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Abstract – The energy management of a hybrid fuel cell / supercapacitor system is 
studied, both in simulation and on a test bench, for experimental validation. This 
system can be used to power a urban electric scooter. Two off-line energy 
management strategies are implemented and compared to control the power split 
between the fuel cell and the supercapacitor: Pontryaguine minimum principle 
(PMP) and dynamic programming. In the case of PMP, time evolution of the co-
state is accounted for, and operational constraints on the supercapacitor state of 
charge are included. Simulation and experimental results agree very well, which 
validates the system model and the implementation of the control strategies on the 
real system. This work will be used as a basis to develop online strategies. 

Keywords – fuel cell systems, energy management, optimal control, dynamic 
programming, Pontryagin minimum principle. 

 

1. INTRODUCTİON 

Fuel cell electric vehicles (FCEVs) are considered 
as a promising alternative for fossil fuel economy 
and greenhouse gas emission reduction because of 
their low environmental effects and high efficiency, 
in particular if the fuel H2 is produced through 
electrolysis using renewable energy sources. 
FCEVs possess an electrochemical power source 
(the FC) and an energy storage system such as a 
supercapacitor (SC) or a battery pack [1]. Currently, 
SC are chosen because they have a higher specific 
power than batteries and a longer lifetime in terms 
of number of charge/discharge cycles [2]. This 
combination of two power sources (FC and SC) 
allows to improve the global efficiency of the 
system over a given trip thanks to two mechanisms: 
the FC can be operated at a good efficiency 
whatever the effective power delivered to the 
vehicle, and kinetic energy can be recovered during 
braking. For these purposes, an efficient energy 
management strategy is needed, in order to 
determine an appropriate power split between the 
FC and the SC, and to minimize the total H2 
consumption over a given driving cycle, while 
meeting the driver’s power demand and satisfying 
operating constraints. 

In the case of perfectly controlled conditions 
(design, sizing or test), the driving cycle is fully 
known in advance and two well-known optimal 
control methods are available: Pontryagin’s 
minimum principle (PMP) [3] and dynamic 
programming (DP) [4]. PMP is easy to implement 

and fast, but does not allow to account for interval 
constraint on the state variable. On the other hand, 
DP is a more cumbersome method, but is more 
robust and naturally handles state variables 
constraints when needed.  

Whatever the chosen method, its performances rely 
on the accuracy of the system model and on the 
quality of the implementation in the actual system. 
The present paper addresses this issue in the case of 
a hybrid FC/SC system suitable to power a urban 
scooter. The system components are modelled from 
experimental characteristics and both DP and PMP 
algorithm are tested on the test bench. Comparison 
between simulation and experiments shows the 
accuracy of the model and the ability of the 
implemented strategies to actually minimize the 
system H2 consumption. In real life, the driving 
cycle is not known ahead of time and so-called 
online energy management strategies are needed. 
The present work is intended to be a starting point 
to study such strategies. 

The paper is organized as follows. The FC/SC 
system and the models used are described in 
Section 2.  The PMP and DP optimal management 
strategies are presented in Section 3. Simulation 
and experimental results are discussed in Section 4. 
Their good agreement shows that the model is 
accurate and that the energy strategies are properly 
implemented on the test bench. Finally, the paper is 
concluded in Section 5.  
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2. FC/SC SYSTEM MODELİNG 

2.1. SYSTEM PRESENTATİON 

The present work deals with the hybrid FC/ SC 
system shown in Fig.1, suitable to power a urban 
electric scooter. 

 

Fig. 1. FC/SC hybrid system model 

The scooter electric motor is fed by a DC electric 
bus, connected to the FC through a unidirectional 
boost converter and to the SC pack through a 
bidirectional converter. The experimental test bench, 
shown on Fig. 2, does not include the electric motor. 
The DC bus load ܲௗ is directly the scooter drive 
wheel power demand ௪ܲ, 

. load Bus load wheelP V I P  (1)

where ௪ܲ  is calculated using the motion 
equation of the scooter and the driving cycle, as 
explained in Section 2.5. 

  

 

Fig. 2. Experimental setup. 

2.2. FUEL CELL 

The main power source of the system is a 1.2 kW 
proton exchange membrane FC, modeled using its 
static V-I characteristic [5]. The hydrogen chemical 
power Pch is expressed as a function of the output 
electric power PFC by fitting experimental data with 
a fourth-order polynom. Then the hydrogen 
consumption rate is determined by (2), where HHV 
is the high heating value of hydrogen. 

2

( )
 FCch

H
PP

m
HHV

 (2)

Fig. 3 shows the measured FCS efficiency and the 
modeled one, using (2). The FC model gives a 
maximum efficiency for an output power around 
300 W. 

 

 

Fig. 3. FC efficiency versus output power 

2.3. SUPERCAPACİTOR 

The SC stack is modeled as a RC circuit in parallel 
with an internal leakage current source which 
represents the losses due to active cell balancing 
technology used in SC packs [6], as shown in Fig. 4.  

 

Fig. 4. SC stack model 

For a given output current ISC and output voltage 
VSC, the internal capacitor is charged ( Pint < 0 ) or 
discharged ( Pint > 0 ) according to formula (3). 

   2
. .   int SC SC f SC SC fP R I I V I I  (3)

The leakage current If is expressed as a quadratic 
function of VSC obtained by fitting experimental 
data measured in no load condition. 

2.4. DC/DC CONVERTERS 

The FC/SC systems needs two DC/DC converters, 
both modeled as ideal converters connected in 
parallel with leakage current sources that represent 
the converter internal losses. The losses are 
accurately measured using an opposition method 
described in [7]. 

The output current of the FC converter can be 
expressed by (4), where If is the leakage current 
obtained by fitting the experimental data with a 
quadratic function of IFC. 

_  FC FC
FC conv f

Bus

V I
I I

V
 (4)

The SC converter is modeled the same way. 

2.5. DRİVİNG CYCLE AND POWER DEMAND 

The present study is based on the World 
Motorcycle Test Cycle (WMTC), dedicated to low 
power motorcycles [8], and shown in Fig. 5. 
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Fig. 5. WMTC driving cycle profile 

The power demand corresponding to this speed 
profile, is determined using the motion equation of 
the vehicle:  

21
P ( )

2
   wheel air d veh r vehAC v Mg Ma v  (5)

where ρair is density of air; A is the reference area; 
Cd is the drag coefficient; μr is the rolling resistance 
coefficient; M is the vehicle mass; g is the  
gravitational acceleration; a is the vehicle 
acceleration. The power profile corresponding to 
the WMTC cycle is shown later, in Fig.6. 

3. OPTİMAL ENERGY MANAGEMENT 

The purpose of optimal power management is to 
determine the best instantaneous power split 
between the FC and the SC in order to minimize the 
fuel consumption over the whole driving cycle, 
while meeting the driver’s power demand and 
satisfying operating constraints. The system state is 
represented by the energy stored in the SC, ESC, 
whereas PFC is chosen as control variable.  Pload can 
then be considered as an external disturbance. For 
easier writing, ESC, PFC and Pload will be 
respectively denoted x, u and w hereafter.  

The problem is defined by (6) - (9), where J is the 
total H2 consumption over the considered time 
interval. Since the energy is provided solely by the 
fuel, the consumption should be calculated with 
equal initial and final state. In between, the SC 
either stores or provides power to adjust the FC 
working point and recover braking energy. 

  
0

  ( ) 
ft

ch
t

Minimize J P u t dt  (6)

       ( ) , , ( )   intsubject to x t P f u t x t w t (7)

   0 f refx t x t x  (8)

min max( ) x x t x  (9)

In the case of off-line optimization, the driving 
cycle is fully known in advance and two 
mathematical approaches can be applied to solve 
the problem: Pontryagin’s minimum principle 
(PMP) and dynamic programming (DP).  

3.1. PONTRYAGİN’S MİNİMUM PRİNCİPLE 

PMP applies when the constraint (9) is left out. It 
uses the Hamiltonian function defined by (10), 
where ሺݐሻ is the co-state related to the dynamic 
equation (7) [9].  

     , , , ( ) , , chH p u x w P u p t f u x w  (10)

PMP states that if u* is the solution of problem (6) -  
(8), there exists a function p(t), whose dynamics is 
governed by (11), and such that (12) and (8) hold. 

   0,   , , ,
      f

dp
t t t t x u p w

dt x

H
 (11)

 0,   , , , 0
     ft t t x u p w

u

H
  (12)

In the case of battery storage, it is common to 
neglect the influence of the battery state of charge 
on its open source voltage and internal resistance, 
and hence to consider p(t) as a constant [10]. In the 
present case, this simplification does not hold 
because the state variation ݔሶ ൌ ܲ௧ depends on the 
output voltage, which in turn depends on the state 
ݔ ൌ  ௌ. Hence, the partial derivative equation (11)ܧ
is solved in order to calculate the co-state evolution 
with time.  

In our problem, it is important that the constraint (9) 
is fulfilled at all times to ensure safe operation of 
the SC. Hence, the algorithm proposed in [11] is 
applied: whenever the constraint (9) is violated, the 
cycle is split in consecutive sub-cycles and 
intermediary constraints are added to keep the state 
trajectory within the allowed boundaries. The other 
method which has been implemented, namely DP, 
naturally accounts for this constraint and results 
will be compared. 

3.2. DYNAMİC PROGRAMMİNG 

DP is a multi-stage decision-making process which 
applies well to the optimization of cumulative costs 
in dynamic systems, such as the present one [12]. It 
requires the problem to be discretized in time and 
state. Let us denote respectively 0 and N the 
indexes of the initial and final time steps, xk=ESC(tk), 
uk  =PFC (tk ) and wk=Pload (tk). 

The discretized problem is given by (13) - (16). 

N-1

0

 ( ).


  ch k
k

Minimize J P u t  (13)  

 1  , , .   k k k k ksubject to x x f u x w t  (14)  

ݔ ൌ ேݔ ൌ   (15)ݔ

ݔ  ݔ    ௫ (16)ݔ

A so-called cost-to-go function, denoted ܬሺݔሻ, is 
defined at each time step ݇ݐ. It corresponds to the 
minimum cost that can be obtained by optimal 
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control from a given intermediary state ݔ ൌ ݔ  to 
the final state ݔே. This cost is calculated backwards, 
starting from (17) and applying the recursive 
process (18) - (19), where ݇ݑ

∗ሺݔሻ  denotes the 

optimal control at time ݇ݐ  as a function of the 

current system state ݇ݔ ൌ  .ݔ

 Initialization: at ݇ ൌ ܰ െ 1 

   1 1 1 .   N N ch NJ x P u t  (17)

 Backward iterative process: from ݇ ൌ ܰ െ 2 
to ݇ ൌ 0 

ሻݔሺܬ ൌ ݉݅݊
௨

	൛ ܲሺݑሻ. ݐ∆

 ݔାଵ൫ܬ  ݂ሺݔ, ,ݑ  ሻ൯ൟݓ
(18)

ݑ
∗ሺݔሻ ൌ ݊݅݉݃ݎܽ

௨
൛ ܲሺݑሻ. ݐ∆

 ݔାଵ൫ܬ  ݂ሺݔ, ,ݑ  ሻ൯ൟݓ
(19)

At the end of the backward process, 0ܬሺݔሻ  
represents the minimum fuel consumption which 
can be obtained starting from the initial state 0ݔ ൌ
ሽ0݇ܰെ1∗݇ݑThe optimal control policy ሼ .ݔ   and 

state trajectory ሼ݇ݔ∗ሽ0݇ܰെ1  are rebuilt by a 
forward process.  

PMP and DP are equivalent when the Hamiltonian 
function is convex, and the co-state is linked to the 
cost-to-go function according to (20) [13]. This 
relationship will be used to assess the quality of the 
results of both methods. 

 ൌ െ
ܬ݀
ݔ݀

ሺݔ ൌ ሻ (20)∗ݔ

4. SİMULATİON RESULTS AND 

EXPERİMENTAL VALİDATİON 

PMP and DP were implemented both in simulation 
and for the open-loop control of the FC/SC hybrid 
system. For a given load profile, the optimal control 
is determined by simulation for each tested 
algorithms. Then, it is applied to the fuel cell, in 
order to experimentally verify the method 
performance for the real system.  

Two versions of PMP algorithm have been tested: a 
simplified one, referred to as PMPc, where the co-
state p is kept constant, and the optimal one, 
referred to as PMPv, where the co-state time 
evolution is calculated using (13).  

The different strategies were applied with the load 
profile calculated from the WMTC driving cycle 
and shown in Fig. 6.  

 
Fig. 6. Load power profile 

Several experimental runs were performed, on 
order to test the repeatability of the process, which 
is good. As an example, Table I reports the fuel 
consumption J, and the difference between the 
initial and final SC state, for two experimental runs. 

Table I. WMTC cycle results 

Strategy 
J (10-1 g/km) x (%) 

sim exp1 exp2 Sim exp1 exp2 
PMPc 3.72 3.84 3.87 -0.1 0.7 2.1 
PMPv 3.70 3.73 3.72 0.2 -2.3 -1.4 

DP 3.70 3.74 3.76 0 -2.5 -5.1 

For the three strategies, the difference between the 
measured and calculated values is less than 3% for 
the fuel consumption and 5% for the final state-
difference. This small discrepancy validates the 
accuracy of the FC/SC system model and the 
correctness of the strategy implementation. 

As expected, PMPv and DP give identical 
consumptions, but one notices that PMPc is only 
slightly above: accounting for the co-state evolution 
does not seem worth the effort, at least for the 
considered example. 

 

Fig. 7. Control profile comparaison 

The control profiles found by the three considered 
strategies are plotted in Fig.7. They are very similar 
and show that the FC is operated mostly around 250 
W, at its best efficiency. The profiles calculated by 
PMPv and DP differ only in some isolated points, 
and this is due to the fact that the Hamiltonian 
function defined by (10) sometimes has two local 
minima, with almost equal values. The result is then 
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sensitive to numerical noise, which leads to 
different commands. This fact was also mentioned 
and analysed in [14]. 

Fig.8 gives an example of hydrogen consumption 
rate curve, obtained with DP. The fuel consumption 
rate follows the FC output power, and the good 
agreement between simulation and experiments 
illustrates the quality of the FC model.  

 

Fig. 8. Fuel consumption rate with DP strategy 

 

Fig. 9. SC state evolution : full and dashed lines 
respectively correspond to simulation and 

experiments 

The SC state evolution curves ݔሺݐሻ  associated to 
the different control strategies are plotted and 
compared in Fig.9. Both DP and PMPv give the 
same trajectory, which follows the upper state limit 
௫ݔ ൌ ݐ between ܬ݇	46.2 ൌ ݐ and ݏ	168 ൌ ݏ	188 . 
A closer look to the DP and PMPv trajectories 
shows that they actually hit the upper limit only at 
ݐ ൌ ݏ	188 , when the wheel power exceeds the 
optimal efficiency FC operating point and that the 
SC energy is used to keep the FC working around 
this point. The agreement between the state 
trajectories predicted using PMPv and DP shows 
the effectiveness of the algorithm used to account 
for the interval constraint on the SC state.  PMPc 
state trajectory is a more "charge-sustaining" one, 
confined around the reference state ݔ ൌ  .ܬ݇	26.6
This trajectory is sub-optimal, but the over-
consumption is small. 

The co-state values calculated by PMPc and PMPv 
are shown in Fig.10. When its time dependence is 
accounted for, the co-state is a decreasing function, 
except at time ݐ ൌ ݏ	188 , when the constraint 
ሻݐሺݔ  ௫ݔ  is activated. At this point, a local 
discontinuity takes place, resulting from the split of 
the drive profile in two sub-profiles with an 
intermediate constraint. In the case of PMPc, the 
co-state is assumed to be constant and an average 
value is obtained. One notices that neglecting the 
time dependence of the co-state does not affect very 
much the consumption, but much more the SC state 

trajectory. At the beginning of the WMTC cycle, 
the PMPc co-state value is smaller than the one of 
PMPv, and less energy is stored in the SC. At the 
end of the driving cycle, the opposite happens.  

 Fig. 10. Co-state value versus time 

In the case of DP, the co-state can also be 
calculated by applying (20) to the cost-to-go matrix. 
The discrete value of the co-state at time ݐ  is 
calculated using (21). 

 ൌ െ
ାଵݔሺܬ

∗ ሻ െ ିଵݔሺܬ
∗ ሻ

2. ݔ∆
 (21)

The values found using DP match very well the 
ones calculated directly by PMPv, except when the 
state trajectory follows the border of the reachable 
state region, shown on Fig. 11. During these time 
intervals, numerical noise affects the numerical 
derivation of ܬ.  

 

 

Fig. 11. State evolution obtained by DP 

5. CONCLUSİONS 

The energy management of a fuel cell system 
coupled to a supercapacitor energy storage system 
has been studied, both in simulation and on a test 
bench. This system can be used to power a urban 
FC scooter.  

The system was modelled and two off-line energy 
management methods have been used : PMP and 
DP. PMP was implemented both with a constant 
and a variable co-state, and constraint on the state 
limitation was included. 

Simulation and experimental results agree very well, 
which validates the system model and the 
implementation of the control strategies. It is found 
that accounting for the co-state time evolution may 
not be necessary: the global consumption is very 
close to the optimal one. More cycles should be 
tested to assess this result. 
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In real world, however, the driving cycle cannot be 
known in advance and so-called on-line energy 
management strategies are needed. In work 
underway, the model validated here is used as a 
basis to developp such strategies, and the off-line 
results provide reference consumption in order to 
assess the online strategies. 
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