous, positive, bounded away from zero.

Remark 9 In the case r = 1, the above result still holds, but we only have
m € LY(RY), for any q > 1.

The existence and uniqueness of m as stated in Proposition 4.1 is an im-
mediate consequence of the following corollary of Proposition 3.1, the proof of
which is postponed until the end of this Section.

22



Corollary 4.2 (of Proposition 3.1) Assume (6)-(7). For all 1 < ¢ < 400

-(
and f € (Lq(Rd))dXd, there exists a unique u € LY(RY) solution, at least in the
sense of distributions, to

— 8ij (aij u) = 8@‘ fij m Rd. (58)
This function u satisfies

”uHLq(Rd) <Cq ”f”(Lq(Rd))dXd ) (59)
for a constant C, independent of f.

Proof of Proposition 4.1. Applying Corollary 4.2, we know that there exists
a solution 7 to (57), with m € L"(R?). In the case r = 1, we have 1 € L¢(R?),
for any ¢ > 1. The measure my,, solution to 9;; (af -erm) = 0 is already known
to exist (see [17]), to be Holder continuous thanks to standard elliptic regularity
results, and to be bounded away from 0. The measure m = mpe, + M is a
solution to (56). We prove now that m is positive. For this purpose, we first
point out that / is uniformly Hélder continuous, thanks to the results of [12, 13].
Since it is in L"(R%), we know that

fizteep,

Hm”LM(B%)

Hence, for R sufficiently large, we have

inf mpe, > 0. (60)

N |

V& € By, m(z) >

Applying the maximum principle on Bg, we infer that m > 0 in the whole
space R%. Next, we apply the Harnack inequality [12], which implies that m is
bounded away from 0. This concludes the proof of Proposition 4.1. &

Next, we rescale m, considering m.(x) = m(z/¢) and multiply (28) by m..
The standard manipulations ((33) through (41)) recalled in Section 3.1 yield

—div (A Vu®) = mef, (61)
with the elliptic matrix valued coefficient A.(x) = A(z/¢),
A=ma—-B (62)

and the skew-symmetric matrix-valued coefficient B defined by (38). In the
specific case considered, where m = mye, + M, B is defined as the sum B =
Bre 4 B, where the periodic part BP¢" is obtained solving the periodic equation
div BP?" = div(myper ") (the right-hand side being divergence-free because
of (42), we recall) and where

div B = div (1 aP*" 4 Mype, @ + M a) . (63)
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The latter equation (which also has a divergence-free right-hand side because of

(30), that is, (57)) admits a skew-symmetric solution B € (LT(Rd))dXd which is
unique up to the addition of a constant. This is an application of the Calderdn-
Zygmund operator theory. Indeed, we introduce the solution to

~ABi; = O3 (Al + (mper +17) ix ) = Oix (Tl + (mper +17) a3t (64)

which is known to exist thanks to [29, 31], with the additional property that
the corresponding operator is continuous from L™ to L":

||

d
~  per ~N =
L) < CZ (Hmajk + (Mper + 1) ajk‘ .

k=1

per

Rl + (mper + ) il ) (65)

where C' is a universal constant. Now, using that div(div(ma)) = 0, a simple
computation gives

— 0iAB,j = —0yi (ma;’;’“ + (Mper + 1) djk)
— _A (ﬁza?ir + (Mper + ) ajk) ,

hence the distribution T = div B — div (7 aP*" 4 mype, @ 4+ ma) is harmonic.
Since, according to (65) and the fact that a,m € L"(R?), T € W1 (R%), we
necessarily have T' = 0, hence B satisfies (63). Finally, we point out that the
regularity assumed on ape, and a implies that m,., and m are both Holder
continuous, and consequently that A = ma — B satisfy the assumptions (7). On
the other hand, the right-hand side m. f of (61) strongly converges (to f) in
H~1(RY) as ¢ vanishes. We may therefore apply the results of [9, 6] to (61) and
obtain the homogenized limit, with actual rates of convergence.

We conclude this section with the proof of Corollary 4.2.
Proof of Corollary 4.2 We fix f € (Lq(Rd))dXd, for some 1 < ¢ < 400, and
denote by ¢’ the conjugate exponent of ¢, that is, E + l/ = 1. To any arbitrary
function g € LY (R?), we may associate the uniqge (1(11p to the addition of an

, dxd
affine function) solution v, such that D?v € (Lq (Rd)> , to —a;; 0iv = g.

The map
dxd

L/®RY) —  (L7(RY)
g — O0jv
is linear continuous. We may therefore define by g —— L (g) := [pa fij - Oijv a
linear form on LY (R%). Since, using the result of Proposition 3.1 for ¢/,

’Lf(g) = /Rd fij - Oijv

< I llpagrayyaxa HDZUH(LQ’(R‘I))GL

IN

Cy ||f||(Lq(Rd))dxd ||g||Lq’(Rd)7 (66)
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this linear form is therefore a continuous map on L9’ (R4). Hence there exists
some u € L4(R?) such that

L¢(g) = /Rd fij - Oijv = /Rdg%

and we read on estimate (66) that

||U||Lq(]Rd) < Cq/ ||f||(Lq(]Rd))d><d .

There remains to show that u satisfies —a;; 0;5u = 0;;fi;. To this end, we
consider the specific case where v € D(R?) (that is, v is smooth and has compact

support) and set g = —a;; 0;;v. Applying the above, we have / fij - Oyjv =
R4

/ gu. The left-hand side is the duality product {0;; fij, v)p/(ra),p(ra), While,
Rd
by definition of g, the right-hand side reads as

/Rd —aij 8¢jvu = <— aij . &-ju, ’U>D’(]Rd),D(Rd)'

Since this holds true for all v € D(R?), this shows —9;; (a;;u) = 0;; fi; and
concludes our proof. &
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A Appendix: Corrigendum to [9]

The present section aims at correcting some mistakes in [9].

First, we recall Remark 1 above that was pointing out that the case r = 1
should not have been included in Theorem 4.1 of [9].

Second, the purpose of this appendix is to correct [9, Lemma 4.2]. We have
claimed there that the elementary pointwise estimations known on the first and
second gradient of the Green function of the Laplace operator can be generalized
in similar estimates integrated locally for the operator —div (a V.) . Our precise
statement, and some parts of the proofs are erroneous (however, this does not
affect the other results in [8, 9]). In this appendix, we are going to use the
notation of [8, 9]: ay., is replaced by ag, and a by b.

The correct statement of our results is as follows.

Lemma A.1 (Corrected version of [9, Lemma 4.2]) Assume that the co-
efficient a satisfies a = ag + b, where ag denotes the (unperturbed) background,
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and b the perturbation. Assume that 0 < p < ag(x) 4 b(z), 0 < p < ag(x),
a.e., for some fized constant p, ag € L>(R%), b € L>=(RY). Consider the Green
function G, solution to

—div, (a(z) VoG(2,y)) = 6(x —y) (67)

(i) Then, for all 1 < q < 2, there exists a constant C' such that, for all R > 0
and all x € R, G satisfies

C
VG y)l dy < -, 68
/BQR(I)\BR(Q:) Y (SE y)l Y= Rd(q—l)—q ( )

where Bag(z)\Br(z) = {y, R <|r —y| < 2R} denotes the annular region en-
closed between the balls of radius R and 2R.

(11) Assume in addition that ag = aper is periodic and Hélder continuous, and
that b € L"(R%) N C%%(RY), for some 1 < 1 < +o0, then G satisfies

unif

Vqell, +oof, 3C >0, VyeRY / V. V,G(z,y)|%dz < C.
{lz—y|>1}
(69)
Three comments are in order:

[a] the estimate (68) is correctly stated in [9] (as estimate (26) therein), but
the proof there has a flaw. For clarity, we provide the entire, corrected
proof here. In the course of the proof of (68) in [9], it is indeed claimed
that the estimate

C
L 9Oy < (70)

holds true. Note the gradient in & and not in y in the integrand. It is
actually unclear that the latter estimate is correct, and we suspect it is
not.

[b] it is claimed in [9] that the estimate

C
Vo V,G(z,9)|? dy < 71
/BzR(a:)\BR(m) | yG(z,y)[" dy < Rdla—1) (71)

holds; we are only able to establish this estimation as a consequence of
a more precise, namely pointwise, estimation of V, V,G(x,y) which is a
consequence of arguments in both [9] and [6] and provided the additional
assumption b € L"(R?), for some 1 < r < +o0 holds.

[c] we therefore replace this estimate on annular regions by the estimate (69),
and show it is sufficient to conclude the proof of Lemma 4.2 in [9], thereby
checking there is no circular argument.
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Proof: (i) The proof of (68) is exactly that of [9]: we first prove that, for
1<q<2,

o
/Bmy)\BR(y) ’ Ri—D—q

Note that in (68) and (72), the role played by = and y are reversed. We will see
below that (72) indeed implies (68).

We first proceed for dimensions d > 3. In the case ¢ = 2, we use the Cac-
cioppoli inequality (see e.g. [9, Lemma 4.3]), which implies that

C
/ Vo Gla,y)Pde < < Gla, y)2d,
Bry2(zo) R Br(zo)

for any xp € R? such that y ¢ Bgr(xg). Next, we fix y and we cover Byp \
Br = {z, R < |z —y| < 2R} by balls Bg/y(x;), for some points z; such that
5R/4 < |z;| < TR/4, in such a way that (i) a finite number of such z; is sufficient
to cover the ring Bsg \ Bgr and that (ii) any point in Bsg \ Bgr belongs to at
most K balls Bg/s(x;), for some K that is independent of the radius R. This
is easily seen to be possible.

The above estimate holds for any couple of balls (Bg/o(x;), Br(z:)). We
sum all such estimates over the finite number of indices ¢ and obtain

CK
[ eGP < S G y)Pde. (73
B2r\Br R Bi1r/a\Brya
Since d > 3, using the classical pointwise estimate
c
Va,y eRY, 0<G(z,y) < o —yl2 (74)
(established in [23, 26] and recalled in [9, estimate (28)]), we get,
CK [N/ pd-1 C
IV.G(z,y)|Pde < — dr < : (75)
/B2R\BR z R2 R/ r2d—4 Rd—2

This proves the case ¢ = 2. For ¢ < 2, we simply apply the Holder inequality
and use (75):

[ v
B>r\Br

IN

q/2
/ VoGa,y)fPdz | RV
Bar\Br
< COR™(d=2)e/2+d—dg/2 _ o p-datdtaq (76)

We thus have proved (72) for d > 3.

We next prove (72) for d = 2. For this purpose, we use the following inequal-
ity, valid for any 8 € (0, 2], and which expresses and quantifies the continuous
embedding of L% into L" for r < 2 on bounded domains:

vierr=(@, [ P < Colal P13 o
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where C = 4(%3%% is suitable. This estimate is proved for instance in
the Appendix of [11]. We are going to apply it to f = V,G and Q = Byp \ Bg.
Since, in sharp contrast to the situation in dimensions d > 3, G(z,y) does not
vanish when |z — y| — 400, we use the estimate

IVeG( )l 2 < C (77)

to bound from above the right hand side. We find:
/ |V.G|>*~# < Cs CR".
B2r\Br

This implies (72) for ¢ =2 — 8 € [0, 2). Finally, in order to prove (72) for ¢ = 2,
we fix y and first point out that, integrating the equation — div, (a(x)V.G(z,y)) =
dy(z) on the set {z, G(z,y) > s} (which contains y) for some s € R, that

1= / —div,(aV,GQ)dx = —/ (aVLG) - ng, (78)
G>s G=s

where ng denotes the outward normal to the set {z, G(x,y) > s}. Note that,
here, we have implicitly assumed that the set {z, G(z,y) > s} is Lipschitz-
continuous, so that its outer normal is well defined and we can integrate by
parts. This may not be the case, given the regularity of G. However, using
the co-aera formula (see [1, Theorem 3.40]), it is simple to prove that, since
G € C%% away from x = y, this set is Lipschitz-continuous for almost all s € R.
This is sufficient for our purpose here.

Next, we multiply the equation by G and integrate on {m < G < M} for
some m < M. This gives

0 = / —div,(aV,G) Gdz
M>G>m

/ G (aV,G) -ny — G (aV.G) -y +/ (aV.Q) - V.G.
G=M

G=m M>G>m

(79)

Hence, using (78), we have
/ (aV.Q) - V.G =M —m.
M>G>m

Next, we define, for R > 0, mr = inf{G(z,y), € Bag \ Br}, and Mg =
sup{G(z,y), © € Bag \ Br}. We have Bag \ Bg C {mr < G < Mg}. Hence,

/ |VIG‘2d(E < C (anG) -VIG:MR—mR.
B2r\Br mr<G<Mpg

We apply the estimate (30) of [16], namely here
IGllgos) < CT2 IVG oy -
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for all r such that Ba, C Bag \ Bg. In view of (77), that estimate implies that
Mpg — mp is bounded independently of R. This proves (72) in the case ¢ = 2.

At this stage, we have proved (72). We next point out that, in all gener-
ality and for non necessarily symmetric matrix-valued coefficients a, H(x,y) =
G(y, ) is the Green function of the operator — div(a? V), where a7 is the trans-
pose matrix of a, which satisfies the same assumptions as a. Hence, we may
apply (72) to H, finding (68).

(ii) We now turn to the proof of (69).

Here again, we first proceed with the case d > 3, and deal with d = 2
separately.

We note that G satisfies —div, (aV,G(-,y)) = 0 in the set |z — y| > 1/2.
Hence, applying [21, Theorem 8.32], we have

Vo € RY such that |zg — y| > 1,
1GC W lcre, u@e)) < CINGC, YlL=(By a0y,  (80)
where the constant C' does not depend on zp, and « > 0 is defined by (7).
Using the classical estimate we recalled in (74), we deduce that there exists
some constant C' > 0 such that

|z —y|?=2
This estimate, applied to H(z,y) = G(y,x), the Green function of the operator
—div (aTV~), yields

\V/|.2? - y| > 17 IVyG(x,y)I < (82)

|z —y|*2
Next, we apply the proof of (i) to 9y, G. More precisely, since — div,(aV 0y, G(z,y)) =
0 in the set {|z —y| > 1/2}, we may apply Caccioppoli inequality and the whole
sequence of arguments that successively lead to (73) through (76) to 9,, G in-
stead of G and we obtain, for 1 < ¢ < 2,

C
VeV Gl y)|" de < e
/BQR@\BR@) ! Rila—T)—q

where C' depends on g but not on y nor on R. In particular, summing up all
these inequalities for R = 2%, k > 0, we have

1
/I'— VoV, Gz, y)|lde < CZ @ D)’ (83)
z—y|>1 £E>0
The right-hand side is a converging series if and only if ¢ > d/(d — 1). Hence,

d
qu],Q], 3C >0, VyeR% / |V.V,G(z,y)|4dx < C.
d—1 _
{lo—y|>1}
(84)
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We are now going to prove that (84) is valid for any ¢ < 2, that is,
Vge]l,2], 3C>0, VycR? / |V.V,G(z,y)|%dx < C, (85)
{lz—yl>1}

for a constant C' that, like in (83) and (84), depends on ¢, but not on y. In
order to prove (85), we write G = Gper + G1 + G2, with

—divy (ao(2) Ve Gper(z,y)) = 6(x — y), (86)
—divy (ao(2)VaGi(z,y)) = dive(x(z — y) b(z) Vo G(z,y)), (87)
—div, (ag(z)ViGa(w,y)) = div, [(1 — x(z — y)) b(z) V.G (z,y)], (88)

where y € C®(R?) is a cut-off function:

0<x<1, XBo)=1 XBs0)yr =0, [Vx|<2.

We successively prove that Gpe,, G1 and Gy satisty (85), for |z — y| > 4. From
this we will infer that G satisfies (85).

Step 1: Gpe, satisfies (85). The results of [2, 11] imply that Gy, satisfies the
estimates

C

V(x,y) € Rd X Rd7 |vaper(xay)| + |Vprer(x7y)‘ S W?

(89)

V(:c,y) € R x Rdv |vxvprer($ay) (90)

<<
|z =yl
In particular, G, satisfies (85). Actually, it even satisfies (69).

Step 2: bound on G;. We prove that G satisfies an estimate similar to (90)
for |x — y| > 3 (see (100) below). For this purpose, we first prove a bound on
VyG1, from which we deduce a bound on V,V,G;. We write, from (87),

Gi(z,y) = /]Rd V. Gper(z, 2)Tb(2)V.G(z,y)x(z — y)dz.

Hence, differentiating this equality with respect to yi, we have

0,,G1(0.9) = [ | V-G 2) D) V20, Gia2 ) (= — 9)ds
R

=Hi(z,y)

- / V- Cperl, )TV G2, 9) () (2~ )z (91)

:=Hs(z,y)
The term Hs(x,y) is easily estimated using (82) and (89), and the fact that
Vx(z — y) vanishes outside 1 < |z — y| < 2:

\Hy(2,y)|
1 1 C
< C|bf =gy /

< — —
1<z—yl<z [T = 2|97 [z —y|?72 |z =yl

(92)
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for any x such that |« — y| > 3. Next, we write Hy(z,y) as follows

Hi(z,y) = /Rd (V2Gper(2,2)7b(2) = VyGper(2,9) b(y)) V28,,G(2,y)x(2—y)dz
+ /Rd Vpr”(:U,y)Tb(y)VzaykG(z,y)x(z —y)dz. (93)

In order to estimate the first term of the right-hand side of (93), we point out
that b € C%% (R%), and that G, satisfies, according to [23, Theorem 3.5] and

unif

since ag € CU%(RY),

unif
V z such that |z — y| < 2,

1 1
_ < —yl® 4
|V.Gper(x,2) — VyGper(z,y)| < Clz — 1y (|x — + o y|d1) (94)

Actually, (94) is proved in [23, Theorem 3.5] for a problem in a bounded domain
with homogeneous boundary conditions. But a careful examination of the proof
shows that the constant does not depend on the size of the domain, implying
(94). In addition, [23, Theorem 3.3] implies that |V .8, G(z,y)| < C|z —y|~¢ if

d
|z — y| < 2. Hence, using (94) and the fact that b € (CO’O‘ (Rd)) , we infer

unif

1 1 1
Hi(ey) < C P ( n ) dz
s PR e T

+ ‘/ Vpre,«(x,y)Tb(y)VzaykG(z,y)X(z —y)dz| (95)
Rd

The first term of the right-hand side of (95) is dealt with using the fact that, if
|z —y| >3 and |y — z| < 2, then |z — y| < 3|z — z|. Hence,

/ oyl ( L > 1
zZ—1Y — — y4
|2—y]<2 [z — 2|4 e =yt )y — 2|

1+ 3d-1 dz C
Sﬁ/ i S e (96)
lz —yl lo—yl<2 [Y — 2] |z — vy

where C' does not depend on z nor on y. The second term of the right-hand
side of (95) is estimated using that x has compact support, and integrating by
parts:

[, V4G .9 60) V-0, Gz~ )

= ’/Rd vprer($7 y)Tb(y)aykG(Z, y)VzX(Z _ y)dz
C

1 C
< 7/ dz < » (97)
2=yl Sicamyi<2 12—yl |z —y|*!
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where C is independent of « and y. Here, we have used (89) and (81). Inserting
(97) and (96) into (95), we have

C
< —
|H1(£L’,y)| = |l‘ — y\d_l (98)

Collecting (92) and (98), and inserting them into (91), we find that

Viz -yl >3, [V,Gi(z,y)| < (99)

|z =yl
Recalling that —div,(agV;0,,G1) = 0 in {z, |z —y| > 2}, we may apply
[2, Lemma 16], which implies that

sup |vayG1(x, y)| <
zE€BR(zo)

sup |VyG1(xay)|v
z€B2r(z0)

= Q

for any xp € RY and R > 0 such that Bog(x) C {x, |z —y| > 2}. Applying
this with R = 1|zg — y| — 2, we find that

v \Io - y| >4, ‘vxvyGl(IOa y)| < (100)

|330—y\d.

Step 3: G; satisfies (85). Differentiating (88) with respect to yj, we have

— div, (a0(2) V.0, Gala, y)) = div, (@) V. Glz,y) Dy, (1 - x(x — y))
T div, (1 - (& — 9)) b(@) V28, Gla,y))  (101)

In the right-hand side of this equation, we notice that
Hbva(Hy) 8yk (1 - X(' - y))HLlnLoo(Rd) <C, (102)

since the support of 9,, (1 — x(z —y)) is included in 1 < |z —y| < 2 and bV,G
is bounded in this set. We fix an integer n > 0 such that

(n—1)d <r < nd. (103)

Considering the rightmost term of (101), we have b € L™ N L>°(R%) and (84),
hence, since the support of 1 — x is included in {z € R?, |z —y| > 1},

1 . 1 1
0= X~ )20, Gy < €. o =min (1,542,
d
s € [7","‘00}, q€:|d_1,2:| s (104)

that is,

1
0= X~ )20 Gl ey < €. Yo (15— ) 2],
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where C' does not depend on y. Hence, (101) reads

1
—divy (ao(2)V20y, G2) = divy(K), ||K|ra <C, V¢ € ]max (1, o171 1) ,2} .
-I41

T

Since a is periodic, we may apply [4, Theorem A]. We thus have ||V, V,G2(-, y)| ara) <
C. This, together with (90) and (100), implies that

1
||V$vyG(7y)Hqu({.LERd, |7;—y\>4}) S C, vql S :|maX (17 M) ,2:| .
d T

In order to have this estimate on the set {|z — y| > 1} instead of {|z —
y| > 4}, we apply [21, Theorem 8.32], which implies that, since G satisfies
—div,(aV,0,,G) =0 in {|z —y| > 1/2},

Vo € R? such that |zo —y| > 1,
10y G )l ore(By jawoy) < CllOy Gl )|l (8, 220y (106)

The right-hand side of (106) is bounded using (82), so we have

1
||vayG(’ y)Hqu({xERd, |.’IJ—Z/‘>1}) S C, \V’QI € :|max <1, 1_1—’_1> ,2:| .
d r

Hence, we may repeat this argument n times, where n is defined by (103).
Hence, we find that

1
||VszG(',y)||an({z€Rd7 lp—y|>1}) = C, Vg€ |max (17 11_’_?)72 ’

(107)
where C does not depend on y. Hence, we have proved (69), but only for
q €]1,2]. In order to recover any g > 1, we point out that, according to standard
elliptic regularity results (see for instance [20, Theorem 7.2]),

[ wactwrze[ Gt
By ya(zo) By /(o)

where z is such that |z — y| > 1 and C does not depend on zy. According to
(82), 10y, G, y) | La({ja—y|>1y) < C for any ¢ > d/(d — 2). Summing all these
inequalities for zg € §Z¢, with ¢ > 0 sufficiently small, we thus have

d
||Vl’vyG('7y)||Lq({|z7y\>1}) <C, Vqg> T

This finally proves (69) in the case d > 3.

33



We turn to the case d = 2: here, it is not immediately clear that (81) is true,
because G' does not satisfy (74). However, (68) holds, and implies, for ¢ = 2,
that that there exists C' > 0 such that

VR >0, / |V.G(x,y)|*dx < C. (108)
Bar(y)\Br(v)

We claim that |V,G(z,y)| < C, for all x,y such that |z —y| > 1. We prove
this fact by contradiction: we assume that there exist sequences (¥, )nen and
(zn)nen such that |z, —y,| > 1 and

Let us define
G(® + T, Yn) — G(Tn, Yn)

Hy () = VoG (@0, yn)]

Then,

—div(a(z 4+ x,)VHy(z)) =0, Vz such that |z| < |z, — ynl.
Moreover, we have
H,(0)=0, |VH,0)]=1.
On the other hand,

1
VH = e | [VaGP (& + n, o)l
/B |va(33n7yn)‘2 lz|<|zn—yn|/3

‘zn*yn|(0)
3
s V.Gl (2, ya)ld
=— 2, Yn)|dz
|V$G(m7l7y’ﬂ)|2 |z—zn|<|Zn—ynl|/3 ! "
1

< -
= | VeG(@n, yn)|? /an(yn)\BRn(yn)

where we have chosen R,, = 2|z, — y,|/3. Indeed, this implies that

VG| (2, yn)|dz, (110)

{2, |z —an| <l|zn —ynl/3} C Bag, (yn) \ Br, (yn)-
Applying (108), (110) gives
C
VH?< ———— — 0
~/B | ‘ |V$G(xmyn)|2 n—+o0

[Zn—ynl (0)
3

Thus, VH, — 0 in (L2(B1/3(0)))d. Applying elliptic regularity results [21,
Theorem 8.32], H,, is bounded in 0170(31/3(0)). Hence we may pass to the
limit in the equality |V H,(0)| = 1, reaching a contradiction.

Estimate (81) is finally proved. In the present case, it reads
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for some constant C' independent of x and y. Since this is a point-wise esti-
mate, we may apply it to G(y,x), which is the Green function of the adjoint
operator —div (V). Hence, (111) also holds for V,G. Since V,G satisfies
—div(aV,;V,G) = 0in the set |[z—y| > 1, we apply here again elliptic regularity
results, as for instance [21, Theorem 8.32]. We thus infer that we have, instead
of (84),

VaVyGlz,y) € L=({lz —y| > 1}). (112)

Then, we adapt the proof of the case d > 3: we define here again G, G1 and
G2 by (86)-(87)-(88). The first and second steps, which deal with G, and G1,
are identical, and we do not reproduce them. The third step is different, since
it is in this step that we use (84). We write (101), and point out, here again,
that (102) holds. We replace (104) by the fact that

10— X = )V a0y G0 an gy < € Vaa € [, +ool,

where C' does not depend on y. Applying [2, Theorem A] to (101), we infer
that [|V.V,Ga(-,y)llLar (flz—y>1)) < C. Here again, this, together with (90)
and (100), imply that

Hvl‘vyG(.7y)||Lf11({|zfy‘>1}) <C, Vaq €r,+oo], (113)

where C does not depend on y. We repeat the argument following (112), where
we use (113) instead of (112). This gives

r
”vayG(a y)HLq2({\x_y|>1}) S Cv vQ? € :| 57 +OO|:

provided /2 > 1. Otherwise we have ||V,V,G(-,y)||Le2({ja—y|>1}) < C, for all

g2 > 1. Repeating the argument n times, we thus have

||V1:vyG('vy)||an({\mfy|>1}) <C, Vane }max (1’ %) ,+oo[.

For n large enough, we thus have ||V, V,G(-, )|l La({|e—y|>1}) < C, forany ¢ > 1.
We have proved (69), thereby concluding the proof of Lemma A.1. &

Given Lemma A.1, we now explain how one needs to modify the proof of
Theorem 4.1 of [9], which we recall here:

Theorem A.2 (Theorem 4.1 of [9]) Assume that a = ag + b satisfies 0 <
< ap(z)+b(z), 0 < p < ap(z), a.e., for some fized constant i1, ag € Cgil?f(Rd),
be COU%RYNLT(RY), for somer € [1,+00[. Assume that ag = ape, is periodic.
Then, problem (2) has a solution wy, such that w, = wp o + Wy, where wy o is

the periodic corrector, that is, the solution to (38), and

o if 1 <r<d, then Vo, € L", lim @,(z) =0, and the solution w,, is

|| —+o00
unique among those satisfying wy, = Vper + v, where vVper 18 periodic and
VvelL";
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o if 2 < 7, then VW, € L". In addition, the solution w, is unique in the
class of solutions wy = Vper + v, where vVper s periodic and Vv € L”.

We recall that in the proof of [9, Theorem 4.1], the corrector wy, = wp per + Wy
is proved to exist, writing w, as

(y) = / V.G(y,7) b (p + Vi per ()] da.

A crucial ingredient of the proof is to establish that Vw, € L°°. The function
Wy, is splitted as W, = w; + wa, where

wi(y) = » V.G (y,2) [b(p+ Vwp per(2))] X (x — y) da,

wa(y) = e VaG(y,2) [b(p + Vwp per(2))] (1 — x(z — y)) dz,
where, x is a cut-off function:

X€DPRY, Xm =1 xBs50 =0, x>0, [Vx|<2

Next, both Vw; and Vw, are shown to be bounded. The proof for Vw; is
performed in [9]. As for Vwsg, we write

Vualy) = [ Va9,60.) b+ Ve ()] (1= x(o = ) d,

thus

[Vws(y)| S/l | 1IVNyG(y,x)\ b(x)] (Ipl + [Vwp,per| L= ) d
T—y|>

< (Ipl + IVwp,per [ =) Ve Vy GG o) Loz —y >0 [0l o ey

where we have chosen g = 7/, that is, %—F% = 1, and used (69) in the right-hand

side. This shows that Vi, is bounded and the proof of Theorem 4.1 of [9] then
proceeds unchanged.

Remark 10 We think that (70) is not true in full generality. Indeed, applying
the De Giorgi-Nash estimate (see for example [30, Theorem 2]) to |V,G|, which
is a subsolution of —div,(aV4v) =0 in {|z —y| > 0}, one finds

1

2€R?, R<|z—y|<2R |Bar \ BR(Y)| JByw\Br(y)

1/q
sup VyG(z,y)| < C ( IVyG(x,y)lqdfr> ,

where C' depends on q,a and d only. In particular it does not depend on R.
Hence, applying (70), we would have

C
sup IVyG(z,y)| < -
z€RY, R<|z—y|<2R Y 7 Rd—1’

36



which would in turn imply the pointwise estimate

VyG(z,y)| < (114)

|z =yl
This estimate is true for a periodic coefficient (see [11, 4]). It is unclear for a
general coefficient. The results of [11] give an example in which (114) and the
estimate |V, V,G(x,y)| < Clz — y|~? cannot hold together. This is why we do
not expect (70) to hold for a general coefficient a. Note however that, as stated
in Remark 11 below, it is true if the coefficient a is a local perturbation of a
periodic coefficient.

Remark 11 For the case of a coefficient that reads a = aP®" + a, with aPc"
periodic and a € L"(R?), it is possible to adapt the proofs of [2, 3, 27], thereby
proving directly that inequality (114), thus (70), hold. The central estimate for
this is Lemma 16 of [2]. We will prove in [6, 25] that it is valid in this special
case.
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