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Global existence of a diffusion limit with damping for the compressible
radiative Euler system coupled to an electromagnetic field

X. Blanc, B. Ducomet, S. Necasova

Abstract

We study the Cauchy problem for a system of equations corresponding to a singular limit of radiative hydrody-
namics, namely the 3D radiative compressible Euler system coupled to an electromagnetic field through the MHD
approximation. Assuming the presence of damping together with suitable smallness hypotheses for the data, we
prove that this problem admits a unique global smooth solution.

Keywords: compressible, Euler, magnetohydrodynamics, radiation hydrodynamics.
AMS subject classification: 35Q30, 7T6N10

1 Introduction

In [4], following the study of Buet and Després [5] we considered a singular limit for a compressible inviscid radiative
flow. The motion of the fluid was governed by the Euler system with damping for the evolution of the density
0 = o(t,x), the velocity field @ = u(t,x), and the absolute temperature ¥ = (¢, x) as functions of the time ¢ and the
Eulerian spatial coordinate € R3. A damping term was added to the momentum equation. We proved that the
associated Cauchy problem admits a unique global smooth solution, provided that the data are small enough.

In the present work we study the coupling of the previous model with an electromagnetic field through the so called
magnetohydrodynamic approximation (MHD) [3].

Let us recall briefly that Maxwell’s electromagnetic theory relies on Ampere-Maxwell equation and Faraday’s law.
The first one reads

&,D + J = curl, H (1.1)

where D = €E is the electric induction and H is the magnetic field. The second one reads
8,B + curl, E = 0, (1.2)

where B = ,uﬁ is the magnetic induction. Here, the constant g > 0 stands for the permeability of free space.
The two last laws are Coulomb’s law

—

div,D = g, (1.3)

where ¢ is the electric charge density, and Gauss’s law

—

div, B = 0. (1.4)

We assume that the electric current density J is related to the electric field E and the macroscopic fluid velocity @

via Ohm’s law . B
J=0(E+1ix B), (1.5)

where o is the electrical conductivity of the fluid. =
The magnetic force acting on the fluid (Lorentz’s force) f,, and the magnetic energy supply E,, are given by
Em

—

fm=J x B, =JE. (1.6)



The MHD approximation consists in neglecting the displacement current 8,5 (for the electric induction given by
D= eE) in Ampere-Maxwell equation (1.1) and supposing that the charge ¢ is negligible, so we obtain

pt = curl, B, >0, (1.7)

where, as mentioned above, the constant p is the permeability of free space.
Moreover, using (1.5), equation (1.2) can be written [6] in the form

8, B + curly (B x @) + curl, (Aeurl, B) = 0, (1.8)

where A = (uo)~! is the magnetic diffusivity of the fluid.

Finally, from Faraday’s law we get
L 5e Poa 1 5 =
| — |BI°)+J-E=div, | — BxE|. (1.9)
2p Iz
Concerning radiation, we consider the non equilibrium diffusion regime where radiation appears through an extra

equation of parabolic type for the radiative temperature which is a priori different from the fluid temperature.
More specifically the system of equations to be studied for the five unknowns (o, @, ¥, E,, B) reads

By + div, (o) = 0, (1.10)

8,(0) + dive (0@ ® @) + Vo (p + py) + %é x curl, B + vii = 0, (1.11)

O (oF) + divy ((0E + p)t) + @ - Vupr + % (ﬁ X E) -curl, B = div, (kV,0) — 04 (a9* — E;) + % ’Curlzé ’ , (1.12)
O E, + div, (E.i0) + pydiv,d = div, (315 VIET> — 04 (Er —av'), (1.13)

8, B + curly (B x @) + curl, (/\ curl, é) =0, (1.14)

where B is a divergence-free vector field, E = 31@? + e(0,9), E, is the radiative energy related to the radiation
temperature T, by E, = aT?* and p, is the radiative pressure given by p, = %CLTT4 = % E,., with a > 0. We
have also supposed for simplicity that u,o,,05,0 and a are positive constants. This implies in particular that
curl, (; curl, ( E)) =L AB.

w ou

Extending the analysis of [4] and using stability arguments introduced by Beauchard and Zuazua in [1], our goal is
to prove global existence of solutions for the system (1.10) - (1.14) when data are sufficiently close to an equilibrium
state.

The plan of the paper is as follows: in Section 2 we state our main result (Theorem 2.1) then in Section 3 we study
the MHD model and prove Theorem 2.1.

2 Main result

Hypotheses imposed on constitutive relations are motivated by the general existence theory for the Euler-Fourier
system developed in [20, 21]. Hypotheses on transport coefficients are physically relevant for the radiative part
[17, 19]. We impose that the pressure p(g, ) > 0, the internal energy e(p,v¥) > 0 and the specific entropy s(p, ) are
smooth functions of their arguments. Moreover, we impose the following monotony assumptions:

@(9,19) >0, %

Vi > 0, Vo > 0,
do

(0,7) > 0. (2.1)



In our simplified setting, transport coeflicients k, o, 0s and the Planck’s coefficient a are supposed to be fixed positive
numbers. Finally the damping term with coefficient v > 0 of Darcy type can be interpreted here as a diffusion of a
light gas into a heavy one.

We are going to prove that, under the above structural assumptions on the equation of state, system (1.10)-(1.14)
has a global smooth solution close to any equilibrium state.

Theorem 2.1. Let (@, 0,9, E,, E) be a constant state with s > 0, 9 > 0 and E, = ad’ > 0. Consider d > T7/2. There

exists € > 0 such that, for any initial state (QO, i, Yo, EY, éo) satisfying

H (007/&"071907 Ega go) - (@7 0757 E_T7 E)

< 2.2
‘Hd(RS) =5 ( )

there ezists a unique global solution (g,ﬁ,ﬁ,Er,é) to (1.10)-(1.11)-(1.12)-(1.13)-(1.14), such that
(e-2.@0-0.B B, B - B) € C([0,4+00); H' (R)) N C* ([0, +00); H'™" (RY)) .

In addition, this solution satisfies the following energy inequality:

t
d 3 +/
Ha®?)

t . 2
4 [ (1900 sy + IV By + [7:B O, )

2

— —_ =

(e 2. 1(0), 90) = 9. B.(0) - Br, B() - B)

Va (Q7 , 0, Er, é) (S)HHd*I(RS)

H4(R3)
_ . —\ (12
SCH(QO_§7d07190_19aEB_ET;B0_B)’

(2.3)

HA(R3)

for some constant C > 0 which does not depend on t.
3 The Euler-MHD system
3.1 The linearized Euler-MHD system
Multiplying (1.11) by @ and using (1.10) we get
1 1 -

Subtracting this relation to (1.12), using the definition C,, = dye and the thermodynamical identity d,e = % (p — 909p)
(Maxwell’s relation), equation (1.12) can be replaced by an equation for temperature

0C, (89 + @ - V0 4+ Ipodiv,d — vii? = div, (kV10) — 0q (a194 - ET) + E,, — fm - . (3.1)

—

Linearizing the system (1.10)(1.11)(3.1)(1.13)(1.14) around the constant state (g, 0, 9, FT,E) with the compatibility
condition E, = a54 and setting o =749, 9 =T+9Y, E, =e, + E, and B=0b+FB we get

Oyr + 0 div,d = 0, (3.2)
D D 1 1= -
0+ 2V, r + 22V T 4 —V,e + —B x (curlzb) Y =0, (3.3)
0 0 30 %
9p “ —
8T + 22 div, @ = div, <LVIT> _ e (4@193T - er) , (3.4)
EO'U EO'U @C'U
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, the linearized system (3.2) - (3.6) rewrites

r

U1

uz

us
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er

by

b2

b3

Using the vector notation U :=

3

U+ A;0,U

(3.7)
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and

0
0

0
0
0
0

0 0 0 O

0 0 O

00 v O

00 0 v

0 0 0 0

0

0
0
0

0 0 0 O

0 0 0 0

0 0 0 0

B :=

0
0

0
0

0
0
0
0
0

0 0 0 0 O

00 00 O

0 0 O
0 0 O
0 0 O
0 0 O

00 0 0 0

00 0 0 0

0000 ¢

000 0 0 ¢

0O X 0 O
0 A 0

0
0

00 0 0 O

00 0 0 0

0 0 A

00 0 0 0

D =

where

In order to apply the Kreiss theory we have to put the system (3.7) in a symmetric form [2]. For that purpose it is

sufficient to consider a diagonal symmetrizer

(3.8)

Multiplying the first equation (3.7) by Ag on the left, we get

(3.9)

= DAU — BU,

A;0;U

3
j=1

VZQ(Q)tU =+

.ZO.AJ- are symmetric, for all j = 1,2,3. More specifically,

where the matrices A;

° ol
O_DDO _

O_nm._n_Dlo
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The hyperbolic part of system (3.9) is now symmetric while its symmetric dissipative part is given by
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A simple computation proves that B is a semi-definite positive matrix, that is,

, for any vector X € RY.

tXBX >0

Applying the Fourier transform in = to (3.9) we get

(3.11)

DU - BU,

~l¢f?

l
=

&A;

—
el Il

AOatﬁ + 1

or

(3.12)

=E(€)U,

Ao0 U

with

E(§) = =B(£) —iA(¢),

where



0 pa'&y pa’éo pa'€s 0 0 0 0 0

pe' &1 0 0 0 pB'& puB"& —Ba& — Bs&  Babi Bs&
po!' & 0 0 0 uB'& puB"E Bi1& —B1§& — Bsgs  Bs&
po' €3 0 0 0 uB'&s pp"Es Bi&s Bs&s —B1& — B:
0 np'& 1B’ nB'Es 0 0 0 0 0
0 1B 1B 1pB"Es 0 0 0 0 0
0  —Ble—Bs&s  Bi& Bi1&s 0 0 0 0 0
0 Ba& —B1§&1 — Bs§s By 0 0 0 0 0
0 Bs& B3& —B1§1 —Baés 0 0 0 0 0
(3.13)
and
0 0 0 O 0 0 0 0 0
0O v 0 O 0 0 0 0 0
0 0 v O 0 0 0 0 0
00 0 v 0 0 0 0 0
BE):=B+[¢PD=| 0 0 0 0 “L4 eB8cp — 1l 0o 0 0 (3.14)
0000 - ure L MR 0 0 0
00 0 0 0 A2 0 o
000 0 0 0 0 AE? 0
000 0 0 0 0 0 AP

Solving this equation with initial condition Uy (&) we get
U(t,€) = exp [tA7 E(©)] To(©). (3.15)

In the strictly hyperbolic case D = 0, under the Kalman rank condition [12] for the pair (A(¢), B), it can be proved
[1] that

3C >0, ME)>0 & exp {tﬂglE(g)} < Ce Mo,

Due to the partially parabolic nature of the system, one can expect a similar result when D # 0 with a parabolic
smoothing effect at low frequencies and an extra damping in the high frequency regime.

Taking benefit of the damping, we can use the Shizuta-Kawashima condition (SK) [22] which applies to the previous
system. Following the arguments of Beauchard and Zuazua [1], we have

Lemma 1. For any & € S%, a necessary and sufficient condition for the matrices B(&) and A(€) defined by (3.13) and
(8.14) satisfy the Shizuta-Kawashima condition (SK):

{eigenvectors of (Ao)_l A(f)} Nker B(&) = {0}, (3.16)

is that v > 0.

Proof:

1. We first consider the case v # 0. One checks that ker B(£) is the 1-dimensional subspace spanned by the
~\ -1
vector (1,0,0,0,0,0,0,0,0). Therefore, if X € ker B(&) \ {0} is an eigenvector of (Ao) A(§), we have X =
(21,0,0,0,0,0,0,0,0), 21 # 0, and
A X = M KX,

for some A € R. This, together with the definition of Ay and A(€), implies that A = 0, & = & = & = 0, which
is in contradiction with the hypothesis ¢ € S2.



2. Next, we assume that ¥ = 0. One checks that ker B(¢) is the 4-dimensional subspace spanned by the vectors
(:I:la T2,T3,T4, 07 07 07 07 O)

Let us denote by (A, X) an eigenpair of A(§), with non zero eigenvector X € ker B(§). X satisfies the system
pue' & e + pa oz + pal €3y = Axy,

pa'&1xy = Az,
po' &y = Avg,
pe/ 31 = Ay,
ufB'&rwa + pf oz 4 B Ezrs = 0,
uB"E1xa + pfB" oz + B €34 = 0,
—(B2&s + Bs&s)xa + Bibows + Bi&wa = 0,
Ba&1wa — (B1&1 + Bs&s)as + Babawy = 0,
Bs&iwa + Bafaws — (Bi&1 + Baba)xa = 0.
Denoting B= (B1, B2, B3), 5: (&1,8€2,&3), and & = (x2, 23, x4), the system rewrites

pp" -
—(B-§@+(£-#)B=0.
In particular, this implies & - { = 0, which in turn implies Az; = 0. As a consequence, we have

)\xl = 0,

—

Z-£€=0,
uo/xlg: AT,
(€ - B)z=0.

Choosing A = 0, we see that any Z € &+ for & € Bt gives a nontrivial eigenpair (A, X) with A = 0 and
X =(0,#,0,0,0,0,0). Hence the SK condition is not satisfied. O

As in the equilibrium case, (3.16) is equivalent to the existence of a compensating matrix:

Proposition 3.1. For any ¢ € S2, the matrices Ao, B(¢) and A(€) being defined by (3.8), (3.13) and (3.14), there
exists a matriz-valued function

K: §? — R6x6
w — K(w)
such that
1. wr K(w) is a C* function, and satisfies K(—w) = —K (w) for any w € S2.
2. K(w)flo is a skew-symmetric matriz for any w € S2.

3. Denoting by [A] = 5 (A+ AT) the symmetric part of A, the matriz [K(w)A(w)] 4+ B(w) is symmetric positive
definite for any w € S2.



3.2 Entropy properties
Adding equations (1.9), (1.12) and (1.13) we get

1 1 = . . 1 - —
Oy (§g|u|2 + oe + E, + E |B|2> + div, ((gE—i—ET)u—I— (p+pr)u+ ; E x B)

1
= div, (kV,9) + div, <3—

Os

VIET) . (3.17)
We define S, := %aTT3 the radiative entropy. With these definitions, equation (1.13) rewrites

1 1 E, —a¥?
Oy + divy (S,1) = Z-div, <3— VIET) LA
O

T TT
that is,
1 4 E, —av*
8tSr + lem (S,,«’lz) = lem (m VzEr) —+ a — UQTTG. (318)
Replacing equation (1.12) by the internal energy equation
1 _
9y (0e) + div, (geid) + pdiv,i — v |id]* = div, (kV40) — 0q (a9* — E,) + — |curl, B|?. (3.19)
op
The entropy s of the fluid is defined by the Gibbs law 9ds = de + pd (%) Hence, dividing (3.19) by @, we find
20 202 9 — E, 1 -
0y (0s) + div,(ost) — % |i@? = div, (Févl9 ) + I€|V192 ®_ oaa 3 + o720 |curl, B|%. (3.20)
So adding (3.20) and (3.18) we obtain
V9 1
9; (0s + S;) + divy ((0s + Sp)i) — divy, n + V.E,
9 30,1
K|V 19|2 2, 49q 2 2 52, V-2
=5 3 T|VE| T W —T,)* (0 +T,) (9> +T?) + 75 |curl, B +5|u| : (3.21)

Introducing the Helmholtz functions Hy(o,?) := o (e — UJs) and H 5(T;) == E, — 9S,., we check that the quantities
Hy(0,9) — (0 — 0)0,H5(0,9) — Hyz(2,9) and H 5(T.) — H, 5(T') are non-negative and strictly coercive functions

reaching zero minima at the equilibrium state (3,9, E,.).

Lemma 2. Let g and ¥ = T, be given positive constants. Let Oy and Oy be the sets defined by

< p < 20,

| |

O = {(9,19) eR? :

RN

< < 20, } . (3.22)

Oy = {TT eR : % < T, < 2T,, } (3.23)

There exist positive constants C1 2(9,9) and C3 4(T,) such that

1.
C1(lo—10|* + [0 —9|*) < Hz(0,9) — (0 — 0)9,H5(0,0) — Hy(2,9)

<Cy(lo—2f + W —9), (3.24)
for all (p,9) € Oy,



Cs|T, = T,|* < H,5(T,) — H,5(T,) < Cu|T, = T, |?, (3.25)
for all T, € Os.

Proof:

1. Point 1 is proved in [9] and we only sketch the proof for convenience.

We have the decomposition

0 — Hy(0,9) — (0 — 0)0,Hz(2,9) — Hy(2,9) = F(o) + G(o),

where F(0) = Hy(0,9) — (0 — 0)9,H(0,) — H(3,9) and G(o) = Hy(o,0) — Hy(o, D). Using Gibbs law
Yds = de + pd (%

Hence, F is strictly convex and reaches a zero minimum at g. Turning to G, we have, still using Gibbs law,

), one casily proves that 02Hg(o,7) = Q%agp(g, ), which is positive according to (2.1).

v Hy(o, ) = Q%iaﬁe(g, ). Thus, using (2.1) again, we infer that G is strictly decreasing for 9 < 1 and strictly
increasing for ¥ > . Computing the derivatives of Hy leads directly to the estimate (3.24).

2. Point 2 follows from the properties of the function x — H, 3(x) — H,_ 3 (T)) = az®(z — 39) + %54 O

s

From this simple result, we can obtain an identity leading to energy estimates. Multiplying (3.21) by ), subtracting
the result to (3.17) and using the conservation of mass, we get

1 _ g _ = — 1 =
00 (51" + Hy(o.0) = (o~ D0, His@.T) (@, ) + H, 5(T,) ~ H,5 (T,) + 1B

_ 1-
+div, <(Q(E —€) + E)u+ (p+pr)i—9(o(s —3)+ Sp)u+ ;E X B)

1 — 20 1
= div, (mvm +3 - szT) — ddiv, <””V19 + T szT>
R v E— ) 5 =0, 2 9 o Vo 1 12
- T VL E -0 9 -T2 (0 + T (9% + T2) - Z ) — IIB‘ . 3.26
7 30, Vol ﬂTT( ) (@ +T) (0 +T7) — 5 |l 5720 | (3.26)
NT __ _ __ =\T
In the sequel, we define V = (p, U, 9, E,, B) , V= (ﬁ, 0,9, E,, B) , and
2 _— 2
N(t) —Oiglg’tHV(S) VHHd(RS)
t . 2
# (VT e + 190000 sy + 190 ey + [ VB, )

t
2 Lo\2
[ (1966) = T 6o oy + 16 o o) s (327
Recall that T, = Erl/4a_1/4. Note also that, since div, (é) =0, we have

I,

as far as B € H L(R3), and similarly for any H® norm. This allows, in the sequel, to replace curlwg by ng in all
bounds.

_ |2 _
curlzB’ :/ v, B, (3.28)
R3

10



3.2.1 L>®(H?) estimates
Using these entropy properties, we are going to prove the following result:

Proposition 3.2. Let the assumptions of Theorem 2.1 be satisfied. Consider a solution (o, u,V, E,) of system (1.10)-
(1.11)-(1.12)-(1.13)-(1.14) on [0,¢], for some t > 0. Then, the energy defined by (3.27) satisfies

=2
V®) = VLo

t . 2
+ (|w<s>||iz<R3>+||vaT<s>|iz<R3>+w<s> T ()3 sy + 1) s + ||V B s }LQ(RS))dS

< C(NH)N(0)?, (329)

where the function C is non-decreasing.

Proof: Following the proof of [13, Lemma 3.1] we define

We multiply (3.21) by 9, and subtract the result to (3.17). Integrating over [0,] x R3, we find

/RS (%@(z&)lﬁl2 (t) +n(t, x) + >dx+/ / IV o

t
+/ / 5“"“(19+TT)(19_TT)2 (192+T3)+_u|a|2+
0 R3

2

9T, 9 m ’

| 1 =5 |2
< [ wodo+ [ eolal + 5 [ |
R3 R3 2M R3

)} , (3.31)

Defining

M(t) = sup sup [max (|Q(S, x) — 2|, u(s, )|, [9(s, z) — V|, ‘Er(s,x) — E| , B— E

0<s<tzecR3

and applying Lemma 2, we find that

V) = Ve )

t 2
2 2 2 - 2 -
+ / (|vxz9<s>|L2(R3> V2 Br ()32 sy + 1908) = To ()12 ey + 16 sy + [[ernla Bs)| (Rg)) ds
< C(M(£)N(0),

where C' : RT — RT is non-decreasing. Equation (3.28) allows to replace curlmg by Vmg in the above estimate.
Finally, we point out that, since d > 7/2 > 3/2, due to Sobolev embeddings, there exists a universal constante Cy
such that M (t) < CoN(t). Since C' is non-decreasing, this proves (3.29). O

T
Proposition 3.3. SettingV = (g, U, 9, B, B) , under the same assumptions as in Theorem 2.1, we have the following

estimate:
10V () 101y < COV) (IVV a1 sy + 1V s
Ve Bl ausy + 19 = Toll o sy + 1] gas sy + vaBHHd(m) - (332)

Proof: The system satisfied by V may be written formally

~

OV + Z A;(V)d,,V =D(V)AV — B(V) = 0, (3.33)

Jj=1

11



where

0 o O 0O 0 0 0 0 0
a 0 0 0 # B 0 Bsfou Bsjou
0 0 0 0 0 0 0 —Bi/opu 0
R 0 0 0 0O 0 0 0 0 —B1/op
A= 0 7 o0 0O 0 0 0 0 0 ,
0 5 0 0 0 w O 0 0
0 0 0 0 0 0 wu 0 0
0 BQ —Bl 0 0 0 0 U1l 0
0 B3 0 —-B; 0 0 0 0 U
0 0 o 0 0 0 0 0 0
0 0 0 0 0 0 —Byjou 0 0
& 0 0 0 B B’ Bijou 0 Bslop
R O 0 0 0 0 0 0 0 —By/op
Ay = o 0 3 0 0 0 0 0 0
0 0 7 0 0 wu 0 0 0
0 —B2 Bl 0 0 0 U 0 0
O 0 0 0 0 0 0 U 0
0 0 B3 —Bg 0 0 0 0 u9
0 0 0 o 0 0 0 0 0
0 0 0 0 0 0 —DBs/op 0 0
0 0 0 0 0 0 0 —Bs/op 0
R a0 0 0 7 B BiJou Bafou 0
Az=1 0 0 0 & 0 0 0 0 o |,
0 0 0 3" 0 wus 0 0 0
0 -B; 0 B 0 0 us3 0 0
0 0 —-Bs B, 0 0 0 us3 0
0 0 0 0 0 0 0 0 us
and
00000 0 000
00000 0 0O 0 0
00000 0 OO0 0O vy
00000 0 0 0 0 % (@9) _E, ’Cuﬂ B’ u\u\
D= 0000 0 00 0| B= ol £+ g :
= oq(a¥* — E,.)
00000 & 0 0 0 0
00000 0 X O O 0
00000 0 0 XA O 0
00000 0 0 0 A
where 1 5 A 1
~/ Po Y Do an ~/ opy > K ~11 <
“ T B_Q’ ﬂ_39’ T T80, 0T oGy 7 =gk 5_305'

It is possible to symmetrize this nonlinear system in the same spirit as what we have done for the linearized system
(3.7). However, we do not need to do so here. So we write

OV = — Z[A — A( V)} .V Zn:ﬁ V)0,V + [D(V) - DV )}AV+D( JAV — B(V).

We first observe that these matrices are Lipschitz continuous with respect to V', away from ¢ = 0 and ¥ = 0 and also
that the matrices B and D have, respectively, the same structure as those defined in (3.10). Note also that, since

12



d—1>5/2=3/2+ 1, Sobolev embeddings imply that H9! (R3) is an algebra. Therefore, we have

3
100V ey < Co | 143 HAJ»W) A s oy | 19 sy

+ Coy (1+ Hﬁ(V ) (”Aﬁ”Hd 1 ]R3)+ ||AE HHd 1(R3) + chl“l (Curl B)"Hdl(R3))

~

+Co (1 + Hé(V) —B(V)

Hd 1 R3)

L) €02 = ol + ),

whence,
||8tv||Hd—1(R3) < Co (1 =+ HV - VHHd—l(RS)) (||V1V|Hdl(]R3) + HAﬂHdel(]R‘*) + HAET”Hd*l(]R‘*)

+ HABHHH(R‘%) + 119 = Tyl as sy + ||ﬁ|Hd1(R3)) ,

which proves (3.32). O

Next, we bound the spatial derivatives as follows:

Proposition 3.4. Assume that the hypotheses of Theorem 2.1 are satisfied. Let k € N3 be such that 1 < |k| < d,
where d > 7/2. Then, we have

t
Ha;:V(t)Hiz(Rg) +~/O (”aalccvwﬁ(s)”%Z(R?') + ||(9§V1ET(S)H%2(R3) + Haf (0 - Tr) (S)Hiz(Ra)

. 2
+| fva(S)HmRs) + Ha’;ﬁ(s)\y;(WQ ds

t
< CON(O)2 + OON(t)/(; (”VIV(S)”inl(W) + Hvxﬁ(s)H?{d(Rfﬁ) + HVIET”;d(]Rf*) +

2

19(5) = To() -1y + ) s sy + | Vo Bs) ) ds (3:31)

H4(R3)

Proof: Here, we need to symmetrize the nonlinear system. For this purpose, we multiply (3.33) on the right by the
matrix

=

p
o
=
<
S~—
I
OOOOOOOO@Fl

(3.35)

)y © O O O O

§

OO O O oOooxr o©
OO O O O © o
OO O O F®T oo o
OOOOQE@\)OOOO
SO O O OO0 o O
O O O O OO0 o O
_— oo o O OO0 o o

o o o)

This gives
A;(V)3,,V +D(V)AV — B(V) = 0, (3.36)

IS
<
I
I
RN

Ao(V)

<
Il
—
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where A;(V) = Ay(V)A;(V), B(V) = Ay(V)B(V), and D(V') = Ao(V)D(V) are all symmetric matrices. Applying 0
to (3.36) then taking the scalar product with the vector ¥V and integrating over [0,¢] x R?, we find

%/RC‘ [(ﬁoa’;v) .8’;V};dx+/0t | (bvm (afV)) (@:V) dde_/ /}R3 (8’“ ) ddt

/ / ( (I, + Iz —I3— 1y — I5) dxdt,
R3

- (ﬁo(V)) A A% I = 23: 0s, (th(V)) V.ot I = [a;;, ﬁo(V)] 8V - kv,
j=1

where

I = 23: [a’;, th(V)} 0.,V -0kV,  Iy=0k (B(V)) NI

j=1

We estimate separately each term of the right-hand side.
First, we have

t t t
/ / L gc/ / 05V |* o,V < c/ / 05V |* IV V| + |B(V)| + [DAV])
0 R3 0 JR3 3

<ON ) [ 105V e 05

where we have used Sobolev embeddings and the fact that d > 7/2. A similar computation gives

// || < ON(t /Hak HLz(R%)

We estimate I3 by applying Cauchy-Schwarz inequality:

t t
k
ARy A P

Next, we apply the same estimate for commutators and composition of functions (see [15, Proposition 2.1]), and
k| < d:

o A

oz Ao

L2(R3)

[0, Ao(V) = (V)] &1V |

L2(R3) - H L2(R3)

‘vmﬁo(v)HLw(RB)) '

’Vm.;l\o(V)‘

<C (”atV”Loo(RS) + |‘6tVHHd*1(R3)

Hd—1 (R'i)
Moreover, we have

|Vado(v)| <NV =V yagas) < CN ),

Hd—1(R3)

and

vaﬁo(v)HLm(m < CIVV s sy < ON (1),

Hence, I3 satisfies

[ [ st < v [ (190 ey + 1906 By + 12560 e

2 — 2 =t 2
- 19(s) = T ()10 gy + 1(5) | s gy + Hvxms)HHd(m) ds.

14



Here, we have used (3.32).
The integral of I is dealt with using similar computations.

Turning to I5, we use the particular form of 8§B(V) More precisely, we have

ak( W )) L OFY = oF fm—uﬂ ki — o (T2 (awt — B4 Em T Im T kg

+3k (aa(cm94 - FE, )) . 8kET,

from which, using estimates for composition of functions (see Proposition 2.1 in [15]) we infer

[ [ ene [ 10 o) i

Collecting the estimates on Iy, I, I3, Iy and Iy, we have proved (3.34). O
The above results allow to derive the following bound:

Proposition 3.5. Assume that the assumptions of Theorem 2.1 are satisfied. Then, there exists a non-decreasing
function C : RT — RT such that

t
— 12
IV =Vl agey + / (vaws)@wm + Vo Br ()| 3racgay + [19(5) = T ()l ra gy

L2 = 012
TN + VB, ) 2

t
< o(N @) [N(O)? ) [ (|vzv<s>||zdl<m> V03 2pagany + Vo (5) 2y +
2

Hd(R3)) ds] . (337)

Proof: We sum up estimates (3.34) over all multi-indices k& such that |k| < d, and add this to (3.29). This leads to
(3.37). 0

19(5) = To () -1 sy + 116) - sy + ||V B )

3.2.2 [%(H?!) estimates

In this section, we derive bounds on the right-hand side of (3.37). For this purpose, we adapt the strategy of [22], which
was further developed in [10]. We apply the Fourier transform to the linearized system and use the compensating
matrix K to prove estimates on the space derivatives of V.

Proposition 3.6. Assume that the assumptions of Theorem 2.1 are satisfied. Then there exists a non-decreasing
function C : RT — RT such that

| 1TVl s < CO0) (N + V0 = T o) (338)

Proof: As a first step, we apply the symmetrizer of the linearized system (3.7) (which leads to (3.9)) to the nonlinear
system (1.10)-(1.11)-(1.12), which then reads

Ao (V atv+ZA V).,V = DAV — B(V)V.

Jj=1

Of course, this system is not symmetric. However, the corresponding linearized system (3.9) is symmetric. Next, we
rewrite the nonlinear system by setting U =V — V:

Ay (V 8tU+ZA V)d,,U = DAU — B(V)U — B(V)V

Jj=1

15



A(V)owU +> " A;(V)a,,U = H, (3.39)

+ (V) (Ao(v) T BAU - Ay(V) (A(v) " BV — A7) (Ao(v)) BV

We apply the Fourier transform to (3.39), and then multiply on the left by —i ( ) (%) where * denotes the

transpose of the complex conjugate, and K is the compensating matrix (see Proposition 3.1). Taking the real part of
the result, we infer

Im <(ﬁ) K <|§—|> Ay (V) 8tl7) + €] (ﬁ) K (%) A <|§—|> U =1Im ((ﬁ) K <|§—|> ﬁ) , (3.40)

where the matrix A (i) is defined by (3.13). According to Proposition 3.1, KA (V) is skew-symmetric, hence

I€]

L\ * ¢ oA\ 1d o\ * ¢ N
Tm ((U) K (@) Ay (V) 8tU> 5o Im <(U) K <E) Ay (V) U> .
Next, we also have

(0 K (5)4(8)0 1000 [s()4(8) ()] 00 w00y 0. o

Hence, still applying Proposition 3.1, there exists a; > 0 and ag > 0 such that
N S AVAAY |2
U)K E-A 7 U=l |U

azé (‘5 <ﬁ>r + ’g (E/—\E_) ’ 2) . (3.42)

Finally, we estimate the right-hand side of (3.40) using Cauchy-Schwarz inequality and Young inequality:

’Im ((ﬁ)K (é—|> 1?1)’ £l¢| }U‘ O ‘Hf (3.43)

for any € > 0. We choose ¢ small enough, insert (3.41)-(3.42)-(3.43) into (3.40), and find
- = 2 — =\ |2 2
m(g(ﬁ—ﬁ)} +|e (B -E) )
N € N
ta ‘H‘ Im<(U) K<m) Ao (V) Uﬂ

2 ~12
4 |§|2l72 ‘H‘

— e~ 1%1 <((7)K<|§—|> Ao (V) ﬁ)] (3.44)

= 2 .
+m23—3}+mﬁﬁ LRl

= ~2 S
o] <c QB—B}+KPﬁ + g |-,

We multiply this inequality by |¢[*~!, for some 1 <1 < d, and get

|2 —=\|? =\ = =2 I _T
|§|21‘U‘ <C |§|212(§(19_19> +‘§(ET_ET) + e g_é‘ + e a| + €2 - T
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We integrate this inequality over [0,¢] x R?, and use Plancherel’s theorem:

T

[k|=1—1 |k|=1—1

(ya’;vmﬁ #1059, B [+ [0, B+ ot + ]8§H}2>

t

—I—CIm/RS €21 [(ﬁ)K <|§—|> Ay (V) ﬁ} . (3.45)

0

The matrix K (‘—g‘) is uniformly bounded for £ € R? \ {0}, so we have

i [ 12 [(0) 5 (&) a0 0] <o [ avie) o] [ e |m))
<O (IIV =Vl sy + 1% = Vo))

We insert this estimate into (3.45), sum the result over 1 <[ < d, which leads to

t
/O 192V zssasy < € (IV = V) + 10 = Vllaqes)

2

t
[ (9t + 1B sy 4 IVl + [V )+ Ve ) ) (30

Hd—1(R3)
In order to conclude, we need to estimate the perturbation H. For this purpose, we use that H¢~! (R3) is an algebra:
for any s <t,

L ($)] a1 gy < ON) VoV s g -

Inserting this into (3.46), we prove (3.38). O

We are now in position to conclude with the

Proof of Theorem 2.1: We first point out that local existence for system (1.10)-(1.11)-(1.12) may be proved
using standard fix-point methods. We refer to [15] for the proof. The existence is proved in the following functional
space:

X(0,7)={V, Vv-VecC(0,1}H"(R?), V,VelL*(0,T;H""(R?),
V.0, Vo By, Vo B € 12 ([0, 7] H (RY)) }.

In order to prove global existence, we argue by contradiction, and assume that 7, > 0 is the maximum time existence.
Then, we necessarily have
lim N(t) = +o0, (3.47)

t—T,
where N (t) is defined by (3.27). We are thus reduced to prove that N is bounded. For this purpose, we use the method
of [13], which was also used in [18]. First note that, due to Proposition 3.5 on the one hand, and to Proposition 3.6
on the other hand, we know that there exists a non-decreasing continuous function C' : R* — R* such that

VT €[0,T.]), N(t)><C(N(t)) (N(0)>+N(@)?). (3.48)
Hence, setting N(0) = ¢, we have
% < C(N(¥)), (3.49)

Studying the variation of ¢(N) = N2/ (e2 + N*3), we see that ¢/(0) = 0, that ¢ is increasing on the interval [O, (2¢2) 1/3}

and decreasing on the interval [(262) /8 , —l—oo). Hence,

maxg = o ((22)'") = % (2>2/3.

€
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Hence, the function C' being independent of e, we can choose e small enough to have ¢(N) < C(N) for all N € [0, N*],
where N* > 0. Since C' is continuous, (3.49) implies that N < N*. This is clearly in contradiction with (3.47). ]
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