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Abstract

The dynamics of railway tracks on non-uniform viscoelastic foundations is investi-
gated by a new analytical model. Firstly, a model is developed for a periodically
supported beam where the supports behaviours are changed periodically through the
length of the beam. By using a periodicity condition, the dynamic equation of the
Euler-Bernoulli beam leads to a general relation between the reaction forces of the
supports and the displacement of the beam. Then, the responses are computed by
combining this relation and the constitutive law of the supports. Thereafter, a peri-
odically supported beam on a non-uniform foundation is considered with a support
system included a defect zone where the supports behaviours are different from the
non-defect supports. Then, a larger interval of the support system bounding this de-
fect zone is considered as one period of a periodical support system provided that the
dynamic responses outside this zone are unchanged and equal to the steady responses.
The analytical method is efficient when the number of the supports in one period is
not very large. Otherwise, a numerical method has been developed to compute the
response by using the fast Fourier transforms and an iteration procedure. This method
is simple and fast, particularly when using the fast Fourier transform, to compute the
dynamic responses of railway tracks on non-uniform foundations.

Keywords: railway, non-uniform foundation, periodically supported beam, Dirac
comb, fast Fourier transform.

1 Introduction

The dynamics of railway tracks have often been investigated by a periodically sup-
ported beam subjected to moving forces. In this model, the beam rests on identical
supports at periodical intervals through the length of the beam. The supports can have



linear or nonlinear behaviours which depend on the constitutive laws of the support
components and the foundation. A spring-mass has been often used for such a sup-
port system in articles of Mead [1], Belotserkovskiy [2], Nordbord [3, 4]. In order
to take into account the coupling of the supports via the foundation, Metrikine et al
[5, 6] considered the shearing force of a viscoelastic foundation. Recently, Hoang et
al. [7] has developed a periodicity condition to establish a general relation for any uni-
form support system. However, if the supports are not identical, these models are not
applicable because the periodicity is not available. Unfortunately, the non-identical
supports appear frequently, e.g. the transitions zones of a railway track, the damage
of sleepers or foundation... and there are not any analytical model for this dynamical
problem.

In this paper, we have developed an analytical model for a periodically supported
beam subjected to moving forces with non-identical supports. In section 2, we present
an analytical model for a periodical support system where the supports behaviours are
changed periodically through the length of the beam. We propose a new periodicity
condition for the reaction forces of the supports. This condition together with the
Fourier transforms and the Dirac comb properties lead to a relation between the reac-
tion forces of the supports and the displacement of the beam. Particularly, this relation
can be described in a matrix form or in a convolution product form. Then, combin-
ing this relation with the constitutive laws of the support system gives the dynamical
responses.

For a non-uniform support system, we consider a larger interval containing a defect
zone. When this interval is large enough, we suppose that the dynamic responses are
unchanged when the moving forces arrive or leave this interval, and they equal to the
response of a support in an uniform support system. Therefore, we can consider this
interval as one period of a periodical support system except that it contains many sup-
ports. Therefore, the previous model can be used. A numerical method is developed
to calculated fast the responses based on the fast Fourier transforms and an iteration
procedure. The numerical applications will be presented in section 3 with results of
the analytical and numerical methods. The results shows that a support can be over-
loaded when the neighbour supports are damaged. This overloading is also studied for
a railways track which misses some sleepers.

2 Model

2.1 Dynamic stiffness of a support

A support on a viscoelastic foundation can be described by a mass-spring system and
the dynamic stiffness is given by

Kf:kf+iwnf—Mw2 (1)

where M is the mass of the support and ky, 7 are stiffness and damping coefficient
of the foundation.In addition, the dynamic stiffness of the rail pad is K, = k, + iwn),,.



When the rail pad is included in a support system, the total dynamics stiffness of a
support is calculated by

=t )
In other words, we can write

(ks +iwny — Mw?)(k, + iwn,)
ki + ky+iw(n, + 1) — Mw?

K, = 3)

When an infinite beam rest on identical support at periodical intervals (called an
uniform support system), we have a classical model for a periodically supported beam.
This model has an exact analytical solution when it is subjected by moving forces.
However, when the supports are not identical, i.e. K are different from each others,
this model is not applicable and there is no model for this dynamic problem. In ad-
dition, the difference of supports behaviours is very common phenomenon, e.g, the
supports on a railway bridge, the transition zone between ballast and non-ballast rail-
way tracks, the defect of the foundation and the sleepers... In the next sections, we
will consider a support system where the supports behaviours are changed periodically
through the length of the beam (in the section 2.2) and then a support system which
contains a defect zone (in the section 2.3).

2.2 Periodical support system

Let’s consider a beam rested on a periodical support system as shown in Figure 1. This
system contains m different supports separated by distance [ and they are distributed
periodically through the length of the beam. Thus, this support system together with
the beam is a periodic structure with the length of one period equals to L = ml. The
beam is subjected by moving forces (); which are characterized by the distances to
the first moving force D;.

one period

—A A A A - A A -
p=U

l 1 m—1

Figure 1: Beam on a periodical support system

In steady-state, we suppose that the responses of the support system are repeated
when the forces move though a length equal to one period of the support system. It
means that the reaction forces of two supports at the distance L. = ml are described
by the same function with a delay equal to the time for the movement of the forces
from one to another. In other words, the reaction force of the support p + nm (with
n € Z) at the coordinate = = (p + nm)l is calculated by

nlL

Rymsp = R, (t - 7) Vn € Z (4)



where R,(t) (with 0 < p < m) is the reaction force of the support p at the coordinate
x = pl. By the help of the Dirac functions, the total of the reaction forces and the
moving forces can be written as follows

ZZR (t— pl) 5(:)3—pl—nL)—ZQj5(x—Dj—vt) (5)

neZ p=0

The dynamic equation of the Euler-Bernoulli beam subjected to force F'(x,t) is

tw,(x,t) OPw,(x,t)
I ’ S—=
T T
where p, E/ are the density, the Young’s modulus and S, [ are the section and the
longitudinal inertia of the beam. By performing the Fourier transform of equations (5)
and (6) with regard to time ¢, we obtain

E = F(x,t) (6)

3
L
=

. ~ e . @tD;
F(zx,w) = Z Z R,(w)e ™ lé(x —nL—pl) — Z @e_lw g
ne€Z p=0 7j=1 v
04’LUT(ZL', (.U) 2 A

Thereafter, by combining the last equations and by performing the Fourier transform
with regard to x, we obtain

K

EIN — pSw?)II(A 9 (5()\ f) Qi -2,
( pSw (A, w) + 2 +v;ve
m—1 .
o Z p(w)e—i()\+%)nL—i)\pl — O (7)
neZ p=0

where II(\, w) is the Fourier transform of w0, (z,w) with regard to x. The last term of
equation (7) can be rewritten as follows

m—1 m—1

SO flw)er ikt (Z ﬁ’p<w>e—m> Do @)
neZ p=0

By using the properties of the Dirac comb [8], we have

e 2 2
D etk % > s (A +2 4 %n) )

nez neL

By substituting equations (8), (9) into equation (7), we can write

27TR w 2mn 276 )\+
M @) = T —an )\4 25( L ) VEI( )\4 ) ZQJ

(10)



where A\, = |/ 2% ”SW and R(\,w) is defined by
RO w) =Y Ry(w)e ™! (11)

Finally, performing the inverse Fourier transform of II(\, w) in equation (10) gives the
following result

D
o <22”+ )= gm0

=2 Z LEI | 2m) Z UEI : EEVEAC

neZ p=0 e e

Equation (12) establishes a relation between the beam displacement and the reac-
tion forces of the supports in steady-state. We will simplify this relation by computing
the displacements of the beam at the support positions. For the support at the origin
of reference, by substituting x = 0 into the last equation, we obtain

A W hyw) O
w,(0,w) = ZZ Lf(?]) (g _Z [ )

neZ p=0 v + 2T e j=1 vEl )\3:|
m—1
= Ry(w)e' P, — Qe (13)
p=0
where
127rn—
= LEI Z PRy 14
nEZ v e
1 Q e —ieD;
. = 15
Q o~ Z Oy (15)

This 7, can be deduced to a simple analytlcal expression as shown in Appendix A.

For the support at x = ¢l (0 < ¢ < m), we have

27'rn Q e 1 (ql+D)

“)(a—p)l
dr(ghw) =3 Z LE[ Ly e Z vBI (2)T

neZ p=0

By multiplying two sides of the last equation with ei‘“q?, we obtain
—i2mn =L

m— A 'l i
il e ™ Q; e v
(gl w)e" - /
e 22 TR e

e 7j=1

By using the notation 7)(,_,) defined by equation (14) with a remark that 7,_, =
N(m+p—q)> the last equation becomes

m—1

(Pl
ql W p T77(10—(1) - UOQe (16)

p=0



Let w,(t) and R,(t) be defined by

wy(t) = w, (ql,t — %)
{qu R, (- ) 47

v

Indeed, w, and R, are the displacements and the reaction force at x+ = ¢l with the
time ¢t = 0 corresponds to the instance that the first moving force arrives this position.
By performing the Fourier transform of the last equations, we obtain

W(](w) - wT<ql7w)eiw%l (18)
R,(w) = Ry(w)e™

By substituting equation (18) into equation (16), we have

m—1
Wy = Z Rp1p—q) = M0Qe (19)
p=0
The last equation can be written in matrix form as follows
Mo T - Tmet 15{0 1 W
NMm—1 Mo - Nm—2 R1 1 We
. . . . . = nOQe . + . (20)
T /7 To Rm—l 1 We
or A
CR=nQlI+w 21

where matrix C and vectors E, I, w are defined to correspond to the terms of equation
(20). a

Equation (21) is another relation between the reaction forces of the supports and
the displacements of the beam at the support positions; This relation does not depend
on the supports behaviours, and it is the result of the periodicity condition and the
dynamic equation of the Euler-Bernoulli beam. We will now combine this relation
with the constitutive laws of the support system to work out the responds.

Suppose that all supports are linear supports as shown in section 2.1. Let kg, k1, ..., k1

be dynamic stiffness of m supports in one period of the support system. By definition,
we have

Rq(w) = —kqWy(w) (22)
The last equation can be written in the matrix form following:
w=-DR (23)
where D is defined by
1/kg 0 - 0
0 1/ky --- 0 )
2: . . . . :dlag(l//{io,1/1{31,...1/]€m_1) (24)
0 0 - 1/kna



Then, by combining equations (21) and (23), we obtain
' (C+D)R=Q.l (25)

The matrix A =7, " (C + D) can be written as follows

L+ 1/mko — m/mo -+ w1/
A 77m—'1/770 1+ 1/nok1 - nm—?/ o 06)
771)770 772/770 - 1+ 1/:’]0]{;m—1
Finally, the reaction forces are obtained by
R=QA'I 27

Wee see that A is dimensionless m x m matrix and it depends on the frequency w.
Therefore, we have to inverse this matrix for all frequencies to find out the reaction
forces of the supports given by equation (27). This calculation is simple and fast when
m is small. However, if it exists a stiffness equals to zero (e.g. lack of a sleeper in a
railway track), A is not convergent and equation (27) can not be applied. In the next
section, we will present a numerical method to compute the responses. This method is
convenient for computing a big number of supports in one period which is presented
a support system containing a defect zone.

2.3 Non-uniform support system

Let’s consider a periodically supported beam which has a defect zone where the sup-
ports behaviours are different from others zones. This zone is located in a interval
contained m supports (see Figure 2). m is supposed big enough for that the responses
are unchanged when the moving forces come or leave this interval (and they equal to
the responses of an uniform supports). Thus, we can consider this interval as one pe-
riod of a periodic support system as shown in the previous section. Therefore, we can
use equation (27) to compute the response of the supports system. In this section, we
will develop a numerical method for equations (19) and (22) to compute the responses
of the supports system.

A A A A - A A
p= 1 o

defect
0 zone 1
Figure 2: Periodically supported beam included a defect zone

Equation (19) presents a convolution product and it can be written by

W =n+R—nQ.l (28)



where ) = (19 71 -+ Tm—-1)". Performing the discrete Fourier transform of the last
equation gives

F&} = Fo{n} Fo{R} — moQeFy {1} (29)
where the discrete Fourier transform of a vector (e.g. W) is defined by
m—1
F®}=> v, (30)
p=0

In addition, we have (see Appendix B)

e ] sin I\, sinh [\
aly = Xq¢ = ANSET \ cosl\, — COS(% + 2%) cosh i — COS(% + %>

Thus, equation (29) becomes

fq{ﬂ} = XQIQ{E} - mnCQealq

or we can write: A
FAR} =k F{#} +mQ.dy, (31)

where £, = x; ' and Q. = 179Q./ Xo.

Equation (31) is a characteristic relation of a periodically supported beam subjected
to moving forces. This equation links the discrete Fourier transforms of the series
of the reaction forces and the series of the beam displacements at support positions.
When all supports are identical, the vectors of reactions forces and displacements are
proportional to I and we can deduce easily this quation to

Ry = koW — Q. (32)

The last equation is a fundamental relation of a periodically supported beam with
identical supports presented by Hoang et al. [7].

We will now combine this equation with the constitutive laws of the supports to find

out the responses. We consider the system of linear supports described by equation
(22). This equation can be also written as follows

R=-Kw (33)

where K = diag(ko, k1, ..., kin—1). The last equation can be rewritten by

~

= R—-kuw (35)

where k,4 is the dynamic stiffness of a non-defect support.By substituting equation
(35) into equation (31), we obtain

R=—(K-kal)w

1 -
W} = o + o [fq{E} +mQ.01,

(36)

!

%



Rail mass pS | kgm! | 60
Rail stiffness EI | MNm® | 6.3
Train speed v km/h | 160
Charge per wheel Q kN 100
Block mass M kg 90
Sleeper length l m 0.6
Stiffness of rail pad k, | MNm™' | 200
Damping coefficient of rail pad n, | MNsm™ | 1.0
Stiffness of prepared sleeper ky | MNm' | 20
Damping coefficient of prepared sleeper | 7y | MNsm™ | 0.2
Stiffness of damaged sleeper k:} MNm'! | 10
Damping coefficient of damaged sleeper | 7} MNsm™ | 0.2

Table 1: Parameters of a railway track

Remarks: k, = k,q when the support ¢ is outside of the defect zone. Thus, the
vector R takes zeros for all components outside of the defect zone.

Iteration procedure: Let’s add an evolution index into equation (36) as follows

n

R'=— (K~ knl) &
1

wi o ([ el )

where the initial values are given as the response of a periodically supported beam
with an uniform support system

37

0 Qe

WO —
W=l

(38)

Equation (37) and (38) define completely a recurrent sequences of an iteration pro-
cedure. This procedure gives an approximation of the displacement vector w. The
reaction forces is computed from this vector by equation (33).

3 Numerical examples

3.1 Prepared railway track with periodical replacement

In order to prepare fast the damaged railway sleepers without many traffic interrup-
tions, people can chose to replace a damaged sleeper among 3 successive damaged
sleepers. Therefore, this procedure makes a periodic support system as mentioned in
section 2.2 where one period contains one prepared support and two damaged sup-
ports. Let’s consider such a prepared railway track with parameters given in Table 1.



By using equation (3), the dynamic stiffness of supports in one period are

(ks +iwny — Mw?)(k, + iwn,)
ki +ky+iw(ns +n,) — Mw?
(K} +iwnf — Mw?)(ky, 4 iwn,)
Ky + Ky +iw(n) +mp) — Mw?

kl - Kprepared = (39)

k2 - k?) - Kdamaged = (40)

We calculate the responses of the sleepers by using the analytic formula (27). Figures
3 and 4 show the responses of the sleepers in one period of railway track. In these
figures, the “reference” curves correspond to the responses of a railway track with all
sleepers are prepared (k1 = ko = k3 = K eparea). Here we have changed the time
scale so that the time ¢ = 0 corresponds to the moment where the moving force is
at the sleeper position. We see that the displacements of all sleepers are almost the

0.5

E -
E
€
5}
1S3
[}
o
©
=%
L
D -
—*— reference
2 F it .‘ —o— prepared
\ damaged 1
damaged 2
25 | | | | | | |
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
Temps (s)

Figure 3: Displacements of the sleepers

same but they are bigger than the reference displacement. Indeed, the stiffness of the
damaged sleepers are smaller than the reference stiffness and it causes this difference.
Otherwise, the reaction forces of the supports are very different from each other. The
prepared sleeper is overloading while the damaged sleepers are under-loading. In
conclusion, this periodical replacement can improve the stiffness of the railway track
but it makes the prepared supports are overloading and they could be damaged soon.

3.2 Railway track with defect zone

When a railway track misses some sleepers, the absent sleepers can be consider as a
defect zone with the dynamic stiffness equal to zeros kggmaged = 0. In this example,
we consider the railway track given in Table 1 with one defect sleeper. We take the nu-
merical method with an interval m = 101 supports which contains the defect sleeper

10
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Figure 4: Reaction forces of the sleepers

at the middle. Figures 5 and 6 show the responds of the supports in this interval.
We see that the dynamical influence of the defect sleeper is negligible from the third
next supports of the defect sleeper. This result verifies again the condition that the
responds are unchanged outside the interval and they equal to the reference response.
Moreover, the first and the second next sleepers to the defect sleeper are overloading
and the displacement of the beam at the defect sleeper increases significantly.

0.5 T T T T T T T

Displacement (mm)

—*— reference
——o—— damaged
first 1
second
others

25 L L L i L L L
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
Temps (s)

Figure 5: Displacements of the sleepers
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Figure 6: Reaction forces of the sleepers

4 Conclusion

An analytical model for a railway track with a non-uniform support system has been
developed. By using a periodicity condition, the dynamic equation of the Euler-
Bernoulli beam leads to a relation between the beam displacement and the reaction
forces of the supports. Then, the analytical and numerical methods have been de-
veloped to find out the dynamical responses. This model has been applied to the
dynamics of railway tracks with different kinds of support system. The calculations
are very fast, especially when using the numerical method.

Appexndix A. Calculation of expression 7,

We will reduce a more general expression of 7, defined as follows

( ) 1 Z e—i27rn% (41)
77 X - w ™n 4
LET 1 (2 + ) — X
B L Z e—i27rn% e—i27rn%
2NZET S | (<L 4 27n)” — (LA)? (4L +27n)” + (LA.)?
We will show that each term of the last expression can be deduced as follows:
Z e~i2mny _e¥vsinA (L — ) +e @ sin A 42)
=~ (% + Qﬁn)2 — (LX.)? 2L, (Cos L\, — cos %)
Z e~i2my _ e“usinh A\ (L —z) + e~ " sinh Az 43)
= (% + Qﬂn)z + (LA.)? B 2L\, (cosh L), — cos %)
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Indeed, the right hand sides of equations (42) and (43) are expressions of Fourier
series with regard to the variable z. Therefore, it is sufficient to demonstrate that the
coefficients of the Fourier series of the functions on the left hand sides correspond to
coefficients on the right hand sides. This demonstration is easy because the right hand
sides are trigonometric functions. Then, by combining equations (41),(42) and (43)
we obtain

() 1 9% sin A(L — ) 4+ e sin Az
€Tr) =
g ANSET cos L)\, — cos &L

(2

€% sinh Ao (L — z) + e "% sinh Az

wlL
v

(44)

cosh L\, — cos <=

Particularly, when L = ml and = = pl, we have n, = n(pl).

Appendix B. Calculation of expression

By settingn = rm + pwith0 < p <m — 1 and r € Z, we can develop equation (14)
as follows:
1 i2mn L

e m
= LEIZ(g v

2mn ) 4
nezZ \v + L ) T e
m— 0 ei27r(mr+q)

1
= D TET 2

4
. S <% + 27r(m7"+q)> )\

m—1 ;9.Pq 0o
27 1

e m
B q:ZO mlET T;OO <% n W)Ll Y

—_

P
m

In addition, we have

1 « 1
X =
' LBl T:Z_oo <%+ML’”+‘1))4_X€1
_ ! i e I
2NED —~ (12 4 2r(r + %))2 —(IN)? (12 +2n(r + %))2 + (IXe)?
1 sin I\, sinh [\,
- I, 2rqy\ o (45)
ANJET \ coslA, — cos(< + =2)  coshl\, — cos(< 4 =4)
Thus, we have
m—1
]‘ i2m 24
nngzge? " Xq (46)
q:

where Y, is defined by equation (45).
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