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Abstract

A low-level distributed nonlinear controller for a DC
MicroGrid integrated in a Train Station is introduced
in this paper. A number of elements are connected
to the MicroGrid: two different transient time scale
renewables (braking recovery and photovoltaic), two
kinds of storage acting at different time-scale (a bat-
tery and a supercapacitor), and a load. The model
is developed and a complete stability analysis is in-
vestigated: power balance and voltage grid stability
requirements are both met. A System of Systems
approach is utilized to develop the control laws for
the DC/DC converters in order to fulfil the dedicated
objective each controller has. Simulation results
showing the desired grid behaviour are presented.

1. Introduction

Direct Current (DC) microgrids are attracting inter-
est thanks to their ability to easily integrate modern
loads, renewable sources and energy storages [1],
[2], [3], [4], [5]. They also acknowledged the fact
that most renewable energy sources and storage
use DC energy (as photovoltaics and batteries for
example), and allow the reduction of the number of
power converters in the grid. By doing this, they re-
duce losses, and allow fast control of the grid. This
is capital to comply to the fast variations intrinsic to
renewables [6].

Nowadays, energy coming from renewable sources
(renewables) can be stored for future utilization or
sent to the main AC grid even if these energies are
intermittent thanks to storage devices utilization. All
except braking energy recovery, which has not been

studied so far. A train station dedicated DC Micro-
Grid is here introduced: the microgrid’s targets are
to merge residual braking energy recovered from
the trains to that produced by photovoltaics and to
maintain a desired voltage level. It is considered
a framework of two different storage systems with
different targets in order to have energy reservoir
when needed as well as being able to absorb suffi-
ciently fast power coming from the braking system,
and to make the DC grid resilient to disturbances
or transient phenomena, using two different time
scales. The adopted scheme is depicted in Fig. 1.

This paper is organized as follows. In Section 2
the model of the DC MicroGrid is introduced. Then
in Section 3 the adopted analysis is carried out to
satisfy stability requirements. Section 4 provides
simulation results, while in Section 5 conclusions
are provided.

2. DC MicroGrid design in station
neighbourhood

The considered MicroGrid is a DC one without a
connection to a main AC grid. A corresponding
scheme to better describing the general one intro-
duced in Fig. 1 is depicted in Fig. 2.

The target is to assure voltage stability in the DC
grid and correctly feed power to the load while ab-
sorbing power from the PV array and the braking
energy recovery system. To each component of
the microgrid (PV array, energy recovery system,
battery, supercapacitor) a DC/DC converter is con-
nected. Furthermore, another important target is to
save battery lifetime. Since the braking energy re-
covery system introduces a high level of current in a



Figure 1: The considered framework: An illustrative
scheme.

short time period, the battery would result stressed
and its lifetime could be reduced if it would be in
charge of absorbing this power. A supercapacitor
is then selected to absorb that amount of power;
indeed thanks to its different characteristics, its life-
time will not be affected as the battery. Power com-
ing from the battery will then be modified according
to the new level of energy in the supercapacitor, but
according to a desired charge/discharge rate. Two
assumptions are made. A higher level controller is
supposed to provide references to be accomplished
by the local controllers [7], [8], [9]; the second one
is about a proper sizing of PV array, battery and
supercapacitor in order to have feasible power bal-
ance with respect to the sizing of the load.

The voltage of the DC grid is influenced by the con-
nection with load and sources. The DC/DC con-
verter connecting the PV array to the DC grid is a
boost one and it is illustrated in the red area in Fig.
2. Its target is to obtain the maximum amount of
power from the PV array regulating the voltage vC1

to its reference v∗1, given by the higher level con-
troller implementing Maximum Power Point Tracking
(MPPT) algorithm, and considered constant during
each time interval T . The DC/DC converter dedi-
cated to energy recovery from the train braking is
the boost one in grey in Fig. 2. Its target is to obtain
energy from the increase of the voltage vT when the
train is breaking; so it assigns the value v∗4 to vC4 ,

Figure 2: The considered framework: A circuital
scheme.

where v∗4 is the voltage level of vT when there is no
recovery energy from the train braking and conse-
quently there is no current generated. The DC/DC
converter connecting the battery is a bost-buck bidi-
rectional converter (yellow area in Fig. 2). Its duty
cycle is controlled to assign the reference value v∗7
to vC7 , forcing the battery to provide/absorb a de-
sired amount of power, in a smooth way that max-
imizes its lifetime. This reference value is given by
the higher controller not considered in the present
paper, and is taken as constant during the time pe-
riod T . It must to be noticed that the reference in
terms of voltage v∗7 has the same meaning as a ref-
erence in terms of power. Indeed, it is easy to re-
late the power to the voltage of the DC grid and the
current coming from the battery [10]. The DC/DC
converter connecting the supercapacitor to the DC
grid is a bidirectional buck-boost (blue area in Fig.
2). The target is to control the capacitor’s voltage
directly connected to the grid, v10, for maintaining a
desired reference value v∗15 for the DC grid. Accord-
ing to the supercapacitor’s target to maintain volt-
age grid stability, it is not expected to be completely
charged or discharged. As already stated, the high
level controller is supposed to calculate the refer-
ence for the power coming from the battery in a way
such that the state of charge of the supercapacitors
is 50% of its operability (about 75% of maximum volt-
age) at the beginning of each time interval (this is
the best starting point for efficiency reasons) with-
out taking into account unmodeled disturbances [8].



2.1. Grid modelling

Here the mathematical model is given, based on
power electronics averaging technique:

v̇C1 = 1
R1C1

(vPV − vC1)− 1
C1
iL3

v̇C2 = 1
R2C2

(vC12 − vC2) + 1
C2
iL3(1− u1)

i̇L3 = 1
L3
vC1 − 1

L3
vC2(1− u1)− R01

L3
iL3

v̇C4 = 1
R4C4

(vT − vC4)− 1
C4
iL6

v̇C5 = 1
R5C5

(vC12 − vC5) + 1
C5
iL6(1− u2)

i̇6 = 1
L6
vC4 − 1

L6
vC5(1− u2)− R04

L6
iL6

v̇C7 = 1
R7C7

(vB − vC7)− 1
C7
iL9

v̇C8 = 1
R8C8

(vC12 − vC8) + 1
C8
iL9(1− u3)

i̇L9 = 1
L9
vC7 − 1

L9
vC8(1− u3)− R07

L9
iL9

v̇C10 = 1
R10C10

(vC12 − vC10) + 1
C10

iL11

i̇L11 = 1
L11

VSu4 − R08
L11

iL11 − 1
L11

vC10

v̇C12 =
vC2

−vC12
R2C12

+
vC5

−vC12
R5C12

+
vC8

−vC12
R8C12

− vC12
RLC12

(1)
The state x(t) is composed by 15 variables, where
the vCi , i = {1, 2, 4, 5, 7, 8, 10, 12}, represent the volt-
age of capacitors Ci, while iLj , j = {3, 6, 9, 11}, are
the currents in the inductors Lj . The dynamical be-
haviour of the system is in the form

ẋ(t) = f(x(t))+g(x(t), u(t), d(t))+h(x(t), d(t)) (2)

where u is the control vector and d describes the
disturbances acting on the system.

u =
[
u1 u2 u3 u4

]T (3)

d =
[
vPV vT vB vS RL

]T (4)

where the values of the capacitors, resistances and
the inductors are known and positive. vPV > 0,

vB > 0, vS > 0 are positive values of the PV ar-
ray,the battery and the supercapacitor voltages, while
vT > 0 is the voltage of the braking energy recovery
system. The control inputs in u are the duty cycles
of the converters.

3. Control strategy

Let us consider the introduced hypothesis about the
higher level controller providing references for power
balance and about the proper sizing of the devices.
Then, given the references that allow power bal-
ance in steady-state with respect to the load RL at
the desired voltage grid, it is possible to state that:

Theorem

Control inputs u1, u2, u3, u4, exist such that the sys-
tem in (1) is asymptotically stable in an operating
region in closed loop around the equilibrium point
xe ensuring power balance, where xe is

xe = [v∗1 ve2 i
e
3 v

∗
4 ve5 i

e
6 v

∗
7 ve8 i

e
9 v

∗
12 0 v∗12]

T

with

vei =
1

2

(
v∗C12

+
√
v∗C12

2 + 4RiCi∆i

)
, i = {2, 5, 8}

(5)

∆2 =
1

R1C2
(vPV − v∗1)

[
v∗1 −

R01

R1
(vPV − v∗1)

]
(6)

∆5 =
1

R4C5
(vT − v∗4)

[
v∗4 −

R04

R4
(vT − v∗4)

]
(7)

∆8 =
1

R7C8
(vB − v∗7)

[
v∗7 −

R07

R7
(vB − v∗7)

]
(8)

ie3 =
vPV − v∗1

R1
, ie6 =

vT − v∗4
R4

, ie9 =
vB − v∗7
R7

(9)

Proof

The proof is based on a composition of Lyapunov
functions [11], [10], [12]. The control inputs u1, u2,
u3, are designed to implement a feedback stabiliz-
ing PI controller to the converters such that a Lya-
punov function for each dynamics involved in power
reference tracking is found, i.e. W1,3, W4,6, W7,9,



are positive definite and have negative definite time
derivates Ẇ1,3, Ẇ4,6, Ẇ7,9, ensuring asymptotic sta-
bility. The control inputs are

u1 =
1

vC2

[−vC1 + vC2 +R01iL3 − L3w1] (10)

u2 =
1

vC5

[−vC4 + vC5 +R04iL6 − L6w2] (11)

u3 =
1

vC8

[−vC7 + vC8 +R07iL9 − L9w3] (12)

with

w1 = K3(iL3 − z3) +K3α3 − C1K1K
α
1 (vC1 − v∗1)+

+

(
C1K1 −

1

R1

)
(K1(vC1 − v∗1) +K1α1) (13)

w2 = K6(iL6 − z6) +K6α6 − C4K4K
α
4 (vC4 − v∗4)+

+

(
C4K4 −

1

R4

)
(K4(vC4 − v∗4) +K4α4) (14)

w3 = K9(iL9 − z9) +K9α9 − C7K7K
α
7 (vC7 − v∗7)+

+

(
C7K7 −

1

R7

)
(K7(vC7 − v∗7) +K7α7) (15)

z3 =
1

R1
(vPV − vC1) + C1K1(vC1 − v∗1) + C1K1α1

(16)

z6 =
1

R4
(vT−vC4)+C4K4(vC4−v∗4)+C4K4α4 (17)

z9 =
1

R7
(vB−vC7)+C7K7(vC7−v∗7)+C7K7α7 (18)

where, for i = {1, 3, 4, 6, 7, 9}, the positive gains Ki,
Ki, Kα

i , have to be properly chosen and αi are in-
tegral terms assuring zero error in steady state:

α̇1 = Kα
1 (vC1 − v∗1) α̇3 = Kα

3 (iL3 − z3) (19)

α̇4 = Kα
4 (vC4 − v∗4) α̇6 = Kα

6 (iL6 − z6) (20)

α̇7 = Kα
7 (vC7 − v∗7) α̇9 = Kα

9 (iL9 − z9) (21)

Because of the obtained stable feedback linearized
systems, it is possible to calculate positive definite
Lyapunov functions W1,3, W4,6, W7,9, for the aug-
mented systems considering also the integral error
dynamics, such that their time derivative are nega-
tive definite [10]. Then W1,3 > 0, W4,6 > 0, W7,9 >
0, such that Ẇ1,3 < 0, Ẇ4,6 < 0, Ẇ7,9 < 0.

In order to respect voltage stability and to have ro-
bustness with respect to the strong power variation
coming from the PV array and the braking energy
recovery system, the control input of the superca-
pacitor connected DC/DC converter is calculated.
Its duty is to stabilize the grid voltage and the sys-
tem interconnection. Then Lyapunov functions for
the remaining dynamics are calculated and the sta-
bilizing control law u4 is obtained in order to have
W2,5,8,12 > 0 and W10,11 > 0 such that Ẇ2,5,8,12 ≤ 0
and W10,11 < 0. To find a proper control action, the
W2,5,8,12 is defined as

W2,5,8,12 =
C2

2
e22 +

C5

2
e25 +

C8

2
e28 +

C12

2
v2C12

(22)

where the errors e2, e5, e8, are the difference be-
tween the dynamics vC2 , vC5 , vC8 , and their equilib-
rium points;

e2 = vC2 − ve2 , e5 = vC5 − ve5 , e8 = vC8 − ve8 (23)

According to this change of variables, it is then pos-
sible to rewrite the equations as

ė2 = 1
R2C2

(vC12 − e2 − ve2) + 1
C2
iL3(1− u1)

ė5 = 1
R5C5

(vC12 − e5 − ve5) + 1
C5
iL6(1− u2)

ė8 = 1
R8C8

(vC12 − e8 − ve8) + 1
C8
iL9(1− u3)

v̇C12 =
e2+ve2−vC12

R2C12
+

e5+ve5−vC12
R5C12

+

+
e8+ve8−vC12

R8C12
− vC12

RLC12

(24)

Then the time derivative is

Ẇ2,5,8,12 = − 1

R2
e22 −

1

R5
e25 −

1

R8
e28+ (25)

+ Ψ2 + Ψ5 + Ψ8 + Ψ12+

+
vC12

R10
(vC10 − vC12)

where

Ψ2 = e2

(
1

R2
(vC12 − ve2) + iL3(1− u1)

)
(26)

Ψ5 = e5

(
1

R5
(vC12 − ve5) + iL6(1− u2)

)
(27)



Ψ8 = e8

(
1

R8
(vC12 − ve8) + iL9(1− u3)

)
(28)

Ψ12 = vC12

(
e2 + ve2 − vC12

R2
+
e5 + ve5 − vC12

R5

)
+

(29)

+ vC12

(
e8 + ve8 − vC12

R8

)
−
v2C12

RL

In equation (25) the voltage vC10 must be seen as
the control input; it can be properly chosen to obtain
a desired form for Ẇ2,5,8,12. Considering K10 > 0,
let us then define the reference z10 for vC10 as

z10 = −R10
1

vC12

[Ψ2 + Ψ5 + Ψ8 + Ψ12] + (30)

− R10

vC12

[
v∗12

2 − 2vC12v
∗
C12

]
− R10K10

vC12

[vC12 − v∗12]
2

(31)

When vC10 reaches its reference value, then Ẇ2,5,8,12

results to be negative semidefinite. To prove asymp-
totic stability the set Ω is considered: it is the largest
invariant set of the set E of all points where the Lya-
punov function is not decreasing. Ω is shown to
contain an unique point.

Ẇ2,5,8,12 = − 1

R2
e22 −

1

R5
e25 −

1

R8
e28+ (32)

−
(

1

R10
+K10

)
[vC12 − v∗12]

2 ≤ 0

Ω ={(e2, e5, e8, vC12) : vC2 = ve2, (33)
vC5 = ve5, vC8 = ve8, vC12 = v∗12} =

={(0, 0, 0, v∗15)}

LaSalle’s theorem can be applied to V̇2,5,8,12 to prove
asymptotic stability around the desired DC grid volt-
age level. To assign the reference z10 the control
input u4 is calculated again by backstepping tech-
nique. To this purpose, the candidate Lyapunov
function W10,11 is in the form of

W10,11 =
C10

2
(vC10 − z10)2 +

L11

2
(iL11 − z11)2 (34)

where z11 is the reference for iL11 and K10 > 0,
defined as

z10 = − 1

C10
(vC15 − vC10) +C10ż10 −K10(vC10 − z10)

(35)

with ż10 being the time derivative of z10. Then the
control input u4 defined as

u4 =
1

VS
(R08iL11 + vC10) +L11ż11−K11(iL11 − z11))

(36)
where ż11 is the time derivative of z11 and K11 > 0,
define a negative definite Ẇ10,11:

Ẇ10,11 = −K10(vC10 − z10)2 −K11(iL11 − z11)2 < 0
(37)

Then a positive definite Lyapunov function W > 0
with semidefinite negative time derivative Ẇ ≤ 0
ensuring asymptotic voltage stability and power bal-
ance is introduced.

W = W1,3 +W4,6 +W7,9 +W2,5,8,12 +W10,11 (38)

Ẇ = Ẇ1,3 + Ẇ4,6 + Ẇ7,9 + Ẇ2,5,8,12 + Ẇ10,11 (39)

4. Simulations

In this section a simulation of the proposed scheme
and the relative control action is introduced: the
Matlab toolbox SimPower has been used for the
implementation. The values of the converters are
introduced in Table 2, while the considered ratings
are in Table 1.

Simulation time is 10 s. In the considered scenario
a constant load is assumed; the needed power to
match power balance is provided by the PV array,
the battery and the energy recovered by the train
braking. The from the battery power coming will be
bounded by the high level controller by imposing a
limitation on the power variation on the battery. The
high level controller will then provide a reference to
the local controller of the battery connected DC/DC
converter such that the storage device will not de-
teriorate its lifetime. The instantaneous power bal-
ance will then be provided by the supercapacitor.

Fig. 3 shows the irradiance the PV array is affected
by: according to it, a current is generated by the
PV array (see Fig. 4). During the considered sce-
nario, a train is supposed to start braking at second
3 and completely stop at second 8; during the brak-
ing time, the energy recovery system generates the
current introduced in Fig. 4.

Fig. 5 depicts the load behaviour. The resulting
needed power to match power balance between the



Table 1: Ratings

Branch Rating
PV 1 MW

Train 1 MW
Battery 1 MW

Supercapacitor 1 MW
Load 1 MW

Grid nominal voltage 1000 V

0 1 2 3 4 5 6 7 8 9 10
Time [s]
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1000

1500

[W
/m

2 ]

Figure 3: The irradiance on the PV array.
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Figure 4: The current generated by the PV array, iPV ,
and the one by the train braking recovery system, iT .
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Figure 5: The current consumed by the load.
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Figure 6: The current absorbed/generated by the super-
capacitor, iS , and by the battery, iB .
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Figure 7: The voltage of the battery.
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Figure 8: The voltage of the supercapacitor.
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Figure 9: The voltage of the DC grid compared to its
reference.



load and the renewables is then provided/taken by
the supercapacitor and the battery: such currents
are introduced in Fig. 6. The battery current pro-
file is a trade-off between the desired current to
be absorbed/provided in order to meet power bal-
ance and the necessity to preserve battery lifetime
with a smooth charge/discharge ratio. According to
these currents, the storage devices will have volt-
age variations; they are shown in Fig. 7 and 8.
During the entire time, the supercapacitor takes the
duty to absorb/provide the extra/missing power, as
a consequence to its main duty to control voltage
stability. The supercapacitor dynamics permits an
acceptable voltage variation; a dedicated high level
controller will allow initial voltage restoration in a de-
sired time interval. A slower discharge is presented
in the battery, due to the different nature and size of
the device.

The control action introduced in Section 3 properly
maintains the grid voltage in the desired range of
about 10% of the nominal value of 1000V , as stated
in Fig. 9. There is only a peak exceeding this range,
and it is due to the fast response that is asked to the
braking energy recovery system. Then it is possible
to state that the main result of the paper is accom-
plished, and that the DC microgrid is controlled in
an efficient way. Indeed, the dynamics of the stor-
age devices associated to the one of the current
generated by the braking generates a perturbation
of 2.85 kV/µs (from Fig. 9) and 0.562 A/µs (from
Fig. 5). This perturbation will not affect the dynam-
ics of the storage devices or of the grid, but it could
influence the converters in transient time. A better
regulation of the controllers could avoid a dedicated
EMI study. Also, an action dedicated to smooth the
slope of the current generated by the braking en-
ergy recovering system can be considered: indeed,
the high variation of power is a main cause of the
perturbation acting on the DC grid voltage. A trade-
off situation can be chosen with respect to the max-
imum energy recovery and to reasonable voltage
variations.

5. Conclusions

In this paper a control scheme dedicated to main-
tain voltage and power stability of a DC microgrid
is introduced. Such scheme is applied to a DC Mi-

Table 2: Grid parameters.

Par. Value Par. Value Par. Value
C1 100 mF C2 10 mF L3 33 mH
R01 10 mΩ R02 10 mΩ R1 100 mΩ

R2 100 mΩ C4 100 mF C5 10 mF
R04 10 mΩ R05 10 mΩ R4 100 mΩ

R5 10 mΩ L6 33 mH C8 10 mF
C7 100 mF R7 100 mΩ R8 10 mΩ

L9 33 mH R07 10 mΩ R08 10 mΩ

L11 3.3 mH R010 10 mΩ R011 10 mΩ

C10 10 mF R10 100 mΩ C12 0.1 mF
RL 5 Ω

crogrid which includes two intermittent renewable
sources and two storage systems acting in different
time scales. The proposed scheme takes the op-
portunity to use a braking energy recovery system
added to the the integration of renewables.

Thanks to the mixed storage (battery and superca-
pacitor), the impact of the voltage variation is bounded
and leads to a better station DC grid stabilization.
Simulation results show the effectiveness of the pro-
posed control analysis. Future works will use the
developed technique to detail limitations due to phys-
ical components.
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