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Abstract

A new iteration method for nonlinear vibrations has been developed by de-
composing the periodic solution in two parts corresponding to low and high
harmonics. For a nonlinear forced oscillator, the iteration schema is proposed
with different formulations for these two parts. Then, the schema is deduced by
using the harmonic balance technique. This method has proven to converge to
the periodic solutions provided that a convergence condition is satisfied. The
convergence is also demonstrated analytically for linear oscillators. Moreover,
the new method has been applied to Duffing oscillators as an example. The
numerical results show that each iteration schema converges in a domain of the
excitation frequency and it can converge to different solutions of the nonlinear
oscillator.

Keywords: Forced nonlinear oscillator, harmonic balance method, iteration

procedure, Duffing oscillator.

1. Introduction

The harmonic balance method (HBM) has many applications in nonlinear
dynamics. The original principle of this method is to express the periodic so-
lution in terms of Fourier series with limited numbers of harmonics and to

substitute this expression to the dynamic equation in order to find out balance
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of all harmonics. A typical difficulty of this method is linked to the dependence
of the quality of the approach on the way to carry enough terms in the solution
and check the order of the coeflicients for all the neglected harmonics ﬂ, B]
Some alternative techniques based on HBM have been developed in order
to solve this difficulty. The Galerkin procedure B—B] was used to calculate
incrementally the Fourier coefficients of the classical HBM. Another technique
called the iteration procedures were presented by Mickens H, Q] and applied to
different kinds of non-linearities [9,[10]. The high dimensional harmonic balance
(HDHB) was developed by Hall et al. [11]. This method is based on a constant
Fourier transformation matrix which is an approximation of the matrix related
to the non-linearity deduced from the classical HBM. This method has some
advantages in calculation in case of high dimension, but it can lead to non-
physical solutions ] Recently, other new methods based on HBM were

and Ju et al. @]

In this paper, we propose a new method for forced nonlinear oscillators based

developed by Cochelin et al.

on the iteration procedures and HBM. The existing methods propose to use the
same iteration schema for all harmonics. This new method provides ditferent
schemas which adapt to the frequency of the force. By decomposing the pe-
riodical solution in low and high harmonic components, an iteration schema
is presented and then developed by using HBM. The schemas are proved to
converge to the periodic solution, provided that a sufficient condition is satis-
fied. Thus, the harmonic decomposition is a new way to build iteration schemas
which could be applied to other problems using HMB (e.g. the high dimensional
problems). Moreover, this method is demonstrated to converge to the analytic
solution of a linear oscillator and it is applied to a forced Duffing oscillator. The
numerical results show that each iteration schema converges in each range of the

excitation frequency and it can converge to different solutions of the oscillator.
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2. Iteration schemas

Let’s consider a forced nonlinear oscillator given by

d2
d_t;‘ + Bi+ wlu + f(u, i) = AcosQt (1)

where f(u,) is a nonlinear function. This equation is rewritten to read

d2
5+ Qu= (0 —wf)u— Bi— flui) + AcosQt = Glui) ()

A classical iteration schema is often proposed as follows

d2uk+1
dt?

+ QPupr = L(G(ui, )i j<k) (3)

where £ is a linear form which is chosen for each function G(u, ) in order to meet
the convergence. Now we will build a different iteration schema by considering

the periodic solution defined by series {gnr }, {pnk} (with 1 < n < N) as follows

N
ung(t) = qOTk + Z G cOS U + ppy sin nQU (4)

n=1
For each N (0 < N < N), we decompose uyy into two terms which corre-

spond to low and high harmonics as follows

N
Xp(t) = q(%c + Z Qnk COS N + P Sin N (5)
n=1
N
Yi(t) = Z Gni cOS EU + Py sin nQt (6)
n=N+1
unk(t) = Xi(t)+Yi(t) (7)

Then, the proposed iteration schema is

d?v; . !
dtk;rl + BXje41 + wi Xnp1 =AcosQt — f(unn, i)
8
d? X, . 2 ( )
— 1z — ﬂYk - UJOYk

Here, we take the initial values (i.e. k = 1) by ¢o1 = pn1 = 0. Now we will

develop this schema by using the harmonic balance technique. By performing
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the Fourier series development of equation (&), we obtain the following results

1 [T (d*Yep : )
— + BXk+1 + WOXk+1 cosnQt dt = Ad1, — Cpk
0

T dt?
1 (T racx :
_T/ ( dtQk + BY; —i—w%Yk) cosnfdt dt
0

1 T szk 1 ) .
T/o ( dt2+ + B X1 +w(2)Xk+1) sinnQt dt = =Sy,

1 7 rdix :
_T/ ( dtzk + BY; + w?)Yk) sinnQt dt
0

(9)

(10)

where T = %’T; 01n = 1if n =1 and 6y, = 0 if other. C,p, S,i are the Fourier

coefficients of f(ung,unk)

2 T
an = T/ f(uNk,lek) cos n§tdt
0

2 T
S’n.k = = / f(uNk, ij,Nk) sin ndt
T 0

(11)

Thereafter, by substituting equations (@) and (@) into equations (@) and (I0),

s we obtain

Forn =20
2 _
Woqo(k+1) = —Cok
ForO<n<WN
Bnpn(k41) + qun(kﬂ) = Abp1 — Cog + 1% @i
—BnQn (k1) + wgpn(kJrl) = —Suk + 12k
For N <n<N

_nQQQqn(k-i-l) = A(Sln - an - W(Q)an - ﬂnﬂpnk

=Py et1) = —Snk — WoPnk + B

Finally, we have deduced the iteration schema (&) to the results in Table[I]

where {pni}, {gnk} are represented as recurrent sequences. By taking the initial

values (pn1 = gn1 = 0), we can compute these series for a number of iteration

K to get the solution of equation (Il). Here, we have one iteration schema
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s corresponding to each value of . In the next section, we will prove that these
schemas converge to the periodic solution of equation (D) if a sufficient condition

is satisfied.

Table 1: Frequency dependent iteration schema

Cor
n=0 In(k+1) =~ 73 5 Pn(ktl) = 0
0

77,292 (B?’Lﬂan + W%pnk) _ ﬁngcnk + wgsnk + ﬁnQAénl

PV N GO ()2 +wf
- _ nQQQ(_BnQPnk + W8an) ﬂnQSnk - Wgcnk + ng(Snl
dntkey (BrQ)? + (BrQ)? +wf
2
_ wo ﬂ an A5n1
N<n <N An(k+1) = 712(222 Gnk + nQpnk + n20)2 n20)2
Wy ﬂ Snk

Pn(k+1) = —nQQQPnk - man + ROToT

3. Sufficient condition of convergence

Lemma: If f € C! and if the series of functions {uy} defined by equation
so (@) and the schema in Table [ is uniformly convergent when N,k tends to
infinity, their limit is a periodic solution of equation ().
Demonstration: Suppose that uny(t) converges uniformly to u(t). We
have to prove that
(i) u(t) is periodic of period T
55 (ii) u(t) is a solution of equation ().
We prove (i) by contrary. Suppose that it exists 7 such that |u(7) — u(r +
T)| = a > 0. Because upn(t) is uniformly convergent, for 0 < 2e < a it exists

M, K such that VN > M,k > K we have
lung(T) —u(r)] <€
lune(T+T) —u(r+T)| <e
In addition, we have un(7) = unk(7 + T). Thus

a = |u(r) = u(r + T)| < |unk(r) = w(7)| + [unk(T) —u(T +T)| < 2e
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The last inequality cannot be true because 2¢ < a. By consequence, u(t) is

e periodic.

To prove (ii), it is sufficient to show that Ve > 0, 3M’, K’ such that

liing + wiunk + flung, tng) — K cosQt| < Ce VN > M’ k> K’ (12)

where C' is a constant.

By using the triangular inequality, we have

|iin (k1) + WEUN (1) + f (UN(R41)s Un(rg1)) — T cos Q| < wi [Yigr — Yl

+5’Yk+1 Yk’-l-‘

|

2

gz (Kw+1 — Xi)| + |f (un(rr1)s Unetr)) — fune, i)

(Yis1 + Xi) + ﬂ(X(kH) +Y3) + wi(Xp1 + Yi) + flunk, ing) — AcosQt

We note fq, fo, fc, fa and f. the five terms of the last inequality, that means

fo =wi |Yier1 — Vil
fo =8 ’YkJrl - Yk‘
d2

fo = | gz (Kia = X0)

Ja=|f (uner1), in o)) — f(une, ine)|
2

d
fe - dt2 (YkJrl + Xk) + B(X(k-i—l) + Yk)

—HUg(XkJrl + Yk) + f(uNk,lek) — Acos Qt’

In order to prove ([I2)), we have to prove that fq, fp, ..., fe are measured by e.

Because upy is uniformly convergent, it is clear that f, is measured by e.

To prove that f, and f. are measured by e, it is sufficient, for example, to take

s the definition of X,,; from equation (Bl with remark that

Je

IN

d2
‘@(X(kﬂ) - Xi)

29 [(Prkt1) — Prk) SN + (@r(ri1) — Gnk) OS]

Z n?Q? (‘pn(kﬂ) - pnk’ + ‘Qn(k-i-l) - an])

n=1
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As the series {uny} converge uniformly, the series ppk, ¢ni are uniformly con-
vergent when k tends to infinity. Thus, f, and f. are measured by e.

In order to measure fy, we use a following property: for f € C!, it exists
C such that |f(u) — f(2)] < Ce when |u — 4| < e. As the series uny converges
uniformly, we can chose k large enough for |uy (1) —unk| < €. By consequence,
fa is measured by e.

For f., by using the iteration schema in Table[Il we obtain
i

@(l/(k+1) + X;g) + Qz(_X(kJrl) — X;g) + w%u]vk + f(uN;g,QlN;g) — Acos Qt’

= |f(umk, Umi) — (COk I Z Cpr cos n§dt + S, sin th)

n=1

Thus, f. is exactly the difference between the function f(ung,tng) and its
Fourier series development. Because uyy, is periodic and bounded, f(ung, ing)
is also periodic and bounded. Thus, this difference is measured by ¢ when N
is large enough. Therefore, the five terms are measured by €, and the lemma is

proved.

4. Examples

4.1. Linear oscillator

We consider a forced linear oscillator, i.e. f(u,u) = 0. The iteration schema

in Table [I] becomes

n=0 Qok+1) =0
n?Q?(BnQqnk + wépnk) BnAG,,
1<n< _
<n<N Pr(k+1) (B2 + WO (BTLQ) n OJO
q _ TLQQQ( ﬁnQpnk + woan) w0A5n1
n(k —
(k+1) 2 (Bn2)? + wj " (B2 +
N<n<N quigr) = 92 2z Ik T oGPk — 26;

Pn(k+1) = QQQPnk Qan

We will prove that when the schema converges, its limit is the analytic solution.
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Case N =0

For n > 2, we have

. w? i .
An(k+1) T 1Pn(k+1) = <n2—§022 - m) (qnk + ipnk)
wg i

In(k+1) — Pnk+1) = <W + m) (@nk — ipnk)

The last equations define two geometrical sequences and they converge if and

2 .
only if |85 + ;—fl‘ < 1; their limits are zeros (i.e., gnk, Pnk — 0 when k — 00).

For n =1, we have

: wy iB .
Qi(k+1) T iP1(R41) — AL = 2 q (qir +ip1x — A1)
. (13)
. wg 1B .
Qi(k+1) — IP1(k1) — A2 = (@ + 5) (i — ip1x — A2)

where A} = —A/ (92 —wd +i6Q) and Ay = —A/ (Q* — wi —iBQ). The last
equations define also two geometrical sequences which converge to zeros with
the same condition for n > 2. By consequence, the limits of {q1x} and {p1x}

are
(wg — 2*)A

b W9+ (59)
B BOA
R RN EE

Equation (I4) is exactly the analytic solution of the forced linear oscillator.

(14)

Thus, the sufficient condition is thus justified in this case. In addition, equa-
tion (I3]) shows that the schema converges linearly and the convergence rate is
calculated by
2 .
wi o ip
==+ = 15
n=|wt+ 3| (15)
The condition of the convergence p < 1 can be rewritten as Q* — wg > (8Q2)2.

It means that € is larger than the resonance frequency of the oscillator €2,..

Case N' =1

For n > 2, we have the same results with the previous case, i.e., ¢k, pnk — 0
2
“o

when k — oo if and only if Q7

+%’<1f0rn22.
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For n =1, we have
02
Qi(k+1) T iP1(Rt1) — A1 = m(qlk +ipir — A1)
02
Qi(k+1) — P1(kt1) — A2 = m((ﬁk —ip1x — A2)
We see that the last two equations define also two geometrical sequences which
02

iBQ+w§
and n > 2 of the schema can be rewritten as follows

converge if and only if < 1. The condition of convergence for n = 1

Q4 _ .4 QO 2
wy < (BQ) (16)
16Q* — wi > 4(80)2

We deduce that the iteration schema A" = 1 converges linearly when € is smaller
than the resonance frequency and the convergence rate is

Q2

BT )

lu:

Case N > 2

Similarly, the schema converges linearly to the analytic solution if and only

NAQY — wd < (BNQ)?
(N + 120 — wi > (BN +1)Q)?

(18)

Remark: From equations (I3) and (I7), when Q ~ Q,., the convergence rate

)

where AQ = |Q — Q,|. It means that pf ~ 1 — ZKA—?. Thus, the number of

1 can be approached by

iteration can be estimated by K ~ %9—5

Numerical example
The iteration method is used for a forced linear oscillator with wy = 1, A =
1. Figure [l shows the amplitude A = /¢? + p? in function of the excitation

frequency 2 with different values of the damping coefficient 3. Here, we take
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the number of harmonics N = 3 and the number of iteration K = 300 for all
frequencies 2. The figure shows that the iteration method converges to the
analytic solution. Particularly, the schema with A/ = 0 is convergent for low
frequency €2 and the schema with A" = 1 is convergent for high frequency €.

This numerical result agrees well with the previous demonstration.

4 T T T T

5 =0.3 A N =0
o o N=1
Analytic

Amplitude A

AAAAAAA

Frequency Q2

Figure 1: Forced linear oscillator by analytic and iteration methods

4.2. Duffing oscillator
Let’s consider another example, a forced Duffing oscillator. This oscillator

has many applications in physics and it can be described by
i+ B4 u + eu® = AcosQt (20)

When ¢ is small, the perturbation techniques H, |£|] can be applied for this
oscillator. This technique demonstrates that the periodical solution depends on
the frequency 2 by

3 : 5O
2} 5202 2 2 2
Q 1-09°+ - =A tany = ———— 21
A{ﬁ +( +4<€A> } , tan 1—w2+%sA2 (21)
where A = /¢? + p? is the amplitude and tand = p;/q; is the phase of the
first harmonic.
Figure 2 shows the numerical results with different A for a forced Duffing

oscillator with parametersw =1, = 0.1, ¢ = 0.01 and A = 1. In this example,

10
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we take the number of harmonics N = 7 et the number of iteration K = 200
for all frequencies 2. Here, the schema is considered to converge when the
amplitude of the last iteration changes less than 1%. We see that each iteration
schema converges in each frequency domain of 2. Particularly, in the domain
I, two schemas converges to two different solutions, and in domain II, different

schemas converge to the same solution.

10 T T T T T T T T T
I I Voo
81 o N=1 b
X N=2
| s NIz
e PT
R
=
g
<
0 L L L L L L L "“Auuu;uu“y“i

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Frequency Q2

Figure 2: Forced Duffing oscillator by the perturbation technique (PT) and the iteration
method. Parameter: w =1, 3 =0.1, e =0.0l and A =1

Figure [Bl shows the results for the Duffing oscillator with different nonlinear
parameter €. We see that the schema A = 0 converges for high frequency ¢
and the schema N = 1 converges for low frequency §2. There is no schema of
Table [l converge to the unstable solution of the Duffing oscillator.

In order to estimate the convergence rate of the schemas, the numerical error

of equation (20) is calculated by
O(e) = max |ii + B1 + u + eu® — A cos Q|

where u(t) is the numerical result in each iteration. Figure M shows the error
versus the number of iteration for the Duffing oscillator with € = 0.01, N = 10
and K = 1000. We can see that the schemas converge in logarithmic scale of the
number of iteration. Moreover, when the frequency ) approaches the resonance

frequency (green cycle markers), the convergence is relatively slow.

11
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Amplitude A

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
Frequency Q2

Figure 3: Forced Duffing oscillator by the perturbation technique (PT) and the iteration

method
1 ;
= Q=12 ° =12
. O
EO.SVA R ° % 1
~ 0
8 06t ° 3 ]
o ‘ ;
o
F oal =14 .0 Q=10 |
= A
g . 5%
Z 02 5% I
0 e %
10! 102 103

Number of iteration

Figure 4: Numerical error in each iteration with the schema N = 0 (triangle) and N =1

(cycle) for the Duffing oscillator

5. Conclusion

When the periodic solution of a dynamical system is decomposed into two
parts corresponding low and high harmonics, we can propose an iteration schema
with different formulations for the two parts. This decomposition can be built
to adapt the system in term of convergence. The application for forced Dufi-
ing oscillators show that each schema converges in each range of the excitation

frequency and we can reach different solutions by using different schema.

12
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