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Abstract
A wave finite element (WFE) based approach is proposed to analyze the dynamic behavior of finite-length
periodic structures which are made up of identical substructures but also contain several substructures whose
material and geometric characteristics are slightly perturbed. Within the WFE framework, a model reduc-
tion technique is proposed which involves partitioning a whole periodic structure into one central structure
surrounded by two unperturbed substructures, and considering perturbed parts which are composed of per-
turbed substructures surrounded by two unperturbed ones. In doing so, a few wave modes are only required
for modeling the central periodic structure, outside the perturbed parts. For forced response computation
purpose, a reduced wave-based matrix formulation is established which follows from the consideration of
transfer matrices between the right and left sides of the perturbed parts. Numerical experiments are carried
out on a periodic 2D structure with two perturbed substructures which can be randomly located. The rel-
evance of the WFE-based approach is clearly established in comparison with the FE method, in terms of
accuracy and computational saving. Additional simulations are made to examine the feasibility to improve
the robustness of periodic structures to the occurrence of aarbitrary slight perturbation, by artificially adding
several “controlled” perturbed substructures.

1 Introduction

The study of the dynamic behavior of finite-length periodic structures with local perturbations is addressed
within the present paper. Those structures are made up of identical substructures, which can be of arbitrary
shapes and are assembled along a certain straight direction. In addition, they contain several perturbed
substructures whose material and geometric characteristics undergo arbitrary slight variations. Assessing
the sensitivity of the frequency response functions (FRFs)of periodic structures to the occurrence of those
perturbed substructures which can be arbitrarily located —e.g., such as variabilities of the design processes,
or defects — relates the motivation of the present study. Thechallenge concerns the development of a
numerical approach which is low time-consuming in comparison with the conventional FE method, while
keeping the same level of accuracy. The wave finite element (WFE) is investigated to address this task.
Indeed the WFE method has proved to be relevant for modeling purely periodic structures like those involving
arbitrary-shaped substructures and large-sized FE models, and will be thus improved in this work with a view
to modeling periodic structures with local perturbations.



Originally, the WFE method has been developed to describe the wave propagation along one-dimensional
periodic structures [1, 2, 3]. The procedure involves considering the finite element (FE) model of a given
substructure, and expressing a transfer matrix relation between its right and left boundaries. The sought
transfer matrix is symplectic with eigenvectors and eigenvalues which are referred to as wave modes. The
eigenvectors are to be understood as wave shapes which propagate from substructure to substructure along
the right and left directions of a periodic structure. On theother hand, the eigenvalues have the meaning of
wave parameters which are directly linked to the concepts ofwavenumbers and wave speeds.

To date, the WFE method has been mainly applied to homogeneous waveguides [4, 5, 6, 7] and simple
periodic structures such as truss beams [8] or beams with periodic supports [9]. The strategy to compute the
forced response of finite-length periodic structures, which can be subjected to different kinds of boundary
conditions, has been investigated in different ways [10, 11, 12, 13]. Recent works have been conducted
focusing on the analysis of truly periodic structures of relative complexity [14, 15]. In [15], a model reduction
technique has been proposed which enables fast computationof the forced response of periodic structures
composed of substructures of arbitrary shape and modeled with many degrees of freedom (DOFs). In this
framework, a periodic structure is partitioned into one central structure which is modeled by means of the
WFE method, and two surrounding substructures which are modeled with the FE method. In doing so, a
few wave modes are only required for modeling the central structure, which is explained by the fact that
the kinematic and mechanical fields admit smooth variationson its boundaries. This WFE-based model
reduction technique has been proved to be relevant for computing the forced response of a periodic structure
with heterogeneous substructures modeled with more than30, 000 DOFs. The remarkable feature of the
approach is that it can be easily implemented on MATLABR©, and yields small computational times when
compared to dedicated FE softwares.

The approach proposed in [15] is considered and improved in the present work with a view to modeling
periodic structures with local perturbations. In this framework, it is proposed to partition a whole periodic
structure into one central structure surrounded by two unperturbed substructures, and introduce perturbed
parts which are composed of perturbed substructures surrounded by two unperturbed ones. In doing so, a
few wave modes are only required for modeling the central periodic structure, outside the perturbed parts.
For forced response computation purpose, a reduced wave-based matrix formulation is established which
follows from the consideration of transfer matrices between the right and left sides of the perturbed parts.

The rest of the paper is organized as follows. The WFE method is briefly presented in Section 2. The strate-
gies used to compute the wave modes and the forced response ofperiodic structures are recalled. The analysis
of periodic structures with perturbed substructures is carried out in Section 3. A derivation of the transfer
matrices of the perturbed parts is proposed. Also, the wave-based formulation used to compute the forced re-
sponse of periodic structures with perturbed substructures is presented. In Section 4, numerical experiments
are carried out on a periodic 2D structure with two perturbedsubstructures. Monte Carlo simulations are
performed with a view to assessing the sensitivity of the FRFs to the occurrence of arbitrarily-located pertur-
bations. A robust design strategy is also proposed which consists in artificially adding several “controlled”
perturbed substructures for lowering the sensitivity of the FRFs to the occurrence of other uncontrolled per-
turbations.

2 WFE method

2.1 Wave propagation

The WFE method aims at describing the wave propagation alongone-dimensional periodic structures like
the one shown in Figure 1. These are composed of identical substructures — which are assumed to be linear,
elastic and damped by means of a constant loss factorη — which are assembled along a certain straight
direction. Also, the substructures are modeled with the same FE mesh and with the same number of DOFsn
on their left and right boundaries.



Figure 1: FE mesh of a periodic structure and related substructure.

Denote asD the dynamic stiffness matrix (DSM) of a given substructure,expressed byD = −ω2M +
(1 + iη)K whereM andK are the mass and stiffness matrices of the substructure, respectively, andω
is the angular frequency. Also, denote asD∗ the DSM condensed on the left and right boundaries of the
substructure, expressed byD∗ = DBB − DBID

−1
II DIB where subscriptsB andI refer to the boundary and

internal DOFs, respectively.

Within the WFE framework, a transfer matrix relation is considered which links the kinematic/mechanical
quantities between the substructures, as follows [3]:
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where superscript(k) (resp.(k + 1)) denotes the coupling interface between two consecutive substructures
k − 1 andk (resp.k andk + 1). Also,q andF aren × 1 vectors of nodal displacements and nodal forces,
respectively, while subscriptsL andR refer to the DOFs on the left and right boundaries of the substructures,
respectively. In Eq. (1),S is a2n× 2n symplectic matrix [2], given by:
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The eigenvalues and eigenvectors ofS are denoted asµj andφj, respectively, and are referred to as the
wave modes of the periodic structure. The eigenvalues are referred to as the wave parameters, expressed as
µj = exp(−iβjd) whered is the substructure length whileβj relates wavenumbers. Also, the eigenvectors
are referred to as the wave shapes, defined on each substructure interface asφj = [φT

qj φ
T
Fj ]

T whereφqj and
φFj aren× 1 vectors of displacement and force components, respectively.

From the numerical point of view, the direct computation of the eigensolutions of the matrixS is prone to
numerical issues. The reason lies in the fact that the matrixof eigenvectors is partitioned into displacement
and force components whose orders of magnitude can be largely disparate each other, meaning that the matrix
of eigenvectors is ill-conditioned. Instead, an alternative eigensystem based on theS + S−1 transformation
[16] can be considered which overcomes this issue. This strategy has proved to be relevant for computing
the wave modes of periodic structures composed of arbitrary-shaped substructures (see [15]).

Due to the fact that the matrixS is symplectic, its eigenvalues come in pairs as(µj , 1/µj). This leads to
the consideration ofn right-going wave modes{(µj ,φj)}j=1,...,n for which |µj| < 1, andn left-going wave
modes{(µ⋆

j ,φ
⋆
j)}j=1,...,n for which µ⋆

j = 1/µj , with |µ⋆
j | > 1. In matrix form, those right-going and

left-going wave modes are written as follows:

µ = (µ⋆)−1 = diag{µj}j=1,...,n, (3)
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whereΦq, ΦF, Φ⋆
q andΦ⋆

F are square matrices of sizen× n.

2.2 Forced response

The computation of the forced response of a periodic structure, composed ofN substructures, involves
expanding the vectors of displacements and forces, on a given substructure boundary(k) (k = 1, . . . , N+1),
in the basis of wave shapes:
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whereQ(k) andQ⋆(k) aren× 1 vectors of wave amplitudes. Also,q(k)
L andq(k)

R (resp.F(k)
L andF(k)

R ) are to
be understood as the vectors of nodal displacements (resp. nodal forces) on the left boundary of substructure
k and the right boundary of substructurek − 1, respectively.

Also, the spatial variation of the wave amplitudes along theperiodic structure is governed by [10]:
[
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]
= T

[
Q(k)

Q⋆(k)

]
k = 1, . . . , N, where T =

[
µ 0
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]
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Hence, the vectors of wave amplitudes at the left and right ends of the whole structure can be linked as
Q(N+1) = µNQ(1) andQ⋆(1) = µNQ⋆(N+1).

Figure 2: Finite-length periodic structure with prescribed boundary conditions.

The particular case of a periodic structure whose left (resp. right) end is subjected to arbitrary vectors of
prescribed displacementsq0 (resp. q⋆

0) and forcesF0 (resp. F⋆
0) is shown in Figure 2. In this case, the

boundary conditions at the left and right ends can be expressed in wave-based form as follows (see [14] for
further details):

Q(1) = CQ⋆(1) + F , Q⋆(N+1) = C
⋆Q(N+1) + F

⋆, (8)

whereC andC⋆ aren × n scattering matrices whose components relate the reflectioncoefficients for the
wave modes incident to the boundaries, whileF andF⋆ aren × 1 vectors of excitation sources. From Eqs.
(7) and (8), a whole matrix equation can be established as follows:

AQ = F , (9)

where
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Solving the matrix equation (9) yields the vectors of wave amplitudesQ(1) andQ⋆(N+1), and by means of
Eq. (7) the vectors of wave amplitudesQ(k) andQ⋆(k) at any substructure boundary(k). Also, the vectors
of nodal displacements and nodal forces are simply retrieved from Eq. (6).



3 Modeling of periodic structures with local perturbations

3.1 Framework

To begin, let us consider a periodic structure withN substructures and one perturbed substructure labeled as
p. This substructure is perturbed in the sense that its material and geometric properties are slightly different
from those of the other substructures. The modeling of the whole perturbed periodic structure is achieved
by considering the model reduction technique proposed in [15]. In this framework, the periodic structure is
partitioned into one central structure, made up ofN − 2 substructures, and two extra substructures1 andN ,
see Figure 3. In doing so, the kinematic and mechanical fieldsare supposed to admit smooth variations over
the interfaces between the central structure and the extra substructures, meaning that they can be described
with a few wave modes only. By using the same idea, a perturbedpartp can be defined which is composed of
the perturbed substructurep and two surrounding unperturbed substructuresp− 1 andp + 1. The proposed
strategy enables the central structure to be modeled with a few wave modes, outside the perturbed partp,
which leads to large time saving for forced response computation purpose. The theoretical derivation of the
proposed approach is detailed hereafter.

Figure 3: Periodic structure consisting of one central structure surrounded by two unperturbed substruc-
tures1 andN , and containing a perturbed partp made up of a perturbed substructurep surrounded by two
unperturbed substructuresp− 1 andp+ 1.

Consider reduced matrices of wave shapesΦ̃q = [φ̃q1 · · · φ̃qm], Φ̃F = [φ̃F1 · · · φ̃Fm], Φ̃
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Fm] which concern the firstm low-order wave modes among the full sets{φj}j=1,...,n

and{φ⋆
j}j=1,...,n, i.e., those associated with the values of|µj| and|µ⋆

j | which are the closest to one1. Also,
denote as̃µ = diag{µ̃j}j=1,...,m them × m diagonal matrix of wave parameters̃µj for those low-order
wave modes.

As it turns out, a reduced wave expansion can be considered (see Eq. (6)):
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Also, the spatial variation of the wave amplitudes, outsidethe perturbed part, is governed by (see Eq. (7)):
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On the other hand, the boundary conditions at the left and right ends of the central structure can be expressed
in wave-based form as follows (see [15] for further details):

Q̃(2) = C̃Q̃⋆(2) + F̃ , Q̃⋆(N) = C̃
⋆Q̃(N) + F̃

⋆. (13)
1The selection of those low-order wave modes can be carried out by considering the technique proposed in [17].



Finally, the relation linking the wave amplitudes between the right and left sides of the perturbed partp is
expressed by (see Figure 3):
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3 represents the transfer matrix of the perturbed part, where
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]
. (15)

By considering Eqs. (12), (13) and (14), a wave-based matrixequation can be established to compute the
forced response of a periodic structure with one or more perturbed substructures (see next section).

As a preliminary study, the transfer matrix̃T3 +∆pT̃
3 has to be expressed, as follows.

Denote asD⋆
p the DSM of the perturbed partp which is condensed on its left and right boundaries. Hence,

the dynamic equilibrium equation of the perturbed part can be written as
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By considering Eqs. (16) and (11), it can be shown that
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As a result, the transfer matrix̃T3 +∆pT̃
3 is given by
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where[D∗
pΨ̃q2 − Ψ̃F2]

+ is the left pseudo-inverse of[D∗
pΨ̃q2 − Ψ̃F2].

3.2 Forced response

Consider a periodic structure composed ofN substructures and containing a certain numberP of perturbed
partspi (i = 1, . . . , P ). The concept of perturbed partpi has been originally introduced to designate a
perturbed substructurepi surrounded by two unperturbed ones. It can be easily extended so as to model
a set of two (or more) consecutive perturbed substructures,surrounded by two unperturbed substructures.
However, for the sake of clarity, such a case will not be treated here.

By considering Eqs. (12) and (14), a simple relation can be derived which links the vectors of wave ampli-
tudes at any substructure boundary(k + 1), inside the central structure and outside the perturbed partspi, to
those at the left end of the central structure:
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Figure 4: Illustration of the perturbed and unperturbed parts, and related transfer matrices.

wherepui = pu−i − pu−i−1 for i 6= u − 1 andpuu−1 = p1, while pu refers to the perturbed part which is

the closest to substructure boundary(k + 1). In Eq. (21),T̃3 + ∆pu−i
T̃
3 refers to the transfer matrices of

the perturbed partspu−i (i = 0, . . . , u− 1), while T̃
(k−1)−pu andT̃pui −3 refer to the transfer matrices of the

unperturbed parts, i.e., between the perturbed parts (see Figure 4).

Also, the vectors of wave amplitudes at the left and right ends of the central structure can be linked as, see
Eq. (21): [
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]
=

(
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whereΛ̃ + ∆Λ̃ andΛ̃ are the transfer matrices of the perturbed and unperturbed central structure, respec-
tively:
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. (24)

Also, the wave-based boundary conditions at the left and right ends of the central structure need to be
considered, see Eq. (13). From Eqs. (13) and (22), a whole matrix equation can be established:
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By condensing the matrix equation (25) w.r.t. the first row block, this gives
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Solving Eq. (25) enables the vector of wave amplitudesQ̃(2) andQ̃⋆(2), at the left end of the central structure,
to be expressed, and ultimately the vectors of nodal displacements and nodal forces on any substructure
interface along the central structure, outside the perturbed parts.

Notice however that the inversion of the matrix on the left-hand side of Eq. (27) is prone to numerical
ill-conditioning, which is particularly due to the occurrence of the matrix terms̃µN−2 andµ̃−(N−2) in Λ̃,



whose components can be largely disparate each other. To solve this issue, a preconditioner can be used, as
follows:
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Hence, Eq. (27) can be rewritten as
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Thus, the vectors of wave amplitudes at the left end of the central structure are obtained as follows:
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The vectors of wave amplitudes, at any interface between theunperturbed substructures, follow from Eq.
(21), while the vectors of nodal displacements and nodal forces follow from Eq. (11).

In Eq. (31), the size of the matrix[Ã+B̃(Λ̃+∆Λ̃)]Γ̃ is 2m×2m wherem is the number of right/left-going
wave modes retained. Past studies have demonstrated the fact that, for a periodic structure with a moderate
number of substructures,m can be less than one per mil of the total number of DOFs used to model the
whole structure [15], without penalizing the accuracy of the WFE method. This means that the inversion of
the matrix[Ã + B̃(Λ̃ + ∆Λ̃)]Γ̃ can be achieved in a very fast way. As it turns out, Eq. (31) provides a
fast and simple way to quantify how much the dynamic behaviorof a periodic structure is sensitive to the
occurrence of a certain number of perturbed substructures.

4 Numerical experiments

4.1 Periodic structure with two perturbed substructures

The purpose of the present section is to validate, first, the proposed WFE modeling when compared to the
conventional FE analysis. Here, the FRF of a periodic 2D structure containing two perturbed substructures
is studied. The structure under concern is shown in Figure 5.It is made up ofN = 15 substructures
whose characteristics are: density of7800kg/m3, Young’s modulus of210GPa, Poisson ratio of0.3, loss
factor of0.005, length of0.1m, height of0.1m and thickness of0.001m. The whole structure is clamped
on its right end, and it is subjected to a longitudinal point force on the left end. The substructures are
meshed in the same way using 2D plane stress linear triangles, with two DOFs per node, leading to1024
DOFs for each substructure andn = 42 DOFs over each left/right boundary. Also, the locations of the
perturbed substructures arep1 = 10 andp2 = 13, as shown in Figure 5. In the present case, the perturbed
substructures share the same geometrical characteristics, which are however slightly different from the rest
of the structure, see Figure 5. Also, their loss factors are different to each other, i.e.,0.005 for substructure
p1 = 10 andη = 0.008 for substructurep2 = 13.

The magnitude of the longitudinal displacement of the perturbed periodic structure, at the excitation point,
is assessed at1000 discrete frequencies which are uniformly spread on a frequency band[5Hz , 5000Hz].
Within the WFE framework, the computation of this FRF is achieved by considering Eqs. (31), (21) and
(11). Also, only a reduced set of wave modes is considered, i.e.,m = 3 right/left-going wave modes for
modeling the central structure outside the perturbed parts(see Section 3). For comparison purpose, the



Figure 5: Periodic structure consisting ofN = 15 substructures and containing two perturbed substructures
p1 = 10 andp2 = 13.

FRFs issued from a commercial FE software are also calculated regarding the periodic structure with and
without perturbed substructures. The results are shown in Figure 6. As it can be seen, the occurrence of
the perturbed substructures significantly impact the FRF ofthe periodic structure, especially above4000Hz.
Also, the WFE solution exactly matches the FE-based FRF of the perturbed periodic structure over the whole
frequency band. Hence, the accuracy of the proposed modeling is established.
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Figure 6: FRF of the periodic structure with two perturbed substructuresp1 = 10 andp2 = 13: FE solution
(violet solid line); WFE solution (blue dotted line). FE-based FRF of the unperturbed structure (black solid
line).

The efficiency of the WFE method lies in the reduction of the computational times. For instance, the pro-
posed approach can be advantageously used to perform Monte Carlo simulations when the locations of the
perturbed substructures are randomly chosen along the whole structure. The results are shown in Figure 7.
In this case, both perturbed substructures are identical toeach other with the same loss factor0.005. Regard-
ing Figure 7, it should be emphasized that the FRF of the periodic structure becomes more sensitive to the
occurrence of the perturbations as the frequency growths. Regarding now the computational times, it takes
less than40s with MATLAB R© to perform all those simulations with the present approach,against more
than3000s with the FE method (and the same processor). Hence, the efficiency of the proposed approach is
clearly demonstrated.

4.2 Robust design

The question arises as to whether the sensitivity of periodic structures — i.e., to the occurrence of perturbed
substructures which are not controlled — can be lowered by artificially adding several “controlled” perturbed
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Figure 7: FRF of the periodic structure with two perturbed substructures whose locations arbitrarily vary
betweenp = 3 andp = 13.

substructures. To address this issue, a periodic structurewith N = 30 substructures — like those previously
described — is considered which contains one “uncontrolled” perturbed substructure whose location along
the structure varies randomly. This substructure is slightly perturbed in the sense that its DSM is expressed by
1.05×D∗, whereD∗ relates the DSM of an unperturbed substructure. In addition, two so-called “controlled”
perturbed substructures are considered, whose shapes are similar to those of the previously studied perturbed
substructures (see Figure 8). These substructures are significantly perturbed in the sense that their DSM is
0.5 ×D∗

p, whereD∗
p is the DSM of the perturbed substructures depicted in the previous subsection.

Figure 8: Periodic structure made up ofN = 30 substructures with two controlled perturbed substructures12
and24, and containing one randomly-located uncontrolled perturbed substructure whose DSM is1.05×D∗.

Again, MC simulations are performed to assess the FRF of the structure without controlled perturbed
substructures over a frequency band[5Hz , 2500Hz] (see Figure 9). For the sake of clarity, the varia-
tion/dispersion of the FRF around the resonance peak at2110Hz is also displayed. The purpose behind the
present analysis is to assess whether the consideration of the controlled substructures enables the dispersion
of the FRF to be reduced, especially around the resonance peak at2110Hz. A simple trick is considered here
which consists in adding those controlled perturbed substructures at the locations where the periodic struc-
ture is the most sensitive to the occurrence of the uncontrolled perturbed substructure. Such an analysis can
be simply achieved in a pre-processing step, by calculatingthe relative error of the displacement response
for each possible location of the uncontrolled perturbed substructure. This yields the locationsp1 = 12 and
p2 = 24 (see Figure 8). Then, the FRF of the periodic structure with controlled perturbed substructures
p1 = 12 andp2 = 24, and one randomly-located uncontrolled perturbed substructure2, is assessed as shown
in Figure 10.

As it can be seen, the frequency range with which the FRF is dispersed around the resonance peak decreases

2Notice that the locations of the uncontrolled perturbed substructure can match the positionsp1 = 12 andp2 = 24 of the
controlled perturbed substructures. In this case, the perturbed DSM is1.05× (0.5×D

∗

p).



from 6.5Hz until 5Hz, i.e., it admits a decrease of23%. As a second feature, the dispersion of the FRF
around the anti-resonance at2080Hz is strongly reduced as shown in Figure 10. Hence, the potentiality of
such a robust design is clearly highlighted.
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Figure 9: FRF of the periodic structure with one uncontrolled perturbed substructure whose location varies
randomly.
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Figure 10: FRF of the periodic structure with two controlledperturbed substructuresp1 = 12 andp2 = 24,
and with one uncontrolled perturbed substructure whose location varies randomly.

5 Conclusions

The WFE method has been investigated for modeling periodic structures with local perturbations. A model
reduction technique has been proposed which enables the dynamic behavior of a whole perturbed periodic
structure to be described with a small number of wave modes. Areduced wave-based matrix formulation
has been proposed to compute the FRFs of periodic structuresin a very fast way. Numerical experiments
have been carried out which highlight the relevance of the proposed approach in terms of accuracy and
computational saving. In addition, a robust design strategy of periodic structures has been proposed, which
consists in artificially adding several controlled perturbations for lowering the sensitivity of the FRFs to the
occurrence of uncontrolled perturbations.
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