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Abstract: 

We propose an investigation combining numerical and analytical tools to estimate the ageing 

viscoelastic properties of cement-based materials within a multiscale framework. With analytical 

homogenization the properties at the cement paste and mortar scales are estimated by a combination of 

Generalized Self-Consistent (GSC) and Mori-Tanaka (MT) schemes. With numerical homogenization 

the effective properties at the concrete scale are estimated. Numerical homogenization has the 

advantage of allowing assessing local information and to study more complex geometries. This 

combined strategy constitutes a promising tool to investigate how different mechanisms leading to 

ageing at the hydrated products scale, as well as other features of cement-based materials such as the 

Interfacial Transition Zone (ITZ), affect the viscoelastic behaviour at superior scales. In this context, 

we study the solidification of non-ageing constituents as the mechanisms leading to the ageing 

behaviour combined or not with a space-filling process in C-S-H. Relaxation and creep results are 

presented.  
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1. INTRODUCTION 

A relevant description of the behaviour of cement-based materials needs to account for the 

multiscale character of the material [1]. In general, industrial applications demand a good description 

of macroscopic properties at the relevant scale of application. However, the mechanisms modifying 

the properties of interest cannot generally be understood at that macroscopic scale. In the case of 

cement-based materials, these mechanisms occur at different time and space scales. For instance, 

regarding the specific case of viscoelastic behaviour of such materials, C-S-H behaviour is often 

reported to be linked to the origin of the viscous effects [2]. In this context, upscaling, or 

homogenization, techniques are interesting tools to understand and describe properly cement-based 

materials behaviour.  

Using analytical homogenization, different properties of cement-based materials can be 

estimated at early and late ages. The elastic properties of concrete are estimated in e.g. [3–7]; the non-

ageing linear viscoelastic properties at late ages can be upscaled by means of analytical techniques in 

Laplace-Carson space [8]. The ageing linear viscoelastic behaviour of concrete was less studied in a 

multiscale framework. Such constitutive behaviour seems to have been first studied by Maslov [9] to 

describe concrete behaviour [10]. The ageing character is experimentally observed in Portland cement 

materials due to changes in the microstructure of the material which can be originated, for example, 

from the pursuit of hydration processes as well as relaxation of hygro-chemically induced self-

equilibrated prestress of the microstructure [11,12]. Degradations processes (e.g. leaching), which can 

be coupled with the viscoelastic behaviour of the material itself, can be also a source of the ageing 

behaviour. In the following, we focus on the early-age in which the hydration processes play a major 

role in the ageing aspect.  

In this regard, Scheiner et al. [13] proposed an upscaling strategy using Mori-Tanaka (MT) and 

Self-Consistent schemes in Laplace-Carson space. Homogenization is applied at cement paste, mortar 

and concrete scales. The creep and relaxation tensors were obtained by numerical inversion of Laplace 

transforms. Then, the resulting ageing behaviour of the material was obtained by integration over the 

changes in the volume fraction of the constituents in time. The evolutions of the volume fraction are 

described by JMAK equations combined with a simplified description of the phases potentially present 

in the hydration processes. Another recent proposition in the direction of estimating the ageing linear 

viscoelastic behaviour of cement-based materials is made by Sanahuja [14]. Even if the full 

description of the scales of interest in cement-based material (from C-S-H up to concrete) is still not 

made, the author proposes a derivation of some classical homogenization schemes using formalism 

based on Volterra integral operator. This formalism allows establishing a correspondence between 

elasticity and ageing linear viscoelasticity [15,16]. Dilute, MT, Self-Consistent [14] and Generalized 

Self-Consistent (GSC) schemes [17] can be derived in an ageing linear viscoelastic framework in this 

way.  
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Correspondingly, using numerical homogenization, the elastic and non-ageing viscoelastic 

properties of concrete were estimated by different authors (see e.g. [18–23]) in studies of the long-

term behaviour of concrete. Early-age investigations require a specific approach to deal with the 

evolution of the microstructure at the cement paste level. In this respect, the works involving the 

platforms µic [24,25], CEMHYD [26] and Hymostruc [27] are potentially leading-edge by allowing 

coupling hydration microstructure-based models with FEM (or other numerical methods) simulations 

to determine the effective properties of cement-based materials at early age. Once again, the ageing 

linear viscoelastic behaviour at early age was less studied. In this respect, for 2D mesostructures we 

highlight the works of Briffaut et al. [28]. Do et al. [25] estimated the ageing viscoelastic behaviour by 

means of FEM simulations with outputs of µic platform [24]; a scenario in which the space-filling 

intervenes in the C-S-H behaviour was studied by the author.  

In this paper, we propose an investigation combining numerical and analytical tools to 

estimate the ageing viscoelastic properties of cement-based materials within a multiscale framework. 

With analytical homogenization the properties at the cement paste and mortar scale are estimated by a 

combination of GSC and MT schemes. With numerical homogenization the effective properties at the 

concrete scale are estimated. Numerical homogenization has the advantage of allowing to assess local 

information as well as to study more complex geometries. This combined strategy constitutes a 

promising tool to investigate how different mechanisms leading to ageing at the hydrated products 

scale, as well as other features of cement-based materials such as the Interfacial Transition Zone (ITZ), 

affect the viscoelastic behaviour at superior scales. Such strategy was previously used by the authors 

to estimate elastic properties [29] and ageing viscoelastic properties [30] of cement based-materials. 

Here, a more comprehensive and detailed analysis is provided regarding the latter case. 

No effects of drying and temperature on the viscoelastic behaviour are considered in this paper. 

In other words, we are only dealing with basic creep and relaxation phenomena. Also, the discussion 

is focused on the early-age behaviour, so the mechanisms acting in the long-term behaviour are not 

accounted for. In the estimations presented in this work, we assume that a percolated structure exists at 

the different levels. At very early-age this assumption is not true. This limits the scope of applicability 

of this work to periods after the percolation threshold.  

 

2. MULTISCALE STRATEGY 

As mentioned in the Introduction, analytical homogenization is used to estimate the properties 

at the cement paste and mortar scale (Figure 1). A two-coated sphere morphology is used to represent 

the cement paste and mortar microstructures [29,30], as proposed previously by e.g. [31,32].  

Regarding the cement paste, the hydrating particle is embedded in a high density (HD) 

products layer which is, in turn, embedded in a low density (LD) products layer. Following Bary and 

Béjaoui [31], we assume that the scale of these two subproblems is not the same since the typical size 
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of the inclusions ranges from < 1 µm up to several tens of micrometre for massive crystals, whereas 

the characteristic length scale of C–S–H is 1 to 100 nm [33].  

Regarding the mortar, the sand particle is embedded in an ITZ layer which is, in turn, 

embedded in a cement paste layer. The GSC scheme is used to obtain the homogenized properties of 

the cement paste and mortar. MT scheme is used to estimate the properties within each coat. The 

formulations of the schemes in ageing linear viscoelasticity are presented in Section 3. 

Numerical homogenization is used to estimate the properties at the concrete scale. A specific 

procedure associated with the Finite Elements code Cast3M (http://www-cast3m.cea.fr/) to generate 

and compute 3D microstructures is used [34,35]. Local information regarding the stresses and strains 

repartition in the heterogeneities and in definite regions of the matrix are assessed. This is an 

advantage compared to analytical schemes that generally provide accurate estimations only on per 

phase averaged fields. With the local information, the zones in which stresses are localized can be 

more precisely identified. Previous results showed that a considerable dispersion of the averaged 

stresses within the inclusions and matrix subvolumes is observed [36].  

Figure 1 Multiscale strategy with combined analytical and numerical homogenization 

3. ANALYTICAL HOMOGENIZATION: MT AND GSC ESTIMATIONS

As previously mentioned, the derivation of the analytical homogenization schemes, needed in

the proposed multiscale strategy, is performed in a specific ring in which Volterra correspondence 

principle (with respect to elasticity) holds [15,16]. With this correspondence principle the ageing 

linear viscoelastic behaviour can be upscaled.  
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In a set F of functions  𝑓, we define a ring (𝐹;+,∘) in which the binary operator satisfies the 

conditions defining a division ring (or skew field), i.e. all nonzero elements have a multiplicative 

inverse but the multiplication is not necessarily commutative. The multiplication operator " ∘ " is 

Volterra [37] integral operator defined as: 

𝑓 ∘ 𝑔 𝑡, 𝑡! ≡ 𝑓 𝑡, 𝑡!
!

!!!!!
𝑑!!𝑔(𝑡!, 𝑡!) (1)  

Similarly, we can define a ring for a set of matrices 𝐅 and the Volterra matrix inner product 𝐅;+, ∗
∘

 

and for a set of tensors 𝔽 and the Volterra tensor product 𝔽;+, :
∘
. For these division rings, the 

identity elements are 𝐻!! 𝑡   𝐈 and 𝐻!! 𝑡   𝕀, where 𝐈 and 𝕀 are the matrix and fourth order identity 

tensors, respectively.  

Within this ring, the stress-strain relationships in ageing linear viscoelasticity, within a volume 

𝛀, can be written as [15]: 

𝛆 𝐱, 𝑡 = 𝕊 𝐱, 𝑡, . :
∘
𝛔 𝐱, . , ∀𝐱 ∈ 𝛀 (2)  

𝛔 𝐱, 𝒕 = ℝ 𝐱, 𝒕, .    :
∘
𝛆 𝐱, . , ∀𝐱 ∈ 𝛀 (3)  

where the relaxation and compliance tensors, ℝ and  𝕊, respectively, can be obtained from each other 

by the inversion with respect to the operator " :
∘
": 

𝕊   :
∘
ℝ = ℝ   :

∘
𝕊 = 𝐻!!   𝕀   (4)  

Note that, since the multiplication is not necessarily commutative, the order between the factors 

is important in the derivation of the schemes using this formalism.  

The MT and GSC estimations in ageing linear viscoelasticity, which are used in the analytical 

part of this paper, are briefly presented in the following. 

 

3.1 MT ESTIMATIONS 

Mori and Tanaka [38] proposed estimations in elasticity of the effective properties of 

composites with a matrix-inclusions morphology. In their derivation, based on Eshelby solution in 

elasticity for an inclusion in an infinite medium, the matrix is the reference medium and the phase 

interaction is taken into account in a collective way [38].  

In the ageing linear viscoelastic framework, for spherical inclusions, Mori-Tanaka estimations 

of the bulk and shear relaxation functions for a N-phases composite are given, respectively, by [15]: 
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𝑘!" = 𝑓!!𝑘! ∘ 𝐴!!
!

!

!!!

∘ 𝑓!! 𝐴!!
!

!

!!!

!!

   (5)  

𝜇!" = 𝑓!!𝑘! ∘ 𝐴!!
!

!

!!!

∘ 𝑓!! 𝐴!!
!

!

!!!

!!

   (6)  

where 𝑓!! is the volume fraction of the phase (𝑖) (with 𝑖 = 0 corresponding to the matrix and 𝑖 > 0 

corresponding to the inclusions). The localization tensor within the spherical inclusions was 

decomposed in a hydrostatic and deviatoric parts given, respectively, by [15]: 

𝐴!!
! = 3𝑘! + 4𝜇! !! ∘ 3𝑘! + 4𝜇!    (7)  

𝐴!!
! = 𝐻!! + 2 2𝐻!! + 3Ξ ∘ 2𝜇! ∘ 2𝐻!! + 3Ξ + 2𝜇! ∘ 6𝐻!! − Ξ !!   ∘ 𝜇! − 𝜇!    (8)  

with 𝐴!!
! = 𝐴!!! = 𝐻!!   𝐈 and Ξ = !

!
𝑘! + 𝜇! !! ∘ 𝜇!.  As expected, these estimations of 𝑘!" and 

𝜇!" are a generalization of the results in elasticity and non-ageing viscoelasticity.  

 

3.2 GSC ESTIMATIONS 

Generalized Self-Consistent estimations are based on a morphology with a n-coated isotropic 

spherical inclusion embedded in an infinite matrix, which is subjected to a uniform stress or strain 

applied at infinity [39]. Application of such scheme in the estimation of effective properties of cement-

based materials [5,29,31,32] is quite convenient. For example, at the cement paste scale, layers with 

high and low density products are observed coating the cement particle. Also, at the mortar scale, an 

interface transition zone (ITZ) coats the sand and coarse aggregates particles.  

The GSC estimation of the bulk relaxation function in ageing linear viscoelasticity for a 𝑛-phase 

composite is given by [17]:  

𝑘!"#
(!) = 𝑘!!! = 3𝑅!!𝑘! ∘ 𝑄!!

!!! − 4𝜇! ∘ 𝑄!"
!!! ∘ 3𝑅!!𝑄!!

!!! + 3𝑄!"
!!! !!

   (9)  

with matrix 𝐐(!) being the product in the sense of Volterra operator matrix product ∗
∘
 of  matrix 𝐍(!): 

𝐐(!) = 𝐍(!)
!

!!!

°

   (10)  

𝐍(!) = 4𝜇!!! + 3𝑘!!! !! ∘
4𝜇!!! + 3𝑘!

4
𝑅!!

(𝜇!!! − 𝜇!)

3𝑅!!(𝑘!!! − 𝑘!) 3𝑘!!! − 4𝜇!
   (11)  
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The estimation of shear relaxation function is lengthier and is not shown here for conciseness. 

See Honorio et al. [17] for details about the derivation of GSC estimation in ageing linear 

viscoelasticity. 

4. C-S-H BEHAVIOUR

The origin of the viscoelastic behaviour of cement-based materials is often reported to come from the 

C-S-H behaviour [2], and different mechanisms are proposed in the literature to explain it [40–43].

Moreover, at early-age, the viscoelastic behaviour becomes ageing.

The identification of C-S-H viscoelastic parameters is generally done by means of indirect 

approaches. Sanahuja and Dormieux [44] propose a micromechanical modelling of C-S-H based on 

the relative sliding of the sheets with nanogranular C-S-H grains. Spheroidal grains with isotropic 

orientation are considered. With this representation, the resulting non-ageing viscoelastic behaviour of 

the elementary particle is obtained by means of the correspondence principle in Laplace-Carson 

domain. The model accounts for one single level to represent the C-S-H structure. Their results are 

function of the porosity 𝜑!"# found in-between the grains. Smilauer and Bazant [45] estimated the C-

S-H viscoelastic properties by means of a microstructural inverse analysis from creep data of cement 

paste or concrete. 

Vandamme and Ulm [43,46] studied the viscoelastic behaviour of C-S-H from statistical 

analysis of nanoindentation tests. They obtained the following formula for uniaxial creep compliance 

which can be written as a function of the contact creep 𝐶!: 

𝐽!" 𝑡, 𝑡! =
1
𝐸
+

1
𝐶!(1 + 𝜐!)

ln   1 +
𝑡 − 𝑡!
𝜏 (12) 

where 𝜏 is a characteristic time. The mean value of 𝜏 obtained by [43] is 1.66 s, which characterizes a 

quite fast progress of viscous processes with a pronounced evolution within the first 3 days after what 

an asymptotic regime is reached. The contact creep compliance was obtained by fitting 

nanoindentation data [43]: 

𝐶!(𝜂!) = 1588.9 𝜂! − 0.5 !
!.!"#   (13) 

where 𝜂! is the packing density of C-S-H and . ! is the positive part operator. Note that with this 

equation the packing density is characterized by a percolation threshold of 50 % of solid inclusions. In 

the following, this behaviour is retained for C-S-H. Regarding the ageing aspect, two scenarios are 

studied: 

1. Two constant packing densities are attributed respectively to C-S-H to represent the behaviour

of High Density (HD) and Low Density (LD) C-S-H. The resulting intrinsic behaviour is non-

ageing, this aspect being accounted for by adequate precipitation mechanisms (see [40]).
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2. The packing density evolves according to a space-filling kinetics. The resulting behaviour is 

intrinsically ageing. 

 

These two scenarios are developed and the corresponding C-S-H behaviours are expressed in the two 

following subsections. 

 

4.1 C-S-H VISCOELASTIC BEHAVIOUR WITHOUT SPACE-FILLING: NON AGEING 

The behaviour of LD and HD C-S-H can be determined by defining a given packing density 

for each type. The packing densities 0.66 and 0.77 were retained for LD and HD C-S-H, respectively. 

The first value corresponds to the one identified by [43] for the LD C-S-H. The second one 

corresponds to an intermediary value between the HD and the UHD (Ultra-High Density) C-S-H, as 

identified by Vandamme and Ulm [43,46], whose mean packing density values are 0.75 and 0.83, 

respectively.  

Assuming a constant Poisson ratio  𝜐!!!!! = 0.24 the behaviour law of both C-S-H may be 

expressed by [16]: 

𝛆 𝑡 = 1 + 𝜐!!!!!   𝐉𝑪!𝑺!𝑯 𝑡, 𝑡! :
∘
𝛔 − 𝜐!!!!!   𝐉𝑪!𝑺!𝑯 𝑡, 𝑡! :

∘
tr  𝛔 𝐈     (14)  

From that it is possible to determine the volumetric and deviatoric parts of the compliance tensor, 

𝐽!!!!!! and 𝐽!!!!!!, respectively, as shown in Figure 2 for the HD and LD C-S-H whose behaviour is 

non-ageing. Based on the solidification theory as proposed by Bazant [40] which shows that a 

viscoelastic ageing behaviour can be obtained from non-ageing phases in the presence of precipitation 

processes, the ageing character of both C-S-H is then obtained by applying appropriate formation 

kinetics to these phases. This will be detailed in the following. 

 

 

8



Figure 2 C-S-H HD and LD deviatoric and volumetric components of compliance tensor: non-

ageing behaviour at short (top) and long (bottom) term, no space filling accounted for. 

4.2 C-S-H VISCOELASTIC BEHAVIOUR WITH SPACE-FILLING: INTRINSICALLY AGEING 

Another strategy is to account for a space filling process (or compaction [47], or densification 

[48]) within C-S-H to describe its ageing nature, which results in an intrinsically ageing behaviour. To 

describe such space-filling process we propose to use a version of Bishnoi and Scrivener [48] space-

filling kinetics: 

𝜂!(𝑡) =
𝜌 𝑡
𝜌!"#
!"#$ = 1 −

𝜌!"# − 𝜌!"#
𝜌!"#

exp
−𝑘!"#

𝜌!"# − 𝜌!"#
𝑡 (15) 

with 𝜌!"#
!"#$   = 2.2 g/cm3  and 𝜌!"#= 0.2 g/cm3; 𝑘!"#= 0.02 g/cm3/h [49]. For the HD C-S-H,

𝜌!"# = 𝜌!"#
!"!", so the asymptotic value of 𝜂!  is 0.77 as in the previous section. For the LD C-S-H,

𝜌!"# = 1.88, so the asymptotic value of 𝜂! is 0.66, as in the previous section. Figure 3 shows the 

resulting evolutions of the packing density. Note that at the beginning of the hydration, the evolution 
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of the packing density is quite close for both types of C-S-H; this is in agreement with the 

experimental observation in which HD product is only distinguishable at later times [50]. Note that Do 

[25] similarly proposed a space-filling kinetics to define an intrinsically ageing behaviour to C-S-H. 

Further studies in the direction of the determination of the kinetics of space-filling can be envisioned. 

The resulting behaviour in terms of volumetric and deviatoric components of compliance 

tensor is shown in Figure 4 and Figure 5 for different loading ages 𝑡!. These figures clearly show the 

effects of ageing on C-S-H creep functions. Note that the earlier the loading time, the higher is the 

slope of logarithmic creep in both volumetric and deviatoric cases. For loading times after about 150 h 

the ageing character almost vanishes. 

 

  

Figure 3 C-S-H packing density evolution according to Eq. (15) 
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Figure 4 C-S-H LD deviatoric and volumetric components of compliance tensor for different 

loading ages: intrinsically ageing short (top) and long (bottom) term behaviour accounting for 

space filling process. 
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Figure 5 C-S-H HD deviatoric and volumetric components of compliance tensor for different 

loading ages: intrinsically ageing short (top) and long (bottom) term behaviour accounting for 

space filling process. 

5. CEMENT PASTE SCALE

At the cement paste scale, the evolutions of the volume fractions of the cement minerals and

hydration products have to be accounted for. Following the microstructure representation in Figure1, 

two levels are identified: 

• Level 1a and 1b of the inner products and outer products in which C-S-H HD and C-S-

H LD, respectively, function as a matrix in which the other hydration products and

capillary pores are embedded.

• Level 2 in which the previous layers of inner and outer products are taken into account

in composite inclusions morphology.

12



In this representation an evolution of the volume fraction occurs at both levels. At level 1, the 

volume fraction of non-bonded water decreases with its consumption by hydration reactions and the 

volume fraction of the forming products take the left place. At level 2, the dissolving clinker particle 

leaves place to the growing of inner product layer. 

The analytical upscaling tools developed in [15,17] can be applied iteratively to represent these 

volume changes due to dissolution and precipitation. 

5.1 EVOLUTION OF PRODUCTS AND REACTANTS IN HYDRATION PROCESS 

Based on Honorio et al. [49], a simplified (semi)-analytical kinetics model of hydration is 

employed together with Tennis and Jennings [42] hydration balance to obtain the evolution of the 

volume fraction of hydration products and reactants. The kinetics of hydration is based on boundary 

nucleation and space-filling growth with a fixed confined zone imposed for early hydration and a 

diffusion-controlled kinetics for late hydration for which the Particle Size Distribution (PSD) of 

cement particles is explicitly accounted for [49]. The reaction zone is defined by a combination of an 

exponential box and a fixed limiting parameter.  

The same cement studied in [49] (type CEM I 42.4 N-SR3, i.e. with a low C!A content) is 

studied here. The composition of this cement is shown in Table 1 and the PSD in Figure 6. The w/c 

ratio is 0.50. The contribution of each clinker mineral on the overall degree of hydration is shown in 

Figure 7. The repartition of the products in High Density and Low Density layers is made 

proportionally to the volume of C-S-H in the layer (Figure 8). A part of the products is reserved to the 

ITZ, as will be discussed in Section 6.1. 

Table 1 Normative cement composition [49] 

Mineral Initial mass fraction [%] 

𝐂𝟑𝐒 64.0 

𝐂𝟐𝐒 23.1 

𝐂𝟑𝐀 1.5 

𝐂𝟒𝐀𝐅 2.0 

𝐂𝐒𝐇𝟐 2.0 

Others 7.35 
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Figure 6 Passing PSD of cement: fitted (full lines) and experimental (dots) data [49] 

 

 

  

Figure 7 Contribution of each clinker mineral on the overall degree of hydration (the curves 

corresponding to the clinker mineral are the degree of hydration of the mineral weighted by its 

content at a given time): early (left) and late (right) behaviours 
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Total 

 

       

Inner layer: 

 

 

Outer layer: 

 

Figure 8 Repartition of the products: Inner and Outer products. The ITZ is shown in Figure 17. 

 

5.2 DISSOLUTION/PRECIPITATION AND SOLIDIFICATION MECHANISMS 

As previously mentioned, Bazant [51] showed that an ageing effective behaviour can be 

observed in materials in which one of the constituents shows a change in its volume fraction in time, 

as occurs for example in a solidification process. This effect is observed even if the basic constituents 

are non-ageing themselves [40].  This so-called solidification theory can be extended to a general form 

in which dissolution and precipitation of multiphasic systems occur in more complex configurations 

(Figure 9 and Figure 10, for instance). Sanahuja [14] proposed a tensorial extension of this theory. The 

relaxation tensor for a given phase solidifying at time 𝑡!! is identified by: 

ℝ𝑖 𝑡, 𝑡0 = ℝ𝑠 𝑡 − 𝑡0   H(𝑡0 − 𝑡!!)   (16)  

where ℝ𝑠 𝑡 − 𝑡0  is the relaxation tensor of the solidified material and 𝑡! is the age of loading.  
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The solidification can occur following different processes. Generally the assumption of 

dissolution followed instantaneously by precipitation is adopted. Sanahuja [14] studied cases in which 

the precipitation can occur in two different ways: inwards pores or by occupying entirely and 

instantaneously some class of pores. The changes in the volume fraction of phases are taken into 

account with analytical homogenization by applying iteratively the upscaling schemes. This strategy 

involves a discretization of the ageing function in 𝑛 steps. Here, as in [14], the solidification times are 

chosen so that the same volume fraction of solid 𝑓!"#! /𝑛 precipitates at each 𝑡!!. Correspondingly, we 

have [14]: 

𝑓𝑎𝑔𝑒 𝑡!
! = 𝑖 −

1
2
  
𝑓!"#!

𝑛
 (17)  

with f!"#!  being the final value of the volume fraction of the phase solidifying. The estimation of the 

effective properties then is made by determining the properties of a fictitious 𝑛-phases composite. 

Sanahuja [14] showed that the precipitation mechanism and the kinetics of the ageing process affect 

directly the effective ageing viscoelastic response.  

Here, an evolution function is attributed to each phase present in the paste according to the 

hydration kinetics model of cement presented in section 5.1. The hydration products other than C-S-H 

are assumed to behave purely elastically; the corresponding elastic properties of the different phases 

are shown in Table 2.  

According to the representation of the microstructure presented in section 2, two levels in 

which the solidification process occurs can be identified. At the level of the hydrates layers (1a, 1b and 

1c), we assume that the pores are completely filled in according to the evolution laws corresponding to 

each hydrate (Figure 9). Next, at the cement paste level, with the GSC scheme we assume that the HD 

layer fills instantaneously the space left by the clinker, as shown in Figure 10. 

 

Table 2 Elastic properties of the different phases 

 
Clinker 

C-S-H 
CH AFt AFm C3(A,F)H6 C4AH13 Gypsum Sand 

LD HD 

E [GPa] 140 21.7 29.4 38 22.4 42.3 22.4 25 45.7 74.5 

ν 0.3 0.24 0.24 0.305 0.25 0.324 0.25 0.25 0.33 0.2 

Ref. ** ^^ ^^ §§ %% %% °° °° °° ## 

**[52]; ^^[3]; §§[53]; %%[54];°°[55]; ##[56] 

 

 

16



Figure 9 Schematic representation of the solidification process adopted at the hydrates layers 

(Levels 1a, 1b and 1c) 

Figure 10 Schematic representation of the solidification process adopted at the cement paste 

level (Level 2) 

5.3 EFFECTIVE PROPERTIES AT THE CEMENT PASTE SCALE 

The effective bulk and shear relaxation functions of the inner and outer layers (Level 1a and 1b) 

are shown in Figure 11 for the behaviours with and without space filling. Note that, because of the 

solidification process, the effective behaviour is ageing for both cases. A similar response at late ages 

(after 400 h) is observed in both cases. As expected, most part of the evolution in the elastic response 

occurs within the first 200 h, in agreement with the evolution of C-S-H volume fraction as obtained by 

the hydration model. In Figure 11, this ageing function is discretised in 50 parts (𝑛!"# = 50), 

corresponding to times in which a same volume of C-S-H precipitates. 

The evolution of properties with the behaviour in which space filling is accounted for is slower 

compared to the other case. The influence of the ageing function discretization is presented in Figure 

12 for the case with space filling. Note that the elastic response for each loading age depends on this 

discretization. Increasing the discretization, a smoother evolution of this elastic response is observed. 

Correspondingly, stronger discontinuities in the evolution are obtained for coarser discretizations of 
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the ageing function. Since the curves are enveloped by the ageing elastic response, the relaxation 

moduli are then underestimated with coarser discretizations of the ageing function. The same 

behaviour is as expected observed with the case in which no space filling is considered. 

(a) Bulk relaxation function: HD product layer (b) Bulk relaxation function: LD product layer

(c) Shear relaxation function: HD product layer (d) Shear relaxation function: LD product layer
Figure 11 Inner and outer layers: estimated bulk (top) and shear (bottom) relaxation functions 

for different loading ages with (full lines) and without (dashed) space-filling 
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𝑛!"# = 25 𝑛!"# = 50 𝑛!"# = 100 
Figure 12 Effect of the discretization of the ageing function on the bulk relaxation function of the 

HD product layer 

 

The estimated effective bulk and shear relaxation functions as well as the creep function of the 

cement paste are shown in Figure 13 and Figure 14, respectively. We adopted 𝑛!"# = 50. The early 

behaviour in both cases are quite different, with the space-filling scenario, as expected from Fig. 2 and 

4-5, creeping more at very early ages than the scenario without space-filling. Similarly to the C-S-H 

behaviour, after about 300 h the ageing character of the response vanishes for the case without space 

filling. A delayed effect is observed due to the space filling in the other scenario in which the ageing 

character vanishes after about 400 h.  

 

 
(a) Bulk relaxation function 

 
(b) Shear relaxation function  

Figure 13 Effective behaviour of the cement paste: bulk (left) and shear (right) relaxation functions 

for behaviours with (full brown lines) and without (green dashed lines) space filling 
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Figure 14 Effective behaviour of the cement paste: creep function with (full brown lines) and 

without (green dashed lines) space filling 

 

6. MORTAR SCALE 

At the mortar scale (Level 3), a 3-phase composite sphere is employed to represent the 

microstructure (Figure 1). The core corresponds to the sand particle. We adopt the volume fraction of 

sand fSand = 50%. The first coat is the ITZ and the second coat is the cement paste whose behaviour 

was obtained in the previous section. Note that, differently of the cement paste scale, the volume 

fractions of the three phases in the coated sphere morphology at the mortar scale remain the same; so 

no additional ageing from solidification processes occurs at this scale. 

6.1 DEFINITIONS OF ITZ VOLUME AND COMPOSITION 

The mechanical properties of the ITZ are reported to be inferior to those of the cement paste. 

We assume that the ITZ is composed of C-S-H LD and a part of the other hydration products, water, 

gypsum and empty pores from the cement paste. The part of the products and reactants going to the 

ITZ is discounted from the C-S-H LD coat. In this sense, the composition of the LD layer in Figure 8 

changes as a function of the volume and composition of the ITZ. The aspects related to the definitions 

of these features are discussed in this section. 

Experimental evidence shows that the matrix of the mortar and the hardened cement paste 

present different porosities [33]. We assume that this difference is due to the ITZ higher porosity 

compared to the cement paste. We adopted a supplementary porosity of the mortar matrix with respect 

to the cement paste of 10%, which is similar to the difference in porosity obtained by Heukamp [33]. 

Also, the ITZ is likely to contain more CH and AF-phases [57]. These aspects are considered in the 
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composition of the ITZ as shown in Figure 17. Compared to the LD layer solid phases, the ITZ here 

owns 5% more CH and AF-phases, following the results of Sun et al. [57] (average of CH content 

within the first 20 µm for w/c = 0.50); the C-S-H content was minored by 5% to compensate this 

addition. 

To compute the volume of the ITZ according to the PSD 𝑤 𝑅!  of sand, we adopt the approach 

developed in [58] resorting to the nearest neighbour surface distribution function 𝑒!(𝑟). In a system of 

polydisperse non-correlated spheres, this function allows accounting for the likely interpenetration of 

the ITZs. Depending on the number of particles 𝜌 with a given size, the volume of the ITZ 𝑉!"# can be 

estimated in terms of 𝑒!(𝑟). For a given thickness of the ITZ 𝑒!"#  , we have [58]: 

𝑉!"# = 1 − 𝑉!"" − 𝑒!(𝑒!"#) (18) 

where 𝑉!"" is the volume fraction of aggregates and [59,60] 

𝑒! 𝑟 = (1 − 𝑉!"") exp[−𝜋𝜌(𝒶  𝑟 + 𝒷  𝑟! + 𝒸  𝑟!] (19) 

where: 

𝒶 =
4 𝑅!!

1 − 𝑉!""

𝒷 =
4 𝑅!
1 − 𝑉!""

+
12  ℬ 𝑅!!

1 − 𝑉!""
!

𝒸 =
4

3 1 − 𝑉!""
+

8  ℬ 𝑅!
1 − 𝑉!""

! +
16  𝒜  ℬ! 𝑅!!

3 1 − 𝑉!""
!

(20) 

with 𝑓 = 𝑤 𝑅!   
!
! f 𝑟,𝑅!   𝑑𝑅! being the first momentum of a function 𝑓; ℬ = 2𝜋𝜌 𝑅!! /3 and 

𝒜 being a parameter equal to 0, 2 or 3 depending on the approximation chosen. [58] used 𝒜= 0 in 

theirs simulations; the same value is adopted in the following. 
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Figure 15 Passing volume fraction of sand used 

in the simulation (sand 0/4) 

 
Figure 16 ITZ volume fraction according to 

the thickness of the ITZ (𝒆𝑰𝑻𝒁) 

 

 

Figure 17 Composition of the ITZ for 𝒆𝑰𝑻𝒁= 20 µm (same legend as in Figure 7) 

 

The passing volume fraction of the sand used in the simulations is shown in Figure 15. The 

volume fraction of the ITZ in the mortar using the formulation presented in Eqs. (18) – (20) is 

presented in Figure 16 for the same sand PSD. Of course, if 𝑒!"# tends towards infinity there is no 

more ‘paste’ but only ITZ + sand. As expected, the volume of the ITZ depends strongly on the 

thickness 𝑒!"# adopted. This, due to the assumptions regarding the composition of the ITZ, will 

specially reverberate in the estimation of ITZ porosity. In the following we adopt 𝑒!"#= 20 µm (a 

value commonly reported in the literature [61,62]). It should be noted that for 𝑒!"# = 20  µm about half 

of matrix is composed of ITZ, which may be questionable in the case of a homogeneous ITZ (constant 

properties along ITZ thickness instead of a gradation of properties). It is also worthy to recall that 

small sand particle cannot contribute significantly to the so-called wall-effect. These aspects deserve 

to be more deeply studied.  The resulting composition of the ITZ is shown in Figure 17. 
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6.2 EFFECTIVE PROPERTIES AT THE MORTAR SCALE 

The properties of the ITZ layer are first determined. Figure 18 shows the estimated bulk and 

shear relaxation function of the ITZ with the composition presented in Figure 17. Compared to the LD 

layer in Figure 11, the behaviour is less stiff. 

The estimated effective bulk and shear relaxation functions as well as the creep function of the 

mortar are shown in Figure 19 and Figure 20, respectively, for different loading ages. Only a slight 

ageing character is observed after 400 h for both scenarios with and without space filling.  

As expected, cement paste (Figure 14) creeps more than mortar (Figure 20), even if the ITZ 

creep strains (not shown for conciseness) are more elevated than cement paste creep strains. 

 

 
(a) Bulk relaxation function 

 
(b) Shear relaxation function  

Figure 18 ITZ: estimated bulk (left) and shear (right) relaxation functions of behaviours with 

(full lines) and without (dashed lines) space-filling (to be compared with LD layer, see Figure 11) 
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(a) Bulk relaxation function (b) Shear relaxation function

Figure 19 Effective behaviour of mortar: bulk (left) and shear (right) relaxation functions for 

behaviours with (full blue lines) and without (pink dashed lines) space filling 

Figure 20 Effective behaviour of the mortar: creep function with (full purple lines) and without 

(red dashed lines) space filling 

Figure 21 shows the effect of unloading on strains after a classical creep loading. Note that an 

important part of creep strains is not recovered on unloading due to the ageing character. Also, these 

residual strains are greater for later unloading. These aspects would deserve further investigations and 

confrontations against experimental data. 
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Figure 21 Unloading effects: Mortar creep strains (initial load = 1 MPa) with (full purple lines) and 

without (red dashed lines) space filling. Unloading at 4 and 10 days. 

7. CONCRETE SCALE

At the concrete scale (Level 4), numerical homogenization is used to estimate the properties.

Two phases are considered: the coarse aggregates with elastic behaviour and the mortar matrix with 

ageing viscoelastic behaviour obtained from the previous sections. Note that, since the specific surface 

of coarse aggregates is much smaller than that of the sand, the ITZ of the coarse aggregates are not 

considered. Bary et al. [63] showed, by means of numerical simulations, that the ITZ of coarse 

aggregate are indeed negligibly influential in a non-ageing viscoelastic context. 

Two numerical samples with volume fraction of coarse aggregates fGra = 40% are studied: a) 

with spherical inclusions and (b) with convex polyhedral inclusions obtained from Voronoi 

decomposition [36]. The mesostructures tested are shown in Figure 22. These numerical samples are 

generated by randomly distributing the inclusions in a box. The procedure for constructing the 

mesostructures is detailed in [34] and [64]. The open-source python library Combs based on the 

Computer-Aided Design code Salome (www.salome-platform.org) is used to generate geometry and 

meshes of the mesostructures [34]. The GJK 3D algorithm has been recently implemented in Combs 

for fast convex particles distance computation (see e.g. http://www.dyn4j.org/2010/04/gjkdistance-

closest-points). 

For the local information assessment, the matrix is divided in 512 elements. Static uniform 

boundary conditions (SUBC) are adopted, which is reported to return more adequate results for 

composites in which the inclusions are stiffer than the matrix [17,65] than kinematic uniform 
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boundary conditions. The PSD of the inclusions in both meshes is shown in Figure 23. The isotropy of 

both mesostructures was successfully verified (not shown here for conciseness). 

The simulations are performed with the finite elements code Cast3M (www.cast3m.fr), in 

which the ageing viscoelastic constitutive behaviour is implemented by means of the MFront code 

generator (http://tfel.sourceforge.net/) following an algorithm similar to the one of [66]. 

 

 

 
Figure 22 Mesostructures with matrix and spherical inclusions (up) and Voronoi inclusions 

(down) used in FEM simulations 

 

 

 
(a) Spherical inclusions 

 
(b) Voronoi inclusions 

Figure 23 Particle size distribution of the inclusions in both meshes (a) Spherical and (b) 

Voronoi inclusions 

 
 

26



7.1 EFFECTIVE PROPERTIES AT THE CONCRETE LEVEL 

At the concrete scale, to ease the numerical implementation the behaviour of the mortar is 

fitted on the macroscopic one obtained by analytical homogenization by means of Prony series 

multiplied by an ageing function. Figure 24 shows an example of this fitting. Note that a surface 

(Figure 24 right) needs to be fitted since the relaxation functions depend on both time t and loading 

time t0. Each simulation took about 3h for computing 30 time steps and effectuating the post 

processing on a computer with 16 cores, 2.0 GHz frequency and memory with 64Gb 

DDR 3 1600 MHz. 

 

 

Figure 24 Fitting of the relaxation function of mortar: example of the bulk relaxation function 

for the no space-filling case. Left: The points are the estimations obtained by analytical 

homogenization. The full lines are the fitting. The same results are shown on the right picture: 

the points are the estimations obtained by analytical homogenization and the surface is the 

fitting.  

 

The calculated effective bulk and shear relaxation functions as well as the creep function of the 

concrete are shown in Figure 25 and Figure 26, respectively. With the mortar behaviours computed in 

the last section, the ageing character is reproduced in the effective behaviour of concrete for both cases 

(with and without space filling).  

The creep values obtained for both mortar behaviours are in agreement with some values found 

in the literature (e.g. [67]). The scenario with space filling creeps more at the very early age. Note that 

the values of the relaxation properties are slightly different for the mesostructure with spherical 

inclusions compared to the one with Voronoi inclusions for both scenarios. The difference is more 

accentuated in the creep function calculations. The higher the contrast is (here, the earlier the loading 

time), the bigger the difference is between both simulations.  
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(a) without space-filling (b) with space-filling
Figure 25 Calculated bulk (up) and shear (down) relaxation functions of concrete obtained by 

simulations for different loading ages: comparison between the mesostructures with spherical 

(full lines) and Voronoi (dotted lines) inclusions for scenarios with (right) and without (left) 

space-filling 
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(a) without space-filling 

 
(b) with space-filling 

Figure 26 Overall uniaxial creep function of concrete obtained by simulations for different 

loading ages: comparison between the mesostructures with spherical (full lines) and Voronoi 

(dotted lines) inclusions for scenarios with (right) and without (left) space-filling 

 

7.2 LOCAL INFORMATION 

As mentioned in the introduction, numerical homogenization allows assessing local information 

such as the average stress and strains within each inclusion or matrix subvolumes, which cannot be 

obtained analytically. In the following, a compressive loading of 25.6 MPa is applied on one of the 

faces of the numerical sample, and the local analysis is performed in terms of average strain in the 

direction of the loading. 

Regarding the inclusions, Figure 27 shows the distributions of the average uniaxial strain 

according to the mortar behaviour and the type of inclusions, for a loading time equal to 2 days and for 

different times. Similar distributions of the strain are observed for spherical and polyhedral inclusions. 

A small impact of the mortar behaviour (with or without space filling) is observed, in both cases the 

distributions do not evolve significantly as a function of time. Because some inclusions are in contact 

with the loaded surfaces, some outliers are observed among the inclusions. This aspect can be 

bypassed by taking as a sample a fraction of the box in which the edges are excluded in the post 

processing. 

Regarding the matrix, the distributions of strains tend to get broader with the time (Figure 28).  

The shape of the inclusions seems to affect them poorly. 
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Figure 27 Distribution of the average uniaxial strain within the inclusions, t0 = 2 days 

 Figure 28 Distribution of the uniaxial strain for the matrix, t0 = 2 days 

Figure 29 shows the maps of strains in the sample with polyhedral inclusions, in the direction of 

the loading, at two times and for t0 = 2 days. The presence of zones with higher magnitude of strains is 

evident for the case with space-filling (covering the full colour range in Figure 29) .  
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 t = t0 + 0.5 days t = t0 + 20 days  

without space 

filling 

 

 

  

 

[m/m] 

with space 

filling 

 

  

Figure 29 Strains (in the direction of the loading) within aggregates and mortar matrix in the 

sample with polyhedral inclusions at different ages for t0 = 2 days 

 

7.3 COMPARISON WITH EXPERIMENTAL DATA 

The estimations of the creep of concrete according to the combined numerical and analytical 

strategy presented in this paper is compared to the experimental results obtained by Craeye et al. [68] 

for a concrete composed by the cement with the composition shown in Table 1 and a formulation in 

terms of w/c, sand and aggregates as the one used in the simulations. The comparison of the results of 

basic creep (with the elastic part discounted) is shown in Figure 30. The mortar behaviour with space 

filling returns results closer to the experimental results. In this case, a slightly better agreement is 

observed for spherical inclusions. Further comparisons are needed to benchmark the effects of the 

space filling on the behaviour of concrete. In particular, it would be appreciable to validate the model 

estimations against experimental data of cement pastes and mortars, which would also justify the 

developments regarding the ITZ effects. 
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(a) without space-filling (b) with space-filling
Figure 30 Basic creep of concrete obtained experimentally (symbols, [68]) and by the modelling 

for different loading ages: comparison between the mesostructures with spherical (full lines) and 

Voronoi (dashed lines) inclusions for scenarios with (right) and without (left) space-filling 

8. CONCLUSIONS AND PERSPECTIVES

In this paper, a strategy combining analytical and numerical homogenization tools was

employed to investigate the ageing viscoelastic behaviour of cement-based materials at early-age. 

Analytical schemes were used to estimate the properties at the level of hydration products, cement 

paste and mortar. Numerical homogenization was used to study the concrete scale. This combined 

approach allowed investigating different propositions of mechanisms leading to an ageing behaviour. 

Simulations taking into account the space-filling process as leading to an intrinsically ageing 

behaviour of C-S-H were compared to simulations in which this effect was not considered. The 

obtained results allow concluding:  

• The estimations of the creep response are in agreement with the usual values obtained

experimentally for similar concretes. At all levels (cement paste, mortar and concrete) the

material creeps more at the very early-age when the behaviour accounting for the space-filling

is adopted.

• The behaviour with space filling returned results closer to the experimental values of creep

measured for a concrete with the composition studied. Note however, that the dependency of

the estimations on the model parameters used, some of them being inaccurately known, does

not allow concluding that the estimations with space filling are indeed more adequate. Further

investigations are needed to benchmark the need of accounting for the space-filling (or other

mechanisms contributing to the ageing character of the material) in the estimation of
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viscoelastic properties of cement-based materials at early age, ideally with creep or relaxation 

tests at the cement paste, mortar and concrete scales.  

• The inclusions shape affects not very strongly the overall behaviour. The earlier the loading

time the higher the difference between the response of polyhedral and spherical inclusions.

The local information obtained by numerical homogenization at the concrete level shows a

similar dispersion of the strains for both inclusions shapes.

As limitations and perspectives, we highlight: 

• The upscaling approach presented here is valid only for periods after the percolation of the

microstructure. Strategies to account for the existence of a percolation threshold at the cement

paste level are to be developed.

• The influence of the ITZ on the ageing linear viscoelastic behaviour deserves further

investigations. Mortar behaviours estimated with different ITZ thicknesses and compositions

can be performed. Additionally, an adaptation of the GSC so that a fixed ITZ thickness,

independent of the size of the particle, is set is another aspect to be considered.

• The mortar level can be itself studied by means of numerical homogenization too. For

example, a two-coated microstructure (as in [17]) could be used to represent the mesostructure

of mortar. But inherent difficulties regarding the representation of the ITZ with its

interpenetrations, as well as the small thickness of ITZ which demands a much finer meshing,

makes this extension not trivial.

• Further studies accounting for the effect of the volume fraction of the inclusions and phase

contrast on the ageing linear viscoelastic behaviour can be envisaged.
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