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Pierre Henry-Labordere* Nizar Touzif
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Abstract

‘We provide a probabilistic representations of the solution of some semilinear hyperbolic
and high-order PDEs based on branching diffusions. These representations pave the
way for a Monte-Carlo approximation of the solution, thus bypassing the curse of
dimensionality. We illustrate the numerical implications in the context of some popular
PDEs in physics such as nonlinear Klein-Gordon equation, a simplified scalar version
of the Yang-Mills equation, a fourth-order nonlinear beam equation and the Gross-
Pitaevskii PDE as an example of nonlinear Schrodinger equations.

1 Introduction

Similar to the intimate connection between the heat equation and the Brownian motion,
linear (second-order) parabolic partial differential equations are connected to stochastic
processes. More precisely, the Feynman-Kac formula states that a linear parabolic PDE
with infinitesimal generator £ :=b- 0, + %TI'[JO’TaixT], and terminal condition fi(-) at
time 7', can be written as a conditional expectation of fi(X7) involving the Itd process
X associated with the generator £. This connection allows to device numerically approx-
imations of the solution of such PDEs by probabilistic (Monte Carlo) methods, which
represents a clear advantage in high dimensional problems as the error estimate induced
by the central limit theorem is dimension-free.

An important focus was put on the extension to nonlinear (second-order) parabolic PDEs,
see e.g. [12] for a quick review of existing methods.

- A first attempt was achieved by exploiting the stochastic representation by means of
backward stochastic differential equations, see Bally & Pages [3], Bouchard & Touzi [6],
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Zhang [20], and the extension to the fully nonlinear setting by Fahim, Touzi & Warin
[11]. The induced numerical method involves repeated computations of conditional ex-
pectations, resulting in a serious dimension dependence of the corresponding numerical
methods. In fact, as highlighted in [11], this method can be viewed as part of the tradi-
tional finite-elements algorithm.

- More recently, Henry-Labordere [13] suggested a numerical method based on an exten-
sion of the McKean [19] branching diffusion representation of the so-called KPP equation
(Kolmogorov-Petrovskii-Piskunov) to a class of semilinear second order parabolic PDEs
with power nonlinearity in the value function u. The resulting algorithm is purely prob-
abilistic. In particular its convergence is controlled by the central limit theorem, and is
independent of the dimension of the underlying state. The validity of this method in the
path-dependent case, and for further analytic nonlinearities which are of the power type
in the triple (u, qu,ﬁgﬂu) is analyzed in [13, 14, 15, 16]. We also refer to Agarwal and
Claisse [1] for the extension to elliptic semilinear PDEs, and Bouchard, Tan, Warin & Zou
[5] for Lipschitz nonlinearity in the pair (v,0,v). A critical ingredient for the extension
is the use of Galton-Watson trees weighted by some Malliavin automatic differentiation
weights.

Our objective in this paper is to show that the above branching diffusion approach extends
to more general Cauchy problems, including hyperbolic and higher order PDEs. Such an
extension may seem to be unexpected due to the intimate connection between parabolic
second order PDEs and diffusions generators. However, probabilistic representations of
some specific examples of hyperbolic PDEs did appear in the previous literature. The
first such relevant work traces back to Kac [18] in the context of the one-dimensional
telegrapher equation:

O — cOpzu+ (28)0u =0, u(0,z) = fi(x), Ou(0,x) = fa(x),

where § and c are constant parameters, and the boundary data fi, fo are some given
functions. Observing that we may express u(t, z) = 3[uo+u1](t, z), where the pair (ug, u1)
solves the coupled system of first order PDEs:

(=1)°

Cc

x
Opu; + (—1)'cOru; — Bur—i —u;) = 0, u;(0,7) = fi(z) — / f2(y)dy, i=0,1,
0
A branching mechanism representation of ug and u; is obtained by following McKean’s
representation for (interacting) KPP equations (with zero diffusion).

We next mention the work of Dalang, Mueller & Tribe [8] who introduced an alterna-
tive stochastic representation for a class of linear Cauchy problems Lu = Fu, with a
potential F', including the linear wave equation. Their starting point is the well-known
representation

u(t,z) = w(t,z)+ /0 y Vit —r,z—yult —r,z—1y)S(r,dy)dr, (1.1)

where w is the solution with zero potential, and S is a fundamental solution, restricted to
be representable by a signed measure with sup, |S(¢t,R%)| < co. By substituting formally



u(t — r,z — y) on the right hand side by the last expression of u, one formally obtains a
candidate representation for u as > -, Hm(t,z), where Hy = w, and H,, = fngd V(t—
r,x —Y)Hp—1(t —r,x —y)S(r,dy)dr, m > 1. Finally, by convenient normalization of the
kernel S, the last expression induces a probabilistic representation.

Subsequently, Bakhtin and Mueller [2] considered the one-dimensional nonlinear wave
equation

O*u — 0Pu = Zajuj on Ry xR, u(0,.)=f1, 0w(0,.)=fo on R,
Jj=0

and obtained a probabilistic representation by means of stochastic cascades, which mimics
exactly the McKean branching diffusion representation of the KPP equation [19], similar
to [13, 14]. Our main contribution in this paper is to show that such a representation
holds for a wider class of Cauchy problems, in arbitrary dimension, and with analytic
nonlinearity in (u, Oyu).

Our starting point is that the representations of [8] and [2] are closely related to the
McKean [19] representation of KPP equations, and the corresponding extensions in [13,
14, 16]. This in fact opens the door to a much wider extension reported in Section 2 in
the context of linear Cauchy problems with constant coefficients, and in Section 3 in the
context of nonlinear Cauchy problems with constant coefficients, and analytic nonlinearity
in the value function u. The crucial tool for our extension is the so-called Duhamel formula
which expresses the solution of such an equation as the convolution (i.e., integration) of
the boundary conditions with respect to a family of fundamental solutions. This is in
contrast with (1.1) which uses the single fundamental solution S, and requires that the
solution w of the zero-potential equation be given. Then, the probabilistic representation
appears naturally after convenient normalization of the fundamental solutions.

It is also remarkable that the Malliavin automatic differentiation technique, exploited in
[15, 16] in order to address semilinear parabolic second order PDEs, extends naturally to
the context of general Cauchy problems by introducing the space gradient of the funda-
mental solution. This observation is the key-ingredient for our extension in Section 4 to a
general class of semilinear Cauchy problems with analytic nonlinearity in (u, d,u).

The performance of the Monte Carlo numerical method induced by our representation
is illustrated in Section 5 on some relevant examples from mathematical physics. We
start with two examples of semilinear wave equations: the Klein-Gordon equation in
dimensions 1,2,3, which has a power nonlinearity in u, and a simplified version of the Yang-
Mills equation (in dimension 1), which contains a nonlinearity in the space gradient. We
observe that due to some restricting conditions which will be detailed in Sections 2, 3, and
4, our Monte Carlo approximation method does not apply to the multi-dimensional wave
equation with space gradient nonlinearity. We next report some numerical experiments in
the context of the nonlinear one-dimensional Beam equation which contains two derivatives
in time and four space derivatives. We finally consider the Gross-Pitaevskii equation
in dimensions 1, 2, and 3, as an example of nonlinear Schrodinger equations. All of
the numerical results reveal an excellent performance of our Monte Carlo approximation



method.

We finally emphasize that, throughout the paper, we consider the Cauchy problem on R x
R?, thus ignoring the important case of restricted domain D C R¢ for the space variable.
We mention that Chatterjee [7] proved that the function u(t,z) = E[f(tX + /7Z, B;)],
with independent r.v. X, Z with standard Cauchy and normal distributions, respectively,
and 7 :=inf{t > 0 : B; ¢ D} is the first exit time of an independent Brownian motion
from the domain D, solves the wave equation on R, x D. However, this does not provide
a representation for the wave equation on a restricted space domain as the determination
of f from given fi(x) := u(0,x) and fo(x) := dyu(0,x) is not transparent.

2 Probabilistic representation for linear Cauchy problems

2.1 Non-homogeneous Cauchy problem

For a smooth function ¢ : Ry x R? — R, we denote d%¢ = D% = ¢, and

& g . J
8tj = % and Da¢ = m, for all J 2 1, a € N7,
Given two integers N, M > 1, we denote N4, := {a € N? : |a| < M}, and we consider

some scalar parameters (a;)i1<j<n, (ba)aeN% C R with

ay=1 and {a €N} :|a] =M and b, #0} # 0.

Throughout this paper, we consider nonlinear partial differential equations defined by
means of the following linear Cauchy problem:

N

Zanafu — Z boD —F = 0 on R, x RY, (2.1)
n=1 aENﬁ\l/I

O u(0,.) = pufn onRY n=1,... N, (2.2)

where the boundary data and the source term satisfy the following conditions:
fn:RY—R 1<n<N, and F: Ry x R? — R, are bounded continuous,  (2.3)
and p1,...,pnN are scalar parameters in the simplex:

pp >0 forall n=1,...,N, and p1+...+py =1.

2.2 Duhamel’s formula for linear Cauchy problems

We next recall the general solution of non-homogeneous Cauchy problems with constant co-
efficients. We first introduce the CY —valued function with components § := (g1, , gn):

§(t,€) == (2m) 2B ey >0, £ € RY, (2.4)



where (e1,...,ey) is the canonical basis of R,

0
BE):=| In-1 ,and b(€) == Y ilolbe?, €€ RY (2.5
0 d
aeNg,
b(§) ‘ —a - —anN-1
with €% := & ... €77, for all multi-index o € N?. The polynomial function b : R — R

is called the symbol of the Cauchy problem (2.1).

As standard, we denote by S the Schwartz space of rapidly decreasing functions on RY,
and by &’ the corresponding dual space of tempered distributions. We recall that this
space contains all (distributions represented by) polynomially growing functions.

Assumption 2.1. There exists T € (0, 00| such that §(t,.) € 8" for all t € [0,T).

Under this assumption, we may introduce the so-called Green functions as the inverse
Fourier transform with respect to the space variable:

g(t7') = silg(tv ')7 te [OvT)7 (26)

in the distribution sense, i.e., (F714(t,-), ) = (§(t,-),F '¢) for all ¢ € S, t € [0,T),
where

Flo(z) = (277)_d/2/ eCTp(€)de, forall ¢ € S.
Rd

Assumption 2.2. Foralln=1,...,N:

(i) (t,z) — (gn(t,") * ¢)(x) is continuous on [0,T) x R, for all bounded continuous
function ¢ on RY;

(i) gn(t,-) may be represented by a signed measure g, (t,dz) = g (t,dx) — g, (t,dz), with
total variation measure |gn| = g\ + g, absolutely continuous with respect to some proba-
bility measure ji,; the corresponding densities v, v," and vy, , defined by

gr—i_(tv dx) = 'Yv—mi_(tv x):“’n(t’ d:E), In (tv dx) =" (t’ x)#n(ﬁ dx), Tn = ’77-1’_ — Vs

satisfy hn(t, )‘OO < 00, Yu(t,R?) < 00, and WN(.,]Rd) e LY([0,t]) for allt € [0,T).

The choice of the dominating measures (i, )1<n<n Will be discussed in Example 2.10.

Proposition 2.3. Let F,(f,)i<n<n be as in (2.3). Then, under Assumptions 2.1 and
2.2, the Cauchy problem (2.1)-(2.2) has a unique solution in CY([0,T] x R4, R) given by

N t
u(t,x) := an(fn*gn(t, ) (@) —|—/O(F(t— s,-)xgn(s,))(x)ds, t € [0,T], z € RL (2.7)



We observe that the standard statement of the last proposition involves different assump-
tions on g¢g,, fn and F. Namely, one may typically relax Assumption 2.2 and assume
that f and F have bounded support so as to guarantee that the convolutions involved
in the representation (2.7) are well-defined and satisfy the property §(fn * gn(t,-)) =
(QW)gg(fn)S(gn(t, ) for all ¢ € [0,T), n =1,...,N. Our conditions in Proposition 2.3
are suitable for the subsequent use in the paper.

For the convenience of the reader, we report the proof of Proposition 2.3.

Proof. First, the conditions on the densities 7, contained in Assumption 2.2 guarantee
that the function u defined in (2.7) is bounded and continuous. Then the distribution
represented by u is in &', and we may define the corresponding Fourier transform in the
space variable 4(t,.) := §(u(t,.)) in the distribution sense. By standard calculation using
the properties of the Fourier transform, we see that

t
anfn Gin(t.+ [ Fl—s.in(s9ds 120 ccBL  (28)

where f := §(f) and F := F(F(t,.)). By the definition of § in (2.4), we see that, for every
fixed £ € R?, the function (-, &) is the unique solution of the ODE

N
Z an O — b(€)a — F(,€) = 0 on Ry, (2.9)

8n L 4(0,§) = pnfn(&)ﬂ n=1,...,N, (2.10)

which can be written equivalently as a first order ODE in terms of the function v :=

(@, 04, ..., 0N "a) "
6t@:B@+FeN, on Ry, and 9(0,. anfnen

Obviously, the last ODE has a unique solution with closed form obtained by the variation
of the constant method 0(t,€) := 0(0,¢8) + ft sBE F(t — s)ends, whose first entry
induces the solution @ introduced in (2 8) To conclude the proof, it suffices to observe
that any solution @ € CP([0,T') x R?) of the Cauchy problem (2.1)-(2.2) has a well-defined
Fourier transform in the distribution sense satisfying the ODE (2.9)-(2.10) for all fixed
£ c RY, O

Example 2.4 (Heat equation). Let N = 1, M = 2, b, = 0 whenever |a] < 1, and
1)171 = b272 =1, b172 = 6271 =0. Then B(f) = b(f) = —|§’2, f S Rd, and

g1(r, z) == (27T)_d/e_|§2r+igzd§ = (47r)" Y26 T , (r,2) € Ry x R4

Example 2.5 (Airy equation). Let N =1, M =3, by = 0, b, = 0 whenever |a| < 2, and
bo =0, and & — b(§) odd in the sense that

b( — fjej + Zﬁyéj fzeg) = —by (§jej -+ 247&]- fgeg) fOT’ all j=1..., d.
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Then B(§) = b(§) is scalar valued, and

— i(—r z 1 : ?
gl(r’ Z) = (27-‘-) d/e( b(§)+€ )d€ = (3r)d/3A1b((3r)1/3>7 (’F, Z) eR; x Rd’

where we introduced the d—dimensional Airy function

Ajp(x) = (W)_d/ cos (— be) +x-€)d¢, zeRL

R 3
For d =1, notice that [ |g1](t,dz) = 0o, so that Assumption 2.2 fails in this example.

Example 2.6 (Wave equation). Let N = 2, with a; = 0, M = 2, b, = 0 whenever
|Oé| S 1, and b1,1 = 5272 = 1, b172 = 52’1 =0. Then

(0 U s gt [ coslrigh 1 sin (i) .
B“)‘(—w o)’ = (2m) <—|s|sin<r|f> cos (r[€]) ) §ER

and, for (r,z) € Ry x R,

g2(r,dz) = (27T)d/ Sin|(£”€|)ei§-zd§7 g1(r,dz) = (27T)d/COS (r]{\)elf'zdﬁ = Orga(r, dz).

We have (see Kirchhoff’s formula in [10] for closed-expression for g1 and go in R?)

% 1{‘z|<r}dz, ford=1
ga(rodz) = { (% = [2?) 72 Lypappdz, for d =2
orlds) for d = 3

where o,(dz) denotes the surface area on dB(0,r). Assumption 2.2 are discussed in Ex-
ample 2.10.

Example 2.7 (Beam equation). Letd =1, N =2, witha; =0, M =4, by = by = b3 =0,
and by = 1 corresponding to the fourth-order PDE uy + 0%u = 0. Then,

G1(r,2) = pga(r,2) and ga(r,2) = ViG (f)

where G(0) = 1/+/27, and

206G (z) = ﬂ(é;)-ﬂ(é;),xeR, (2.11)

with the Fresnel integrals Fo(x) := [ cos(wt?/2)dt and F(z) := [ sin(wt?/2)dt. Note

that J IG(@)lde < o0 as Gy~ VEC()70(E))

|z| =00 z




Remark 2.8. In order to compute the Green functions g as the inverse Fourier transform
of the associated ¢, one needs to diagonalize the matrix B(&). Direct examination reveals
that the eigenvalues of the matrix B() are the roots of the corresponding characteristic
polynomial b(&) — Zgzl ap\". Assume that B(£) has N distinct (simple) eigenvalues
(A (5))1§n§N € CN. Then, denoting by diag[\] the diagonal matrix with diag[\];; = A;,
it follows that

B(¢) = P(€)diag[A(€)]P(€) ™", where P(¢)j¢:=Ae(€)’, 1<j¢<N.

The matrix P(§) is the so-called Vandermonde matrix whose inverse is given by:

An(§)
A (&) Ty (Mo = A5)(€)”

{P(f)fl}j,n: j,n=1,...,N,

Ay =1, and Ay(¢) == (-1 Z Aoy -+ Aoy, ) (&) for n < N.

1<6 <. <ty _p,<N
ly,..., N _—nFn

Therefore, by the definition of §, in (2.4), we have for (r,£) € Ry x R%:

A _ gm-ia ol e (©)
gn(r€) = (2m) ”(5)].211&#(&—&)(@’

n=1,...,N. (2.12)

O

Remark 2.9. All of the results of the present paper extend to the case of Cauchy problems
for complex-valued functions, with coefficients (a,)1<n<n and (by) aeNd, in C, thus allowing

to include, for instance, the Schrédinger equation (see Example 2.11) and its semilinear
extension as the Gross—Pitaevskii PDE (see Section 5.4). This extension follows by simply
applying the methodology described throughout the paper separately to the real part and
the imaginary part of the representation. O

2.3 Probabilistic representation

Let (©, F,P) be a probability space supporting two random variables 7 and I, with
7 and [ independent, P[r € dt] = p(t)1y>0ydt and P[I =n] =p,, n=1,...,N, (2.13)

for some C°(R4,R) density function p > 0 on (0,00). We shall denote p(t) := [, p(s)ds.

Recall the densities 7, and the dominating probability measures py(t,-), n = 1,..., N,
introduced in Assumption 2.2. For all ¢ > 0, we introduce the random variables

X' :=x + Z;" independent of (I,7), with P[Z}" € dz] = pn(t,dz), n=1,...,N. (2.14)



Example 2.10. As g,(t,-) € LYR?) by Assumption 2.2, we may choose u,(t,dz) =
9 (t, I gy |9nl (8, d2) and v (t, 2) = sgn(gn) (8, 2)[lgn (¢, )Lt (re), where sgn(a) := 140y~
1{a<0}'

(i) For the heat equation, we directly compute that ||gi(t,)||L1(may = 1. Then, choosing
Y1(t,+) = 1 leads to Z} = /2tZ with Z € N(0, 1) a d-Gaussian random variable.

(ii) For the wave equation, we directly compute that ||g2(t, )|l 1(ray = t. Then, choosing
Yo(t,-) =t leads to Z? = tZ where

e in dimension d =1, Z has a uniform distribution on [—1,1]

e in dimension d = 2, the law of Z is defined by the density iﬁl\ddf

e in dimension d = 3, the law of Z is ﬁusz(dz), where g2 denotes the volume measure
on the unit sphere.
(iii) For the Beam equation, y2(t, 2) = t sgn(G(2))||G||L1(rey where G is defined in (2.11).
We have Z? = \/tZ with Z distributed according to ||G||]L1(]Rd |G(2)].

Example 2.11 (Schrédinger equation and analytical continuation). The Duhamel formula
for the Schrédinger equation of a free particle (with source term)

10yu = —%Au +F, u(0,z)= fi(x) (2.15)
8

uta) = [ dupintta = =i [ [ duts.o—9)Fsds

22

with g1 (t,x) = (8727;[1. Note the coefficient —i in front of F' as a1 = i here. By setting
omit) 2

Yy—x = \/’EZ, this can be written as

im —iT

ooe” 4 L2 oce 4 2
u(t,x):/ . dzfi( w+e4\[z e T —i /ds/ S$+€4fz> ~ T dzds

ocoe” 4 oerI

By assuming that | f1 (gH—e 1 “9\/}2”6*7005(29 and |F (s, Tteq *’HfR)|e i C08(2‘9) goes

to zero as R — oo when 0 € [—Z,0]19U[2X 7|4, the integration over z in [—ooe™ T, oce %T]d

can be deformed into [—oo, +00]? by analytical continuation and we obtain
) t )
u(t,z) = Blfy(x + e FviZ)] — z/ dSE[F (s, 3+ ¢ T \/57)|ds
0
with Z € N(0,1y).

The following representation result is a simple rewriting of Proposition 2.3 in terms of the
last notations.



Proposition 2.12. Let (fn)i<n<n and F be as in (2.3). Then, under Assumptions 2.1
and 2.2, the unique CY([0,T] x R4, R) solution of the Cauchy problem (2.1)-(2.2) is:

g2 (t7 Zt[)
p(t)

'YN(Tv Z7]-V)

f[ (X’J{) + 1{7’<t} ,0(7')

u(t,z) = E[1y F(t—T,Xiv)], t< T, aeRY

3 A first class of semilinear Cauchy problems

In this section, we consider the semilinear Cauchy problem:

N

Zan&?u - Z bo D“u — qu cjul = 0 on Ry x RY, (3.1)
n=1 a€eNY, 720

O 1u(0,.) = pufn onRY n=1,...,N, (3.2)

where the nonlinearity is defined by means of an atomic probability measure (g;);>0, with
qj > 0 and Zj>0 gj = 1, together with the functions

¢j Ry xR — R, j >0, bounded continuous, for all j > 0. (3.3)

In order for the power series on the right hand-side of (3.1) to be well defined, we assume
that

Hi(s) = Y gjllejllos’. (3.4)

Jj=0
has a strictly positive radius of convergence, so that it is well defined at least in some

neighborhood of the origin.

3.1 The branching mechanism

A particle of generation v € N is a multi-integer k := (0,k1,...,k,) € K, := {0} x N”.
We set by convention K := {0}, and we denote by K := U,>¢K, the collection of all
particles. For v > 1, and a particle k := (0, k1,...,k,) € K,, we denote by k_ its parent
particle

k_ = (O,kl, ey ky_l) e K,_1.

We next introduce independent families of random variables (7% )kek, (I,g) ke, and (Jg)rek:

o/ 2 and 75 are iid copies of the random variables I and 7, respectively, as introduced
in (2.13);

e J;, are iid random variables with P[J;, = j] = ¢; for all j > 0.

10



The time occurrences of the branching events, prior to ¢, are recorded through the sequence
(T§)), defined for all ¢ > 0 by:

To_ =0, and T :=t A (T}_ +73), forall keK.

With these notations, each particle k lives on the time interval [T} ,T}]. The branching
mechanism is then the following:

e Start from particle 0 at the time origin.

e At the first branching time T} = t A 7, particle zero dies out; if T} < t, it generates
Jop descendants labelled (0,1),...,(0,Jy).

e Each descendant particle k undergoes the same behavior, independently of its peer-
particles: it dies out at the branching time 7; ,i, and generates Ji descendants labelled
(k,1),...,(k, Jg), whenever T} < t.

e We denote by K the collection of all living particles at time s, and by K; := Us<:K!
the collection of all particles which have been living prior to time ¢. For simplicity
we set K := K.

e We finally denote for all particle k € K;:

I = Rlkex, + Nl gk, (3.5)

3.2 Probabilistic representation

Given the branching mechanism defined in the previous subsection, we introduce the
corresponding branching process:

X ==, and Xj := X%— +Zfy, forall keK, (3.6)
where the distribution of Zi’ﬁt depends on the type of the particle:
k
]P>[Z§Ii € dz|I}, ATY] = py (AT}, dz), with AT} =T} - Tj_. (3.7)

We now introduce, for all t > 0, and = € R?, the random variable

- p(AT})

’7]}2 (AT]; Zf];“t) K
“oar 9

ke \ Kt

e (t = T, X7y (3.8)

Recall the power series H; defined in (3.4).
Assumption 3.1. The power series Hy has a radius of convergence Ry € (0, 00|, and

(i) r1 = supi<p<n [ fnllollVnllo < Ri;

(ii) there are constants T > 0 and s1 > 1 such that frsll Hi(s)7tds = T||N | oo-

11



Theorem 3.2. Let f € C)(RY,R™) and cj € CY(Ry x R4, R). Then, under Assumptions
2.1, 2.2 and 3.1, we have &, € L' and u(t,z) := E[&,m] is the unique solution of the
semilinear Cauchy problem (3.1)-(3.2).

Proof. 1. We first verify the L'—integrability of &tz- From the expression of &, in
(3.8), we see that

v llso
&e| < Xt = H 1 H RCALTES (3.9)
i, PATE) | e, PATE)

Our objective is now to prove that ¢t — Ex; < co. By standard arguments, this function
is related to the ODE

ow = ||V |lecHi(w) and w(0)=ry. (3.10)

Let us first verify that this ODE has a non-exploding solution under the second condition
in Assumption 3.1. Since the power series function Hy has radius Ry, the condition r1 < R;
is necessary to find a (finite) solution of the last ODE. Next, for an arbitrary L > 0, notice
that H; is Lipschitz on [—L, L], so that the last ODE has a unique non-negative solution
w up to T, where

lim w(t) = L whenever 77, < oo,
t—Ty,

and the non-negativity of w follows from the fact that w(0) > 0 and all derivatives
Hfz)(()) > 0 for all ¢ > 0. Then, it follows from direct integration of the ODE that

o pw L ds
T = & sds:/ as long as Ty, < oo.
Il = [ s ads = [ s astong as T

This proves that w is non-exploding solution on [0,7] if and only if frsll H‘f“(*’s) = |y~ lleT

for some constant s; > 1.

Under the last condition, we obtain by direct integration of the ODE (3.10) that:

t
w(t) = 1+l 3 45 /O ws)ds

320

11> [y llsolleo oo J
= E|l——F— + 14 ———w(m)”
R R e
r11 T o0 0
_ E[W“{W}W
rileresyy [ lloolleo |
N =1 WV oo oo (7t I ) |
kH1 p(7k) T p(mp) i) ﬂ
ek}
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where K} denotes the particles generated after n defaults prior to ¢ and the last two
equalities follow from the definition of the branching mechanism together with the tower
property. Iterating up to the n—th generation, this provides:

o) =Exp, where xf = [ oty ] Ilelenll

AT? ) AT?
kekn P( k) kU, k] P( k)
c
+ ] [ ||'7N||02||TtJo||oo H w(Tlg_)J’“*.
j p( k) n+1
keU;<n Ky ke

As w > 0, it follows that x7 > 0, and we then deduce from Fatou’s lemma that
w(t) = liminf Ex}’ > Ex;.
n—oo

Since w(t) < oo, this provides the required integrability of the bound x; in (3.9).

2. We next prove that v(t,z) := E[fm] is the unique solution of the nonlinear Cauchy
problem (3.1). To see this, observe that

0 0 Jo
Vi (t, Z7) 0 Y (70, Z7,) 0 )
St = 1{7‘@21§}Wf[3 (X¢) + 1{70<t}WCJo (t — 70, Xro)]l;[l ft_TO,XQ()’
where flf]_ )TO o have the same distribution, conditional on (To, XQO). Taking expectations,
A7

and using the tower property, it follows from the definition of the function v that

’7]5 (ta Z]?)

’YN(7—07 Z'/Q )
u(t,z) = E[I{Tozt}Wflg(XP)+1{T0<t}70

p(70)
N t
= ;/pn(fn*gn(t,.))(xw/o (F(t—s,-) *gn(s,")) (2)ds,

Ji
¢, (t — 70, Xgo)v(t - To,XSO) 0}

where F':= )" >0 qjcjvj. Since v is bounded, it follows from Proposition 2.3 that v is the
unique CP([0,7] x R4, R) solution of the nonlinear Cauchy problem (3.1)-(3.2). 0

Remark 3.3 (Finite propagation speed). From the simulation of Z? in the case of the
wave equation, we deduce directly the finite propagation speed property: If fi = fo =0
on a ball B(xzg,tg) of center xzyp and radius ¢y then u = 0 within the cone K (xg,ty) :=
{(z,t): 0<t<tpand |z — x| <to—t}. O

The next statement provides some sufficient conditions for & , to have a finite p—th
moment. In particular, for p = 2, this guarantees that the error estimate of the Monte
Carlo approximation induced by the representation of Theorem 3.2 is characterized by the
standard central limit theorem, and is in particular independent of the dimension d of the
space variable x. Our first requirement is stated on the power series:

Hy(s) = Y (ajllejlloc)’s’. (3.11)

Jj=0

13



Assumption 3.4. The power series Hy has a radius of convergence R, € (0,00], and

(i) 7p := maxj<p<n ||fn|‘go‘}7nﬁkTpHio < Rp, and oy := H'YNP%HZZO <

(ii) there are constants T > 0 and s, > r, such that fép Hy(s) tds = a,T.

Theorem 3.5. Let f € C)(RY,R™) and cj € CY(Ry x R4, R). Then, under Assumptions
2.1, 2.2 and 3.4, we have & , € LP for all t € [0,T].

Proof. Similar to the calculation in the previous proof, we have

P Tp aplles 1B
N | S | v

v PATR) L e

The right hand-side is now related to the ODE
Ow = apHp(w) and w(0) =rp.

the integrability of |&; ,|P can now be verified by following the same line of argument as in
Step 1 of the proof of Theorem 3.2. O

4 Further nonlinear Cauchy problems

In this section, we consider the following semilinear Cauchy problem with polynomial
nonlinearity in the pair (u, Du):

H
Zana U — Z boD* u—Zq]cjou Hc],h Du) tin =0 onR+xR‘f41
h=1

aGNM j=0
8f_1u(0, J=pnfn on R n=1,... N, (4.2)
where (£;);50 C N'T is a sequence of vector integers £; = ({;0,...,¢; u), and the non-

linearity is defined by means of an atomic probability measure (g;);>0, with ¢; > 0 and
Zj>0 ¢; = 1, together with the functions

Cjo R, xR? — R, bounded continuous, and cin i Ry xR — B (Rd),j >0,1<h<H.

(4.3)
Here, B1(R?%) denotes the unit ball in R? in the sense of the Euclidean norm. Notice that
the above Cauchy problem covers the particular case of (3.1)-(3.2) by setting ¢ = 0 for
allh=1,... H.

Recall the Green functions g = (gn)i1<n<ny from (2.6). By standard Fourier transform
theory, we have

axgn(t7') = 7’3_1(5*_)5@71(7575)% tZO? nzl?"'aN'

Similar to the probability measures i, introduced in Assumption 2.2, we now assume that
the distributions 0,¢, can be represented by signed measures for which we may introduce
dominating measures for |9ygn (¢, )| :== S2% _ | |8, gn(t, ).

14



Assumption 4.1. (i) For alln =1,...,N and m = 1,...,d, the distribution O,,gn(t,")
may be represented by a signed measure with total variation |0y, gn(t,-)|.

(ii) The measure |0zgn(t,-)| is absolutely continuous with respect to some probability mea-
sure jik(t,-) so that we may define the density vector v} = (7%71, . ,’y}%d) by

ugn(t,dz) = ~L(t,z)pl(t,dx), t>0, z e R

Notice that although ~}(¢,.) is defined dul(t,-)—a.s. this will be sufficient for our needs.
Our starting point is the following “automatic differentiation property”, which follows by
direct differentiation of the Duhamel formula of Proposition 2.3.

Proposition 4.2. In addition to the conditions of Proposition 2.3, let Assumption 4.1
hold true. Then, the solution u of the linear Cauchy problem (2.1)-(2.2) is differentiable
with respect to the space variable with

vt 20T (T, 23N
p(t) p(T)

where T is a random time with density p, and XM= g4 ZTI’I, with Ztl’l distributed as
pl(t,-) independent of T.

Opult,x) = E[l{@} 1 (Xrl’l) + 1ireny F(t -, XTl’N)} ,

Example 4.3. Let us illustrate the last result on our main examples.
(i) Heat equation: we directly compute that O.g1(t,dx) = —5;91(t, dx).

(i) Wave equation, d = 1: we have 9,g2(t,dx) = 3 (5(z +t) — 6(x — 1)) dz, but Opg1 =
02,92 can not be represented as a signed measure, thus violating Assumption 4.1. However,

we may still handle the one dimensional wave equation by reducing to the case fi =0, see
Section 5.2.

(iii) Wave equation, d > 1: Assumption 4.1 is not satisfied as 0,91 and 0yga involve first-
order derivative of the delta function supported on the light cone {(z,t) : t* — 2% = 0}.

T

(iv) Beam equation: we have 0;g2(t,dz) = G’(W)dx.

In order to introduce the probabilistic representation of the solution of (4.1)-(4.2), we con-
sider the branching mechanism defined in Subsection 3.1, where we modify the definition
of the independent iid random variables (Ji)rek and we introduce the types of particles
(6% )kek as follows:

o P[J, = ;] = ¢; for all j > 0, and we denote J_k7_1 = 0, J_kﬁ = jk,h_l + Jin,
h=0,...,H;

e an arbitrary particle k& € K; \ K; branches at time T} into jk, H particles; the h—th
block of descendantparticles are labelled

(k,j), j:jk,h—1+1>"'7jk,h hZO,...,H; (4.4)

15



e we assign to the h—th block of new particles (4.4) the types:

0'(50) =0 and Gl(fk’j) =h, for k€ K\ Ky, j= jk:,h—l + 1,-~,jk,ha h=0,...,H.
(4.5)

Finally, we introduce a branching process which differs slightly from (3.6)-(3.7). Let

Xg =z, and X%ﬁ = X;}g + Zéﬁ;ﬁ’ for all k € Ky, (4.6)

where the distribution of Z;t depends on the type of the particle:
k
IP’[Z% € dz|I, 01, AT = Lgg gt (AT, dz) + 1 {92¢0}M}£(AT,§, dz), (4.7

with AT} := T} — T{ . The main goal of this section is to provide a representation of the
solution of the Cauchy problem (4.1)-(4.2) by means of the random variable

~ Wk Sk Sk Wk t vk
ét,xlzlliiftX — 1y ft(X7 || ————cj.o(t— T X ),
ek, p(Ale) [ Ik( t) {0}, A0} I} \ ATy, )} B P Ale) k ( k>t
(4.8)
where the random weights W, are given by

i t ok t -k — 1 t 7k s
Wk = 1{92:0}’7[’2 (ATk7 ZT]z) + 1{0};#0}0(]%92 (t — Tk*’ XT;S_) . ’)/I}i (ATk7 ZT}S)’ k S ’Ct.

Recall the power series H), introduced in (3.11), and define

A su {1l It 2) P~ gnl(t, d2) } VIV fullEo [ 12717 (8 2) [P Ongnl(t, d2),
: \

T

b

= s
P ocizr p(t)p—1
1<n<N
t,2) [P Ygn(t, d2)|} v Lt 2) [P~ 0ugn(t,d
PSR 0 P U1 R 3 Vi C NI} SRS
0<t<T p(t)P

The following result provides a probabilistic representation of the solution of the semilinear
Cauchy (4.1) under a condition involving the above 7, and &, that will be guaranteed in
Proposition 4.9 below to hold under some sufficient conditions.

Theorem 4.4. Let Assumptions 2.1, 2.2, and 4.1 hold true, and assume that f is bounded
and Lipschitz. Let p > 1, and p be a positive density function with support on (0,00) such
that the constants 7 and &y, defined in (4.9)-(4.10) satisfy:
S ds
p < Rp, &p <00 and —— = &, T for some 8, > 7, and T > 0. (4.11)
p Hp(s)

Then, ft,z € LP fort € [0,T], and u(t,z) := E[étz] s the unique bounded continuous
solution of the semilinear Cauchy problem (4.1).
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Proof. Similar to the proof of Theorem 3.2, we directly estimate that

. 1 .
&o” < ] p(ATlfé)p<192=0Hff£HZo"”£(AT’§’Z%i)‘p+ 19;;&0\}sz,§HiO\Z%g!p\Wklp)
ke

[T |xes | lenolz.
kéft\lct k

By the independence of the AT}’s and the Zéﬁt ’s, this provides
k

Eop T'p ap ”CJ ,0||€o
E‘ft,r‘ < E H _(ATt) H (Agﬂt) :
wek, PSR e, PUTE

The required result follows by the same line of argument as in the proof of Theorem 3.2.
O

In the rest of this section, we provide sufficient conditions which guarantee that the con-
stants 7, and ¢, involved in Condition (4.11), are finite. In preparation for this, we need
some estimates on the Green functions g,, n = 1,..., N. Recall that {a € N¢, : |a| =
M and b, # 0} # 0, and define the principal symbol

_ 14+ M —sg{bm(§)}

: R,
5 ; £ €

bar(€) :=i" > bal™ = ™Mby ()], where nas(€) :
|a|=M

Lemma 4.5. For all £ € R?, the matriz B(e7'€¢) has N simple eigenvalues A, (™€),
n=1,...,N, for sufficiently small € > 0, with asymptotics

ii{%z—:%)\n(e_lf) = M\ (&) = ‘bM(f)‘%e%("M(g)”"), where o = 2.

Proof. Recall from Remark 2.8 that the spectrum of the matrix B (5_15 ) consists of the
solutions of the characteristic polynomial zgzl ap\" = b(eL¢).

As {o € N, @ |a| = M and b, # 0} # 0, we see that eMb(e71¢) — bps(€). Then,
denoting by A; an arbitrary solution of the last characteristic polynomial, we deduce that
(Ac)e>0 has no finite accumulation point. Together with the normalization ay = 1, this
in turn implies that 25:1 anA? ~ AN and therefore

h\I%c?M)\éV — bM(é-) — ‘bM(g)leiﬂ"f]]w(s) e )\S)V(é-)Na
15
which can be written equivalently as lim.\ o (e%ﬁ)N = 1. Hence, the limiting spec-

AR (€)
trum of the matrix B(s_lﬁ) consists of NV simple eigenvalues expressed in terms of the

unit roots:
2nim

M
lime™\,(s71¢) = A9 N =)0 =1,...,N.
li =¥ A1) = RO = (O n=1ry
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g
The last result shows that the asymptotics of B(e71¢) are in the context of Remark 2.8.

Then, it follows that the space Fourier transforms of the Green functions are given by
(2.12). Define the corresponding limits:
)\O

=A% n=1,...,N, (4.12)
Z HK#] )\ - AO)

with:

AV () =1, AY(E) = (- Z ()\21 e AQM)(@ for n < N.

1< <. .<UN_n<N
Ly, ., LN —n#n

The following additional condition is needed in order to characterize the short time asymp-
totics of the Green functions.

Assumption 4.6. For all p € S, the family {t'~"g,(t,t=7)p,t € (0,€]} is uniformly
integrable in L (RY), for some & > 0.

We denote by X the canonical map on R?, i.e., X(x) = x for all 2 € R?, and we introduce
the scaled Green functions

gg(tv ) = gn(tv ) © (tUX)_la te [OaT]v n=1,...,N.
In particular, in the case where g,, can be represented by a function, g7 (¢, z) = t%%g,,(t,tz).

Lemma 4.7. The space Fourier Green functions g satisfy the short time asymptotics
15, (6176 — %(6) ast\,0, for all &€ R

If in addition Assumption 4.6 holds true, then the last convergence holds in S’, and the
short time asymptotics of the scaled Green functions are given by

gt ) — g0 = F 190 ast\0,in S, n=1,...,N.

Proof. First, the pointwise convergence of @n(t, Y=t (t,t77) towards 90, as t \,
0, follows from direct application of Lemma 4.5 together with the observations reported
in Remark 2.8. The uniform integrability condition of Assumptlon 4.6 guarantees that
(Go(t,),0) — (90(t,-), ) for all ¢ € S, ie., Gu(t,") — § as t \, 0 in S’. This
in turn implies the convergence of the corresponding Fourier inverse §1G,, (t,-) towards

=F 160 as t \,0in &'. It remains to relate the distribution F G, (t,-) to the Green
functlon gn. To see this, we use the properties of the Fourier transform in &’ as defined
by means of arbitrary test functions ¢ € S as follows:

(F'Gns ) = (G, T ) = 17 an(t, ), B 0)(t7)) = t7%gn(t, ), F(F0) (7).
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We finally observe by direct calculation that F((F~1¢)(A)) = A1) for all p € S
and all constant A € R. Then

(F Gy p) = (gn(t, ), (t77)) = (g0 (t:-), )
By the arbitrariness of ¢ € &, this provides that S_Ién(t, ) = g9(t,-), thus completing
the proof. 0

We observe that, as a consequence of the convergence of the scaled Green functions in &',
we deduce that

grontolalgago ) — 9960 ast\,0,in &, n=1,...,N, (4.13)

ol] 7 for all @ € N, Our final result requires the following conditions.

where 0% := —>——~
r Bw?I...axd

Assumption 4.8. (i) The functions t — [ |z|P|yL (¢, 2)|Pul(t,dz), n = 1,...,N, and
t— [|vi(t, 2)[Puk(t, d2) are continuous on (0,T);
(ii) vi(t,t72) = O(1) near the origin t = 0;
(iii) The families
{2 — [P A (4,72 P 0,05] (1, d2) oy 1< N,
and {z — |’y]1v(t,taz)|p_1|8xgj‘v|(t, dz)}tgs

are uniformly integrable for some e > 0.

Proposition 4.9. Let Assumptions 2.1, 2.2, 4.1 (i), 4.6 and 4.8 hold true. Assume further
that the density p € C°(Ry), strictly positive on (0,00), and limp ot ~1T9Pp(¢)17P < oo.
Then, for any bounded Lipschitz function f, we have 7 + &, < 0.

Proof. By Assumption 4.1 (i), together with the fact that p(T") < p < 1 on [0,T], we
only need to justify that

sup / |27 (t, 2) [P~ HOugnl(t, d2)) + sup p(t)' 7 / [ (t, 2) [P Begn|(t, d2)) < oo
0<t<T 0<t<T
1<n<N

Assumption 4.8 (i) ensures that the functions inside the last suprema are continuous on
(0,00). Then, in order to prove that 7, and &, are finite, it suffices to verify that the
functions inside the last suprema are bounded near t = 0.

To see this, we compute by a direct change of variables that:

/ 2Pt )P Dagnl (t dz) = / 7 2Py (8 47 2) P Dag (2, d2)
= grtor / PO A (1 17 2) P DagS (1, d2)

= O(t"_1+‘7p), near the origin,
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by Assumption 4.8 (ii)-(iii), together with the consequence (4.13) of Lemma 4.7. This
implies that the limit is zero as n > 1 and p > 1. Similarly,

p(wl—Pj/|vh<uz>w—1wagwwﬁ,dz> — tN—I+ﬂvww1—PJ/tl—Ava<utoznp—Haxg&|@,dz)
= O(tN_H”pp(t)l_p), near the origin,

again by Assumption 4.8 (ii)-(iii). 0

5 Numerical examples

5.1 Wave semi-linear PDE
We consider the nonlinear Klein-Gordon wave equation in R for 1< d < 3:
(2 = Au+ud+u> =0, u(0,z)=fi(z), Ou(0,z)= fao(z). (5.1)

To the best of our knowledge, the current literature only considers approximation of the
solution by deterministic numerical schemes, see e.g. [9]. Due to the curse of dimension-
ality, mainly d = 1 and d = 2 have been considered. To illustrate the efficiently of our
algorithm, we solve this equation in d = 1,2 and 3. In our numerical experiments, we take
the initial conditions

d .
fi(z) = 12 , and fao(x) = — 48V + 10375, l‘z)Q,
(205 202 +9)

942X 3,)2

for which the explicit solution is u(t,z) =

_ 12
9r2(Vd+1t—30_ )2’

We choose p(t) = Be~P! and p(t) = e~Pt. For convenience, we set u(t,z) := U(t, )+ f1(x),
and we compute that U satisfies the non-homogeneous nonlinear wave PDE:

(0f — AU+ U+ B+ 1)U+ BfE+2f)U+ (fi + f1 —Af1) =0
U(O,l’) = O, atU(O,l‘) = fg(l‘)

Note that as U(0,z) = 0, we do not need to simulate our branching particles according to
the distribution g; but only go. This was our motivation for introducing the function U.

We directly compute that r, < (£:4)P#? and «y, < tPB17P. Furthermore, |(3f1 +1)|o = 1,
|32 4+ 2f1)|oo = 8/3 and |(f + f2 — Af1)|eo < 1. This implies that the assumptions in
Theorem 3.5 are satisfied.

The Monte-Carlo approximation of U(t, X) (and therefore u(t, Xo) = U(t, Xo) + f1(Xo))
can be described by the following meta-algorithm:

20



Meta-algorithm:

1. Start at typ = 0 at the position X and initialize a weight W := 1.

2. Simulate an exponential r.v. 7 with (arbitrarily) constant intensity 5 and simulate
the particle at the new position X, = X¢+ Z; at 7. More precisely, we draw uniform
variables (U;)i=1,2 on [0, 1] and set

Zl =720, -1), d=1

Zl = /1 = UZcos(2nlUs)7, Z% = /1 — Usin(2nUs)7, d = 2

Z! = cos(2wU) cos(2nUs)7, Z2 = sin(2nUy) cos(2nUs)T, Z2 = sin(2nUs)7, d = 3.

At t1 := 7 < t, the particle dies and we create 0, 1, 2 or 3 descendants with
probability p := 1/4. We then multiply the weight VW by the mass 7 and according
to the number of descendants, we update again the weight W by

x (—p (P + fF-Af)X )B_leﬁ(tl_to), if 0 descendant,
W o= W x (=p ) (3f2 +2f1)(X,)B~ LeB(ti=to) if 1 descendant
. Wx (—p H)@Bf +1)(X,)B LeB(ti—to) ~ if 9 descendants.
X (—p 1) LBt~ tO), if 3 descendants,

where 0 descendant means that the particle dies.

3. For each descendant, we apply independently Steps 2 and 3 until the default time —
say T, — is greater than the maturity ¢. In this case, we multiply W by

W o= W xPltmo)
4. Finally, for all particles alive at time ¢ (with locations (X})rex,), compute

W] (X5,

ke
and average the result using M Monte-Carlo paths.

In Figure 1, we have plotted two examples of Galton-Watson trees corresponding to the
functionals:

&%, = 52 2(3f1(Xn + 1)) BT £ (XP) fo(X7) fo (X f2 (X7,

€%, = T 3<3f1<XT4 + 1)BfE 4+ 2/)(XP)eP PP 1 (XT) fo(X7) fo (X ) fo(XF)

eB(t=76) B(t—74) 26(t—71)

In the present very simple examples, in order to alleviate the figure, we have used simpler
notations to label the branching particles than those in Section 3.1.
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Figure 1: Galton-Watson trees associated to 551))(0 and §t(2))(0.

Note that by construction, the result is independent of 5 when M is large. There is an
optimal choice of § that minimizes the variance of our Monte-Carlo estimator. We have
chosen 8 = 1 in our numerical experiments and M = 222 for which the standard deviation
of our estimator is less than 0.01. Below, we have plotted our numerical result for u(t, Xo)
again our analytical solution for d = 1,2, 3 as a function of zy € [0, 1.5] (all the coordinates
in R? are equal to xo) and t = 1, see Figure 2. We obtain a perfect match. In order to
see that our numerical solutions captures perfectly the additional nonlinearity u® + 2,
we have also shown for completeness the (analytical) solution of the linear wave equation
(denoted “LinearKG”):

(O —A)u=0, u(0,z)=fi(z), u(0,z)= fa(x). (5.2)

5.2 Yang-Mills PDE: a toy model

Here we consider the semilinear wave equation in R:
O — Au +u® +udpu =0, u(0,z) = fi(z), Ou(0,z) = fao(z). (5.3)

We take the initial conditions

fl(ﬂf) = - > f2($) = m»

for which the explicit solution is u(t,z) = —Ht%x. Assumption (2.2) is satisfied for go
only for d = 1, this is why we restrict to this case. For d > 1, Vg involves derivative of
delta function supported on the lightcone. Notice that the singularity of f; and f are not
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Figure 2: Numerical solutions of the nonlinear Klein-Gordon PDE (5.4) for d = 1,2,3 as

a function of z.

seen by our numerical algorithm because of our choice of the initial position zg and the

finite speed property of the wave equation: The singularity x = 1 is not attainable.

This example can be interpreted as a scalar version of the Yang-Mills hyperbolic system.

Indeed, the Lagrangian associated to the Yang-Mills theory on R+ is

/ Fo Frvadty,  prea .= ppegrfpa,

with ngo = —1,m; = 1,9 =1,---d and 0 otherwise. Here we use the convention of implicit
summation for repeated indices (a, p, v). The curvature is Fig, := 0, A} — 9, A, — fg‘CAZA,C/.
The Euler-Lagrange equations (written in the gauge frame 0, A** = 0) give the system of

hyperbolic PDE

O™ + fi AL FIe =0
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Note that the initial boundary conditions at ¢ = 0, A%(t = 0,z) and 0;A%(t = 0, x) need
to satisfy a constraint condition in order to preserve the gauge condition for all ¢. Using

the expression for the curvature Fj,, we get that A*® :=n#*Ag is solution of a system of
hyperbolic PDE of the form:

DA — [ ARG, A 4 [ AL (0 A — ¥ AV — [ AVIAY) =0
with O := 0y — A. This can schematically written as
OA — fADA — f2A% =0
hence our PDE (5.3).

Note that our branching Monte-Carlo algorithm can be easily adapted to solve a system of
semilinear PDEs. All we need to do is to index particles with a type (ua) corresponding to
a coordinate of the solution, see an example with the complex Gross-Pitaevskii equation
in Section 5.4.

As in the previous section, we set u(t,z) = fi(z) + U(t,z) for which U satisfies the
non-homogeneous hyperbolic PDE

opU — AU+U3+3f1U2+UZ(9 U+ (3f(x +Zax1f1 U+f128sz
i=1

d
+(fP 4+ o fi—AL) =0, UO,2) =0, du(0,z)= fo(x)

The Monte-Carlo approximation of U(t, Xo) (and therefore u(t, Xo) = U(t, Xo) + f1(Xo))
can be described by the following meta-algorithm:

1. Start with a type (0) particle at tg = 0 at position Xy, and initialize a weight W := 1;

2. Simulate an exponential r.v. 7 with (arbitrarily) constant intensity 3, and simulate
the particle at the new position X, = Xy + Z; at 7. More precisely, we draw an
uniform variable (U) on [0,1] and set Z; = 7(2U — 1);

3. At t; := 7 < t, the particle dies and we create 0, 1, 2 or 3 descendants with
probability p := 1/6; in case of 1 descendant, the type assigned is (0) or (1); similarly,
in case of 2 descendants, their types can be both (0), both (1), or one of each type;
in case of 3 descendants, they are all of type (0); we then multiply the weight W by
the mass 7 (see Example 2.10-(i)) if the type of the particle is (0) and according to
the number of descendants and type, we update also the weight W by

—p Y fP + f10ufr — AfL) (X)) LePti=t0) 0 descendant,
W x —p (3f2(x) + 0. £1)(X7) B LeBti—t0) 1 descendant, type (0)
W x —p~ L f1(X;)pteflti=t0) 1 descendant, type (1)
W x (— 3/p)f1( B tefti=to) 2 descendants, type (0)
W x —p~ 17 teflti—t0) 2 descendants, type (0) and (1)
W x — *15 1eh(t1— to) 3 descendants,
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where 0 descendant means that the particle dies. The particle of type (1) is then
simulated on the light cone, meaning that Z, = 7 or Z, = —7 with probability 1/2.
In the last case, the weight is multiplied by —1.

4. For each particle, we apply independently Steps 2 and 3 until the default time — say
Tn, — is greater than the maturity ¢. In this case, we multiply W by

W o= W x flmma)
5. Finally, compute for all particles in Iy

w H (fQ(Xf)ltypeZO - fZ(Xf - AXf)ltyPe:1>
ket

where AX}F = +£(t — 7,_1) with probability 1/2 and average the result using M
Monte-Carlo paths.

Below, we have plotted our numerical result for u(¢, Xy) again our analytical solution for
d =1 as a function of zy € [3,5] and t = 1, see Figure 4. We obtain a perfect match.
For completeness, we have also shown the (analytical) solution of the linear wave equation
(denoted “Linearwave”)

(O —A)u=0, u(0,z)=fi(z), u(0,z)= fa(z) (5.4)

to show that our numerical solutions capture perfectly the additional nonlinearity u? +
u0zu. Note that as Xy € [xg — t,xo + t], the singularity of fo at x = 1 is not relevant.

NonLinear Wave, d=1

110 - MC, 2722 paths

1.00
0.90 AN Exact

0.80 .

070 \ LinearWave

0.60 \\\

0.50

0.40 \\\

0.30

3 32 34 36 38 4 42 44 46 438 5
X0

Figure 3: Numerical solution of the 1-d semi-linear wave PDE (5.3) as a function of xo.
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5.3 Nonlinear Beam PDE

We consider the nonlinear beam equation:
O*u+ O%u+u? + h(t,z) =0, u(0,z)=tanh(z), &u(0,z) = cosh(z) 2, (5.5)

for which the explicit solution is u(t,x) = tanh(z + t) for a suitable choice of h. Here we
follow the same discussion as in Section 5.1. Below, we have plotted our numerical result
for u(t, Xo) again our exact solution for d = 1 as a function of 2y € [—0.5,0.5] and ¢ = 0.5,
see Figure 4. Here we obtain a small error due to the fact that the one-dimensional

density % with G given by (2.11) has been splined on an interval [—10,10] for
R

computational purpose.

Nonlinear beam, d=1

10
1.0

—Exact 09

+MC, 2220 paths 07 o

0.0
-0.5 -0.4 -0.3 -0.2 -0.1 0 X0 0.1 0.2 0.3 0.4 0.5

Figure 4: Numerical solution of nonlinear beam PDE (5.5) for d = 1 as a function of zg.

5.4 Gross-Pitaevskii PDE
The Gross-Pitaevskii PDE reads
1
i0u(t, x) = fiAu(t,a:) + hlu(t, z)|?u(t,z), = €R? (5.6)

with h a constant. This equation describes a Bose-Einstein condensate at zero or very
low temperature. This has been recently solved using a time-splitting spectral method [4].
This deterministic method suffers from the curse of dimensionality and requires suitable
mesh size controls. Below, we present our Monte-Carlo algorithm. We should again
emphasize that our algorithm is immune to the dimension and if the standard deviation
of our Monte-Carlo estimate converges to zero, we can ensure that we have converged to
the true solution.
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We set h:= —1 and fi(z) := W for which the explicit solution is

idt Vd
u(t,z) =e2 ——
cosh(D i ;)

PDE (5.6) can be written as a two-dimensional PDE system with polynomial nonlinearity:
1
Ow(t,r) = —iAu + guu*u
1
—iow*(t,r) = —iAu* + guutu’

From Example 2.11, Z, = e /7Z € C? and Z* = e~ 1 /7Z € C¢ with Z € N(0, d).

Meta-algorithm:

1. Start at tg = 0 at the position Xy with a particle of type 0 and initialize a complex
weight W := 1.

2. Simulate an exponential r.v. 7 with (arbitrarily) constant intensity 5 and simulate
the particle at the new (complex) position X, = X + T VTZ (resp. X; = Xo +
e_%ﬁZ) at 7 if the particle is of type 0 (resp. of type 1) with Z a d-dimensional
standard (real) Gaussian variable.

At t1 := 7 < t, the particle dies and we create 2 descendants of type 0 and one of
type 1 (resp. 2 descendants of type 1 and one of type 0) if the particle is of type 0
(resp. type 1). We then multiply the weight W by

{ W x (i)~ tePti=t0)  type 0

W W x (—i)ﬂ_leﬂ(tl_to), type 1

3. For each descendant, we apply independently Steps 2 and 3 until the default time —
say T, — is greater than the maturity ¢. In this case, we multiply W by

W o= W xSl

4. Finally, for all particles alive at time ¢ (with locations (X})rex,), compute

w1l n&xh I A

kel : Type=0 ket : Type=1

and average the result using M Monte-Carlo paths.

We have chosen 3 = 1 in our numerical experiments and M = 2?2 for which the standard
deviation of our estimator is less than 0.01. Below, we have plotted our numerical result
for Re(u(t,zp)) and Im(u(t,xg)) again our analytical solution for d = 1,2, 3 as a function
of 2o € [0,1.5] (all the coordinates in R? are equal to zg) and t = 0.1, see Figure 5. We
obtain a perfect match. For completeness, we have also shown the (numerical) solution of
the linear Schrodinger equation (i.e., g := 0), denoted “Linear”.

27



Nonlinear Gross-Pitaevskii Nonlinear Gross-Pitaevskii: Imaginary part

180 vd=1 d=2

d=3 —Exact,d =1

0

140 s

20 \ —Exact,d =2 Exact,d =3 o \
s w0 5 e g5 e o8 15

+d=1 d=2
00 d=3 —Exact,d =1

—Exact,d =2 Exact,d =3

(0.20)
Linear, d=1 Linear, d=2

0 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16 .
Linear, d=3

Figure 5: Numerical solutions for Re(u(t,z¢)) (left) and Im(u(t, xo)) (right) of the Gross-
Pitaevskii PDE (5.6) for d = 1,2, 3 as a function of xy.
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