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Comparison of nonlocal continualization schemes for lattice
beams and plates

Abstract This paper investigates both stability and vibration of nonlocal beams or plates in the presence
of compressive forces. Various nonlocal structural models have been proposed to capture the inherent scale
effects of lattice-based beams or plates. These nonlocal models are either based on continualization of the
difference equations of the original lattice problem (labeled as continualized nonlocal models), or developed
from phenomenological nonlocal approaches such as Eringen’s type nonlocality. Considered herein are several
continualization schemes that lead to either fourth or sixth order spatial governing differential or partial differ-
ential equation. Even if the new continualized nonlocal plate models differ in their mathematical description,
they appear to furnish very close macroscopic results as shown from asymptotic expansion arguments. The
continualized nonlocal beam and plate models and the phenomenological approaches are also introduced from
variational arguments. The key role of boundary conditions is shown especially for Eringen’s nonlocal model
that is not necessarily variationally based. For each of them, the buckling load and the natural frequencies
are determined for simply supported beams and plates and compared to their counterparts obtained from the
lattice model. The small length scale coefficient of the nonlocal beam or plate models is intrinsically constant
and problem independent for the continualized approaches, whereas it is calibrated for the phenomenological
models based on the equivalence with the reference microstructured model and consequently, depends on the
load, the buckling or vibration mode or the aspect ratio. It is found that the nonlocal continualized approaches
are more efficient than the nonlocal phenomenological ones. For beam problems, continualized nonlocal and
phenomenological approaches such as Eringen’s nonlocal theory can become the same. However, for plate
problems, phenomenological approaches may differ significantly from continualized nonlocal ones; thereby
offering one the opportunity to have a new class of two-dimensional nonlocal models.
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1 Introduction

The advent of nanomaterials in the last decade has spurred tremendous interest in the scientific community to
study small scale structures. At a finer scale, the dimensions of the structure are close to those of its material
microstructure such as grain size or lattice spacing between two successive atoms at the atomic scale. The
continuum aspect of the material at this scale is questionable due to the occurrence of some microstructural
effects. Nonlocal continuum theories, however, can be used to capture the discreteness of the material at the
subscale. A basic difference between local and nonlocal theories is the definition of the stress at a certain point.
The stress is only a function of strain at that point in local mechanics but it is potentially a function of strains
at all points in nonlocal mechanics [1]. The first nonlocal mechanics investigations have been carried out in
the 1960s by Krumhansl [2,3], Rogula [4], Eringen [5,6], Kroner and Datta [7], Kunin [8], mostly for crystal
applications, leading to integro-differential equations to be solved.

A basic approach to justify the use of nonlocal models is to consider whether the structure is represented
by discrete systems that are composed of finite number of cells. For instance, Hencky [9] investigated the
mechanical behavior of Bernoulli—Euler beams by considering a chain of rigid segmented beams connected
by elastic rotational springs. The theoretical link between discrete and continuous systems is not new and has
already been established a few centuries ago by Lagrange [10] who showed that a one-dimensional structure
(mainly a string or arod) is asymptotically equivalent to a lattice system with an infinite number of links (see also
the recent discussion of this problemin [11]. A few decades later, Piola constructed nonlocal continuous models
such as peridynamics models from discrete interactions [12,13]. Lattice models are basic physical systems
that can accurately represent fundamental interactions at the microscale. Nowadays, numerical solutions of
lattice-based equations may be readily solved with the aid of modern computers.

In 1983, Eringen [14] proposed a nonlocal stress gradient elasticity model to describe the mechanical behav-
ior of lattice-based macrostructure. This nonlocal model may be classified as a phenomenological approach
and is based on a postulated nonlocal relationship between the stress and the strain, while the equilibrium
equations are be kept in a local form. This nonlocal law is dependent on a dimensionless material constant eg
associated with the discreteness of the matter at the subscale. The length scale parameter of the nonlocal model
may be calibrated from the Born—-Karmén [15] lattice model for axial wave propagation [14]. Even though
Eringen’s theory is an efficient phenomenological nonlocal model and it has been applied to many structural
configurations, this theory has been shown to have some limitations in some particular cases. For instance,
the nonlocal effect does not affect a nonlocal beam in the presence of a concentrated load [16,17], where the
solution is identical to the local counterpart. This issue has been investigated specifically in [16, 17] where it
has been shown that one can capture some scale effects, for general loading by adopting a combination of
the local and nonlocal strain measures. Moreover, in the nonlocal Eringen’s model [14], the nonlocal effect
affects the mechanical behavior of the structure through the constant ep, which is supposed to be independent
of the load. The value of this constant was found to be equal to 0.39 by fitting the wave dispersive curves
with those of the Born—Karman theory for axial lattices [14]. Lattice beams or plates can also be investigated
for calibrating the length scale coefficient eg of nonlocal beams or plates, as recently performed by different
researchers [18-20]. They showed that the small length scale coefficient ¢ lies between 1/+/12 for beam
buckling problem and 1/+/6 for beam vibration problem, leading to a paradoxical result because it meant that
the constant coefficient apparently varies with respect to applied load and physics of the problem. Thus, to
solve the apparent length scale-dependent paradox, alternative nonlocal models have been proposed in order
to keep a constant small length scale coefficient based on micromechanics arguments. The objective is to
develop continuous equations from discrete ones. To this end, among the available methodologies, two basic
methods can be distinguished, namely the homogenization of the discrete media and the continualization of
lattice models ([21,22] for instance).

The continualization process is based on the possible equivalence between continuous nonlocal model and
discrete lattice model [23]. Mathematically, the problem is equivalent to the approximation of lattice difference
operator by continuous differential ones. The pseudodifferential operator associated with the lattice problem
is expanded by using the Taylor series [24] or rational expansion. Padé approximants have been introduced by
Rosenau [25,26] following the works of Benjamin et al. [27] and Collins [28] for axial lattices. Since then,
they have been widely used in the literature [20,29]. In these approaches, the accuracy of the model depends



on the order of the asymptotic expansion. The objective is to develop continuous equations that contain the
characteristic properties of a discrete structure [23]. Continuous equations based on lattice mechanics lead to
governing differential equations in which the small length scale coefficient is associated with a length having
a physical meaning, namely the internal characteristic length of the lattice spacing for such one-dimensional
bending systems (or beam-like models). Andrianov et al [30] used this technique to approximate the dynamics
behavior of a monoatomic and a biatomic axial chain with continuum models. This continualization process
has been already applied to lattice beams (also called Hencky chain model) [19] and lattice plates [18,20].
Giorgio et al [31] recently developed continuous approximation of Hencky chain model with nonlinear elastic
interaction, thus asymptotically leading to a nonlinear-type Euler—Bernoulli beam model.

In a recent paper, Challamel et al. [20] developed a continualized plate model based on the Padé approx-
imant of the uncountered pseudodifferential operators and a phenomenological model called hybrid continu-
alized model. In contrast to the usual Eringen’s based phenomenological nonlocal plate models leading to a
governing differential equation with fourth-order derivative, the continualized models introduced in [20] con-
tains a new sixth-order spatial derivative terms in the governing differential equation. Consequently, in these
continualized models, the solution requires additional boundary conditions, and this new constraint raises
the issue of the meaning of these higher-order boundary conditions. Nonlinear nonlocal vibrations of beams
(based on Eringen’s differential model) are studied by Ansari and Hemmatnezhad [32] by finite elements,
whereas the nonlocal nonlinear vibrations of buckled double-layered nanoplates (also based on Eringen’s
differential model) are studied by Wang et al. [33] using a Galerkin’s procedure based on a double-mode
truncation.

The aims of this study are: (a) to propose lattice beam and plate models for the microstructured elastic
system that covers bending, buckling and vibration phenomena, (b) to develop new continualized and phe-
nomenological models and to investigate the possible equivalence between the two approaches and possible
links between two continualized models, (c) to establish the exact solutions associated with the newly proposed
lattice-based nonlocal models and compare them against the exact lattice solutions, and (d) to establish the
superiority of one of the models over the others. In comparing the different models, the small length scale
coefficient, which is calibrated for the phenomenological models, will be compared and the influence of dif-
ferent parameters such as the buckling and vibration mode shapes or the aspects ratios on the small length
scale coefficient will be discussed for the different models.

2 Presentation of models for nonlocal beam

We start from the lattice beam model in elasticity. First, we present the model for a beam that takes into account
an axial load and also include a dynamic framework. The four associated nonlocal continua will be investigated
next. They will be referred to as the fourth-order continualized model, its sixth-order derivative counterpart,
the phenomenological fourth-order derivative and the phenomenological sixth-order derivative.

2.1 Lattice beams

The microstructured beam-grid model, also called the lattice beam model, is taken as the reference model or
lattice-based solution for calibration at a later stage. The essential idea underlying the microstructured beam
models is to replace the curved lines of deformation by straight lines [9]. In this discrete representation, the
bending moments are lumped at places that rotations are localized [34]. Following this idea, a microstructured
beam-grid for modeling can be reproduced by an assembly of chain net systems of rigid straight elements
connected at frictionless joints where rotations are localized as shown in Fig. 1.

So, consider a lattice beam of length L, modeled by »n rigid segmented beams of length a(L = na) and
concentrated inertia mass m connected by elastic rotational springs of stiffness C = El/a with E is the Young
modulus and 7 the second moment of area of the beams, as shown in Fig. 1. The entire microstructured column
is axially loaded by a compressive concentrated load P. We define mq such as mo = m/a and w the frequency
of the beam. At the ith node, the deflection is w; and the bending moment is M;.

In the lattice model, the beam is governed by the following moment curvature relationship and the equation
of motion
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Fig. 1 Microstructured beam model
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Equations (1) and (2) are the finite difference formulation of the continuous Bernoulli-Euler beam equations
as given by

d2w
M = El— 3
2 (3)
d>w  d*Mm
P—dx2 +o7 mow*w = 0 4)

Equations (1) and (2) lead to a linear fourth-order difference equation for the microstructured beam-grid model

p (wi+1 — 211;,' + wi—l) +E1<wi+2 — 4wy + 6Uii — 4w + U)i—2> — moetw; =0 )
a a

This difference equation is the finite difference formulation of the continuous governing differential equation
of the Bernoulli—Euler model:

d>w 2 d>w
For simply supported ends, the exact solution of the lattice problem is assumed to be
. (mmi
w; = wp Sin (—) @)
n

We set the critical buckling load and the fundamental natural frequency of the continuous Bernoulli-Euler
column [35]:

P EI<7T)2 2 El <n)4 ®)
= —_ M) = — | —
E L) ET o \L
The substitution of Eq. (7) into Eq. (5) furnishes the following exact buckling load [19,35-38]:
[ 2n . /mm 2
A(micro) = mMin [ — sin (—) )
m | 2n

where A = P/Pg is the nondimensional buckling load parameter. In the case of free vibration, the natural
frequency is also given by substituting Eq. (7) into Eq. (5), and it is [39,40]:

2n may\1*
2 .
‘Q(micro) = |:; sin <E>:| (10)

where 2 = w/wg is the nondimensional natural frequency parameter.



2.2 Fourth-order continualized model

Next, we consider the discrete representation of the continuum displacement fields. It involves w; = w(x;) =
w(x), where w; and w are the displacements of the discrete and the equivalent continuous systems, respectively,
whereas the displacements of the neighboring particles w;+ are replaced by w(x; & a). By applying Taylor
series to the difference operators that describe discrete particle interactions, the following continualization
process is applied for sufficiently smooth variations of the displacement function:

wi = w(x;) = wx) (11)
s kak dk iag
wix1 = w(x; + a) =§)(t1> T E e = [ d | fw] (12)

Thus, the second derivative under the finite difference form is reduced to a pseudodifferential operator:

2k d2k

() = = sinh? (fi) w(x) (13)
a

2 dx

- (2k)! dx2k

oo
Wit —2wi+wi 1 22 a
a? a2
k=0

The Taylor expansion of the pseudodifferential operator at the second order provides:
4 . ,{ad d? a* d? )
o sinh (——) =2 |:1 + T2 w(x) + o(a”) (14)

The second term represents the effect due to discreteness, with a being the trace of the microscopic system.
The pseudodifferential operator may be developed by means of the Padé approximation and:

Wi+1 au;z + w1 _ a_z sinh2 (%a> w(x) = d—xjdzw + 0((12) (15)
1-— [11_23?

In a similar manner,

Witr — 4wy + 6w; —4w;_1 + wi_o _ 16 . B4 (a d _ a4 i+ O(az) (16)

— S1
a2 a4

The substitution of Eqgs. (11), (15) and (16) into Eq. (5) leads to the continualized model based on pseudodif-
ferential operators:

16 d 4 d
3l sinh* (%E) w -+ P sinh? <%£> w — mow*w = 0 (17)
which may be approximated by using rational expansion of these operators:
d* d’
di* di? 2 2y _
EI#w—i—Pﬁw—mow w+o(@)=0 (18)
(1-58) T de
Multiplying Eq. (18) by [1 — (a?/12)(d?/dx?)]?, we obtain
E1d4w Lpl a’? d* | dPw 2[4 a* &> n a* d* 4o =0 (19)
_— _——_——— —_— _———— —_— W =
dx® 12dx2 | dxz " 6 dx? ' 144 dx* o

At the second order, it is consistent to neglect the fourth-order term in a that is underlined in Eq. (19). Thus,
it yields:

d*w a? d* 7 d*w a? d?
El— +P|]l - —— | — — 21 -=— =0 20
dx4 + |: 12 dxz] now |: ]w 20)



This equation coincides with the one obtained by Challamel et al. [35]. Furthermore, this equation can be
equivalently obtained by continualization of the discrete constitutive law and the discrete equilibrium equa-
tion. Indeed, the discrete moment—curvature relation in Eq. (1) may be expressed using the second-order
pseudodifferential operator, i.e.

dZ
4El . 5, (a d di? 2
M = 7slnh <§a> w =E1Ww+0(a ) 2
12dx2

— sinh? —i M + P— sinh® —i w—moa)zw
2 2 dx a? 2 dx
dZ 2
= dx? —M+ P dx? W — mow*w + o(a®) =0 (22)
| d | d
12 dx2 12 dx2
Multiplying Eqgs. (21) and (22) by [1 — (a? /12) (d? / dx?)], we obtain the differential approximations:
2 32 2
a”d°M d“w
— ——— = El— 2 23
12 dx2 a2 o) (23)
’M d*w 2 a? ,dw 2
W =—Pm + mow w—Emow m—i—o(a ) (24)

Note that the equilibrium equation is no longer local with this formulation. The substitution of Eq. (24) into
Eq. (23) furnishes

Pw  Pa*dw . ,a? at ,d%w
— = — —— My —=w — — My —
A2 12 dx2 % 120 14 a2
We define a small length scale coefficient ey such as eg = 1/+/12. This coefficient is constant and structurally
independent. The substitution of Eq. (25) into Eq. (24) leads to:

E1d4w S P d> 1 d*w 2 [~ 2epa)® d? + (coa)? d
—_— —epad) —= | — — mow — eod) —= eoad) —-
dx 2 a2~ 08 2 T g4

This equation coincides with Eq. (19) and so by neglecting the higher-order term in a, it yields Eq. (20). Thus,
the two continualizations lead to the same governing differential equation. There is an equivalence between
continualization of the final governing equations and continualization of both the constitutive law and the
equilibrium equations.

Furthermore, Eq. (20) may be derived from variational approach by considering the following bending
strain energy U, the kinetic energy T and the work W done by the axial force P

M =EI + o(a*) (25)

4
}w+owﬁ=0 (26)

Ly 2w\’

U(w):/(; EEI(W> dx 27)
L 1 2 d 2

T(w) = /0 Smoe? |:w2 n % (aw) } dx (28)

Ly dw\? a2 [(dw\’

Thus, by applying the variational principle (U — T — W) based on Hamilton’s principle, one gets Eq. (20)
with the boundary conditions
L

g po —d3w+ P+ a2l dw] 0 (30)
— _ — | — w =
12| dx? e A [0,

=)ol ()],
El-P—|—4s(—)| =0 31)
12 | dx2 dx /|,
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Fig. 2 Nondimensional critical buckling load for a beam considering the microstructured models the fourth- and sixth-order
continualized model, the fourth- and sixth-order phenomenological models

These nonlocal boundary conditions clearly differ from the local ones, with additional terms related to the
lattice spacing.

The solution is provided for a simply supported beam. For such boundary conditions, the solution may be
expressed as:

. o/mmuXx
w = w sin ( ) (32)
where m is an integer. By substituting Eq. (32) into Eq. (20), we obtain
2 _ 2
m* — A 1+(€°am”) m? — 2° 1+2(e°“m”) —0 33)
L L
In statics (w = 0), the nondimensional buckling load parameter is (see Fig. 2):
.9 1 1
A =minm cgamm\2 epam \2 (34)
T (0EE)T 1+ (%)
In free vibration (P = 0), the nondimensional frequency parameter is:
1
r=m (35)

142 (eoaLmn )2

The variation of the nondimensional natural frequency parameter with respect to the number of elementary
beam element is given in Fig. 3 form = 1.

2.3 Sixth-order continualized model

We suggest to use another continualization of the local constitutive law and the equilibrium equation. Indeed,
we now use the following Taylor expansion:

4 . ,fad d? a? d? )
;smh i) T 1+E@ +o(a”) (36)

The substitution of Eq. (36) into Eq. (21) leads to

Pw  a*d*w 5
M=e|S 22 37
[dx2+12dx4+0(a )} 37)

while we keep the nonlocal equilibrium equation based on the Padé approximants

d? d?
LzMZ _Pizw+mow2w+o(a2) (38)
a2 d a2 d

12 dx2 12 dx2
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Fig. 3 Nondimensional vibration frequency for a beam considering the microstructured models the fourth- and sixth-order
continualized model, the fourth- and sixth-order phenomenological models

The substitution of Eq. (37) into Eq. (38) and multiplying by [1 — (a?/12) (d2 /dx?)] yields

1+ v a? d2 n ( ) d4w +Pd2w : a? d2 + o 2) 0 (39)
ola —_— — m CL) — = | W ola =
12 dx2 axz 0 12 dx2

Choosing for the fourth-order continualized model ¢9 = 1/4/12 and by neglecting the underlined term of
higher-order in a leads to

d? 7 d*w d*w d2
El[l + (6061)2 ] s PW — mow? [1 — (eoa)zm] w= (40)

The new continualized governing equation is a sixth-order differential equation, instead of a fourth-order for
the local Euler—Bernoulli one. Thus, the order of the governing differential equation can be increased by using
a different continualization process. The two continualization methods presented herein are both valid but one
requires the satisfaction of two additional boundary conditions for this sixth-order continualized model. It is
worth noting that Eq. (40) may be asymptotically obtained from Eq. (20). Indeed, by multiplying Eq. (20) with
[1 4 (a?/12)(d?/dx?)], we obtain

[ , d? } d*w [ , d? } d>w
EI| 1+ (epa) + P (eoa)? -5

dxt dx?
2 2 d 4 d 4
—mow” | 1 — (ega) i 2(epa) e w~+o(@)=0 41

Neglecting the underlined higher-order term in Eq. (41) leads to Eq. (40). In an equivalent manner, by applying
the Padé approximant for the constitutive law and the Taylor approximant for the equation of motion:

e e, gt +o(a?) (42)
- — R o)

12 dx2 a2 o
d2 2 d2 d2 a2 d2 ) 5
@[1—1—lzdx2:|M——P@|:l+E@]w+mow w+ o(a”) (43)

Multiplying Eq. (43) by [1 — (a2/12)(d2/dx2)] and substituting Eq. (42) and assuming ey = 1/4/12, we
obtain
a* d> 7 da* d? a* d* a*> &
El|[l+ —— | —+P—|1- —mow? |1 — —— H=0 44
[ T a 2i|dx4+ dx2|: 144dx4}w o [ 12dx2}w+0(a) )

Neglecting the underlined term of hi gher-order in a leads to Eq. (40). Reciprocally, Eq. (20) is obtained from
Eq. (40) by multiplying by [1 — (epa) 2(d?/dx?)] and neglecting the higher-order term in a. Although there is



a link between Egs. (20) and (40) through the differential operator [1 + (eoa)z(d2 / dx?)], the two equations
are not equivalent. Indeed, Eq. (40) being a sixth-order space derivative differential equation requires six
boundary conditions (three at each end of the beam), whereas Eq. (20) only needs four boundary conditions.
Thus, Eq. (40) involves the introduction of two additional boundary conditions.

Equation (41) may be also derived variationally by considering the energies U, T and W as follows

v = Ll (E2) -2 (£2)], 45
w=[3o|(55) -5 (%) [o )

L o 5 d? (dw 2
T(w)_/o Emoa) |:w +E<E> :|dx (46)
wa = [ Lp d—w)zd 47
(w)—/02 <dx x (47)

In the sixth-order continualized model, the work done by the force P is not affected by the nonlocal effect. By
applying the Hamilton principle, we obtain Eq. (40) with the natural boundary conditions

L
Elaz—d5w+E1—d3w+ P+ 2@ dw| 0 (48)
—_— m —_— —_— =
12 dx’ dx’ T TN e .
a? d*w d*w dw L
oy (e ) il N el I 49
H nat T dxz} (dx>i|0 )
a? dw d2w L
eS8 (S —o 50
H 12dx3} (dxzﬂo G0

The sixth-order space derivative model introduces two additional boundary conditions, one at each end (see
Eq. (50) for the higher-order boundary conditions). A consequent difficulty would be to choose the appropriate
boundary conditions. For a simply supported beam, at the boundaries, and assuming that the curvature vanishes
at the boundary for the higher-order boundary condition, leads to:

d*w d*w
The solution is provided for a simply supported beam. By substituting Eq. (32) into Eq. (40), we obtain
2 2
[1 —<60‘T”) ]m4—km2—92 [1+(€0a1f””) } —0 (52)

In statics (w = 0), the nondimensional buckling load parameter is (see Fig. 2):

. 2 eoam®m z epam\2
A =min | m? — =1—( ) (53)
m L L

In free vibration (P = 0), the nondimensional frequency parameter is:

1 (eoamn)Z
Q@ =m s (54)
I+ (2F7)

The variation of the nondimensional natural frequency parameter with respect to the number of elementary
beam element is given in Fig. 3 form = 1.

The natural frequency and buckling load are not the same between the two continualized models. Indeed, the
fourth-order continualized model is based on the Padé approximants applied to the pseudodifferential operator
involved in the constitutive law and in the equilibrium equation, whereas the sixth-order continualized model is
based on the use of Taylor approximant inn the constitutive law or in the equilibrium equation. This introduces
a slight difference between both continualized nonlocal models, as shown in Fig. 3. Even if mathematically
not strictly equivalent, both models give close results, for the order of magnitude considered.



2.4 Fourth-order phenomenological model: the Eringen’s approach

The phenomenological Eringen’s nonlocal model is considered for capturing the scale effects associated with
the Hencky lattice chain model or its continualized nonlocal counterpart. This nonlocal model is coupled to
local-type equilibrium equations. First of all, we propose the following moment—curvature relation for the
Eringen’s model [14] applied at the beam scale [41,42]:

, d? d?
In contrast to the continualized models, the small length scale coefficient e( is unknown and has to be calibrated
in order to match the results of the discrete model. Multiplying the continuous local equilibrium Eq. (4) by
[1 — (ega)?(d? / dx?)]and substituting Eq. (55), we obtain the following governing differential equation [43,44]

g +P|1 = (epa)? ¢ 7w 211 = (ega)? ¢ 0 (56)
— —(e0a)"— | — —mow —(epa)"— |w =

dx e AT

Equation (56) coincides with the governing differential equation obtained by Reddy [43] and Reddy and Pang
[44].

This differential equation is close to Eq. (20) but the nonlocal term associated with the dynamic effect
is different. In the fourth-order phenomenological model, the term associated with the dynamic effect is the
same one associated with the static effect. Thus, it is not possible to make a perfect coincidence between the
continualized nonlocal model and Eringen’s nonlocal beam model, except in the pure buckling case w = 0,
or in the pure vibration case P = 0. Consequently, the calibrated small length scale coefficient of Eringen’s
nonlocal model would be different in dynamics and statics and so, is structural problem dependent.

Furthermore, Eq. (56) may be obtained variationally by considering the energies U, T and W given by

Ly r@w\’
L 2
T(w) = fo %moa)z |:w2+ (e0a)? (%”) :|dx (58)

wan =L [Cp[ () JEO 59
(w)_E/O <E> + (eoa) (w) (59)

These variational terms and the natural boundary conditions are given by Adali for the buckling problem [45]
and the vibration problem [46].

By applying the variational principle (U — T — W), we obtain Eq. (56) with the natural boundary con-
ditions

dBw dw L
EI — P(ega)’| —= + [P + mow?(ega)? —}3 ] =0 (60)
H[ coa”) G+ [P+ mooeoa?) G fow |
2 L
[{[EI—P(eoa)z](;Tlg}(S(%U)] —0 61)
0

We notice that the fourth-order phenomenological Eringen’s model and the continualized nonlocal models are
different for both the governing equations and the boundary conditions. Indeed, the dynamic term in Eq. (60) is
twice less important than in Eq. (30). Furthermore, the governing differential equation of the Eringen’s model
is derivable from the principle of virtual work:

L d’w dw _ (dw 2
M| —5 | —P—46|— ) —mow wd(w) y dx (62)
0 dx? dx  \dx
The boundary conditions of the Eringen’s model of this problem are
dM  dw L dw\ 7"
—{—+P—tsw| =0;[Ms[— )| =0 (63)
dx dx 0 dx /o
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The natural boundary conditions of the nonlocal Eringen’s model Eq. (63) differ from the conditions obtained
via the variationally based nonlocal approach Egs. (60) and (61). The natural boundary conditions of the
nonlocal Eringen’s model can be expressed equivalently by:

3 L
“[ — (e0a)?P] i— + [P + mow*(e0a)?] %"} 8wi| =0 (64)
0
2 L
H[EI— (e0a)*P] c;T’f n m0w2(e0a)2w} 5 (i—fﬂ —0 65)
0

In statics, Egs. (64) and (65) coincide with Egs. (60) and (61). In dynamics, the dynamic contribution in

the boundary conditions differs between the phenomenological nonlocal Eringen’s model and the conditions

obtained through the variational approach Eqgs. (60) and (61) (see also the analysis of Challamel et al. [47]).
The solution is provided for a simply supported beam. By substituting Eq. (32) into Eq. (56), we obtain

mt [1 n (eoalinn)z] m? 02 |:1 + (eoaLmn>2} —0 66)

In statics (w = 0), the nondimensional buckling load parameter is (see Fig. 2):

) 1 1
A =minm (67)

m 1+ (eoamn)2 1+ (eoarr)2
The small length scale coefficient is obtained by equating Eq. (9) and Eq. (67):

S AT 68
1+(eoaﬂ)2 N |:7'r Sm<2n>i| (68)

In the sequel, the subscript b denotes the buckling case (in statics). The exact buckling formula is expanded

asymptotically as:
eqr \2 1 1 /m\2 1
= () o () =1 1 0 o o
n +0<n4) ) tols (©9)

Thus, the best calibration of the length scale coefficient is

1
egp = —— ~ (0.288 70
0,b Wi (70)

In free vibration (P = 0), the nondimensional frequency parameter is
1
%= m2—2 (71)
1+ (eoamzr)

The variation of the nondimensional natural frequency parameter with respect to the number of elementary
beam element is given in Fig. 3 for m = 1. Again, the small length scale coefficient is obtained by comparing
the solution of a microstructured beam and a nonlocal beam model. By doing so, we get

2;:[2_” in (X~ :|4 72
m 1+(e0amn)2 sm( ) (72)

By expanding asymptotically for both sides of Eq. (72) for m = 1, we obtain

! (eon>2+ 1 1 1 (n>2+ 1 (73)
J— _ o0 JR— — —_ = — 0 JR—

n n4 6 \n n*
In the sequel, we shall use the subscript v to denote the free vibration case. The best calibration of the length
scale coefficient is, form =1,

1
C0 = —= ~ 0.408 (74)

NG

This approach does not provide the same small length scale coefficient in buckling and in vibration: the small
length scale coefficient is structural problem dependent.

11



2.5 Sixth-order phenomenological model

A new attempt is made to obtain the sixth-order continualized equation through a phenomenological approach.
Retaining the local equilibrium equation Eq. (4), a nonlocal constitutive law is postulated as follows:

d? dz 7 d2
1 —(epa)>— | M = EI|1 + (epa)*— | —w (75)
dx? dx? | dx2

Multiplying Eq. (4) by [1 — (ega)?(d?/dx?)] and substituting Eq. (75) into Eq. (4), we obtain the governing
differential equation

d?> 7 d*w d? 1 d*w d?
EI [1 + (eoa)2@} Tt P [1 — (eoa)zﬁ} P mow” [1 — (eoa)2@i| w = (76)

When compared to Eq. (40), it can be seen that Eq. (76) has an additional term that is underlined in the equation.
This model is slightly different from a continualized nonlocal model. Furthermore, Eq. (76) may be obtained
variationally by considering the energies U, T and W given by Egs. (45), (29) and (46), respectively.

Ly [rdw\’ L (dBw\’
L 2
T(w) = / L mow? [w2+(eoa)2 (d—w> i|dx (78)
0 2 dx
1 [E dw\? 5 (Pw 2

The only difference between the two phenomenological models is the nonlocal term in the bending strain energy
U. Thus, the application of the Hamilton principle leads to Eq. (76) with the natural boundary conditions

dPw dw dw t
{— {Ezr(eoaﬁﬁ + [EI - P(epa)?] =T [P + mow*(e0a)?] E} aw]o =0 (80)
d*w d®w dw L
“E[(eoa)zm + [EI - P(epa)?] dx—2} 8 <E>:|o =0 (81)
3w d2w L
2 _
|:{El(eoa) e } 8 (dx2 >i|0 =0 (82)

As explained in Sect. 2.3., the sixth-order space derivative (continualized and phenomenological) models
introduce two additional boundary conditions, one at each end.
The solution is given by substituting Eq. (33) into Eq. (76):

epammw \2| 4 epamm\2| 5, -, epami \ 2
- ( ) —al1 ( ) — 2?1 ( ) -0 83
|: 7 i| m [ + 7 m + T (83)
Consider the static case (w = 0). Using Egs. (83) and (90), the nondimensional buckling load parameter is
given by (see Fig. 2):

| — (camm )2
A= minmz—(e aan)2
m 0
L+ (%)
As for the continualized models, it is observed from Fig. 2 that the fourth-order model provides more accurate

results when compared to the sixth-order model. Moreover, the small length scale coefficient is obtained by
equating Eqgs. (9) and (84):

(84)

eomm \2 2
G e
e = |7 () 5)
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It yields the calibrated small length scale coefficient of

1
eop = —= ~0.204 (86)

2./6

In the free vibration case (P = 0), the nondimensional frequency parameter is given by:

1— €, ymm \2
= mzl + Eeo.unmniz (87)
—t—

The variation of the nondimensional natural frequency parameter with respect to the number of elementary
beam element is given in Fig. 3 for m = 1. As for the fourth-order phenomenological model, equating the
nondimensional frequency furnished by the discrete model with Eq. (10) and the frequency given in Eq. (87),
we obtain the following calibrated small length scale coefficient:

92

1
ey = —= ~ 0.288 88
0,v 2«/3 (88)

The small length scale coefficient differs in statics and in buckling. This numerical result confirms that the
nonlocal phenomenological model is structural problem dependent.

2.6 General formulation of solutions

It is worth noting that all the models may be presented in a unified way:

e 14+ vie0a? S | £ 4 p 1 = vaepa2 L | 2
epa) — | — —Ya(eoa) —5 | —=
RO 452 | axt 2O X2 | dx2

d2
— mow? [1 - Y3(eoa)2@:| w=0 (89)

where three control scalar parameters, namely Vi, Y, Y3 are introduced with (y1, 32, y3) is equal to
0,1,2),(1,0,1),(0,1,1) and (1, 1, 1) for the fourth-order continualized model, its equivalent sixth-order
derivative counterpart, the phenomenological fourth-order derivative and the phenomenological sixth-order
derivative, respectively. In the continualized models, the small length scale coefficient is structural problem
independent and is equal to 1/+/12. In the phenomenological models, the value of this coefficient is unknown,
and it has to be calibrated based on the asymptotic equivalence between the continuous and the discrete models.
Thus, all previous results are obtained in a general form by using those parameters Y1, Y2, Y3 and eg equal to
1/+/12 for the continualized models.
The substitution of Eq. (32) into Eq. (89) furnishes

|:1 o (eoalr?n)z} mt [1 +y) (eoa;nn)z} m?_ o2 [1 + s (eoaLmn>2] _0 (90)

By using Eq. (90), the nondimensional buckling load parameter (w = 0), is (see Fig. 2):

1 — epamim 2
A = min mz%
m 0
1+ V2 ( L )
Itis observed from Fig. 2 and explained above that the fourth-order models provide more accurate results when

compared to the sixth-order models (continualized and phenomenological). The small length scale coefficient
is calibrated by comparing Eq. (9) and Eq. (91):

oD

1 — eomm \2 2 2
ST ol P
L+ 72 (*9F) d "

Thus, the general expression of the best calibration of the length scale coefficient is
1 1

Cop = 93)
O it 23
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It is observed that the small length scale coefficient depends on the model. Thus, it is equal to 0.144 with the
phenomenological sixth-order space derivative model and 0.288 for the other three models.
In a similar manner, in the free vibration case (P = 0), the natural nondimensional frequency parameter
is:
1 -y (eoamn)2
2_ 2 L
28 =m 1 epami \2
+ 3 ( L )
As for the buckling load, the small length scale coefficient is obtained by comparing the solution of a microstruc-
tured beam (see Sect. 2.1.) and a nonlocal beam model. In view of Egs. (10) and (94), we can write:

(94)

1— 2 T2 4
ppl o) [0 ) 05)
1 + y3(eq,ynmm)? T 2n
Thus, the best calibration of the length scale coefficient is, form = 1,
1 1
(96)

ey = ————
LT Ut 6

The small length scale coefficient depends on the model but not in the same manner than in statics. Indeed,
the parameter y, has been replaced by y3. By definition, for the continualized models, the small length scale
coefficient is structural problem independent and it is equal to 1/+/12. In the phenomenological approaches,
the calibration of the coefficient shows that it is structural problem dependent. Thus, these approaches are less
robust than the continualized models.

3 Extension to plate

The previous derivation will now be extended to plates. In a recent article, Challamel et al. [20] developed
a continualized plate model based on Padé approximant and a model called hybrid continualized model. In
contrast to the existing nonlocal plate models governed by a fourth-order differential equation, the hybrid
continualized model introduced a new sixth-order derivative in the equation. The solution requires to two
additional boundary conditions and this new constrain raises the validity issue of such a model. We have
shown that for a beam, it is possible to build continualized models leading to sixth-order derivative terms in
the governing differential equation. In this part, we briefly derive the governing differential equations obtained
with the nonlocal Eringen plate theory (widely investigated in the literature) and continualized models [20].

3.1 Microstructured beam-grid model

As for a beam, the lattice model is considered as the reference model for calibration of the small length scale
coefficient at a later stage. Following the idea presented in Sect. 2.1., a microstructured beam-grid for modeling
can be reproduced by an assembly of chain net systems of rigid straight elements connected at frictionless
joints where rotations are localized as shown in Fig. 3. Bending deformation of the beam-grid is made possible
by rotational springs at individual nodes. The torsion deformation is modeled by a rectangular repetitive unit
cell composed of four rigid beam elements with springs in the central domain [34]. The masses are lumped at
the nodes of the beam-grid.

So, consider a vibrating microstructured beam-grid model under an initial biaxial loads P and s P as shown
in Figs. 3 and 4. Although it is the same notation than in the beam case, hereinafter, P denotes a load per
unit length. The particular cases of s = 0 (uniaxial load) and s = 1 (load is the same along both directions)
have been studied by Zhang et al. [48] and Zhang et al. [18], respectively. In the lattice plate model, the
moment—curvature relations are given by:

M = p (Vi = 2wj j + wi-1,j 4oy Wit = 2w j + wi j-1 ©7)
Ax? Ay?
M = p (wi,j-H - 2wi,2j Wi Wit T zwi,zj + wi—l,j) (98)
Ay Ax
ij ij “Wij+1 T+ Wit 4l T Wi — Wit
My = Myl =D —v) 99)

AxAy
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Fig. 4 a Microstructured beam-grid model. b Torsional deformation of a unit cell in a microstructured beam-grid model

and the discrete equation of motion by

i+1,j iJ i—1,j ij i—1,j i,j—1 i—1,j-1 i, j+1 ij i,j—1
My 7 —2My + M, +2Mxy — My, — M)y + My, n Myy  —=2Myy + My

Ax? AxAy Ay?
Witl,j — 2w;j +wi—1,; Wi j+1 — 2w; j + w; j—
+P ( A A;ZJ AR YA A;zj = 1) — mow*w; ; =0 (100)

where w; j, My, Myy, My, are the displacement, the bending moments and the twisting moment at node
(i, j), respectively. Ax and Ay are the lengths of discrete rigid elements in the x- and y-directions, given,
employing a square lattice for an isotropic material, by Ax = Ay =a = aL/ny = L/ny, withn, and n, are
the numbers of discrete rigid elements in the x- and y-directions, also seen, as for a beam, as the ratio between
the length of the plate and the interatomic length.

Equations (97)-(100) are the centered finite schemes of the local moment—curvature relations and the local
equation of motion for a plate, following the Kirchhoff plate model [49]
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a2 92
My =D|—w+v—w (101)
dy?

0x2
3w 3?
M, =D (_8y2 T vmw) (102)
2
My = D(1—v) Bxayw (103)
My My, 3°My, Pw  Pw )
2 ey Ty TG Fegyr ) Tmewtw =0 (104)

where M., M,, are the bending moments, M, the twisting moment, D the flexural rigidity of the continuous
plate, and v the Poisson ratio.
In view of Eqgs. (97)-(99), and Eq. (100) gives the linear difference equation of the plate lattice problem

LT+ n2 0P hmicro) (HYT + sHY ) = @2 R icroy i j = 0 (105)
where
LY = 20w; j + (Wi j-2 4 wi j42 + Wiza,j + Wit j) — 8(wi j—1 + Wi j41 + Wim1 j + Wit1,)
F2(Wigt, 1 F Wi, 41 T Wit o1+ Wi j41) (1006)
Hy? = wi j_y = 2wij + wi 1 (107)
HY = w1 —2wij +wiyy, (108)
Ronicro) = M; Mmicro) = P(O;L)z (109)

where £2(micro) 18 the dimensionless vibration frequency parameter of the microstructured beam-grid model and
. the nondimensional buckling stress parameter. Equation (105) may also be derived by using the Hamilton
principle [20].

Equation (105) is the finite difference scheme of the local continuous governing differential equation [20]:

D *w ) d%w n 3w 204 P 32w n 92w 0 (110)
— — + —5 | — mow w — t+s— | =
dx4 ax29y2 = 9yt 0 9x2 9y?

Consider now a microstructured beam-grid model with simply supported boundary conditions. The discrete

displacement can be expressed as a double Fourier sine series as:

mmwi . nmj . ammwi | nwj
sin —— = wy sin sin —— (111)
Ny ny ny ny

Wi, j = wWo sin

By substituting Eq. (111) into Eq. (105), one obtains the vibration frequency parameter in the general case:

mim

92

(micro

) = 4ny 2 — cos +cos— | — ZA(micro)ny 1+4+s —cos
n ny
x ¥

nmw
— 5 COS —) (112)
Ny My
This equation coincides with the one developed by Challamel et al. [20]. The vibration frequency remains
positive as long as the load is lower than the buckling load. Likewise, the critical buckling load parameter is
given by

. y
A(micro) = (mln - (113)

m.n) (cosﬂ—i-s cosﬂ—l—s>
ny ny

2
2n? (cos M 4 cos 2T — )
ny ny

Assuming that the loads are the same along the two directions x and y, i.e. s = 1, Eq. (112) becomes:
mim nmw 2 mi nmw

— CcOos — Zny 2 —cos — €08 — ) — A(micro) (114)
ny ny Ny ny

16

2 2
2(micro) = 215 (2 — Cos



Remarkably, Zhang et al. [18] derived the same result. Moreover, assuming a uniaxial load, s = 0, the squared
vibration frequency parameter becomes:

2
oaomi nmw T
‘Q(zmicro) = 4n;‘1 (2 — COs = - cos _) - 2)\(micro)ni (1 — Cos o ) (115)
ny ny ny

In this case, the minimum of A (micro), depends on « and 7, occurs when n = m = 1 and the critical buckling
load results in

2
25 (cos 4T 4+ cos ,’l’—‘ — 2)

y ny

(116)

)L(micro) =
an
1 —cos n

Now we present the nonlocal Eringen’s model and different continualized models. This lattice model is the
reference model for the calibration of the small length scale coefficient. Thus, the aim is to build a nonlocal
continuous model such that the results match with those of the microstructured beam-grid model. As in the
beam problem, we consider two kinds of models. The first kind is based on the equivalence between the
continuous and discrete models through the continualization of finite equations (presented above). The second
kind of models is based on the use of postulated nonlocal constitutive laws and equilibrium equations; the
most famous of them being the nonlocal Eringen’s model.

3.2 Fourth-order continualized model

Recently, Challamel et al. [20] proposed a continualized model based on Padé approximant. As in the beam
problem, we assume a dense lattice. By using the Padé approximants as presented in Sect. 2.3. and extending
to two dimensions, we define the following two-dimensional operators at node (i, j)

L Pl ( i) )2
@ dx2 i 0x i

L, = 2wl ( 9 )2 (117)
a,y ayz l',j 8y l"j

According to Eq. (15), the continualized approximation of this operator is provided by the following expression

4 9 i
. a Fyl
Lyx= ) sinh? <§a> = % + 0(a?)
Il VT
92
4 . a d 92
Lay = b sinh? (53‘) = o) (118)
Following the study of Rosenau [25]
| K3
Liy = —"2— +o@)
=%z
Lk
Liy = —2— +o@) (119)
— G

By applying Eqgs. (118) and (119) on Egs. (97)—(99), we obtain [20]
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32 9’

N 92
M, = D(Lay +vLyy)w=D 3;‘22 w+v—"—w | +0(a?) (120)
- T50 - T3
2 al
dy 2
My = D(Lgy+vLy)w =D Zz WtV 3;‘2 mw |+ o(a?) (121)
~ T3y BRvEr
32
Myy = D(LasLa,y)"?w = D(1 = v) =0 w + o(a?) (122)

1 a2 02 (1_ a* 0%
24 9x2 248y2

LaxMyy +2(LaxLay)"*Myy + Lg yMyy + PLgxw 4 5P Ly yw — mow*w

92 9? 2%
_ 92 9xdy ay?
PR S PRI TS | PRl L Rl I
12 952 i Ered | Rl =2 12 9y2
32 82
X J—
+P 9x2 P 2 2 0 123
— O —w+s 2 —w —mow w +o(a”) = (123)
1 — ¢ 92 a 0
12 922 128)

By using the Taylor expansion, Eqs. (120)—(122) lead to a mixed gradient-nonlocal law, given by:

M _0(82 <1+a—2£>w+va—2 (1+fa_2> w>+o(a2) (124)
* ax2 12 9x2 dy? 12 9y?
M _D<82 <1+“ 82>w+ ” <1+£a_2>w>+0(a2) (125)
4 ay? 12 9y2 ax2 12 9x2
M.y, = D(1 —v) (1 + a_28_2> (1 + a_i) ” w + 0(a?) (126)
24 9x2 24 9y2 ) 3xdy

Multiplying Eq. (123) by [1 — (a*/12)8?/8x>]*[1 + (epa)*>d>/dy?]* and using the Taylor expansion at the
second order in a, we obtain

D|:84_w+2 d%w +84_w_a_2< 3%w N 86w>
x4 axZay2 9yt 3 \9x%9y?  9x29y*
a* (v—-3 3w v—3 3w 150 —7 3%w 20%w  20%w
9% ( 3 09x%0y? + 3 0x20y° + 3 axtayt 3 axd 58_y8)
a® [ 90w 30w 48 —13v 3% 48 —13v 30w
576 (8x28y8 + 3x89y2 RS 3x49y° ST 8x68y4)
a® (5-9v 3% 5-9v 3%  13-13v 3%
+4608 ( 9 9x49y8 + 9 9x83y4 + 9 9x09y°
1—v 3% 1—v 3% 48 —13v 3%
9 9x109y2 + 9 93x29y!o + 12 8x63y4)
a%1 —v) 310y 310w 910w 910y
995328 ( 0x09y8 + 0x89y0 + dx10gy4 + 8x48y10)

a?w—-1) [ 3% 3% 30w
- - +2
11943936 \ 9x199y6 = 9x69y10 0x80y8

%w 1w a? 9w 9w 9w
+p —+s—2— 2(s + 1) 282-+-——i—s—4

dx2 dy dx* dy
n at (9w PP 9w PN 3%w n 9w a® 98w n 98w
144 \ 9x6 dx40y? axZay* 3y 1728 \ 9x8 3y
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ads+1) [ 3% 910w
20736 (ax83y2 + 8x28y8>i|
5 a* (3w w at (d*tw 5w 3w
o |:1 6 <W+B_yz) +E (8x4 + 3 0x20y? + 8y4>

a® 86w+86w+ 3%w n 3w a® adw n 3w n adw
1728 \ 9x6 = 9y® = 9x%9y? = 9x29y* 20736 \ 9x%9y2 ~ 9x*9y* = 9x2ay®

+0@'?) =0 (127)

As in the continualized beam models, we define a small length scale coefficient, structural independent, eg

equal to 1/+/12. This coefficient is constant and structural problem independent. Neglecting the higher-order
terms in a, one obtains the approximation:

D 84w+2 9w +84w a? 3%w n 3%w
x4 ax2ay? = 9yt 3 \ox49yz = 9x2Zoy*

Pw  Pw  a? 3w w  tw
+ P +5— (+) + +s5——

9x2 a2 12 ax29yz x4 Ay
2 2 2
5 a ad 97 _

Equation (128) can be directly derived from the continualization of the discrete governing differential equation
Eq. (105). Using the pseudodifferential operator defined in Eqs. (118) and (119):

16 d d d ad
— D |sinh* a9 + 2sinh? a9 sinh? a9 + sinh* a9 w — moa)zw
a* 2 dx 2 dx 23y 2 9y
+p 2 i (42) 1 g sinn2 (42 0 (129)
— |sinh* [ =— ) +ssinh* [ =— | |w =
a? 2 0x 2 dy

which can be approximated by:

' Bw ')
D ax? ) 9x209y2 n ay* _ moa)zw
| _ @)’ (1_é3_2)(1_a_2£) @)
( 12 8x2> 12 9x2 12 9y? ( 2 ay2)

92w ‘)z_w

9xZ dy? 2

P\ Tem i Tag | T =0 (130)
12 9x2 12 3y2

and we multiply by [1 — (a/12)%(8%/8x>)1*[1 — (a/12)*(8%/3y*)]?

ol(i a? 32 284w+2 ! a? 92 1 a? 92 *w + (1 a? 92 284w
12 9y2 dx4 12 9x2 12 9y2 ) 3x29y? 12 9x2 ay4

5 92w 9w a2 9w a? 9w 9w
—mow w + P +5— P(s + ) —SP\ sz +s77

x2 9y? ax29y2 12 x4 dy
a* 3%w 3%w 86w 3%w ab a%w 6
t1aa” <W+zax4ay2+say6 +258x28y4> 72O Dy o) =0
(131)
Or
D |:84_w N d%w N 3*w B a_2 ( 3%w N 3%w ) ﬂ dw i|
dx4 0x29y2 oyt 3 \ox%9y? = 9x29y* 36 dx*ay*

20 + a? 2 0w n 9w
—mow w + —mow” | — + —
0 6 " ax2  9y?
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a2P( 1 9w a? P 9w n 9w
— Z_P(s - _ 4
6 0x29y2 12 dx*t dy+
4

a 86 n 3w n 3w ) 3w a® P(s + ) 88 o 6~ 0
—P|—+2—5 +5—F +2s - 0(a®) =
1 4 9x6 x4dy? 9y0 dx2oy* 1728 49y4

(132)
Neglecting the higher-order term in @ in Eq. (132) yields Eq. (128):

9w 9w *w  a? 9w 3w 2
D ——|—2——|——4—— + — mow-w

x4 x29y2 9y 3 \ox43y? = 9x29y4

a> L (3w w Pw  w
g <W+ 9 2>+P(8x T )
——2P(s+1) 7w “2P<84—w +si) —0 (133)
ax2ay? 12 dx* dy*

This equation containing fourth or less derivative terms following a same contribution, namely x and Yy, it
is called fourth-order continualized model. Its beam counterpart is the fourth-order continualized model, as
developed in Sect. 2.2.

Thus, considering two different continualization approaches, it leads to two different but similar sixth-order
governing differential equation. Again, Eq. (133) requires six boundary conditions which may be obtained
from the variational principle, through the following postulated energies U, T and W:

v L [ b <az_w)2 0 8w (az_w)z 2 >(82w)2
(w)_szg o2 ) TP T\ ) TR Gy
a? Bw 2 3w 2
+? <(8x28y> + (8x8y2> )i| dxdy (134)
3 qw\ >
T(w) = f/ mow |:w += ((ai}) +<%) )]dxdy (135)
W Jw a? 92w 2 92w 2
(W)= // ( ) (@) 12 (W) “(W)

92w 82w
w :|dxdy (136)

—(erl)8 25y

Thus, applying the Hamilton principle (U — T — W), we obtain Eq. (133) with the natural boundary condi-
tions written under the line integral form:

fl(x,y) =0 (137)
r

where I" is the boundary of the plate and [ is defined as follows
a’> _ Bw 92w a? _ Pw 92w
Ix,y)= —=—D—4—)dx+ —D S| — ) dy
37 ax2dy \ 9x? 37 9y29x \ 9y?
+lp 92w n 2w Da2 a%w azp 92w e )32w 5 ow d
Ve t+— |- D——— — — s — | dx
9x2 9y? 3 0x29y? 12 ay 9y2 dy
+lp %w n 9w Da2 *w a2P 9%w L )82 s ow d
axz " ay2 3 0x20y2 12" | ox2 ox )

D 83w+ Aw a’> Pw
x3  9xdy? 3 9x39y?
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9 2 13w 93 2 9
p_w_“_p[ L 4s) W}ﬂ_mowza_W}awdy
y

ox 120 | 9x3 axoy2 | 6
D 3w " 93w a? w
9y3  9xZdy 3 9x29y3
L IS o 83'” +“2 200 s a (138)
SE— — — —mow —— wax
ay 12 | 9y3 6 0% ox

The solution is provided for simply supported plate. In view of boundary conditions, similarly to Eq. (111)
the solution may be expressed as

— ; in —2 139
w = wo sin 7 sin (139)

Setting 22 = w?m(aL)*/D and A = w*m(aL)?/D and substituting Eq. (139) into Eq. (191), the solution is
given by:
o2 _ (0‘7) (n% 4+ m2a?)274 6(2)7T6[((,¥m)6 — (am)*n? — (@am)*n* + n°]

[(%)2 + egarz[(am)2 + nz]]

a

2 [e%nz(amn)z(l +5) + (0‘71‘)2 [(am)? + snz]]

[(QTL) + (14 y3)egm2[(@m)? + n2]]

(140)
with e(z) = 1/12 for the continualization processes. In the static case, % = 0, assuming a half sine wave in
the y direction (n = 1) , the buckling load is

al)\2 232 _ 2.2 6 _ 4 _ 2
) = min 72 (a) (1 + m2a?) — ey [(am) (am) (am)” + 1]

(m,n) I:e%n.2(am)2(1 +5) + (%)2 [(am)2 + S]]

(141)

Next, we shall consider the particular case of a uniaxial load, i.e. s = 0. The squared natural frequency
becomes:

a

(‘%)2 (n2—|—m2a2)2n4 — 6(2)716[(ozm)6 — (otm)4 2_ (am)2n4+n6] — )»712(otm)2 [e%nznz + (“L)Z]

2% = .
[(%) + en2[(am)? + nz]]
(142)
Furthermore, in free vibration, the frequency is calculated from A = 0 in Eq. (142)
2
2o (D)@ ame?iat L, lem)® = @m)'nt = @it
= — ¢
[(%)2 + edm2[(am)? + nz]] [(%)2 + ejn2[(am)? + nz]]

Asexplained above; the small length scale coefficient is, by definition, constant (eg = 1/4/12) and structural
independent.
3.3 Sixth-order continualized model
An alternative continualized model can be derived, by using another continualization scheme. Multiplying

Eqs. (120) and (121) by [1 — (a?/12)3%/8x*][1 — (a®/12)3?/dy?]and Eq. (122) by [1 — (a?/24)8%/dx>][1—
(a?/24)9?/3y?], one obtains

M at [ 9? n 92 M D 92w n 92w a2(1+ ) 9*w + o 2) (144)
-\t = — t V= V) ——> o(a
o2 \ax2 ogy2) ax2 ay2 12 ax29y?
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a* (3> 9 Pw  w a® dtw 5
My_E —+— | M, =D 4+ Vv———((1+Vv)——— | +0(a”) (145)

Ixz  9y? ay 9y2 ax2 12 9x29y?2
a® (92 92 92 2
Mxy_ﬁ(@—}_W) My = D(1 _U)axayw+0(a ) (146)

Egs. (144)—(146) are close to Eringen’s nonlocal elasticity Eqs. (74)—(76), except the last nonlocal under-
lined term. Using Egs. (144)—(146) into Eq. (123), multiplying by [1 — (ega)?8%/dx2][1 — (ega)>82/9y?]
one obtains the approximation

b 84w+2 3w +84w+a2 dw 3w 3w +86w
x4 ax20y2 oyt 12 \ 9x®  9x%9y?  9x29y* 9y

| a’ [ 9? n 32 204 P 3w n 3w a® (1 +5)P a%w 0 (147)
—|l-—=—=+— w —+s— |- = S)P—— =

12 \ax2 " 9y2 ) |0 ax? C2) 12 9x29y2
Equation (147) can also be derived from the continualization of the discrete governing difference equation

Eq. (105). We start from Eq. (123), equation based on Padé approximants and we use the Taylor expansion, at
the second order in a:

D 1+a282 84w+2 1+a282 1+a282 *w N 1+a282 a* 9t 9w
6 9x2) ox* 12 9x2 12 9y2 ) 9x29y? 6 9y2 144 9y* ) ay*

2 2 2 2
5 a“ 9 0w a* 9 0w
- P11+ —=—)— 1+ =— =0 148
mow w + |:( +128x2> 8x2+ ( +128 ) 52 + o(a*) (148)

Multiplying by [1 — (ega)?(32/9x> + 3% /3y?)]

D 84w+2 d*w +84w a’ (3w 3%w 3%w +86w
x4 0x29y2  ay* 12 \ ax®  9x%9y?  9xZdy*t  9y°

adw 3w 3w
—2(epa)* (2 3 2
(e0a) ( 9x09y2 + dx*oyt + 8x28y6)i|
| a’ [ 9* +32 204 P 82w+ *w 2(1+ ypotw *w
-1 - = | =+ =— ) | moww — +5s— s
12 \ax2 " 9y2) | ax2 " 9y2 9x29y2
4 2 2 4 4
a ad a " w "w
Pl— + — e H =0 149
a4 <8x2+8y2><8x4+ a4>+0(a) (149)
Neglecting the higher-order terms in a, we obtain Eq. (147). It is also obtainable via variational formulation,
using the following bending strain energy, kinetic energy and work done by axial forces:

U ) 92w 92w 92w 2
w=3[[,» (axz) * TW+(W)
92w 2 a’ Bw 2 3w 2
209 (55) -5 ((ﬂ +(5) )
Pw \* [ Pw
+— <(8x28y> + (8x8 2) )}dxdy (150)
2
T(w) = // mow |:w + & ((Bw) +<8—w) )]dxdy (151)
12 ay
wa) =+ [[ p| (2~ (8_w>2 APl P (152)
(w)_E//@ (5) T %y ) TR T g |
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where ® is the area of the mid-surface of the plate. In this model, the nonlocality does not affect the work.
Thus, applying the Hamilton principle, it yields Eq. (133) with the natural boundary conditions given by (137)
and [ defined as follows

a? Pw 32w Pwdsw a? Pw 3%w  Pwdw
- —D|———— ———— |dy
127 [ 9x29y 9x2 dy3 0y? 127 | 9xdy? 9y2 0x3 0x2

+ {D <v82—w + 82_“’) _p% (—84w - 34—w> e +s)82_w} 5 <8_w> dx
ax2z  9y? 12 \ 9x29y%  9y* 24 9x2 dy
+D( —v) Pw g (3—’”) dx + D(1 — ) Pw g (3—”}) dy
0xdy ax 0xdy ay
o () (e )y i oy
dx2 dy? 12 \ 9x29y%  ox* 24 9y? ax
_ {D[“_w+33_w+a_2<35_w_35_w)}
x3  9xdyz 12 \ ax5  9x39y2

dw a® 3w a? s 0w
+P|—— ;04— )+ Fmow” ——  Swdy
X

I(x,y,t)=

ax 24 0xdy 12 ]
D 3w n 3w L v a? (9w Pw
3y3  ax29y 12\ 3y5  9x29y3
p (s “2(1+ ) LI DALY (153)
§— — — §)—— | + —mow*— } Sw
dy 24 axZay ) T 12 %% By

In contrast to local models, two additional boundary conditions appear.
In view of the simply supported boundary conditions, the substitution of Eq. (139) into Eq. (147) yields
the following solution

o2 () 0 4 mPa®)2nt + 4 @m)n((em)? + )
[(%) + 2e372[(am)? + n2]]
72 [Zegnz(amn)z(l + )+ (3(2)71'2[(0zm)4 +sn* 4+ (%)2 [(@m)® + snz]]

_ (154)
(<) + 263721 @m)? + 021

a

with e% = 1/12 for the continualization processes. In the static case, £2> = 0, assuming a half sine wave in
the y direction (n = 1) , the buckling load parameter is

L)? 2 2\2 2 2 ) 5
)»=minn4 (%) (I +m-a”) +4e0(am) (1 4+ m?a?)

(m.n) [Zegnz(am)z(l +5) + e [(am)* + 5]+ (0‘71‘)2 [(am)? + s]]

(155)

For the particular case of a uniaxial load, i.e. s = 0, the squared natural frequency parameter becomes:

%)2 (n? + m2a®)2nt 2e(2)7r2n2 + eon2[(am)2] + (%)2

L( 2 —am?(am)? D
[(2£)” + 268 1tam? +n21] [(<2)7 & 2320 amy? + 2]
4elmS(am)*n*[(am)* + n?]

[(%)2 + 2e3 72 (am)? + nz]]

a

%=

(156)

Furthermore, in free vibration, the frequency is calculated from A = 0

2= (157)

202 4 2 2
( ) (n + e s —i—4e%7r6(ozm)2n2 5 [am)” + n”]
[(TL) +2¢§m 2 [(am)? + ”2]] [(%) + 2e372[(am)? + n2]]
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As for the fourth-order continualized model, the small length scale coefficient is constant and structural
problem independent.
3.4 Fourth-order phenomenological model: nonlocal Eringen’s theory

According to Eringen’s nonlocal theory [14] applied for plates, the nonlocal versions of moment—curvature
relations Egs. (101)—(103) are postulated as follows [20,49]:

M M 92w 92w
2 xx XX _
Mxx — (6()61) ( ox 3 + ayz ) =D (m + \)a—yz> (158)
My, 9*M, 9w %w
2 yy W\ _
Myy — (eoa) (W + a—yz> =D (8_))2 + \)W> (159)
2M,, M 92w
M.y — (eoa)? (—axz” —ay;y> = D(1 —v) Tx3y (160)

By substituting Eqgs. (158)—(160) into the local Eq. (104), the governing differential equation is obtained

p (T B Y et (B
(ax4 Ty T ay4> "o [“’ (0®) <8x2 * aﬁﬂ
d*w 5o (tw  dtw Pw 3w
—(eoa) o220y 2P(l—i—s) (eoa)P<a—+sa4>+P(ax —I—s82>=0 (161)

Eq. (161) may be obtained variationally using the following bending strain energy, kinetic energy and work
done by axial forces:

92w 02w 92w 2 92w 2
2 2
T(w) = l/f mow> |:w2 + (ega)? ((a_w> + (8_w> )} dxdy (163)
2J)J)o ax ay
1 dw\? qw\? 2 9w 2 2 9w 2
W(w) = E //;) P (a) +s (5) + (6061) <ﬁ> + (eoa) N (W)

92w 02w
2
+(eoa)" (s + 1)W8_yz:| dxdy (164)

Equations (162)—(164) match with the results of Chakraverty and Behera [50] and the functional given by
Phadikar and Pradhan [51]. It is worth noting that the nonlocal effect does not affect the bending strain energy.
The kinetic energy is different from the one given by Adali [52,53]:

T(w) = // mow |:w — (epa)*w (8 1;) w)} dxdy (165)

Although they lead to the same governing differential equation, they do not provide the same boundary
conditions. We retain the kinetic energy given by Chakraverty and Behera [50], definite positive.

Thus, by applying the Hamilton principle, we get Eq. (161) with the natural boundary conditions given by
(137) and I defined as follows:

2w 3w (epa)*P [ 3w 92w dw
Ix,y)={D(v— - 2— 1 s — ) dx
() { (”ax2+8y2> 2 [ o TG “ (ay)
2w

92w 92w (ega)? P 32 w

24




b 83w+ Pw L pdw (eoa)? P 283w+(1+ ) P w
- —t — —— — s
9x3  9x9y? ox 2 ax3 9xdy?

9
+ (epa) m0w2 w dwdy
ax
b 83u)+ Bw N Paw (epa)*P s 83w+(1+ ) a3w
J— — [ S —_— —
dy3  9x2dy dy 2 ay3
9
+ (eoa) mowza—w Swdx (166)
y

As for the beam case, the boundary conditions obtained through the variational principle and the one issued
of the principle of virtual work may differ.

In dynamics, the dynamic contribution in the boundary conditions differ between the traditional nonlocal
Eringen’s model and the conditions obtained through the phenomenological approach Egs. (60) and (61). In
view of the simply supported boundary conditions, the substitution of Eq. (139) into Eq. (166) furnishes the
following solution

(0‘7) (n2+m2a?)?7* — rm? [e%n2(amn)2(1 + )+ e%nz[(otm)4 +sn*] + (O‘TL)Z [(am)? + snz]]

2% = 5
[(4£)° + 3x20(em)? + n21]
(167)
For s = 1, the solution coincide with the one derived by Zhang et al. [48].
In statics, the buckling load parameter is
aL\2 2,212
=) (1 +ma
A = min 7* ()« ) (168)

(m.n) [eonz(am)z(l +5) + efm2[(am)* + 5]+ (4= ) [(m)? + s]]

This result coincides with the one obtained by Zhang et al. [48]. For a uniaxial load, i.e. s = 0, the squared
natural frequency parameter is:

2424 222, 2 2 2 L)\2
07 _ (4 ) (n* + m?a®)?n _)ﬂz(am)zeon n? + efm(am)? + (%) (169)
- 2
(O‘L—IL) + €32 (n? + m2a?) (“£)" + egm2(n? + m2a?)
Furthermore, in free vibration, for A = 0, the frequency is:
n2 + m202)2nt
2% = iy ) o i (170)

(0‘7) + €22 (n? + m2a?)

Considering a phenomenological approach, the small length scale coefficient turns out to be not a constant.
It depends on the initial load (P or 1), the vibration frequency §2, the vibration/buckling mode (m, n), the
material (the internal characteristic a) and the geometry (aspect ratio o and one of the length of the beam L)
[20]. Thus, it has to be calibrated. In a similar manner to the investigation of nonlocal beam models, by relating
the microstructured beam-grid model to the nonlocal rectangular plate, the length of rigid element can be
interpreted as the internal characteristic length scale. As in beam problems, the small length scale coefficient
is obtained by comparing the solutions of a microstructured beam-grid model and a nonlocal rectangular plate
model. More especially, by equating the buckling stress from Egs. (116) and (168), with the assumption of
having one-half wave in the y-direction (n = 1), the small length scale coefficient may be expressed as

2
2n2 (co% —-i—cos ity 2) 7'[2[(oem)2(1 " s) n [(am)4 n s]]

14s—cos —SCOS ~—
nv

— ) (171)

2
2nf (cos HL t-cos ;- —
n2x2(1 4+ m2a?)? — = il i) [(@m)? + 5]

amm

1
")
€

14s— cos——vcos—y
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Fig. 5 Variation of calibrated small length scale coefficient calculated in static case (dashed line) and free vibration case (con-
tinuous line) with respect to aspect ratio, considering a the fourth-order phenomenological model (Eringen’s model) and the
continualized model (dotted line) and b the sixth-order phenomenological model
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Fig. 6 Gap between the small length scale coefficient calibrated in the fourth-order phenomenological model (Eringen’s model)
and the exact one obtained in the continualized model in the static case (dashed line) and the free vibration case (continuous line)

This expression coincides with the one obtained by Zhang et al. [48]. When the number of elements goes to
infinity, we get following result

1
lim — =12

ny—00 6(2)'

(172)

o2m?@®m? + (s + 1) + a®m® + o*m* + o®m?s + 5
a®mb + 204m4s — a*m* — o?m?s + 202m? + s

It can be seen that Eq. (172) coincides with the results of Challamel et al. [20]. The small length scale coefficient
depends on m, the buckling mode and «, the aspect ratio. Considering a uniaxial load (s = 0), the expression
of the small length scale coefficient is compared between the different models (see Figs. 5 and 6).

The small length scale coefficient is now performed in the case of free transverse vibration (s = 0, N = 0).
In a similar manner to the beam models, the small length scale coefficient is obtained by equating the vibration
frequency in Eqgs. (115) and (170), with the assumption of one-half wave in the y-direction,

2
42 [(am)?* + 1]n‘y‘ (cos i 2)
y y

1
o2 = - 3 (173)
2.4 2+,2)2 6 amm bid
0 nim*(l+ma”) —4ny<COSn—y+cosE—2)
When the number of elements goes to infinity, we obtain:
1 (m2a2 + 1)2
lim — =6,/ —————— 174
nygnoo eq \/_ 1+ miat ( )
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Table 1 Mean calibrated small length scale coefficient considering two continualized models and two phenomenological models
for beams and plates

Order Beams Plates
Continualized Phenomenological Continualized Phenomenological
4 6 4 6 4 6 4 6
Statics 0.288 0.288 0.288 0.204 0.288 0.288 0.191-0.408 0.182-0.288
Free vibrations 0.288 0.288 0.408 0.288 0.288 0.288 0.288-0.408 0.288
Gap (%) 0 0 50 29.2 0 0 9.6 104

These results coincide with those of Zhang et al. [18,48]. The small length scale coefficient is not constant: it
is structural problem dependent. The expression of the small length scale coefficient is plotted for each model.
Considering the Eringen’s model, the small length scale coefficient lies between 1/+/12 and 1/+/6, and it
varies with respect to different mode numbers and aspect ratios. As illustrated in Fig. 8b, it depends on the
load, which contradicts the commonly made assumption of a constant length scale.

For m = 1 and n = 1, the small length scale coefficient is obtained for various values of the aspect ratio
« in the case of free vibration and statics (see Fig. 5; Table 1). Whereas for the continualized models, it is
constant in both situations, the traditional fourth-order phenomenological model provides two small length
scales coefficients in statics and in dynamics and in both situations, it depends on the aspect ratio . The gap
between the static and dynamic case increases with the vibration mode and the aspect ratio @ and reaches
29.2% for a square plate (« = 1).

Furthermore, in order to compare the models, the calibrated small length scale coefficients are reported in
Table 1, considering plates and beams. A significant difference is noticed for the fourth-order phenomenological
model in statics and in free vibration problems.

3.5 A sixth-order phenomenological approach

As for a beam, an attempt is made to develop a model comprising the gradient elasticity and nonlocal elasticity
models. Recently, Challamel et al. [20] suggested the following moment—curvature relations:

1= Ccon? V2 = D[22 o8 (2 2w (175)
9x2 dy? x29y2 x4
[1 — (ega)?V3Myy, = D e +v82—w — (epa)? w__dw (176)
0 e 9y? dx2 0 ax2ay? 9yt
2
[1 — (epa)* V1M, = D(1 — v) (177)
0xdy

This model is close to the classical nonlocal elasticity Eringen model. Indeed, the left-hand sides of Egs. (175)-
(177) are the same as those in the Eringen’s model but the right hand side includes an additional term.
By substituting Egs. (175)-(177) into Eq. (104), multiplying by [1 — (ega)?(8%/0x> + 3°/3y?)], we get

D *w Py *w n a%w ny )2 3%w 3%w 3%w n 3%w
- = 7" 1 (ena _ _ g
x4 ax29y? 9yt 0 ax6  9x49y?  9xZay*  9yo

5 ny )2 92w " 92w Iy 9w " %w
—mow” | w + (ega —+ — — ts—
0 0 9x2  9y? 0x2 9y?

84w 84w 84w
2 2

In contrast to the fourth-order phenomenological and nonlocal Eringen’s model, we obtain a sixth-order space

derivative equation. This equation is different from the equation obtained in the sixth-order continualized
model. Thus, as for the sixth-order continualized model, it requires two additional boundary conditions.
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Equation (178) may be also obtained from U, T and W given by Eqs. (150), (151) and (164), respectively:
" )_1// ol (P 2+2\)82w82w+ 92w 2+2(1 N 2w\’
=311 ax2 axZ 0y2 "\ 92 axdy
5 3w 2 Bw 2
— \ g5 ) e
APw 2 Pw 2
2
dxd 179
+ (eoa) <<8x28y> +<8x8y2> xdy (179)
1 202 2 (W
T(w) = - mow”~ | w” + (epa) dxdy (180)
2J)J)o ax
W) 1//13 dw 2+ Jw +( 2 92w +( 2 22w\’
== — — epa epa)s | —
=51 ax ) T\ ay 0 ax2 0 9,2

92w 82w
ax2 9y?

+ (epa)? (s+1) ]dxdy (181)

Thus, by applying the Hamilton principle, we get Eq. (178) with I given in (137) defined as follows:

13,1 = (eoa)2D Bw 26w Pw d*sw dy+ (0a)’ D
’ k) == - epa
Y cod dxdy? 9y? dx3 9x2 Y 0

p 9%w n 9w D( )2 *w 9w
V—5 + —5 | — D(epa - —
9x2 9y? 0 ax29y2 o9yt

(ega)*P 92w 92w dw
- feoa [282+a+> “a(g)dx

+ 31D 82w+ Pw — D( )
— tv—s eoa
dx2 9y?2 0 28y 8x4

(epa)*P [_9%w
SO g o g o () e

Pw 92w 9w sw
0x29y 0dx2 dy3 9y?

5 [ 93w L P 9w . Pw  Pw | L pw
a3 axay? Y9x5 T 9x%0y2 ax
(e0a)?P [ 0w Pw , 0w
> |:28 3 +{+s )8 5y2 + (epa) mow T Swdy
D _83w L e 3w +(e ) 1w Pw i n Paw
_ ow _ v pIv
3y3 | 9x29y cod 3y5  9x20y3 dy
P 00 4 9% T4 oarmoe? ™™ | swa (182)
epa) m C() —_— wax
2 By3 9x29y 0% TRy

In view of boundary conditions, substituting Eq. (139) in Eq. (178), the solution is provided:

02— (aT) (n? + m?a®)?7* — &nll(am)® — (@m)*n* — (@m)?n* + n®]

(<) + g2l @m)? + n?]]

a

5 [eonz(amn) 14+s5)+ eO 72 [(am)* + sn*] + (‘”‘) [(am)? + snz]]

[(%) + eoy'rz[(ozm)2 + n2]]

a

— AT (183)
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In the static case, £2% = 0, assuming = 1, the buckling load parameter is

o) () 0+ w2 — grtlam) — @)t — @m)? + 1]

A = min 7 3 (184)
(m.n) [e%yﬂ(am)z(l +5) + e [(am)* + 514 (%&)" [(am)? + s]]
For the particular case of a uniaxial load, i.e. s = 0, the squared natural frequency parameter becomes:
o0 — (“7) (n? + m2a?)2x4 6(2)7'[6[(0[”1)6 — (am)*n? — (@m)*n* + n°]
- 2
[(%) + egm2[(am)? + n2]]
2.2.2, 22 2 alL)2
eamn® + ey (am)°] + (==
— A (am)? 0 [m™+ () (185)
[(%) + egnz[(am)2 + nz]]
Furthermore, in free vibration, the frequency is calculated from A = 0 in Eq. (185)
PET y L) 02 + mPa?)?mt 2_6llam)® — (am)*n® — (am)*n* + n°] (186)

it
[(—L) + €32 [(am)? + nz]] ’ [(%)2 + e3m2[(am)? + n2]]

a

As for the fourth-order continualized model, the small length scale coefficient has to be calibrated. Thus,
by equating the buckling load from Eqgs. (116) and (184), the small length scale coefficient is

2
2n% (cos “X 4cos K—Z
I 1+(s o o ) 72 [(em)* (1 +5) + [(am)* + s1] + 7 @m)® — (@m)* — (@m)> + 1]
el ]
eo 4 ( amn )
272 2v2V2 2
nyn (I +ma%) 1+s— cos% 5 cos ;- [(am)= + 5]
(187)
When the number of elements goes to infinity, it yields
i 1 24 a®m® + a*mts + a?m? + s (188)
im — =
ny—00 e(z) a®mO 4 204m4s — a*m* — a?m?s + 2a2m? + s

Again, the small length scale coefficient is structural dependent: it varies with the buckling mode and the aspect
ratio. Considering a uniaxial load (s = 0), the expression of the small length scale coefficient is compared
between the different models (see Figs. 5, 6). The gap between the value in statics in dynamics and statics
increases with respect to the aspect ratio «.

Furthermore, the calibrated small length scale coefficient is obtained by equating the vibration frequency
in Egs. (115) and (186), in the case of free transverse vibration (s = 0, N = 0).,

2
| A (em)? + 11} (cos T 4 cos I = 2) " + 70 (@m)® — (@m)* — (em)? + 1]
= = (189)
2 2
‘0 namt (1 +m2a?)? — 4n§ (cos I+ cos i — 2)

When the number of elements goes to infinity, it yields:

, 1
im0 = 75 (190)

In this particular case, the small length scale coefficient is constant equal to e(% = 1/12, same value than for
the continualized models, and so, is structural independent. This result is much better than for the fourth-order
continualized model. The expression of the small length scale coefficient is plotted for each model (see Fig. 6).
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3.6 General solutions
3.6.1 Buckling load and natural frequency

The four versions of governing differential equation can be written in a canonical form as

D 9*w ) 9w L ow 9*w + ) 9w L 3%w 1 + 4y3)( )2 3w n 9w
— —_— epd — 4+ — ] = epa
viteo Y1 v3)(eo axiay? | ax2oy?

x4 ax2ay? = 9yt 9x0 9yo
*w + (14 y3)(e0a)*mow® 82w+82 pp(Ee
— mow-w epa) mow” | —5 — t+ 55—
0 v3)(eo 0 a2 T ay2 ox2 3y?
4 4 4
w " w " w
— (470’ P +9) 550 = 02+ 7)) P(a . “W) =0 (191)

where three control scalar parameters, namely y1, ¥» and y3 are introduced with (y1, ¥, y3) is equal to (0,0,1),
(1,0,0), (0,1,0) and (1,1,0) for the fourth-order continualized model, the sixth-order order continualized model,
the fourth-order phenomenological model and the sixth-order phenomenological model, respectively. The
results coincide with the ones of Challamel et al. [20] for y3 = 0, i.e. for the nonlocal plate models considered
except for the fourth-order continualized nonlocal plate model which is introduced herein.

The substitution of Eq. (139) into Eq. (191) furnishes the following solution
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%= — V16T 2
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+4y388716(am)2n2

) [e(z)nz(amn)z(l +s)(1 +y3) + e(z)nz(yz + ) [(am)* + sn*] + ("[a—l“)2 [(am)? + snz]]
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—ATT

a

(192)

Remarkably, when there is no load (N = 0), the vibration frequency following the continualized model based
on the Padé approximant and the hybrid continualized model turns out to be equal.
When s = 0, the squared natural frequency parameter is:

(0%)2 (n® + m?a?)?7*
[(%)2 + (1 + y3)egm[(am)? + nZ]]
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Furthermore, in free vibration, the frequency is calculated from A = 0 in Eq. (192)
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From the previous expressions of the small length scale coefficients, several observations can be made. The
small length scale coefficient turns out to be not a constant. It depends on the initial load (N or 1), the vibration
frequency £2, the vibration/buckling mode (m, n), the material (the internal characteristic a) and the geometry
(aspect ratio o and one of the length of the beam L) [20]. Thus, it is calibrated by equating the buckling stress
from the discrete model and the continuous one:
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For the nonlocal Eringen’s model and the sixth-order continualized models, Eq. (196) coincides with the results
of Challamel et al. [20]. It can be checked from Eq. (196) that the small length scale coefficient is constant
for the fourth-order and sixth-order continualized models, i.e. for y; + y3 = 1 and y» = 0, and is equal to
eg = 1/12. In contrast to the nonlocal Eringen’s model and the phenomenological models, it is independent
of m, the buckling mode and «, the aspect ratio. Considering a uniaxial load (s = 0), the expression of the
small length scale coefficient is compared between the different models (see Figs. 5, 6).

The small length scale coefficient is now performed in the case of free transverse vibration (s = 0, N = 0).
In a similar manner to the beam models, the small length scale coefficient is obtained by equating the vibration
frequency in Egs. (115) and (194), with the assumption of one-half wave in the y-direction,
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When the number of elements goes to infinity, we obtain:
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It can be checked from Eq. (198) that the small length scale coefficient is constant for the continualized nonlocal
models, i.e. for y; + y3 = 1 and y» = 0, and is equal to e(z) = 1/12, both for buckling and vibration analyses.

The expression of the small length scale coefficient is plotted for each model. As explained above, con-
sidering the Eringen’s model, the small length scale coefficient depends on the load, which contradicts the
commonly made assumption of a constant length-scale.

Let us compare the small length scale coefficient with m = 1 and n = 1 in the case of free vibration and
statics for different values of the aspect ratio « (see Fig. 5). For the continualized models, it is constant for both
cases. For the phenomenological models, a gap occurs between the two between the two situations. This gap
increases in both cases with the aspect ratio . When the vibration mode increases, a gap between the Eringen
and the microstructured beam-grid model occurs. This gap increases with the vibration mode, whereas for the
model based on the Padé’s approximant, the curve matches exactly the exact solution.

The traditional nonlocal Eringen’s model provides two small length scales coefficients in statics and in
dynamics and in both situations, it depends on the aspect ratio «. The sixth-order phenomenological model
gives a constant small length scale coefficient in free vibration but when an initial load is taken into account,
the calibrated coefficient depends on the aspect ratio. Considering the continualized models, by definition,
the small length scale coefficient has the same value in statics and in free vibrations. Thus, the continualized
models are much better than the phenomenological models based on postulated nonlocal constitutive laws.

As it can be seen in Table 1, based on the microstructured model, the continualized models provide better
results than the phenomenoplogical models, based on postulated nonlocal constitutive laws. Thus, assuming
that the best calibration of the small length scale coefficient is obtained through the first continualized model
and so, is equal to 0.288, the traditional fourth-order phenomenological model (nonlocal Eringen’s theory)
overestimates its value (gap of 7.7%), whereas the sixth-order phenomenological model underestimates the
value (gap of 9.6%). Such differences cannot be ignored, and it appears that the traditional model is not
convenient for the study of vibrations of plates.

Furthermore, in order to compare the models, the calibrated small length scale coefficients are reported in
Table 1 considering plates and beams. The results are more disparate for plates than for beams. The continualized
models are based on the lattice model. Thus, the calibrated small length scale coefficients are the same in statics
(calibration from the nondimensional buckling load) and in dynamics (calibration from the nondimensional
natural frequency). They are naturally structural problem independent. The sixth-order space derivative models
require the introduction of sixth boundary conditions and consequently, could be considered unnecessary
compared to the fourth-order space derivative models. However, these models lead to a nearly constant small
length scale coefficient, independent of the load. Thus, this establishes the superiority of such models.

Furthermore, we define Aeg the gap between the small length scale coefficient, calibrated in the fourth-
order and sixth-order phenomenological model and the value of the coefficient following the continualized

models (eg = 1/+/12):

_eo—1/V/12
112

The value of Aeg is plotted in Figs. 6 and 7. It can be seen that the sixth-order phenomenological model, in
the case of free vibration, is constant and coincides with the exact value obtained through the continualized
models. Considering the fourth-order phenomenological model, in free vibration, the gap decreases with «. In
statics, it decreases initially and then it increases.
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Fig. 7 Gap between the small length scale coefficient calibrated in the sixth-order phenomenological model and the exact one
obtained in the continualized model in the static case (dashed line) and the free vibration case (continuous line)
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Conclusion

In this study, four nonlocal beam and plate models have been discussed: two are continualized lattice-based
models and two other phenomenological models are based on postulated nonlocal constitutive laws. As already
investigated in different papers, the calibrated small length scale coefficient can take different values considering
the phenomenological models for static or dynamics analyses. Thus, it turns out to be dependent on the load and
the structural problem. Although they do not preserve the locality of the balance equations, the continualized
models have the advantage that the small length scale coefficient has the same value in buckling and in vibration.

While the Eringen’s derivation for beams and plates lead to a fourth-order space derivative differential
equation, some of the equations developed herein possess sixth-order space derivatives. The additional higher-
order boundary conditions may be obtained through variational principles as detailed in the paper. The fourth-
order phenomenological model does not require additional boundary conditions and, consequently, is simpler
than the sixth-order continualized models and the sixth-order phenomenological model.

Furthermore, by using phenomenological nonlocal models such as Eringen’s nonlocal differential model,
it is shown that the nonlocal scale parameters related to the size of the repetitive cell depends on the type of
analysis, either buckling or vibration, when compared to the lattice results. As opposed to phenomenological
nonlocal models, lattice-based continualized nonlocal models have constant length scale calibration. However,
these continualized nonlocal models are constructed from nonlocal balance equations, whereas Eringen’s
nonlocal model keeps the locality of balance equations. This paper tries to open some new directions in
generalizing nonlocal beam or plate models, from lattice mechanics. It is shown that some fundamental lattice
plate interactions may be modeled at a larger scale by several nonlocal plate models, based on physical
micromechanics arguments or introduced within mathematical properties.
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