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UNIQUENESS OF AXISYMMETRIC VISCOUS FLOWS ORIGINATING
FROM POSITIVE LINEAR COMBINATIONS OF CIRCULAR VORTEX
FILAMENTS

GUILLAUME LEVY AND YANLIN LIU

ABSTRACT. Following the recent papers [9] and [10] by T. Gallay and V. Sverék, in the line
of work initiated by H. Feng and V. Sverdk in their paper [3], we prove the uniqueness of a
solution of the axisymmetric Navier-Stokes equations without swirl when the initial data is
a positive linear combination of Dirac masses.
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1. INTRODUCTION

In 3-D ideal fluids, a vortex ring is an axisymmetric flow whose vorticity is entirely con-
centrated in a solid torus, which moves with constant speed along the symmetry axis. See
[1, 4, 5, 6] for the existence of vortex ring solutions to the 3-D Euler equations.

However, for viscous fluids, the vortex ring solutions can not exist, since all localized
structures will be spread out by diffusion. Thus it is natural to consider the Navier-Stokes
equations with a vortex filament, and more generally with positive linear combinations of
circular vortex filaments which have a common axis of symmetry as initial data.

To state this precisely, let us start with the Navier-Stokes equations in R?

(1.1) ou+u-Vu—Au+Vp=0, divu=0, (t,r) € RT x R3,
where u(t, z) = (u!,u?, u?) stands for the velocity field and p the scalar pressure function of
the fluid, which guarantees that the velocity field remains divergence free.

In the following, we restrict ourselves to the axisymmetric solutions without swirl of (1.1),

for which the velocity field u and the vorticity w dof curlu take the particular form
u(t,z) = u'(t,r, 2)e, +u*(t, 7, 2)e., w(t,z) =w(t,r, 2)ep,

where (7,6, z) denotes the cylindrical coordinates in R3 so that = = (rcosf,rsinf, z), and

er = (cos,sinf,0), eg = (—sinb,cos6,0), e, = (0,0,1), r = /22 + 3.

In view of [9], we equip the half-plane Q = {(r, z)|r > 0,z € R} with the measure drdz.
More precisely, for any measurable function f : {2 — R, we denote

def
£l e (o) =

1
</ |f(r,z)|pdrdz>p <00, 1 <p< oo,
Q
and || f|[ze(q) to be the essential supremum of |f| on 2. For notational simplicity, we shall
always denote a generic point in Q by = = (r, 2).
1
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Recalling the axisymmetric Biot-Savart law discussed in Section 2 of [9], we know that for
any given w? € LY(Q) N L>(Q) which vanishes on r = 0, the linear elliptic system

1

ou + =u" +0,uF =0, Ou —ouF=w’, onQ,
r

ur|r=0 =0, aruz|r=0 = 0,

has a unique solution (u",u*) € C(€Q)? vanishing at infinity. We denote this solution by
u = BS[w?]. Hence we only need to study the equation for w?:

TWG

(1.2) o’ + (U8, + u*9,)w’ — UT = (92 + 0% + %& ERERWY

Now let us discuss the initial condition. We first recall from [9] that, the axisymmetric
vorticity equation (1.2) is globally well-posed whenever the initial vorticity is in L!(2). As a
natural extension, then they considered the initial vorticity in M (), which denotes the set

of all real-valued finite regular measures on €2, equipped with the total variation norm

def
Il sup{ [ o] 6 € Co). lollimio < 1},

where C(§2) denotes the set of all real-valued continuous functions on 2 that vanishes at
infinity and on the boundary 9. It is also proved in [9] that (1.2) is globally well-posed if
the initial vorticity p is in M(Q2) whose atomic part is small enough.

As mentioned in the first paragraph of the introduction, we focus here on the particular

case
n
H = E O‘i&ma
=1

where «; is some positive constant and d,, is the Dirac mass at point z; = (4, 2;) € Q with
r; > 0. Such a p is purely atomic and we deduce from [9] that (1.2) is global well-posed

provided that
n
il =D @i
i=1

is small enough. On the other hand, for arbitrary positive values of «, [3] gives the existence
of a global mild solution, and [10] proves the uniqueness when n = 1. In this paper, we prove
the uniqueness for general n. Our result can be stated as follows:

Theorem 1.1. Fix an integer n. Let

n
M= Z ai6:v¢a
=1

where «; is some positive constant and 0, is the Dirac mass at point x; = (r;,2;) € £ with
ri > 0. Then (1.2) has a unique global solution w’ in C(]0, cc[, L' () N L>(12)) in the mild
sense (see Definition 2.1), satisfying

(1.3) sup ||W6(t)HL1(Q) < oo, and W(t)drdz —pu as t— 0.
t>0

Moreover, there exists some constant Cy depending only on (a;,x;)? ,, such that whenever

Vi< % min {|3:Z — xjl, ri}, there holds the following short time estimate:
1<i<j<n

(1.4 [t = = 3" a5

i=1

< CO\/%‘ In t’.
L(Q)
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Let us end this section with some notations. We use C' (resp. Cj) to denote some absolute
positive constant (resp. some positive constant depending on («;, ;) ;), which may be
different in each occurrence. f < g means that there exists some constant C such that f < Cyg.
For a Banach space B, we shall use the shorthand ||UHL’}B for the norm ||||u(t,-)| s HLP(O,T)'

2. DECOMPOSITION OF THE SOLUTION

In order to use the uniqueness result for the case when the initial measure is one single
Dirac mass which has been proved in [10], a natural thought is to decompose the solution

into n parts:
n
S,
i=1

according to the decomposition of the initial measure

n
= Z 00z, .
i=1

The nonlinearity of the equation (1.2) renders this idea nontrivial to implement. The strategy
is to use the fundamental solution of some advection-diffusion equation. This will be done in
the first subsection.

The purpose of the second subsection will be to show that, at least for short times, wf is
very close — in the L!(£2) sense — to the Oseen vortex located at z; with circulation ;. This
goal will be achieved using self-similar variables around the point z;.

2.1. The linear semigroup and the trace of the solution at initial time. Let us denote
by (S (t)) />0 the evolution semigroup defined by the linearized system of (1.2), namely

1

1
0w’ — (O + 2+~ — 5w’ =0, (t,r,2) €RT xQ,
T T

(2.1)

W)= =0, w’li=0 = wyp.

One can see Section 3 of [9] for a detailed study of this semigroup.
By using (S(t)),.,, we can define the mild solutions of (1.2) in the following way:

Definition 2.1. Let T > 0, we say that w’ € C(]0,T[, L'(Q2) N L*°(Q)) is a mild solution of
(1.2) on ]0, T, if for any 0 < to <t < T, there holds the following integral equation
t
(2.2) wl(t) = S(t —to)w’(to) — [ S(t — s)divs(u(s)w?(s)) ds.
to
Here u = BS[w’] and div, (uw?) d:ef&n(urwe) + 0, (uw*w?).

Before proceeding further, let us recall some a priori estimates for the mild solution.

Lemma 2.1. Let w? be a mild solution of (1.2) on (0,T) satisfying (1.3), u = BS[w?]. It is
shown in Estimates (2.13), (2.14) of [10] that, for any t €]|0,T'[, and any k,{ € N, there holds

(2.3) 5OV Su(t) e o) + 12V (1) e ) < G
Moreover, we can deduce from Estimate (9) of [9] that

(2.4) lim £ 5 || (8)[| ooy = 0, forany 1< p < oo,
t—0
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Combining the conclusions of Corollary 2.9, 2.10 and Remark 2.11 in [10], we prove the
following.

Proposition 2.1. For any T > 0, if w’ € C((0,T), L' () N L>®(Y)) is a mild solution of
(1.2) on (0,T) satistying (1.3), then for any t € (0,T) and (r, z) € Q, we have

(25)  W(tr2) 20, W Ol < el and i W’ (@)l @) = -

Moreover, for any bounded and continuous function ¢ on €2, there holds the convergence
(2.6) / o(r, 2) (t,r, 2) drdz — / odu, as t—0.
Q Q

Noting that although the initial measure p is no longer a single Dirac mass as considered in

[10], it is still supported in [ min r;, max m] x R. Thus the estimates of Proposition 3.1, 3.3
1<i<n  1<i<n

and then Lemma 3.8 in [10] still hold for the case here. Precisely, we have

T
27) | 1@ty < o

Next, let us state a particular case of Aronson’s pioneering work [2] on the fundamental
solution of parabolic equations, which will be a key ingredient in our decomposition.

Proposition 2.2 (Proposition 3.9 of [10]). Assume that U, V : (0,T) x R® — R3 are
continuous functions such that divU(t,-) =0, for all t € (0,T") and

T
1
prManm=m<m,/nwnmﬂmw=&<m
o<t<T 0

Then the regular solutions of the following type advection-diffusion equation
(2.8) Wf+U-Vf-Vf=Af, z€R3 te(0,7),

can be represented in the following way:
f(t,x) = / Syt ;s y)f(s,y)dy, zeR? 0<s<t<T,
RS

where ®y v is the (uniquely defined) fundamental solution, which is Hélder continuous in
space and time, and satisfies, for all z,y € R3 and 0 < s < t < T, that

2.9 0<Pyv(t,z;s,y) < ex (— + K —i—K).
( ) , ( y)— (t S)g p ](t S) 1 /—t 5 2

It is easy to derive the evolution equation for w = w?(t,r, z)ey from (1.1) that
(2.10) Ow+u-Vo—r'w=Aw, R} tec(0,7),

which is exactly of the form (2.8) with U = u, V = r~1u". In view of (2.3) and (2.7), the
conditions of Proposition 2.2 are satisfied. Thus this w can be represented as

w(t,x) = / O(t,x;s,y)w(s,y)dy, xR} 0<s<t<T.
RS
From which, we can deduce that w? satisfies

(2.11) we(t,r, z) = / $(t,r,z; s,r',z')we(s,r',z') dr'd?, 0<s<t<T,
Q
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where

— ™
O(t,r, z;8,1,2) :/ <1>(t, (r,0,2);s, (r COSH,T’SiHH,z')) 1" cosdb.

—T

Using the Gaussian upper bound (2.9) of the fundamental solution ®, we get

Lemma 2.2 (Lemma 3.10 of [10]). For any n €]0,1] and 0 < s < t < T, there exists some
positive constant C, , depending only on the choice of n and (o)}, such that

% ~ t—s ,%((T,T/FJF(Z?’Z/)Q)
" (W)e e

where H : (0,00) — R is decreasing with H(7) — 1 as 7 — 0 and H(7) ~ 1//7T as T — co.

7,,/

r

_ C
(2.12) 0 < D(t,r, 2550, 2) < 2

t—s ’

Let us write (2.11) in the following way

wg(t,r, z) = /<T>(t,r,z;O,r',z')wG(s,r’,z')dr'dz'
Q

—{—/(;Is(t,r,z;s,r/,z') — ‘f(t,r,z;(),r/,z/))wg(s,r/,z')dr/dz/.
Q

In view of the Holder continuity and Gaussian upper bound (2.9) of the fundamental solution
®, we deduce that ® is continuous whenever 0 < s < ¢t < T Combining this with the facts
that @ is bounded as shown in (2.12), and [w? )11y < lliller as shown in (2.5), we know
the second integral in the right-hand side converges to 0 as s tends to 0. On the other hand,
since ® is continuous and bounded, we can use (2.6) to derive the limit of the first integral
as s tends to 0, and we finally obtain the following useful representation:

WAt 2) :/$(t,r,z;0,7“',z')d,u.
Q

n
Recalling p = Y «;0,,, we can obtain the decomposition for w? as follows:
i=1

(2.13) O(t,r, 2) Zw (t,r,z), where w?(t,r,z) = ®(t,r 20,74, 2),
and the corresponding decomposition for u = BS[w’]:
(2.14) u(t,r, z) Zu, (t,r,z), where wu; = BS[W!].

It is easy to see that w! € C(]O, T[, L' () N L*(£)) is a mild solution of

1 1
O] +u- Vo — (0] + 02+ —0, — —5)wf =0, (t,7,2) €]0,T[xQ,

(2.15)
w? — by, as t—0.

Moreover, we have the following estimates for wie.

Proposition 2.3. i) For any n €]0,1], (r,z) € Q and 0 <t < T, we have

(2.16) 0<wl(t,rz) < Zvae*%((r—m%(z—zn?)_

(2.17) ol ()llzr@) < il and T o?(8)] 110 = o
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i1) There exists some positive time t; < T, such that for any 0 < t < t1, there holds
3

(2.18) t2 vaf(t)HLoo(Q) < Co.

Proof. i) Using (2.12), we immediately get

li L (=24 (e=z)?)

C
(2.19) 0<wi(t,rz) < %

5ﬁ[((l —tn)rm)e

When 2r < ry, using the facts H(7) < 1/y/m7 and 2|r; — 7| > r; in this case gives

r

ri

1

5 ~ t r, 1 — 1 n(A=n), . \2

2H<(1—77)7”7"~)S\/%( tn)Qgcn,a'e w n).
KA

Substituting this into (2.19), and noting the fact that, when 7 runs over ]0,1[, (1 —7)? also
runs over |0, 1], gives exactly (2.16) in this case.

And when 2r > 1y, (2.16) follows by simply bounding H by 1 in (2.19).
n

To prove (2.17), notice that w? > 0 and w? = > w?, we have
i=1

r

(2.20) Do llf Oz = o’ Ol < lulle, Ve €10, T,
1=1

which in particular implies ||W,?(t)||L1(Q) < |lpe|ltv- By taking limit ¢ — 0 in (2.20), we obtain

n n

. 9 T 0 _ — .
E 1 lim {7 ()| 21 (o) = i [l ()]l 1 @) = lulle = z;al'
i= =

On the other hand, the initial condition wie — 05, as t — 0 implies

: (7
lim {7 (1) ]| 1) = -

Combining the above two sides, clearly there must hold

. 2] _ )
lim s )l 21 () = -

i7) For any 0 < ¢t < T, we first write (2.15) in the integral form as
t
(2.21) wl(t) = S(t/2)wl(t/2) — | St — s)div.(u(s)w!(s)) ds.
t/2
Then we need the following lemma, which is a particular case of
Lemma 2.3. For any 1 <p < q < o0, and f(r,z) € LP(Q)), there holds

C

(2.22) IVS®#) fllra) < m”f”m(ny
t2'p a
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Using (2.21) and (2.22), together with the bounds (2.3) and (2.5), as well as the fact that
wf < w? point-wisely, we achieve

C t C
vaze(t)HLoo(Q) < m”w?(t/Q)HLl(Q) +ﬁ m(“vu(s)hwm)”W?(S)HLOO(Q)
3

+ Ju(s) oo (o) V] (8) | oo ()) ds

Co LG 11 1 0
= 13/2 +[ (t — s)1/2 <§ + N 52 [[u(s)[| oo () Vs (S)HLOO(Q)> ds
2
Co

1
— +Co sup SQHU(S)HL“’(Q)‘ sup HVWf(S)HLw(Q)-
t/2<s<t t/2<s<t

Multiplying both sides by 3/2, we get

3 3
t2 Vel ()| oy < Co+Co sup 82 |[us)llpoe() - sup 52| Vw!(s)] oo )
t/2<s<t t/2<s<t

Then taking supremum over t leads to

3 1 3
(2.23)  sup SQHVWZ'e(S)”Loo(Q) < Co(1+ sup s7||u(s)|[reo() - sup SQHVWZ'G(S)”LOO(Q)).
0<s<t 0<s<t 0<s<t

Noting that u = BS[w?], we can use Proposition 2.3 of [9] to obtain
oL 0k
Jullze(y < Clle oy |6 e
which together with (2.4) indicates that

(2.24) }g%f? [u(®)] Lo~ (@) = 0.

Thus there exists some t; > 0, such that for any s €]0,¢;[ and the Cp in (2.23), there holds

1 1
Co - 52 ||u(s)|| Lo () < 3

which guarantees that the term Cy sup s2 [w(s)|| oo () - sup s2 IVwf ()|l o (o) in (2.23) can
0<s<t 0<s<t
be absorbed by the left hand side. This gives exactly the desired estimate (2.18). O

2.2. Self-similar variables. In view of (2.16), we know that w? concentrates in a self-similar
way around x; for short time. Thus it is very natural to introduce the self-similar variables:

r—r; Z =z T —z; Vit

225 R: j’ Z:—]7 X: J and €~:—7 ':17...’n.

( ) J \/f J \/E J \/E J T J
Correspondingly, for any j € {1,--- ,n}, t € (0,T) and any (r,2) € Q, we set

(2.26) Wty r,2) = Jf]< \fr- Z\[ZJ> uj(t,r,z):\/]_Uj(, \/_Tj Z\/_Z])

In the new coordinates (R;, Z;), the domain constraint r > 0 translates into r; + \/ij > 0,
which means that the rescaled vorticity f;(t, Rj, Z;) is defined in the time-dependent domain

Q, (R}, 2)) € R |1+ ¢;R; > 0}.
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Noting that u; = BS[w ] thus U; can also be determined by f;. Recalling the subsection 4.2
of [10], we have the followmg expll(:lt representation

Z;— 7' ,
Uj (X;) 27T/ \/1+€J 1+eJR)1F1(£])|X X,|2f]( dx’,
R; — R
(an) U / ¢LH@’+&R>F@MX XX’

_7]7/9 VA +GR)1+ R (F(€) + Fa(€D) f5(X') dX,

where Fy, Fy is some kernel satisfying s7' F(s), s?2F»(s) are bounded on ]0, co[ whenever
0<o01<3/2, 0<o0y<3/2, and 5]2» is a shorthand notation for the quantity

& =61X;— X'P(1+¢R) " (1+¢R)™

We denote this map from f; to U; by U; = BS“|[f;]. We use the superscript €; since in the
new variables, the map depends explicitly on time through the parameter ¢;.
In the rest of this paper, the following notations will also be used:
r—r; zZ— ZzZ Tr — X \/Z
T = — =—— and e=—,
Vi Vi Vi "
here although R, Z, X, € indeed depend on ¢, we omit the index ¢ for notation simplification.
After this blow-up procedure, the gaussian bound on w; given by (2.16) translates into

(2.28) R=

(2.29) 0< fi(t, R, Z) < Cpoe 1" (BHZ%),
and (2.17) translates into

(2.30) / [t R, Z)dRAZ — 1, as t—0.
Qe

We can use the estimate (2.29) to derive the point-wise estimate for Uf. First, recalling the
proof of Proposition 2.3 in [9], which shows that for any (r, z) € Q, there holds

1
u(r, z)| < C/ WO, 2 dr'd.
mANSO [ b0 )
Then using the self-similar variables (2.25), we obtain
1

Ui(t,R,Z)| < C/ J(t,R',Z")dR' dZ'

U R DN SC [ R, 2)
Finally substituting (2.29) with some fixed 7 into this, leads to
(2.31) (1+ [R| + |Z])|Ui(t, R, Z)| < C.

Using the notation (2.26), let us also do this self-similar blow-up of the whole velocity u near
the point z; € ) and near the initial time ¢ = 0, and we get

o R
2.32 t,r,z) = —Ui(t, R, Z) + ]U (t, R+ —=, 7+ =——=2).
(2.32) u(t,r, z) f Z i 7 )

In view of (2.31), let ¢ — 0 and R, Z fixed, all U;(t, R + ”\;{j,Z + ZZ\/Z]) for j # ¢ vanish,

and only U;(t, R, Z) remains. Thus after this blow-up procedure, the convection term can be
very close to U; - V f;, for a short time. Combining with the fact that the initial measure for
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w; = wfeg is a;0,,;, hence if we believe in uniqueness, it is reasonable to expect that, for a
short time, w; will be very close to an Oseen vortex located at x; with circulation «;.
In order to write this observation precisely, let us denote the following functions on R?:

wla,y) IO, G, y) el (o) € B2
™
and denote by X the weighted space L?(R?, w(x,y)dxdy). We have:

Proposition 2.1. For any i € {1,--- ,n}, we have If;(t,) — G()|lx — 0 as t goes to 0,
where f, denotes the extension of f; by zero outside Q..

Proof. First, let us denote by Xy a subspace of X', which is defined by the stronger norm

def _
I£llxe = [ fw' | oo (me) + [V £l oo (r2),

where 7 is a real number satisfying 0 < n < % We have:

Lemma 2.1 (Lemma 4.4 in [10]). The space Xy is compactly embedded in X, and the unit
ball in Xy is closed for the topology induced by X .

In the self-similar variables, the gradient bound for w? , namely (2.18), translates into
IV Fi(®)ll oo r2) < 00, ¥t €]0,T.

Combining this with the gaussian bound for f;, (2.29), we know that, (f;(t))o<i<T is a
bounded subset of Xj, hence compact in X. Let h. be an accumulation point in X of
(fi(t)o<t<T as t goes to 0, and (t,,)men be the corresponding sequence of positive time
satisfying

(2.33) tm =0, |fi(tm) —hillx =0 as m — oco.

Now, let us temporarily consider the whole 3-D vorticity field w and the whole 3-D velocity
field u. For any m € N, y € R3, and s €]0,¢,,! T, we define the following sequence

u(m) (S, y) =V th(th, T; + tmy)
w(m)(s, y) = tmw(tms, x; + \/tmy),

where x; = (1;,0,2;) € R3. In other words, the vector fields w(™), «(™ are defined by a
self-similar blow-up of the original quantities w, w near the point z; € R? and near the initial
time t = 0. It is easy to verify that w, w satisfy the 3-D vorticity equation:

Asw™ 4+ (™ .V — A = ™ . vy ™ dive™ =0, curlu™ = o™,

for s €]0,¢,;'T[, y € R3. The self-similar rescaling from u to u(™) preserves the bounds given
by (2.3), precisely for all indices k, ¢ € N, we have the following a priori estimates

1 4
105V 5ut™ ()| oo g2y < Cos_(5+k+5), s €]0,t,177,
which holds uniformly in m. Hence, up to an extraction, we can assume that
w™ @ WM u, as m — 0o,

with uniform convergence of both vector fields along with all their derivatives on any compact
subset of |0, ¢, T[x R3. Thus the limiting fields @, 7 are smooth and satisfy

(2.34) Osw+u-Vo—-—Aw=w-Vu, divi=0, curlu=uw.
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The goal now is to relate @ to w; and f,. The idea is that the other Wy, ?j (j # i) should be
eliminated by the blow-up procedure. Using the definitions, we get

w(m) (S’ y) = th(th, Ti+ v tmy)
(2.35) = tmw (tm \/(Tz + ViEmy1)? + tm¥3, 0, zi + Vimys)

= (57t X000 4 32 ST o X7 0,90+ V)
JF

where

X" (s, 4) def V(i + Vtmy1)? + tmy3 — 75 2 — 25+ Vlmys
ij \5Y Vitms ’ Vitms ’

If i # j, for any bounded subset B C R3 and any y € B, there exists a large constant Np,
such that for any m > Np, there holds

2 2
x (M) 2 5 (ri —rj) i)
X > =l
Then the gaussian bound for f; (2.29) entails

_ (m) (1= )l — ]
< f. N < - )
0< fi(tms, X577 (s,9)) < Cpa exp{ 8t s }

Hence, the only contribution in the limit procedure m — oo comes, as expected, from the
i-th circular vortex. Regarding f;, as shown before, f;(-,-,t) is bounded in Xy. Thus for any
fixed s > 0, up to another extraction, there must exist some hgs € X such that

(2.36) I f;(tms) — hs]|x — 0 as m — oo.

The boundedness of (f;(t,5))m in Xy implies that, this convergence of (f;(tm5))m to hs also
holds uniformly on any compact set of R?. Therefore, taking the limit m — co on both sides
of (2.35) and noting that eg(z;) = ea = (0, 1,0), we obtain

B(s.) = 2n, (yf j?’_) 98 (0, (5. 1. ). 0).

Taking the limit m — oo in (2.29) and (2.30), we deduce

/2 52(37 Y1, y3) dy1dy3 = ;.
R
We now turn to the velocity field. Similarly as (2.35), we can write

(2.38) W™ (s,y) = SLU(ts, X (s,y)) —i—Z % US( ms,Xi(;n)(s,y)).
Vs JFi Vs

In view of (2.31), as t;, — 0, all U5 (¢, s, Xl-(;l)(s, y)) for j # i vanish, and only Uf (¢,,s, Xl-(lm)(s, Y))
remains. Regarding U;, using (2.31) again and taking the limit m — oo, we get

(2.39) [a(s. )| S (Vs + il +lys) ™

Moreover, as shown in (2.34), u satisfies the following elliptic system

1—
(2.37) @a(s,y1,y3)| S Cpas e as

dive =0, curlu=0w.
This div-curl system has at most one solution with the decay property (2.39), hence
u(s,y) =ui(s,y1,ys)er +us(s, y1, ys)es = (Wi (s, y1,3),0,u3(s, y1,y3)),
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where (u1,us) is the two dimensional velocity field obtained from the scalar vorticity o via
the Biot-Savart law in R?.

Summarizing, we have shown that the limiting vorticity ws, together with the associated
velocity (w1, us) solves the 2-D Navier-Stokes equations, and it follows from (2.37) that wa(s, -)
is uniformly bounded in Ll(Rz) and converges weakly to the Dirac measure «;dp as s — 0.

Then we deduce, by using Proposition 1.3 in [11], that wa(s,y1,y3) = %G <%,%>, ie.
hs = G for any s > 0. In particular, choosing s = 1 so that t,,s = t,,, and comparing (2.33)

with (2.36), we conclude that h, = G, which is the desired result. O
In view of Proposition 2.1, it is natural to make a further decomposition of w. Let
def
d= min q|z;—z4|,
1<z<]<n{’ ! j" 2}7

and x : [0,00[— [0,1] to be a smooth non-increasing cutoff function such that x = 1 on
[0,1/8] and x vanishes outside [0,1/4]. Let fy to be a function on ]0,7[x R? defined as

folt,2,9) € Gla,y)x (V@2 +y2)/d),  (w,y) € R, tE)0,T],
and f; to be a function on ]0, T[x € defined as
(2.40) fit,R,Z) = fi(t, R, Z) — fo(t,R, Z), (R,Z) € Q., t€]0,T.

Then we can decompose w? further as follows:

(2.41) W(tr,2) = S (S folt By Z) + S F5 (4, Ry 7).
j=1

And correspondingly, u = BS[w?] can be decomposed further into

(2.42) u(t,r,z) = ;(\/—UO,J@ JRj, Z;) + \/ZU i(t, Rj, Z; )>’ where

Upj = BS[fo], U; = BS[f;].

Remark 2.1. For any j € {1,--- ,n}, due to the cutoff function Y, it is easy to see that
fo(t, R;, Z;) vanishes when v/tR < —d/4, and thus vanishes when /tR < —r;/4. In partic-
ular, this implies that fo(t, R;, Z;) satisfies the Dirichlet boundary condition on 0§}, and
thus E(t, Rj, Z;) also satisfies the Dirichlet boundary condition on 0S); .

It is clear that fo(t) € X for all t €]0,T|, and | fo(t) — Gllx — 0 as t — 0. Thus

the perturbation f;(¢) (extended by zero outside €2;) belongs to X for all ¢ €]0, T, and

Proposition 2.1 implies that HE(t)HX — 0 as t — 0. In the next section, we shall give a more
accurate quantitative rate of this convergence.

3. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. In view of the decomposition (2.41),
to prove the uniqueness claim in Theorem 1.1, we only need to show the perturbation part
( fj) 1 is uniquely determined. At the end of last section, we have shown that | f]( )|lx — Oas
t — 0, but this is not enough to prove uniqueness. We shall give a more accurate quantitative
rate of this convergence, which in particular implies the short time estimate (1.4). This will
be done in the first subsection.
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After some modifications to the energy estimates in the proof of the short time estimate,
we can prove the uniqueness claim in Theorem 1.1.This will be done in the second subsection.

3.1. Short time asymptotics. Using (2.15) and (2.26), we can derive the evolution equa-
tion satisfied by the rescaled vorticity f; reads

efi (t, X ) >
1+eR /)’
for X € Qc and t €]0, T[, where the operator L is defined for a generic function f by

(31) t@tfl(t,X)+d1v*(azUZ(t,X)fz(t,X)+Wl(t,X)fz(t,X)) = (Lfl)(t,X)+8R<

def X
LX) = Axf(X) + 5 Vx f(X) + f(X),
the operator div, is defined for a generic vector field V(X) = V"(X)e, + V*(X)e, by

div. (V(X)) € 0pV7(X) + 0,V7(X),

and W; stands for the other parts of the rescaled velocity:
T —Tj

Wi(t,X) d:efZOéjUj(t,Xj), where Xj = =X+ u
J# \/Z \/Z

Then we can deduce from (2.41), (2.42) and (3.1) that

(3.2) 10 fi + o divi (Uoi fi + Ui fo + Uifi) + diva(Wifi) = Lf; + 3R(1 j—fiR> +H,

where

t, X .
H = —t0fo+ Lfo+ ((“)R(E{O_(FieR)) - le*(UO,z‘fO)-

And we shall define, following [10], the two types of energy for each vortex

def 1 ~
B(t) & 5/9 Tt X, 2w(X) dX;,
3.3 K
(3.3) et 1

SORE

L (VBX0P + (141G X)) w(X,) dX;,

J
as well as the total energies

Em@i@w £) 3.
j=1

As we have pointed out in Remark 2.1 that, .]?] satisfies the homogeneous Dirichlet condition
on 02, thus although the integral in (3.3) is taken over the time-dependent domain Qe;,
there is no contribution from the boundary when we differentiate with respect to time. Hence
we can get, by doing L?(Q,, w(X)dX) energy estimate to (3.2) and integrating by parts, that

(3.4) tEi(t) = Ai(t) + Li(t),
where
Ai(t) =/Q (ﬁﬁ(tX) +0R(ﬁ7’:}?) +H(t, X)

= i div(Uoaf; + Usfo + Tifo) (6, X)) Filt, X) - w(X) dX,

) = [ Wit XA X) (Va6 X) + 5 R4, X)) - w(X) .
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The main result of this subsection states as follows:

Proposition 3.1. There exists some positive constant 6 depending on the initial measure u,
such that for t sufficiently small, there holds

(3.5) tEI(t) < —20&;(t) + Covt| Int|Ei(t)2 + CE;(£)2E(t) + Ry(t),
where the quantity R; satisfies the inequality 0 < R;(t) < e~ 0o/t

Proof. Noting that the terms in A;(t) are exactly the same as the ones appearing on the
right-hand side of the equality (4.42) in [10]. Thus using the Proposition 4.5 in [10], we know
that there exists some €y €]0,1/2], if t > 0 is small enough so that ¢; < ¢, then

(3.6) Ai(t) < —20&(t) + CVE| Int|Ei (1) % + CE;(£)2&(t) + Ri(t).

In the following we shall concentrate on the interaction part I;(t). Using the decomposition
(2.40) and (2.42), we can write

Wilt, X) fi(t, X) =D (aU0,3(t, X5) + ;U (8 X)) (folt, X) + filt, X))
J#i
Thus there are four types of integral terms in I;(¢), which we handle separately.
Before proceeding, let us decompose {)¢; into two parts, namely

O def{XGQ st |X] >

€5

4%/5}, 0 d:ef{X €Q, st |X| < 4i\/¥}'

Type 1: I;1(t z Jo, 03U (t, X;3) fo(t, X) - (Vx + X/2) fi(t, X) - w(X) dX.

Due to the cutoff functlon X, we know that fo(¢,X) vanishes whenever |X| > - \/ Thus
I; 1(t) actually only integrates on Q_, and for X in Q_, we have
— Ty ‘ 3d
>
Vit AVt

2
RIS ‘X +=

Then the estimate (2.31) gives

(3.7) U;(t, X;) < Cov/'t.

Thanks to this bound, the definition of fy, and Cauchy inequality, we get

L1(t)] < CovEY. / e PP (X Tt X) + 5 il X)Jw(X) dX
J#i

(3.8) < Cov/i|je XP /8HL2(Q;)H(VX v X/2) it X) 'w(X)1/2HL2(Q;)
< CoVEE(1)3.

Type 2: I;»(t ;fﬂ a;U;(t, X;) fi(t, X) - (Vx + X/2) fi(t, X) - w(X) dX.
VE)

We decompose I; 2 into two different parts according to the integra domain. On Q_, by
using the bound (3. 7) and Cauchy inequality again, we obtain

(3.9) ‘/ (LX) T X) - (Ve X/2) Tt X) - w(X) dX | < CoVEE (13 £,(1)3.

To handle the integral on QF, a mere application of (2.31) gives
(3.10) Uil Lgs (£ 0.y < Co-
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And it follows from the Gaussian bound for f; (2.29) and the fact that f; vanishes on QF

that, the same Gaussian bound also holds for f;, precisely
(3.11) 0 < fi(t, X) < Cyue VX € QF.
Using the above bounds (3.10) and (3.24) with n = 1, we get

1—
— X

| 030 X0 0, X) - (94 XU Rt ) - w(X) 4] < CoF 002,00

42

< Coe ()7,
Combining this with the estimate (3.9), we finally get

(3.12) Li5(t)] < CoVAB(D)3E:(1)} + Coe™ 3 E:(1).
Substituting the estimates (3.6), (3.8) and(3.12) ,and using the trivial bounds
E;<&<E E<FE
allows us to obtain
tEl(t) < —20&(1)+CVE Int|Ei(t)2 + CE;(£)2(t) + Ri(t)

+ CoVEE()S + CoVEE(£)2Ex(t)3 + Coe™ 5 £:(t)3.

Recalling that E(t) goes to 0 as t goes to 0 yields the simplified bound
LE{(t) < —26&,(t) + CoVi| nt]€i(1)7 + CE(1)2E(t) + Ra(t),

which is the desired differential inequality. This completes the proof of this proposition.

Proof of the estimate (1.4). Applying Young’s inequality to (3.5) gives
3
(3.13) LE{(t) < —50€i(t) + Cot| nt]” + CEi(£)2&(t) + Ri(t).

Recalling that by definition ¢; = v/t/r; and E(t) goes to 0 as t goes to 0, thus there exists

1
2

0

some small constant ¢ty depending only on the initial measure p, such that both ¢ < €q

and E;(t)'/? < §/2 hold whenever ¢ < to. Combining this with the facts that E; < & and

0 < Ri(t) < e~C/t we can get from (3.13), for ¢ < tg, that
tEL(t) < —6&(t) + Cot|Int]* + Ry(t)
< —0E;(t) + Cot|Int[*.
Integrating this differential inequality yields the bound

t
(3.14) Ei(t) < Coté/ s%|Ins|?ds < Cpt| Int|>.
0

Then in view of the definition (3.3), the above inequality leads to

1£:(t) = fo®l 10y = I fill 2,y < CE* (1) < Cove|Int].
And since fj is extremely close to GG, we finally obtain

1£:(t) = Gl < 1fi®®) = fo@) o) + 1fo(t) = Gl

3.15
(3.15) < CoVit|Int] 4+ e~ %/t < Cov/t| Int.

Returning to the original variables, and summing up over ¢, gives exactly the short time

estimate (1.4) for t < ty.

O
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3.2. Uniqueness. The purpose of this final subsection is to prove the uniqueness result in
Theorem 1.1. Assume that w?®), w®®@ € ¢(]0,T[, L} () N L>(Q)) are two mild solutions
to the vorticity equation (1.2) satisfying (1.3). Introducing the self-similar variables and
decompose these two solutions just as what we have done in Subsection 2.2, precisely for
{=1,2, we write

n . n
PO =S50y )~ S ()

J=1 J=1

LI R;. ),

and correspondingly, u¥) = BS [we,(z)] can be decomposed into

tm@—z Ut Ry, Z;) = i(\/_Uo,](t R;, Z;) + \/EU()(t R;. 7).

7j=1
The differences of the rescaled solutions will be denoted by

Fadel () p@) _ 5 7 gadd ) p@) _ G0 _ 5@,

i i
The evolution equation for f;A reads

tatfiA + o div,k(U(M-}’;.A + ﬁzAfo) + o div*(ﬁi(l)f}n - ﬁi@)f}m)
(3.16)

N - . N N A
n le*(WOJfZA + WiAfO) + dlv*(WZ(l)J}-;(l) o WZ(Q)J'EZ(Q)) — ﬁfZA + aR(l:leeR)y

where
def fand def =~
Woit, X) 3 oyl (. X)), WOX) =S a;00(t, X)).
j#i J#
In analogy with (3.3), the energies for each solution are straightforwardly denoted by

o), def 1 ¢ df (¢
B () < 5/9 O X)) (X)) dx;,  EO(#) < ZE (¢

),y def 1 ¢ ¢ def N~ (¢
&9 < 5 /Q (IVE2@XDP + @+ 127 (0.)) Juw(Xy) dX;, €90 S 300,
J

as well as the energies for the difference

def 1 ~ def -
B0 S [ BRex e ax, Ao S B
€5 7j=1

def 1 = = def

ER() = 5/9 (VX2 + 1+ G X)) Jw(X) dXg, €80 =Y R
< j=1

In view of (3.14), combining with the elementary fact that EjA < 2(EJ(-1) + E](Q)), we know

that EjA(t) also decays to 0 with rate at least t|Int|?> as ¢ — 0. We believe that EJ»A(t)

0)

decays faster than E]( since the source H and div,(Wy; fo) has disappeared when taking the

difference of the equations for fi(l) and fi(2). Precisely, we have:

Proposition 3.2. There exists a positive time t1 such that for all 0 < t < t1, there holds
(3.17) EA(t) < e/t
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Proof. Similarly as in the proof of Proposition 3.1, by doing an L?(Q,w(X)dX) energy
estimate to (3.16) and integrating by parts, we obtain

(3.18) t%EiA(t) = AR (t) 4+ IA(t),

where

. fA N~
AP (t) = /Q <EfiA(t, X)+ 03(%) — i divi(Uo,i /> + U fo)

= apdiv (O = TP JP)) FA (4 X) - w(X) dX,

(2

10 = [ (WoF® + W fo+ WOF =W ) (0,50 - (T + X/2) A (0.X) - w(X) dX.
Qe

First, the estimate (4.71) of [10] claims that there exists some positive constant ¢ and some
€0 €]0, 1] such that as long as € < ¢y, there holds

(3.19) AB (1) < =202 () + C(BV (1)2 + EP (1)2) R (1) + RA (1),

where the quantity RZ-A satisfies the inequality 0 < RiA(t) < e~ C0/t, We mention that the
terms with type Cov/t|In t\Ei(t)% in (3.6) does not appear here, due to the cancellation of the
source term H when taking the difference.

For the interaction part IiA(t), thanks to the cancellation of div,(Wy;fy), there are only
three types of mtegral terms, which we handle separately in the following.
Type 1: If(t fQ Wo(t, X)fA(t, X) - (Vx + X/2) fA (LX) - w(X) dX.

We decompose IZ into two different parts according to the integra domain. On Q_, we
have the point-wise 7estimate:

Lemma 3.1. For any j # ¢, and any X; in Q;] (i.e. X in Q7 ), we have
|Uo,j(t, X;)| < CoVt.
Proof. Using the explicit formula (2.27), and the fact that fo supports in Q_, we get

/ Z ZI / /
Us (4, X)) L+ 6R)(1+R))- L 6]) g folts X' aX
R;— R
UO](tX /\/1+6] 1+6JR) Fl(gj)‘X X/‘Qfo(t’X/)dX/

+ ﬁ / \/(1 + 6 R)(1 4 ¢;R;)) 3 (FL(&F) + F2(&3)) folt, X') dX,
where
& =X - X P+ gR) T 1+ gR)
For X and X’ in 2, we have

i — T d d

X)X =[x - X'+ 28 e [ =yl + )
;35 oo Ti, VIR _(3ri by
1—|—E]R [Z Z]’ and 1—|—€]R]— j—|— " [473"47“]‘]'
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Using the above bounds and the fact that F(s), S%FQ(S) are bounded on ]0, co[, we achieve

Uoj(X)| < Co | Ve PHax" < Gyt
Qe
which completes the proof of this lemma. O

A direct consequence of this lemma is that, Wy ;(¢,X) < Co/t for any X € Q. Using
this point-wise bound and Cauchy inequality, we obtain

(3.20) ( /Q  Woalt, X)FA(X) - (Vx + X/2) FA (1, X) - w(X) dX| < CovEER (£)2EA(1)2.

To handle the integral on Q}, we need some more careful estimates on the rescaled velocity.
After the blow-up procedure (2.26), Proposition 2.3 of [9] translates into:

Lemma 3.2. i) If 1 <p <2< q< o0, %:%—%, then
(3.21) 1BS[fll ey < Cllf .-
i) If 1 <p<2<q< oo, then
(3.22) 1B Uzt < O 5oqa i,y where o= 59— clo.1(.
It follows from a mere application of (3.22) to a gaussian function that
(3.23) [Wo,ill Lo (L= (00)) < C-
And it follows from the Gaussian bound for fZ (2.29) and the fact that fy vanishes on QF
that, the same Gaussian bound also holds for ﬁm, precisely
(3.24) 0< fOX) < Cpae TP vX ef.

Using the above bounds (3.23) and (3.24) with n =1, we get

| / Woalt, X)FR(X) - (Ve + X/2) F3 (4, X) - w(X) dX | < CJFA 0w oo 82 (1)

NI

2
< Coe T EL(1)7.
Combining this with the estimate (3.20), we finally get

MI»—A

(3.25) I < CoVEBR R )} + Coe Fmed )},
Type 2: I5(t) = [, WA, X) folt, X) - (Vx + X/2) [A(t, X) - w(X) dX.
Noting that fp supports only on -, and fo(X)w(X) <1 on Q, we get

(3.26) 15 y</ S e O — UP) (X)) - (Vx + X/2) FA (¢, X)] dX.
Qe ji

Let us decompose U ]@)

as the sum of (7 OF and U @’_, with
U0%(X,) = BS 17X (X,)].

where 1o+ stands for the characteristic function of Q.
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Exactly along the proof of Lemma 3.1, we can get, for any X € Q
TPy (x + B < cmf/ X') — [P(X")] dx’

< Covt|jw™ WHL@A( t)2
< CoVIER(t)>.

., that

~(1)77
(U

Using this bound and the fact that L?(Q_, w(X)dX) — L'(Q.,dX) , we achieve

/_Z‘O‘J A U;
(327) € j#i
< CoVIEA(1)2E2(1)3.

we use (3.21) with p =4/3, ¢ = 4, and Holder’s inequality to obtain

T2, X5) - (Vx + X/2) fA(t, X)| dX

For (7]@)’+,
175" =07 gy < Coll 73 - f‘”HLS(W
< CO”w_l/z”L‘l(Q;’;.)H(f]('l - EQ)) 1/2HL2 m)

< Coe™ /BN (1)3.
Using this estimate and Holder’s inequality again, we achieve
)i+ (2),+ A
/Z\aj — U7t X)) - (Vx + X/2) [ (8, X)| dX
DA+ 72+ —1/2
(3.28) S ZHUJ - Uj HL4(Q;)||W / ||L4(Q:)
J#
< Coe™ @/EA ()2 ER (1)
Combining the estimates (3.27) and (3.28), we finally achieve that
IfQ(t)\ < CoVEED (1)2EX(1)2.

— W T (1, X) - (Vx + X/2) FA X) -

(VX —}—X/Q)ﬁA-w

t\.’)\»—l

(3.29)
w(X)dX.

Type 3: I35(t) = [, (
The strategy of estlmamng Ifa( ) is to write

WO FO _ 7@ FR _jparm |y A

where I/VA def W(l) Wi@)' Then we get, by using Holder’s inequality, that

g + I
W2 120, p
x ||(Vx +X/2)]'F.Aw%”L2(Q :

02 + [P e EE ) ER (1)

IS0 < (||

(3.30)
< (WA oo B (0

P ag0r
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By using (3.22) with p =4/3, ¢ = 4, and Gagliardo-Nirenberg inequality, we obtain

2 ey < Co ST s 172,
J#i
chZHf}A N O TEl M Vo L LN (1o
J#i
<Co Y Ej(t (t)5.
J#

Similarly, and noting that f@) satisfies the point-wise estimate (3.24), we obtain

W oy < Co DI E oo 155 i
J#i
< COZEJ(-Q) (17,
i

Substituting the above two estimates into (3.30), we achieve
(3.31) I8 < Co (BN ()7 BA0)R 2 ()% + BO (1)1 BA (1)} )R (1)

Overall, by putting (3.25), (3.29) and (3.31) together, using Young’s inequality and the
fact that EiA < SiA < EA, we achieve
(3.32) TA(t) < SER (1) + Co(VE+ EL (1) + ED(1)7)E2(t) + Coe @/
Then substituting (3.19) and (3.32) into (3.18), and summing up over i, leads to
(3.33) t%EA(t) < =62 (t) + Co(VEi+ ED ()2 + ED(1)2 + B (1)3)E2(t) + Coe~ o/,
The bound (3.14) guarantees the existence of a positive time ¢, such that for all 0 < ¢ < ¢;,
there holds Cp (vt + E(l)(t)% + E® (t)% + E® (t)%) < 8. Then (3.33) turns into

d o o

(3.34) tBA(E) < —5E8 (1) + Coe™ P/t < —ZBA(H) + Coe /.

Then integrating this differential inequality from 0 to t < #; gives

t
EA(t) < Cot—5/2/ 85/2—16—00/8 ds < e—C()/t’
0

which is exactly the desired estimate (3.17). O

Proposition 3.2 already shows that E(t) converges extremely rapidly to 0 as ¢ — 0, but
our actual goal is to prove that E*(t) vanishes identically, which will be done in the following.

Proof of the uniqueness result in Theorem 1.1. The key is to get a new differential inequality
for E2(t) like (3.34), but in which the “inhomogeneous” term like Coe~ ¢/t does not appear.
First, the estimate (4.73) of [10] claims that as long as € < 1/2, there holds

(3.35) AP () < —8ER(1) + CoEA (1) + Co(EV (1)7 + EP (1)2)EA(1).

For the estimate of I2(t), we only need to modify the estimate of Ifl(t). By simply using
the bound for U; given by (2.31), we can achieve

T2 ()] < CoER(1)2ER(1)2.

l\)\»—l
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The other terms in IiA(t) can be estimated exactly along the proof of Proposition 3.2. Then
for small ¢, we deduce

ITA(1)] < CoEA(1)2E2(1)% + Co(EV (1) + E@ (1)7)E2(1)

(3.36) O oA A D13 2) (1) e
< 2ed(0) + EA D) + G (ED D} + EO0EA W),
n
Substituting (3.35) and (3.36) into (3.18), and summing up over i, leads to
d 0

(837) 1= EA (1) < —Z€8(1) + CoEA(1) + Co (ED ()2 + ED ()2 + B (1)3)E2 (1),

The bound (3.14) guarantees the existence of a positive time ¢, such that for all 0 < ¢ < tg,
there holds Cp (vt + E(l)(t)% + E® (t)% + E® (t)i) < $. Then (3.37) turns into

t%EA(t) < CoEA (1),

hence

Co
(3.38) EA(t) < <§> EA(), Yo<t' <t
In view of (3.17), the right-hand side of (3.38) converges to 0 as ¢’ — 0. Thus E2(t) = 0,
which means that f1)(t) = f3)(¢) for all 0 < t < min(t;,t2). Returning to the original
variables, we conclude that w? (1) (t) = w? @ () for all 0 < t < min(t;,t3). Then the desired
uniqueness follows from the global well-posedness result established in Theorem 1.1 of [9],
and the whole theorem has been proved. ]
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