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Abstract. In molecular dynamics, several algorithms have been de-
signed over the past few years to accelerate the exit event from a metastable
region of the configuration space. Some of them are based on the fact
that the exit event from a metastable region is well approximated by a
Markov jump process. In this work, we present recent results on the exit
event from a metastable region for the overdamped Langevin dynamics
obtained in [17,18,49]. These results aim in particular at justifying the
use of a Markov jump process parametrized by the Eyring-Kramers law
to model the exit event from a metastable region.

Keywords: Exit event, metastability, Eyring-Kramers and overdamped
Langevin.

The objective of this note is to give motivations (Section 1) and outlines of
the proofs (Section 2) of results recently obtained in [17,18,49]. These results
justify the use of the Eyring-Kramers formulas together with a kinetic Monte
Carlo model to model the exit event from a metastable state for the overdamped
Langevin dynamics. Such results are particularly useful to justify algorithms and
models which use such formulas to build reduced description of the overdamped
Langevin dynamics.

1 Exit event from a metastable domain and Markov
jump process

1.1 Overdamped Langevin dynamics and metastability

Let (X):>0 be the stochastic process solution to the overdamped Langevin dy-
namics in R?:
dX; = =V f(X,)dt +Vh dBy, (1)

where f € C®(R% R) is the potential function, h > 0 is the temperature
and (By)¢>0 is a standard d-dimensional Brownian motion. The overdamped
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Langevin dynamics can be used for instance to describe the motion of the atoms
of a molecule or the diffusion of impurities in a crystal (see for instance [45, Sec-
tions 2 and 3] or [7]). The term —V f(X;) in (1) sends the process towards local
minima of f, while thanks to the noise term vk dBy, the process X; may jump
from one basin of attraction of the dynamics & = —V f(x) to another one. If
the temperature is small (i.e. h < 1), the process (X;);>o remains during a very
long period of time trapped around a neighborhood of a local minimum of f,
called a metastable state, before going to another region. For that reason, the
process (1) is said to be metastable. More precisely, a domain {2 C R? is said to
be metastable for the probability measure u supported in §2 if, when Xy ~ u, the
process (1) reaches a local equilibrium in {2 long before escaping from it. This
will be made more precise below using the notion of quasi-stationary distribution
(see Section 1.5). The move from one metastable region to another is typically
related to a macroscopic change of configuration of the system. Metastability
implies a separation of timescales which is one of the major issues when try-
ing to have access to the macroscopic evolution of the system using simulations
made at the microscopic level. Indeed, in practice, many transitions cannot be
observed by integrating directly the trajectories of the process (1). To overcome
this difficulty, some algorithms use the fact that the exit event from a metastable
region can be well approximated by a Markov jump process with transition rates
computed with the Eyring-Kramers formula, see for example the Temperature
Accelerated Dynamics method [54] that will be described below.

1.2 Markov jump process and Eyring-Kramers law

Kinetic Monte Carlo methods. Let £2 C R? be a domain of the configuration
space and let us assume that the process (1) is initially distributed according to
the probability measure u (i.e. Xy ~ p) which is supported in {2 and for which the
domain {2 is metastable. Let us denote by (£2;);=1,... » the surrounding domains
of £2 (see Figure 1), each of them corresponding to a macroscopic state of the
system. Many reduced models and algorithms rely on the fact that the exit event
from {2, i.e. the next visited state by the process (1) among the (2;’s as well as
the time spent by the process (1) in {2, is efficiently approximated by a Markov
jump process using kinetic Monte Carlo methods [5, 20, 52, 53, 59, 60]. Kinetic
Monte Carlo methods simulate a Markov jump process in a discrete state space.
To use a kinetic Monte Carlo algorithm in order to sample the exit event from {2,
one needs for i € {1,...,n} the transition rate k; to go from the state {2 to the
state £2;. A kinetic Monte Carlo algorithm generates the next visited state Y
among the §2;’s and the time T spent in {2 for the process (1) as follows:

1. First sample T as an exponential random variable with parameter y .| k;,

h T~5<Zn:ki>. 2)

2. Then, sample the next visited state Y independently from T, i.e
YT ®3)



Metastability and Eyring-Kramers law 3

using the following law : for all ¢ € {1,...,n},

P[y = 2]

Fig. 1. Representation of the domain {2, the surrounding domains (£2;)i=1,....a of £2,
the global minimum z¢ of 2 and {z;} = argming . f (i € {1,2,3,4}).

Remark 1. Let us give an equivalent way to sample T and Y in a Monte Carlo
method. Let (Ti)ie{lw’n} be n independent random variables such that for all
i € {1,...,n}, 7; is exponentially distributed with parameter k;. Then:

1. The time T spent in 2 (defined in the first step) has the same law as
Minje (i, .. n} 7j-

2. The next state Y (defined in the second step) has the same law as
argminje{l,wn}Tj which is independent of the time minje(1, .. ) 7; spent
in

In practice, the transition rates (k;)ic1,...,n} are computed using the Eyring-
Kramers formula [24,59]:

ki = A; e—%(f(zi)—f(@‘u))’ (5)

where x( € {2 is the unique global minimum of f in 2 and {z;} = argming ;50 f,
see Figure 1. We here assume for simplicity that the minimum is attained at one
single point z; but the results below can be generalized to more general settings.
If (2 is the basin of attraction of xy for the dynamics £ = —V f(z) so that z; is
an order one saddle point of f, then, for the overdamped Langevin dynamics (1),
the prefactor A; writes:

_ [A(2i)] v/det Hess f(xo)

21 \/|det Hess f(z)|

A; (6)
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where A(z;) is the negative eigenvalue of the hessian matrix of f at z;. Notice
that the formula (6) requires that o and z; are non degenerate critical points
of f. The formulas (5) and (6) have been first obtained in the small temperature
regime by Kramers [37] (see the review of the literature [24]).

Remark 2. In the Physics literature, the approximation of the macroscopic evo-
lution of the system with a Markov jump process with transition rates computed
with the Eyring-Kramers formula (5)-(6) is sometimes called the Harmonic Tran-
sition State Theory [42,56].

1.3 The temperature accelerated dynamics algorithm.

The temperature accelerated dynamics (TAD) algorithm proposed by M.R.
Serensen and A.F Voter [54] aims at efficiently approximating the exit event
from a metastable domain for the dynamics (1) in order to have access to the
macroscopic evolution of the system. We also refer to [1] for a mathematical
analysis of this algorithm in a one-dimensional setting.

The basic idea of the algorithm TAD is the following: the exit time from the
metastable domain (2 increases exponentially with the inverse of the temper-
ature, see indeed (2)-(5). The idea is then to simulate the process at higher
temperature to accelerate the simulation of the exit event. Let us assume that
the process (Xt)¢>0, evolving at the temperature hjo, is at some time to > 0
in the domain 2 C R? which is metastable for the initial condition X;, € 2.
Following [54], let us assume that the process instantaneously reaches the local
equilibrium in (2, i.e. that X, is distributed according to this local equilibrium.
The existence and the unicity of the local equilibrium in 2 as well as the con-
vergence toward this local equilibrium is made more precise in Section 1.5 using
the notion of quasi-stationary distribution. To ensure the convergence towards
the local equilibrium in {2, a decorrelation step may be used before running the
TAD algorithm, see step (M1) in [1, Section 2.2].

As in the previous section, one denotes by (£2;);=1,... n the surrounding domains
of 2 (see Figure 1), each of them corresponding to a macroscopic state of the
system and, for i € {1,...,n}, {z;} = argminggns0, f. To sample the next visited
state Y among the (2;’s as well as the time T spent in {2 for the process (1),
the TAD algorithm proceeds as follows. Let us introduce T;,, = 0 (which is the
simulation time) and Ts;0p = 400 (which is the stopping time), and iterate the
following steps.

1. Let (Y3)i>1,,, be the solution to the evolution equation (1) but for the
temperature Anign > hiow, starting from the local equilibrium in {2 at tem-
perature hpign. Let (Yi)i>1,,,. evolve until it leaves 2 and denote by

Toim + T

the first exit time from (2 for the process (Y;)i>71.,,,. Then, set Ty =
Tsim + 7. Let j € {1,...,n} be such that Yp, 4, € 002; N 92 If it is the
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first time an exit from {2 through z; for the process (Y;);>0 is observed (else

one goes directly to the next step), set 7;(hnigh) = Tsim and extrapolate the

time to 7;(hiow) with the formula

Tj(hlow) _ Tj(hhigh> ez(ﬁ*m)(f(zj)*f(wo))’ (7)

where we recall zo € 2 is the unique global minimum of f in 2. Then,
update the minimum exit time 7y, (hiow) among the 7;(hiow)’s which have
been recorded so far. Finally, compute a new time T, so that there is a
very small probability (say a < 1) to observe an exit event from (2 at the
temperature hpiqn which, using (7), would change the value of Ty (hiow).
We refer to [54] ou [1] for the computation of Tssep.

2. If Tgim < Totop then go back to the first step else go to the next step.

3. Set T' = Tiin(hiow) and Y = §2y where ¢ is such that 7¢(hiow) = Tmin(Riow)-
Finally, send X, 17 to {2, and evolve the process (1) with the new initial
condition Xy, 7.

Remark 8. In [54], when the process (Y;)i>1.,,, leaves £2, it is reflected back in 2
and it is then assumed that it reaches instantaneously the local equilibrium in
2 at temperature hp;gp,.

Remark 4. One can use a decorrelation step before running the TAD algorithm
and the sampling of Yz, = according to the local equilibrium in {2 at the begin-

ning of the step 1 to ensure that the underlying Markov jump process is justified,
see [1].

The extrapolation formula (7) which is at the heart of the algorithm TAD relies
on the properties of the underlying Markov jump process used to accelerate the
exit event from a metastable state and where transition times are exponentially
distributed with parameters computed with the Eyring-Kramers formula, see
Remark 1 and Equation (5). Indeed, in the algorithm TAD, it is assumed that
the exit time 7¢ from 2 is exponentially distributed with parameter » ., k;.
Since 7;(h) is the time it takes for the process (1) to exit {2 through z; at tem-
perature h, it follows that 7;(h) is exponentially distributed with parameter k;.
Furthermore, it is also assumed in TAD that k; satisfies the Eyring-Kramers
formula k; = A; e~ (f(z)=f(z0) (see (5)) where A; equals (6). Thus, in law, one
has:

2 (5l — 5t ) (f(20)— £ (20)

" Rhigh

Ti(hiow) = Ti(Rnign) €
This justifies the extrapolation formula (7).

Remark 5. There are other algorithms which use the properties of the underlying
Markov jump process to accelerate the exit event from a metastable state, see
for instance [57] and [58].

Let us now justify rigorously that a Markov jump process with transition rates
computed with the Eyring-Kramers formula (5) can be used to model the exit
event from a metastable domain {2 for the overdamped Langevin process (1).
Before, let us recall mathematical contributions on the exit event from a domain
and on the Eyring-Kramers formula (5).
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1.4 Mathematical literature on the exit event from a domain

In the mathematical literature, there are mainly two approaches to the study
of the asymptotic behaviour of the exit event from a domain when h — 0: the
global approaches and the local approaches.

Global approaches. The global approaches study the asymptotic behaviours
in the limit A — 0 of the eigenvalues of the infinitesimal generator

L&?}L:—SAJrVﬁV (8)
of the diffusion (1) on RY. Let us give for example a result obtained in [3,4]. Let
us assume that the potential f : R? — R has m local minima {z1, ...., Z,, }, then,
the operator L(Ozb has exactly m exponentially small eigenvalues {1, Az, ..., A }
when h — 0 with Ay =0 < Ay < ... < A, (ie., when h — 0, for alli € {1,...,m},
A\; = O(e™ %) for some ¢ > 0 independent of h). Moreover, sharp asymptotic
estimates can be derived for the eigenvalues {)\s, ..., A, }. For instance, let us
assume that for k € {2,...,m}, there exists a unique point zj such that f(zx) =
inf, ep(ay.B,) SUPrefo,1) f((t)), where By is the union of small balls centred in
each of the local minima of f which are lower than zj in energy and P(xy, Bi)
is the set of curves v € C°([0, 1], R?) such that v(0) = x), and (1) € By. Then,
if 2, is a non degenerate saddle point of f, one has in the limit A — 0:

\ IA(z1,)| +/det Hessf (zy,) e~ RUE 1@ (1 1 o(1)), 9)
2m  |\/det Hessf(zy)]

where A(zj) is the negative eigenvalue of the hessian matrix of f at zg. In the
articles [3,4], using a potential-theoretic approach, the sharp equivalent (9) is
obtained and each of the eigenvalues A, (for k € {2,...,m}) is related to the
average time it takes for the process (1) to go from z to local minima of f lower
in energy than x;. We also refer to [19] for similar results. In [25], another proof
of (9) is given using tools from semi-classical analysis. Let us also mention [46]
for a generalization of the results obtained in [25]. Notice that the results pre-
sented above provide any information concerning the average time it takes for
the process (1) to go from one global minimum of f to another local minimum
of f when h — 0. One also refers to [38] for generalization of [3,4] for a class of
non reversible processes when f has two local minima, and to [8-10, 32, 47] for
related results.

Remark 6. The global approaches have been used in [52, 53] to construct a

Markovian dynamics by projecting the infinitesimal generator L;?,)l of the diffu-
sion (1) with a Galerkin method onto the vector space associated with the m
small eigenvalues {A1, ..., A, }. This projection leads to a very good approxima-
tion of LES;L in the limit h — 0. The question is then how to relate the transition
events (or the trajectories) of the obtained Markov process to the exit events (or
the trajectories) of the original one.
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Local approaches. The local approaches consist in studying the asymptotic
behaviour when h — 0 of the exit event (10, X,,,) from a domain 2 C R?, where
T ‘— iIlf{t Z O,Xt ¢ .Q}

One of the most well-known approach is the large deviation theory developed by
Freidlin and Wentzell in the 1970s. We refer to the book [21] which summarizes
their main contributions. This theory is based on the study of small pieces of the
trajectories of the process defined with a suitable increasing sequence of stopping
times. The rate function is fundamental in this theory: it quantifies the cost of
deviating from a deterministic trajectory when h — 0. The rate functional was
first introduced by Schilder [51] for a Brownian motion. Some typical results
from [21, Theorem 2.1, Theorem 4.1, Theorem 5.1] are the following. Let 2 be a
C open and connected bounded subset of R%. Let us assume that 0, f > 0 on
02 and f has unique non degenerate critical point xg in {2 such that f(zg) =
ming f. Then, for all z € £2:

%g%hlnlﬁl [10] = Q(ggf — f(z0)).
Moreover, for all € (2 such that f(z) < infg, f and for all 6 > 0, there
exists dp € (0, 8] such that for all y € 942

}lllg%hlnP [1Xr, —yl < 0] =2(f(y) — ggf)

Lastly, if the infimum of f on 02 is attained at one single point yy € 942, then
for all § > 0:

lim P* || X, — i =1.

hli% U 2 yOl < ]
A result due to Day [11] (see also [43,44]) concerning the law of 7¢ is the
following. When h — 0, the exit time 7¢, converges in law to an exponentially
distributed random variable with parameter \;, and for all x € 2

lim )\h]Ez [TQ] = ].,
h—0

where )j is the smallest eigenvalue of the infinitesimal generator of the diffu-
sion (1) associated with Dirichlet boundary conditions on 0f2 (see Proposition 2
below). The interest of this approach is that it can be applied to very general
dynamics. However, when it is used to prove that the Eyring-Kramers formu-
las (5) can be used to study the exit distribution from (2, it only provides the
exponential rates (not the prefactor A; in (5)) and does not give error bounds
when h — 0.

They are also approaches which are based on techniques developed for partial
differential equations. Using formal computations, it is proved in [48] that for
any F'€ C*°(042,R) and x € §2, one has when h — 0:

— fE)Q F(2)0,f(2) e~ 72 gz
- fan 6nf€7%fd0

E.[F(X,,)] +o(1). (10)
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The formal asymptotic estimate (10) implies that the law of X, concentrates on
points where f attained its minimum on 9f2. Moreover, an asymptotic equivalent
of 7o when h — 0 is also formulated in [48]. These results are obtained injecting
formal asymptotic expansions in power of h in the partial differential equations
satisfied by z € 2 — E,[F(X,,)] and @ € 2 — E,[70]. The formula (10) is
proved rigorously by Kamin in [35] and is extended to non reversible diffusions
in [34] and in [50] by Perthame. However the results [34,35,50] do not provide
any information for the probability to leave {2 through a point which is not a
global minimum of f on 02.

Finally, let us mention [15, 16, 30, 32,40, 43, 44] for a study of the asymptotic
behaviour in the limit A — 0 of Aj, and uy, (see Proposition 2 below). The reader
can also refer to [14] for a review of the different techniques used to study the
asymptotic behaviour of X, when h — 0 and to [2] for a review of the different
techniques used to study the asymptotic behaviour of 7, when A — 0.

Remark 7. Some authors proved the convergence to a Markov jump process in
some specific geometric settings and after a rescaling in time. We refer to [36)
for a one-dimensional diffusion in a double well and [22,44] for a study in higher
dimension. In [55], assuming that all the saddle points of f are at the same
height, it is proved that a suitable rescaling of the time leads to a convergence
of the diffusion process to a Markov jump process between the global minima

of f.

The results presented in this work (see [17,18]) follow a local approach. The
quasi-stationary distribution of the process (1) on {2 is the corner stone of
the analysis. They state that, under some geometric assumptions, the Eyring-
Kramers formulas (with prefactors) can be used to model the exit event from a
metastable state, and provide explicit error bounds.

1.5 Quasi-stationary distribution and transition rates

Local equilibrium. Let 2 be a C* open bounded connected subset of R? and
f € C®(§2,R). Let us recall that 7o := inf{t > 0,X; ¢ 2} denotes the first
exit time from (2. The quasi-stationary distribution of the process (1) on (2 is
defined as follows.

Definition 1. A probability measure vy, on §2 is a quasi-stationary distribution
of the process (1) on §2 if for allt > 0 and all measurable set A C 2,

]P’yh [Xt S A|t < T_Q] = l/h(A).

The notation P, stands for the probability given the fact that the process (1)
is initially distributed according to p i.e. Xo ~ p. The next proposition [6,39)
shows that the law of the process (1) conditioned not to leave {2 converges to
the quasi-stationary distribution.
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Proposition 1. Let 2 be a C™ open connected and bounded subset of R% and
f € C>®(£2,R). Then, there exist a unique probability measure vy, on 2 and c > 0
such that for any probability measure p on (2, there exists C(un) > 0 and t(pn) > 0
such that for allt > t(p) and all measurable set A C {2:

|]P)‘u [Xt € A’t < TQ] — I/h(A)} < C(u)eict. (11)
Moreover, vy, is the unique quasi-stationary distribution of the process (1) on 2.

Proposition 1 indicates that the quasi-stationary distribution v} can be seen as
a local equilibrium of the process (1) in 2.

The quasi-stationary distribution v}, can be expressed with the principal eigen-
function of the infinitesimal generator LSS})«L (see (8)) of the diffusion (1) associ-
ated with Dirichlet boundary conditions on 0f2. To this end, let us introduce
the following Hilbert spaces L% (2) = {u: 2 — R, [,u%e"#/ < oo} and for
q €{1,2},

HI(02) = {u € L?U(Q), Va € N, la| < g, Oqu € L?U(Q)} (12)
Moreover, let us denote by Hj ,,(2) = {u € H}(£2), u =0 on 942}. Let us recall
the following result [39].
Proposition 2. Let {2 be a C™ open connected and bounded subset of R? and f €
C>(82,R). Then, the operator L;?,)l with domain Hg,(£2) N HZ(2) on L7, (12),
which is denoted by L?’}fo), is self-adjoint, positive and has compact resolvent.

Furthermore, the smallest eigenvalue Ap of LfD’h(O)

etgenfunction associated with \p, has a sign on 2.

is non degenerate and any

In the following, one denotes by uj an eigenfunction associated with Aj. Without
loss of generality, one assumes that

up, >0 on 2 and / uy e il =1. (13)
2
Then, the quasi-stationary v, of the process (1) on {2 is given by (see [39]):
Ff(@)

up(x) e
2
Joun e nf

Moreover, the following result shows that when Xy ~ v}, the law of the exit
event (7, Xr,,) is explicitly known in terms of Aj and uy, (see [39]).

vp(dz) = dz. (14)

Proposition 3. Let us assume that Xg ~ vp, where vy, is the quasi-stationary
distribution of the process (1) on 2. Then, T and X,,, are independent. More-
over, To is exponentially distributed with parameter A, and for any open set X C
012, one has:

/ anuh(z)e_%f(z)a(dz)
S

2)\h / uhe_%f
2

where o(dz) is the Lebesgue measure on 0f2.

P, [XTQ € Z] = (15)
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Approximation of the exit event with a Markov jump process. Let us
now provide justifications to the use of a Markov jump process with transition
rates computed with the Eyring-Kramers formula (5) to model the exit event
from a metastable domain 2. In view of (11), one can be more precise on the
definition of the metastability of a domain {2 given in Section 1.1. For a proba-
bility measure p supported in §2, the domain {2 is said to be metastable if, when
Xo ~ p, the convergence to the quasi-stationary distribution vy, in (1) is much
quicker than the exit from (2. For a metastable state {2, it is then relevant to
study the exit event from {2 starting from the quasi-stationary distribution vy,
i.e Xo ~ vp. As a consequence of Proposition 3, the exit time is exponentially
distributed and is independent of the next visited state. These two properties are
fundamental features of kinetic Monte Carlo methods, see indeed (2) and (3).
It thus remains to prove that the transition rates can be computed with the
Eyring-Kramers formula (5). For that purpose, let us first give an expression of
the transition rates. Recall that (£2;);=1,. . denotes the surrounding domains
of £2 (see Figure 1). For i € {1,...,n}, we define the transition rate to go from
(2 to f2; as follows:

— P, [Xr, € 0020092, (16)

where we recall, v}, is the quasi-stationary distribution of the process (1) on f2.
The superscript L in (16) indicates that the microscopic evolution of the sys-
tem is governed by the overdamped Langevin process (1). Notice that, using
Proposition 3, it holds for all i € {1,...,n}:

kL

0=1"¢

Thus, the expressions (16) are compatible with the use of a kinetic Monte Carlo
algorithm, see indeed (2) and (4). Indeed, starting from the quasi-stationary dis-
tribution vy, the exit event from {2 can be exactly modeled using the rates (16):
the exit time is indeed exponentially distributed with parameter Y., _; sz , in-
dependent of the exit point, and the exit point is in 9§2; N 92 with probability
kE/ >, k. The question it remains to answer is the following: does the tran-
sition rate (16) satisfy the Eyring-Kramers law (5) in the limit h — 07

Remark 8. If one wants to recover the expression of the prefactor (6), one has
to multiply by 3 the expression (16). This can be explained as follows. Once the
process (1) reaches 92 N 9f2;, it has, in the limit h — 0, a one-half probability
to come back in {2 and a one-half probability chance to go in §2;. If z; is a non
degenerate saddle point of f, this result is not difficult to prove in dimension
one, see [49, Section A.1.2.2]. In higher dimension, one can use a suitable set of
coordinates around z;.
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Notice that, using Proposition 3, for ¢ € {1,...,n}, the transition rate defined
by (16) writes:

/ Onup(2) ef%f(z)a(dz)
pl — I Joanoa

K3 )
2 _2
Up € nf
2

where we recall, uy is the principal eigenfunction of L?”h(o).

(17)

The remainder of this work is dedicated to the presentation of recent results
in [18], [17] and [49] which aim at studying the asymptotic behaviour of the
exit event (7o, X,,) from a metastable domain {2 in the limit A — 0. In par-
ticular, the results give a sharp asymptotic formula of the transition rates (17)
when h — 0.

2 Main results on the exit event

In all this section, 2 C R? is C> open, bounded and connected, and f €
C>(£2,R) 3. The purpose of this section is to present recent results obtained
in [17] and [18]. Both [17] and [18] are mainly concerned with studying the
asymptotic behaviour when h — 0 of the exit law of a domain {2 of the pro-
cess (1). In [17], when (2 contains only one local minimum of f and 9,f > 0
on 0f2, we obtain sharp asymptotic equivalents when h — 0 of the probability
that the process (1) leaves {2 through a subset X' of 912 starting from the quasi-
stationary distribution or from a deterministic initial conditions in 2. Then,
these asymptotic equivalents are used to compute the asymptotic behaviour of
the transition rates (16). In [18], we explicit a more general setting than the one
considered in [17] where we identify the most probable places of exit of {2 as well
as their relative probabilities starting form the quasi-stationary distribution or
deterministic initial conditions in 2. More precisely, we consider in [18] the case
when {2 contains several local minima of f and |V f| # 0 on 0f2.

2.1 Sharp asymptotic estimates on the exit event from a domain

In this section, we present the results of [17] which give sharp asymptotic esti-
mates on the law of X, and on the expectation of 7, when h — 0. These results
give in particular the asymptotic estimates of the transition rates (kf) j=1,...n
defined in (16).

Geometric setting. Let us give the geometric setting which is considered in

this section:

3 Actually, all the results presented in this section are proved in [17] and [18] in the
more general setting: 2 = 2 U 92 is a C*° oriented compact and connected Rie-
mannian manifold of dimension d with boundary 0f2.
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— [H1] The functions f : £2 — R and the restriction of f to §2, denoted by f|aq,
are Morse functions. Moreover, |V f|(x) # 0 for all x € 92.
— [H2] The function f has a unique global minimum z¢ in {2 and

rg})nf > mﬁinf = m!iznf = f(xo).

The point zg is the unique critical point of f in £2. The function f|s, has
exactly n > 1 local minima which are denoted by (z;);=1
ordered such that

.....

flz1) <o < flzn).

— [H3] 0, f(x) > 0 for all x € 2 (where 9, is the outward normal derivative
to £2).

Let us recall that ¢ : R? — R is a Morse function if all its critical points are non
degenerate. For a Morse function ¢ : R* — R, we say that z is a saddle point of
¢ if x is a critical point of ¢ such that the hessian matrix of ¢ at x has exactly
one negative eigenvalue. Under the assumption [H2], one defines ng € {1,...,n}
by the number of global minima of f|sg, i.e.:

f(z1) = o= fzng) < f(Mngt1) < oo < f(20).

Remark 9. The assumption [H1] implies that f does not have saddle point (i.e
critical point of index 1) on Jf2. Actually, under [H1], [H2] and [H3], the
points (z;)i=1,..n play geometrically the role of saddle points and are called
generalized saddle points of f on 02, see [30, Section 5.2]. This can be explained
by the fact that, under [H1], [H2], [H3] and when f is extended by —oo out-
side {2, the points (z;)i=1, .. are geometrically saddle points of f (the extension
of f b(y)foo is consistent with the Dirichlet boundary conditions used to define
_ D0 ).
£,k

Let us now define g : 2 = Rt by
g(z) = |Vf(z)| when z € 2 and g(z) = |Vrf(z)| when z € 02,  (18)

where Vrf is the tangential gradient of f in 0f2. The assumptions one needs
to state the results in this section depend on the Agmon distance in {2 between
the points (z;)i=1.....n. The Agmon distance is defined as follows: for any = € 2
and y € £,

,,,,,

do(z,y) ;= inf  L(v,(0,1)), (19)
Y€ELip(z,y)
where Lip(z,y) is the set of Lipschitz curves 7 : [0,1] — £ which are such
that v(0) = « and (1) = y, and where for v € Lip(x,y), L(v,(0,1)) =
f01 g(v(t))]y'(t)|dt. Finally, let us define the following sets. For ¢ € {1,...,n}, B,,
is the basin of attraction of z; for the dynamics 4x(t) = -V f(z(t)) in 942,
ie By, = {y € 092, lim; oo z(t) = z; if (0) = y}. Moreover, one defines for
ie{l,...,n}k
Bf =00\ B.,.
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Main results. Let us now give the main results of this section.

Proposition 4. Let up, be the eigenfunction associated with the smallest eigen-

value A\, of — L © which satisfies normalization (13). Let us assume that the
hypotheses [HI] [H2] [H3] are satisfied. Then, in the limit h — 0, one has:

VA HessF@) & 0uf(5) _agsen
\ R (f(z0)=f(=0)) (1 + O(R)).
b VTh ; V/det Hess fla(z) ‘ ( )

(20)
and

2 s
up(z) e # @ dy =
/Q (det Hessf(xo))1/4

d
4

hi e n /@) (14 0(h).  (21)

Furthermore, one obtains the following theorem on the asymptotic behaviour
of O, up, which is one of the main results of [17].

Theorem 1. Let us assume that [H1], [H2] and [H3] are satisfied and that
the following inequalities hold

f(z1) = f(zo) > f(zn) = f(21) (22)
and for all i € {1,...,n},

da(zi, BS,) > max(f(zn) — f(2i), f(z:) = f(z1)]- (23)

Leti € {1,..,n} and X; C 812 an open set containing z; and such that X; C B, .
Let up, be the principal eigenfunction of LD O which satisfies (13). Then, in

the limit h — 0:

_21(% ) 2f(z4) = f(=0)

/aUhe i = Cy(h)e” (1+O(h)), (24)

(det Hessf(xo))l/‘lanf(zi)%r% T
V/det Hess flaq(z:) '

These results have the following consequences.

where C;(h) = —

Corollary 1. Let us assume that all the assumptions of Theorem 1 are satisfied.
Leti € {1,...,n} and X; C 012 an open set containing z; and such that X; C B,,.
Then, in the limit h — 0:

) O o))
Pun [Xrg € 2] = \/det Hess flon(2:) (k—l \/det Hessf|an(zk)>

x e~ RUGEI=1GED) (1 4 O(h)), )




14 Tony Lelievre et al.

where vy, is the quasi-stationary distribution of the process (1) on 2 (see (14)).
Moreover, if X; the common boundary between the state {2 and a state £2;, then,
when h — 0

1 det Hessf(xq)

. —2(F(z)~f(20))
Onf(2i) et Hoss o (o) (1+0(h),  (26)

kL =
! vrh

where k¥ is the transition rate (16) to go from (2 to §2;.

Notice that since z; is not a saddle point of f, the prefactor in (26) is not
the prefactor $A; (see Remark 8), where A; is defined by (6), but it is indeed
the expected prefactor for a generalized saddle point of f, see Remark 9. The
asymptotic estimate (25) is a consequence of Proposition 4, Theorem 1 together
with (15), and (26) is a consequence of Proposition 4, Theorem 1 and (17).
The main difficulty is to prove (24) which requires a sharp equivalent of the
quantity fZi dnup e~ 77 when z; is not a global minimum of f on 942, i.e. when i €
{no+1,..,n}.

In [17], numerical simulations are provided to check that (25) hold and to discuss
the necessity of the assumptions (23) to obtain (25). Furthermore, in [17], the
results (24) and (25) are generalized to sets X' C 92 which do not necessarily
contain a point z € {z1, ..., z,, }: this is the other main results of [17] which is not
presented here. Moreover, with the help of “leveling” results on the function x +—
E.[F(X,,)], we generalized (25) to deterministic initial conditions in 2 (i.e.
when X = € 2) which are the initial conditions considered in the theory of
large deviations [21].

The proofs of Proposition 4 and Theorem 1 are based on tools from semi-classical
analysis and more precisely, they are based on techniques developed in [26-30,40].

Starting points of the proofs of Proposition 4 and Theorem 1. Let us
recall that wy is the eigenfunction associated with the smallest eigenvalue )y,
of —Lﬁ’h(o) which satisfies normalization (13). In view of (15) and in order to
obtain (25), one wants to study the asymptotic behaviour when h — 0 of Vuy,
on 0f2. The starting point of the proofs of Proposition 4 and Theorem 1 is the
fact that Vuy is solution to an eigenvalue problem for the same eigenvalue \p.
Indeed, recall that wy is solution to —L(f?,)L up = Apup in 2 and up = 0 on 92,
If one differentiates this relation, Vuy, is solution to

—L%})LVuh = A Vuy in 2,
VTUh =0on 69, (27>
(;Ldiv — Vf-) Vup, =0 on 082,

where Lg};b = %A — Vf -V —Hess f is an operator acting on 1-forms (namely

on vector fields). In the following the operator Lg} 21 with tangential boundary

conditions (27) is denoted by —Lﬁ}fl). From (27), Vuy, is therefore an eigenform
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of —L?;L(l) associated with A. For p € {0, 1}, let us denote, by W}(Lp) the orthogo-

) ,(p)
h

nal projector of —L?_;l(p associated with the eigenvalues of —L? smaller than

@. Another crucial ingredient for the proofs of Proposition 4 and Theorem 1 is
the fact that, from [30, Chapter 3],

Ran W}(Lo) = vect uj, and dim Ran 7r,(11) =n. (28)

Therefore, from (27), it holds

Vuy, € Ran ﬁ,(Ll). (29)
and from (13) and the fact that Ay, = <_L§f(?21 up,up) 2 = %||Vug||%. , one has
h 2
M= 2. (30)

Thus, to study the asymptotic behaviour when h — 0 of Ay, up and Vuy, we
construct an orthonormal basis of Ran ﬂél) adapted to the proof of Proposition 4
and Theorem 1. This basis is constructed using so-called quasi-modes.

Sketch of the proofs of Proposition 4 and Theorem 1. Let us give the
sketch of the proof of (25) which is the main result of [17]. Recall that from
Proposition 2, one works in the Hilbert space L2 (£2). The spaces L2 (£2) and
HL(92) (see (12)) extend naturally on 1-forms as follows

A'L2 () = {u = Yy, .y ug) s 2 = REVE € {1,....d}, / uze*%f < oo},
o)
and
AHL(Q) = {u="(u1,..;uq) : 2 - R V(i k) € {1,...,d}%, Qup € LE(2)}.
In the following, one denotes by ||.|z2 (resp. ||.|[g1) the norm of L2 (£2) and

AYLZ (92) (vesp. H),(£2) and A'H,\ (£2)). Finally, (.,.) > stands for both the scalar
product associated with the norm of L2 (§2) and with the norm A' L2 (£2). In view

of (29) and (28), one has for all orthonormal basis (1;);eq1,....n} of Ran ﬂ',(ll)7 in
L2 (0):
Vup, = Z(Vuhﬂﬁj)Lg,%a (31)
j=1
and from (30), it holds
S (32)
h — 2 hyWi)L2 | -

Jj=1
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In particular, one has for all k¥ € {1,...,n},

2

Opup et Z Vup, ¥;) L ;- ne_%f, (33)

2k pyA

where we recall that X}, is an open set of 042 such that z;, € X} and X}, C B.,.

Step 1: approzimation of uy. Under [H1], [H2] and [H3], it is not difficult to
find an approximation of uy. Indeed, let us consider,

S X

T (34)
||X||L3U

where x € CX(2,R") and x = 1 on {x € 2,d(z,002) > e} where ¢ > 0.
In particular, for € small enough, x = 1 in a neighboorhood of zy (which is
assumed in the following). Let us explain why @ is a good approximation of wy,.

Since —L?’h(o) is self adjoint on L2 (£2), one has

lls, < S 120y, = SlalVxe
L2 —\f A2 WA fgxzef%f

Since f(rg) = ming f < mingg f and x¢ is the unique global minimum of f on
2 (see [H2]), one has using Laplace’s method (z( is a non degenerate critical
point of f and x(zg) = 1):

d
/ N T (L) LI Yt
Q detHess f(xo)

@ - )

Therefore, for € small enough, for any § > 0, it holds when A — 0:
0)\ ~ 1|2 z T
i€ _ﬂ-}(z ))“||L2 O(e~ (2= (20)=0))

and thus: 1
7T§LO)’I~J, =u+ O(e_ﬁ(f(zl)—f(wo)—(s)) in L?U('Q)

From (28) and since x > 0, one has for any § > 0, when h — 0

(0) ~
wp, = M =i + O~ FUGEI=1@)=0)) i 12 (). (35)
||7r u\ 12

w

Since [|i]| 2 = 1, this last relation justifies that @ is a good approximation of uy,
in L2 (£2). Notice that (35) implies (21).

Step 2: construction of a basis of Ran ’ﬂ'}(ll) to prove Theorem 1. In view of (33),

the idea is to construct a family of 1-forms (Jj)je{lw)n} such that when pro-

jected on Ran 7T}(z ), they form a basis of Ran 77,(11) which allows to give a sharp

asymptotic estimates of 9,uy, on all the X;’s when h — 0. In the literature, such
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D,(1)

a 1-form {/;j is called a quasi-mode (for —L;, ). A quasi-mode for —L?}fl) isa
smooth 1-form w such that for some norm, it holds when h — 0:
w,(ll)w =w+ o(1), (36)

To prove Theorem 1, one of the major issues is the construction of the ba-
sis (1j)je{1,...,n} SO that the remainder term o(1) in (36) when w = v, is of the
order (see (23))

[Iee= ﬂ;ﬁl)){ﬁkH% - O(eﬂ% max[f (zn) =1 (z1), £ (1) =S (2] (37)
This is necessary to obtain that (W;Ll){/;j)je{l o} is a basis of Ran 7721) and above

all to get after a Gram-Schmidt procedure on (F}(Ll)lzj‘)
for all k € {1,...,n} (see (33)):

je{l,..n}’ when h — 0,

n

/ anuhef%f :Z<Vﬂ,$j>Lgﬂ/ ”(,/;j nef%erO(
Ek Ek

Jj=1

_2f(zp)—f(=g)te
e h

) (38)
and (see (32))

h = ~ -7 z1)— X c
Ay = 3 Z Vi, ;)2 2+ O(e 2(f(z)=fwo)+ ) (39)
j=1
where ¢ > 0 is independent of h and where we recall, @ is defined by (34) is
a sufficiently good approximation of uy, (see (35)). Let us now explain how we
in order to obtain (38) and (39). Then, we

d (Vi)
ety O (Vi vj)r, je{l,...n}

construct the family (’(/Jj)je{l oom}

explain how the terms (/ Jj -nef%f)
Xj
appearing in (38) and (39) are computed.
Step 2a: construction of the family ({/;j)je{l,...,n}- To construct each 1-form {/ij,
the idea is to construct an operator —L(f% with mixed tangential Dirichlet
and Neumann boundary conditions on a domain £2; C £ which is such that
({21, -y 20} U{z0}) N 2; = {z;}. For j € {1,...,n}, 1; is said to be associated
with the generalized saddle point z;. The goal of the boundary conditions is to
ensure that when h — 0, each of these operators has only one exponentially small
eigenvalue (i.e this eigenvalue is O(e_%) for some ¢ > 0 independent of h), the
other eigenvalues being larger than v/h. Then, we show that each of these small
eigenvalues actually equals 0 using a complex structure. To construct such op-

erators —Lg}% with mixed boundary conditions on 2;, the recent results of [33]

and [23] are used. The 1-form Jj associated with z; is then defined using an

(1)
b

eigenform v, p associated with the eigenvalue 0 of the operator ngcl,)l associated

with mixed boundary conditions on Qj:
(1)
~ Xj Uh,j

d)j = ) (40)
X w5

L2

w




18 Tony Lelievre et al.

where x; is a well chosen cut-off function with support in Qj. Notice that
for j € {1,...,n}, the quasi-mode Jj is not only constructed in a neighbour-
hood of z;: it has a support as large as needed in 2. This is a difference with
previous construction in the literature, see [30]. We need such quasi-modes for
the following reasons. Firstly, we compute the probability that the process (1)
leaves {2 through open sets X; which are arbitrarily large in B.,. Secondly, we

use the fact that the quasi-mode Jj decreases very fast away from z; to get (37).
This is needed to state the hypothesis (23) in terms of Agmon distances, see
next step.

Step 2b: Accuracy of the quasi-mode zzj for j € {1,...,n}. To obtain a sufficiently
small remainder term in (36) (to get (37) and then (38)), one needs to quantify

the decreasing of the quasi-mode 7); outside a neighboorhood of z;. The decreas-

ing of wj is obtained with Agmon estimates on v}(l ; which allow to localize 1/)J in

neighboorhood of z;. For j € {1,...,n}, we prove the following Agmon estimate

(1.
on vy, i

g vy dehdat=0|| = O(h ™), (41)

for some N € N and where d, is the Agmon distance defined in (19). To ob-
tain (41), we study the property of the Agmon distance (19) and the bound-
ary of {2 introduces technical difficulties. The Agmon estimate (41) is obtained
adapting to our case techniques developed in [30,40]. For all j € {1, ...,n}, using

the fact that [|(1 — (1) 7/’JHL2 = %< Ly, (1)1?],1/)J>L2 and (41), one shows
that
=5, < O Frtemmen bt

Thus, in order to get (37), the support of Vx; has to be arbitrarily close to
and Bf . This explains the assumptions (22) and (23), and the fact that the
quasi-mode '[/;j is not constructed in a neighboorhood of z; but in a domain Qj
arbitrarily large in (2. This is one of the main difference compared with [30]. At
the end of this step, one has a family (v;)e(1,...,n} Which satify (37). This allows

us to obtain, in the limit &~ — 0 (see (38)), for some ¢ > 0 independent of h and
for all Vk € {1, ...,n}:

2

(‘3nuhe_ﬁf =Z<VQ,TZ]>L3U '(Z;j -ne_%f—i-O(e_
j=1 Ek

2f(zp) = f (z0) +e
h

).

2k

Etape 3: computations o (/ ~4-7167%f) and( Vi, b ) .
P P / 5. Vi je{l,...,n} (Vi ¥i)ez, je{l,..n}

In view of (38) and (39), for all j € {1,...,n}, one needs to compute the terms

/ 1:/;], .ne 7 and (Va, Jj)Lﬁ
X
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To do that, we use for all j € {1,...,n} a WKB approximation of v,(llg., denoted
1) 1) '
zj,wkb* zj,wkb
(see for instance [30,40]). To prove Theorem 1, we extend the construction
1

ij?wk
deed, there is no restriction on the size of X; in sz). Then, the comparison

between v,(Ll; and v(l,)

by v In the literature, v is constructed in a neighboorhood of z;

of v , to neighbourhoods in §2 of arbitrarily large open subsets of B, (in-

is also extended to neighbourhoods in 2 of arbitrar-

zj,wkb
ily large open subsets of B.,. When the terms (fx Q’Zj . ne_%f> . , and
7 Jje{l,...,n
((Vﬂ, %)Lg ) . ) are computed, one concludes the proof of (20) using (39)
v/jie{l,....,n

and the proof of (24) using (38).

2.2 Most probable exit points from a bounded domain

Setting and motivation. In this section, we present recent results from [18]
on the concentration of the law of X,, on argming,f = {z € 02, f(z) =
mingg f} when h — 0 in a more general geometric setting than the one of
Theorem 1. The main purpose of these results if to justify the results [48] which
are obtained through formal computations. Let ) C 0f2. We say that the law
of X, concentrates on ) if for all neighborhood Vy of ) in 942, one has

}lliLI%)IP’ (X, € Vy] =1,
and if for all z € Y and all neighborhood V, of x in 942 , it holds:

lim P[X,, € V,] > 0.

h—0
Intuitively, one expects that the law of X, , concentrates on points where f at-
tains its minimum on 942. This result is formally obtained in [48] when 9, f(x) =
0 for all x € 92 or when 0, f(x) > 0 for all x € 0f2. Later on, this result
has been proved in [12,13,34,35,50] when 9, f > 0 on 92 and when f has a
unique non degenerate critical point in 2 (which is necessarily its global min-
imum in £2). Tools developed in semi-classical analysis allow us to generalize
this geometric setting. For instance, we consider several critical points of f in (2
and we drop the assumptions 9, f > 0 on 9f2 (however we do not consider the
case when f has saddle points on 9f2). Assuming that f and f|g, are Morse
functions, and |V f| # 0 on 942, we raise the following questions:

— What are the geometric conditions ensuring that, when Xy ~ 1}, the law
of X, concentrates on points where f attains its minimum on 92 (or a
subset of these points)?

— What are the conditions which ensure that these results extend to determin-
istic initial conditions in {2 7

The results of [18] aim at answering these questions. Let us recall that when f
and f|sn are Morse functions and when |V f| # 0 on 92, the set

{z is a local minimim of flsn} N{z € 902, 0, f(z) > 0} (42)
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are the generalized saddle points of f on 942 and play the role of saddle points
of f on 012, see Remark 9. Before stating the main results of [18], let us discuss
the two questions above with one-dimensional examples.

One-dimensional examples. To discuss the two questions raised in the pre-
vious section, one considers two one-dimensional examples.

Ezample 1. The goal is here to construct a one-dimensional example for which
starting from the global minimum of f in {2 or from the quasi-stationary dis-
tribution vy, the law of X,, does not concentrate on points where f attains
its minimum on 0(2. To this end, let us consider the function f represented in
Figure 2 for which one has the following result.

{f = minap f}

Fig. 2. Example of a function f for which, starting from the global minimum z; of f
in 2 or from the quasi-stationary distribution vy, the law of X, concentrates on z»
where f(Zz) > mingg, f = f(z1) .

Proposition 5. Let z1 < z3 and f € C*([z1, 22],R) be a Morse function. Let us
assume that f(z1) < f(z2), {z € [21,22], f'(x) =0} = {c, 21} withzy < e <1 <
zo and f(x1) < f(z1) < f(z2) < f(c) (see Figure 2). Then, for all z € (c, 23],
there exists € > 0 such that when h — 0:

P, [X

= 2] = O(e"#) and thus P,[X = 2] =1+0(e 7).

T(z1,22) T(z1,22)

Moreover, there exists € > 0 such that when h — 0:

P, [X =2]=0(e"®) and thus P, [X =z =1+0(e7),

T(z1,22) T(z1,22)

where vy, is the quasi-stationary distribution of the process (1) on (z1, 22).

The proof of Proposition 5 is based on the fact that in one dimension, explicit
formulas can be written for z — P,[X;_ . = z;] (j € {1,2}), see [49, Section
A.5.3.1]. According to Proposition 5, when h — 0 and when Xy = z € (¢, 22)
or Xg ~ vy, the process (1) leaves 2 = (21, 22) through z5. However, the gen-
eralized saddle point zo (see (42)) is not the global minimum of f on 9f2. This
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fact can be explained as follows: the potential barrier f(c) — f(x1) is larger than
the potential barrier f(z2) — f(x1). Then, the law of X,, when Xy =z € (¢, 22)
cannot concentrate on z; since it is less costly to leave {2 through zo rather than
to cross the barrier f(c) — f(x1) to exit through z;. Moreover, it can be proved
that the quasi-stationary distribution v, concentrates in any neighborhood of z
in the limit A — 0, which explains why the law of X, when Xy ~ v, also con-
centrates on zs. Concerning the two questions raised in the previous section,
this example indicates that in the small temperature regime, there exist cases
for which the process (1), starting from the global minimum of f in {2 or from v,
leave (2 through a point which is not a global minimum of f|ap.

This exemple also suggests the following. If one wants the law of X, to con-
centrate when A — 0 on points where f attains its minimum on 9{2, one should
exclude cases when the the largest timescales for the diffusion process in {2 are
not related to energetic barriers involving points of {2 where f attains its mini-
mum on J{2. In order to exclude such cases, we will assume in the following that
the closure of each of the connected components of { f < mingg, f} intersects 012.

Notice that if one modifies the function f in the vicinity of z; such that 9, f(z1) >
0 and argming f = {21}, 21 is a generalized order one saddle point and the results
remain the same.

Ezxample 2. Let us construct a one-dimensional example for which the concen-
tration of the law of X, on argming, f is not the same starting from the global
minima of f in 2 or from the quasi-stationary distribution v,. For this purpose,
let us consider z; > 0, z2 := —z1, 2z =0and f € C*([z1, 22], R) such that

[ is a Morse and even function, {x € [21, 22|, f'(z) = 0} = {x1, 2,22}, (43)
where
21 < a1 < z< a2 < 29, f21) = f(22) > f(x1) = fma), f(21) < f(2). (44)

A function f satisfying (43) and (44) is represented in Figure 3. One has the
following result.

7777777777 {f = minse f}

Fig. 3. One-dimensional example where (43) and (44) are satisfied.
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Proposition 6. Let z; > 0, z0 := —z1, 2 = 0 and f € C*([z1,22],R) which
satisfies (43) and (44). Then, when h — 0

1
=z]=-+4+0(h) and P, [X

P, [ X 5

T(z1,22) T(z1,22)

1
= 22] = 9 + O(h>7 (45)
where vy, is the quasi stationary distribution of the process (1) in (21, 22). More-
over, for all x € (21, 2), there exists ¢ > 0 such that when h — 0
P, [X.

T(21.22)

=2]=1+0(e" ") and P,[X =25 = O(e™ 1), (46)

T(21,22)

and for all x € (z,22), there exists ¢ > 0 such that when h — 0

P,[X

T(21.22)

—2]=0( %) and P,[X =2 =140("%). (47

T(21,22)
The proof of (45) is made in [41]. The asymptotic estimates (46) and (47) are
proved exactly as Proposition 5. According to Proposition 6, when f satisfies (43)
and (44), the concentration of the law of X, on {z1, 22} is not the same starting
from x € (21,22) \ {#} or from v},. This is due to the fact that in this case the
quasi-stationary distribution v}, has an equal repartition in all disjoint neighboor-
hoods of 1 and xs, i.e for every (a1,b1) C (z1,2) and (az,bs) C (2, 22) such that
a1 < 71 < by and as < wo < be, it holds for any j € {1,2}, limy,_,q f;j v, = %
(see [41]). When X = x € (21, 22) \ {z}, the asymptotic estimates (46) and (47)
can be explained by the existence of a barrier f(z) — f(x1) which is larger than
f(z1) = f(z1). In order to exclude such cases, we will assume in the follow-
ing that there exists a connected component C' of {f < mingg f}, such that
argming f C C.

Main results on the exit point distribution. In this section, a simplified
version of the results of [18] is presented. The aim is to exhibit a simple geometric
setting for which, on the one hand, the law of X,, concentrates on the same
points of 92 when Xy ~ v, or Xg = z € {2 for some = € {f < mingy, f} and, on
the other hand, this concentration occurs on generalized saddle points of f which
belong to argming, f. To this end, let us define the two following assumptions:

— [H-Morse] The function f is C°°. The functions f : 2 — R and f|sq, are
Morse functions. Moreover, |V f|(z) # 0 for all z € 2.

— [H-Min] The open set {f < mingp, f} is nonempty, contains all the local
minima of f in {2 and the closure of each of the connected components of
{f < mingp, f} intersects 2. Furthermore, there exists a connected com-
ponent C' of {f < mingg f} such that argmingf C C.

Notice that under [H-Morse] and [H-Min], it holds mingg f > ming f =
ming f. Under the assumptions [H-Morse] and [H-Min], one denotes the set
of points {z1, ...., 2, } by

CNON={z1, ., 2k, }- (48)
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Remark 10. As already explained, the points zi,...., 2k, are generalized saddle
points of f on 92 (see (42)) since they satisfy

{z1, oy 2o } C {2 € 092, 0, f(2) > 0} Nargming, f. (49)

Remark 11. Under [H-Min], the normal derivative of f can change sign and
the function f can have saddle points in {2 higher than mingg, f, see for instance
Figure 4.

C = {f < mingg f}

1 T2

Fig. 4. A one-dimensional example in which [H-Morse] and [H-Min] are satisfied,
the normal derivative of f changes sign and the function f has a saddle point in {2
higher than minge, f. In this example, {f < mingg, f} is connected and thus C = {f <
mingg f}. Moreover, C N 92 = {z1}.

As shown in the following theorem, the assumption [H-Min] ensures that
the quasi-stationary distribution v, concentrates in C' and starting from x € C
or from vy, the concentration of the law of X, when A — 0 occurs on the set
of generalized saddle points {z1, ...., 2k, } (see (48)). Notice that the assumption
[H-Min] is not satisfied in the two examples given in the previous section (see
Figures 2 and 3).

Theorem 2. Let us assume that the hypotheses [H-Morse] and [H-Min] are
satisfied. Let vy, be the quasi-stationary distribution of the process (1) in f2
(see (14)). Then, in the limit h — 0: v,(C) = 1+ O(e™#) for some ¢ > 0
independent of h. In addition, let F' € C*°(912,R). Then, when h — 0:

ko

By, [F(X.)] = F(z)a; +O(h?), (50)
=1
where fori € {1,...,ko},
-1
ko

o) 0t (2)
\/det Hessf|ag(zi) j=1 \/det Hessf|89(zj)

Finally, (50) holds when Xo =z € C.
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Remark 12. In [18], one also gives sharp asymptotic estimates of A, and 9,up
in a more general setting than the one of Theorem 2 (for instance, we study the
case when f has local minima higher than mingg; f). However, in [18], we do not
study the precise asymptotic behaviour of X, when h — 0 near generalized
saddle points z of f on 9f2 which are such that f(z) > mingg, f as we did in [17]
(see Corollary 1). Finally, in [18], the optimality of the remainder term O(h%)
in (50) is discussed and improved in some situations.

Ideas and sketch of the proof of Theorem 2. In this section, one gives the
sketch of the proof of (50) which is the main result of Theorem 2. Recall that
from (15), for F € C*(92,R)

L /EF(?nuhef%f

2)\h / uhei%f
[0}

where uy, is the eigenfunction associated with the smallest eigenvalue Aj, of —L7 ( ),
Therefore, to prove (50), one studies the asymptotic behaviour when h — 0 of
the following quantities

]EV;L [F(XTQ)} = -

An, Opup and / uhef%f. (52)
Q
Under the assumptions [H-Morse]| and [H-Min], one defines
mg = Card ({z € (2, z is a local minimum of f})

and

my : = Card ({z is a local minimum of flon} N {z € 912, 0, f(z) > 0})
+ Card ({z is saddle point of f}) (53)

The integer m; is the number of generalized saddle points of f in £2 (see [30, Sec-
tion 5.2]). To study the asymptotic behaviour when h — 0 of the quantities (52),
the starting point is to observe that Vuy, is solution to an eigenvalue problem for
the same eigenvalue )y, (as already explained at the end of Section 2.1). Indeed,
Vuy, is solution to (see (27))

—L{) Vuy = A Vuy, in 2,
VTUh =0on 69, (54)

(;Ldiv — Vf~> Vup =0 on 912,

where we recall Lg};l = %A —V f-V—Hess f is an operator acting on 1-forms. Let

us also recall that the operator LS},)L with tangential boundary conditions (54)



Metastability and Eyring-Kramers law 25
is denoted by —L?’(l). From (54), Vuy, is an eigenform of —L?;L(l) associated
with >\h- ‘

The second ingredient is the following result: under the assumptions [H-Morse]
and [H-Min] and when h — 0, the operator —Li’,l(o) has exactly mg eigenval-

ues smaller than @ and fLD’h(l) has exactly m; eigenvalues smaller than %

(see [30, Chapter 3]). Actuallif, all theses small eigenvalues are exponentially
small when h — 0, i.e they are all O(e_%) for some ¢ > 0 independent of h.

In particular \j is an exponentially small eigenvalue of —L?’h(o) and of —L?;L(l).

Let us denote by 7r,(10) (resp. 71',(11)) the orthogonal projector in L2 (£2) onto the mq

(resp. my) smallest eigenvalues of —L?}L(O) (resp. —L?}fl)). Then, according to

the foregoing, one has when h — 0:

dim Ran 71',(10) = mg, dimRan 7T}(Ll) =1my

and

Vuy, € Ran w,(ll).

Let us now explain how we prove Theorem 2. To this end, let us introduce the
set of local minima of f,

Uy := {x € 2, x is a local minimum of f},

and the set of generalized saddle points of f in (2,

uge = ({z is a local minimum of flon} N{z € 92, d,,f(z) > O})

U {% is a saddle point of f}.

Let us recall that mo = Card (Uf’) and, from (53), m; = Card (Ulﬁ) The first

step to prove Theorem 2 consists in constructing two maps j and j. The goal of
the map j is to associate each local minimum x of f with a set of generalized
saddle points j(z) C U{ such that

Vz,y €j(x), f(2) = f(y),

and such that, in the limit h — 0, there exists at least one eigenvalue of —LfD}fO)

whose exponential rate of decay is 2(f(j(z)) — f(z)) i.e.

I eo(—L7”) such that lim hlnd = —2(f(i(2)) — /().

The aim of the map}is to associate each local minimum x of f with the connected
component of {f < f(j(z))} which contains x.

The second step consists in constructing bases of Ran 77,(10) and Ran 7T}(Ll). To this
end, one constructs two families of quasi-modes, denoted by (tx)req1,...,mo} and
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({/;j)je{l,...,ml}a which are then respectively projected onto Ran W}(Lo) and Ran W}(Ll).

To construct the family of 1-forms (zbvj)je{17___7ml}, we proceed as follows. For each
saddle point z of f in {2, following the procedure of [25], one constructs a 1-form
supported in a neighboorhood of z in 2. For a local minimum z of f|s such
that 9,f(z) > 0, one constructs a 1-form supported in a neighboorhood of z
in 2 as made in [30]. To construct the family of functions (Uk)ke{1,...,mo}> ONE
constructs for each local minimum x of f a smooth function whose support is

almost j(z) (this construction is close to the one made in [25, 30, 31,40, 46]).

The next step consists in finding a sharp asymptotic equivalent for A\, when
h — 0. The quantity %Ah equals the square of the smallest singular values of the
finite dimensional operator

V : Ran 7r,(10) — Ran 71'}(11).

To study the asymptotic behaviour when A — 0 of this smallest singular value,
one uses the bases of Ran w,(lo) and Ran W}(Ll) which have been constructed pre-
viously. The analysis of this finite dimensional problem is inspired by [31] and

also yields the asymptotic equivalent of |, o Uh e~/ when h — 0.

Then, we study the asymptotic behaviour of the normal derivative of u; on 02
when h — 0 to deduce that the law of X, concentrates when h — 0 on CNIS2 =
{21, ey 2y } When X ~ vp.

Lastly, one proves “leveling” results on the function

x— B [F(X,,)]

to obtain that when Xo = = € C, the law of X, also concentrates when h — 0
on {21, ..., 2k }-

To conclude, the main results of [18] are the following:

1. One uses techniques from semi-classical analysis to study the asymptotic
behaviours of A\, and 0,u; when h — 0, and then, the concentration of the
law of X, on a subset of argming, f when Xy ~ v,.

2. One identifies the points of argming, f where the law of X, concentrates
when X, ~ vp,: this set of points is {z1, ..., 2k, }. Moreover, explicit formulas
for their relative probabilities are given (see indeed (51)) as well as precise
remainder terms.

3. One extends the previous results on the law of X, to a deterministic initial
condition in £2: Xg = z where z € C.

4. The results hold under weak assumptions on the function f and one-
dimensional examples are given to explain why the geometric assumptions
are needed to get the results.

Conclusion. We presented recent results which justify the use of a kinetic Monte
Carlo model parametrized by Eyring-Kramers formulas to model the exit event
from a metastable state {2 for the overdamped Langevin dynamics (1). Our
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analysis is for the moment limited to situations where |V f| # 0 on 042, which
does not allow to consider order one saddle points on 0f2. The extensions of [17]
and [18] which are currently under study are the following: the case when f has
saddle points on 9f2 and the case when the diffusion process X; = (g, pt) is
solution to the Langevin stochastic differential equation

dg; = pdt,
dp; = =V f(q¢)dt — v pedt + /by dBy,

where (g¢,p:) € 2 x R%, 2 being a bounded open subset of R%.
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