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ABSTRACT
Roboticists are faced with new challenges in robotic-based

manufacturing. Up to now manufacturing operations that re-
quire both high stiffness and accuracy have been mainly realized
by using computer numerical control machine tools. This pa-
per aims to show that manufacturing finishing tasks can be per-
formed with robotic cells knowing the process cutting phenom-
ena and the robot stiffness throughout its Cartesian workspace.

It makes sense that the finishing task of large parts would
be cheaper with robots. However, machining robots have not
been adapted for such operations yet. As a consequence, this
paper introduces a methodology that aims to determine the best
placement of the workpiece to be machined knowing the cutting
forces exerted on the tool and the elastostatic model of the robot.
In this vein, a machining quality criterion is proposed and an
optimization problem is formulated. The KUKA KR270-2 robot
is used as an illustrative example throughout the paper.

NOMENCLATURE
ap Depth of cut
fz Feed per tooth
Ft Tangential component of the cutting force
Fr Radial component of the cutting force
N Rotational speed of the tool
Kt Coefficient for tangential component of the cutting force
Kr Coefficient for radial component of the cutting force
Vf Feed speed

1 INTRODUCTION
Industrial robots were originally dedicated to “pick and

place” operations. They start to be used for machining operations
such as trimming, deflashing, degating, sanding and sawing. Ma-
chining robots are currently developed either to help the operator
realize machining operations, which have been performed with
Computer Numerical Control (CNC) machines so far. First, in-
dustrial robots can be used to reduce scrap rates and production
cost and to increase the volume and the flexibility of produc-
tion lines. The second case deals with some applications that
require CNC machine tools because of the expected machining
quality. As a matter of fact, industrial robots are not as accurate
as CNC machine tools. They are three to four times cheaper than
their counterparts for a given workspace. Therefore, it makes
sense that the larger the parts to be machined, the more interest-
ing robot machining.

Some research works on robotic-based manufacturing have
been conducted the last two decades. Those research works also
considered parallel robots [1], which turn to have a smaller foot-
print ratio than industrial six-axis robots. The larger the part to
be machined, the better the robots with large footprint ratio. The
main drawback of industrial serial robots for machining opera-
tions turns to be their lack of stiffness and as a result, the large
manufacturing errors [2, 3, 4, 5]. Indeed, a conventional machine
tool is about fifty times stiffer than an industrial serial robot [3].

Matsuoka et al. [2] studied the robotic-based milling. They
claimed that the machining quality can be improved by decreas-
ing the cutting forces, namely, by decreasing the diameter of
the tool and by increasing the spindle speed. Zhang et al. [3]
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proposed a real-time compensation of the robot end-effector dis-
placement, based on the evaluation of each joint deflection. To
this end, they developed an elastostatic model of the robot at hand
and used a wrench sensor to measure the forces and moments
applied on the robot end-effector at any time. Besides, Olabi et
al. [5] showed that the robot manufacturing errors can be reduced
with jerk-limited trajectories.

The vibration of the robot itself is another issue to deal with
in robotic machining [4, 6]. As a matter of fact, the first nat-
ural frequency of an industrial robot is about 10 to 100 times
smaller than the one of conventional machine tools [6]. Pan et al.
also noticed that the vibrations occurring during robotic machin-
ing operations are not regenerative but structural [6]. Therefore,
they came up with a stability criterion from the elastodynamic
modeling of the robot and the cutting forces. Then, they formu-
lated some rules for robotic machining from several experimental
tests. The placement of the workpiece to be machined may also
affect its machining quality and/or the robot energy consumption.
In this vein, Ur-Rehman et al. focused on the multiobjective path
placement optimization of a parallel kinematics machines based
on energy consumption, shaking forces and maximum actuators
torques [7].

It makes sense that the finishing task of large parts would
be more reliable and cheaper with robots. However, machin-
ing robots have not been adapted for such operations yet. As a
consequence, this paper introduces a methodology that aims to
determine the best placement of the workpiece to be machined
knowing the cutting forces exerted on the tool and the elasto-
static model of the robot. In this vein, a machining quality cri-
terion is proposed and an optimization problem is formulated.
The KUKA KR270-2 robot is used as an illustrative example
throughout the paper.

The paper is organized as follows: Section 2 presents the
model used to predict the cutting forces applied by the tool on
the workpiece. Section 3 deals with the joint stiffness identifica-
tion of the KUKA KR270-2 robot. Section 4 shows the influence
of the workpiece placement and the kinematic redundancy on
the machining quality of a test workpiece through some exper-
imental results. Section 5 introduces a methodology that aims
to determine the best placement of the workpiece to be machined
knowing the cutting forces exerted on the tool and the elastostatic
model of the robot. The proposed methodology is explained
through the formulation of a mono-objective optimization prob-
lem. Section 6 shows some results of the optimization of the
optimization problem at hand. Section 7 is about the conclusions
of the paper and the future works.

2 CUTTING FORCE MODEL
The tool is composed of several teeth. We consider in this

paper a tool composed of four teeth. Figure 1 presents the chip
and the directions of the tangential force Ft and the radial force

Fr applied by each tooth on the workpiece.
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FIGURE 1. Chip geometry and definition of ϕin and ϕout

The instantaneous forces exerted by the tooth on the work-
piece are defined in [13] and are expressed as follows:

δFt = Kt ap fz sin(ϕ) dϕ

δFr = Kr ‖δFt‖ (1)

The mean forces Fx and Fy along the x and y axes associated
with one tooth are expressed as:

Fx =
∫

ϕin

ϕout

(‖Ft‖cos(ϕ)+‖Fr‖sin(ϕ)) dϕ

Fy =
∫

ϕin

ϕout

(−‖Ft‖sin(ϕ)+‖Fr‖cos(ϕ)) dϕ (2)

Therefore, if ϕ ∈ [ϕin ϕout ],
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ϕin

2
+Kr

cos(2ϕin)

4
) (3)

else,

Fx = 0
Fy = 0 (4)

fz is the feed rate and ap is the depth of cut. Then, the global
cutting force exerted by the entire tool on the piece can be cal-
culated. Coefficients Kt and Kr were determined from cutting
experiments with a force measurement system.
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3 IDENTIFICATION OF THE JOINT STIFFNESS VAL-
UES
The translational and rotational displacements of the robot

end-effector can be evaluated if the forces and moments ap-
plied on it are known. To this end, the stiffness model of the
robot defined by Eq. (5) was determined based on the CCT The-
ory [8]. The links of the robot are supposed to be quite stiffer
than the joints and not known as it happens usually for industrial
robots [9]. Then, the relationship between the wrench applied on
the robot end-effector and its small displacement screw is defined
as follows:

www = KX δXXX (5)

where KX is the Cartesian stiffness matrix of the robot. www is
the 6-dimensional vector of forces and moments exerted on the
robot end-effector and derived from Sec. 2. δXXX is the obtained
6-dimensional small displacement screw of the end-effector.

Tracker Laser
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Dynamomètre
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Force sensor

Mass

FIGURE 2. Experimental setup for the joint stiffness identification of
the KUKA KR270-2 robot

The Cartesian stiffness matrix KX that depends on the robot
configuration, the joint stiffness values and the wrench applied
on the end-effector takes the form:

KX = J−T (Kθ −KC)J−1 (6)

with

Kθ =


kθ1 0 0 0 0 0
0 kθ2 0 0 0 0
0 0 kθ3 0 0 0
0 0 0 kθ4 0 0
0 0 0 0 kθ5 0
0 0 0 0 0 kθ6

 (7)

and

KC =

[
∂JT

∂θ1
www

∂JT

∂θ2
www

∂JT

∂θ3
www

∂JT

∂θ4
www

∂JT

∂θ5
www

∂JT

∂θ6
www
]

(8)

J is the kinematic Jacobian matrix of the robot. Kθ is its diago-
nal joint stiffness matrix and KC is the complementary stiffness
matrix, which depends on the wrench applied on the end-effector.

TABLE 1. Apparent joint stiffness values in [MNm/rad] of the KUKA
KR270-2 robot

kθ1 kθ2 kθ3 kθ4 kθ5 kθ6

0.237 3.32 2.79 0.486 0.521 0.38

An identification procedure was developed in [10] in order to
determine all joint stiffness values of the robot. Accordingly, the
translational and rotational displacements of the end-effector can
be predicted knowing the wrench exerted on it. It is noteworthy
that the flexibility of the links is considered through the identified
joint stiffness values. The joint stiffness values of the KUKA
KR270-2 robot are given in Table 1. They were obtained by using
the experimental setup shown in Fig. 2 and described in [11,12].

4 INFLUENCE OF THE WORKPIECE PLACEMENT
AND THE KINEMATIC REDUNDANCY ON THE MA-
CHINING QUALITY
This section aims to show the influence of the workpiece

placement and the kinematic redundancy on the machining qual-
ity of a test workpiece through some experimental results.

4.1 Evaluation of the tool displacement during a
milling operation

Knowing the joint stiffness values of the robot from Sec. 3
and the forces exerted on the robot end-effector from Sec. 2, it
is possible to predict the tool displacement using the stiffness
matrix defined with Eq. (5). Four machining operations were
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TABLE 2. Cutting conditions

Reference N [tr/min] ap [mm] Vf [mm/min]

P3 20 000 5 3 600

P4 10 000 5 3 600

P5 6 670 5 3 600

realized in order to validate the theoretical elastostatic model of
the KUKA KR270-2 robot: (i) a workpiece made up of a resin
material called LAB was milled along a 300 mm linear path. It
is noteworthy that the LAB material exerts a small force on the
tool; (ii) a workpiece made up of an Aluminium alloy was milled
along a 300 mm linear path with the cutting conditions P3 given
in Table 2; (iii) a workpiece made up of an Aluminium alloy was
milled along a 300 mm linear path with the cutting conditions
P4 given in Table 2; (iv) a workpiece made up of an Aluminium
alloy was milled along a 300 mm linear path with the cutting con-
ditions P5 given in Table 2. N, ap and Vf denote the rotational
speed of the tool, the depth of cut and the feed speed, respec-
tively.

LAB P3 P4 P5

050100150200250300[mm]

0.2
0
-0.2
-0.4

-0.6
-0.8

Calculated path Measured path

FIGURE 3. Calculated and measured paths associated with four
milling conditions

Figure 3 illustrates the corresponding measured and calcu-
lated paths. The inherent straightness of the robot explains the
difference between the calculated and measured paths in the LAB
material. We can notice that the difference between the calcu-
lated and measured paths for the other machining operations is
about 5% and is also partly due to the inherent straightness of
the robot. Consequently, it is possible to evaluate the path that
will be followed by the tool considering its displacement due to
the cutting forces from the elastostatic model of the robot defined
with Eq. (5).

4.2 Influence of the task placement on the machining
quality

FIGURE 4. Test workpiece

In order to show the influence of the task placement on the
machining quality, a test workpiece shown in Fig. 4 was milled in
two different placements within the robot Cartesian workspace.
The two placements of the test workpiece are illustrated in Fig. 5.
Four machining operations were realized with the same cutting
condition, namely, the cutting condition P4 described in Table 2:
(i) the milling of the test workpiece made up of a LAB mate-
rial located in Placement 1; (ii) the milling of the test workpiece
made up of an Aluminium alloy located in Placement 1; (iii) the
milling of the test workpiece made up of a LAB material located
in Placement 2; (iv) the milling of the test workpiece made up of
an Aluminium alloy located in Placement 2.

Figure 6 shows the measures of the four resulting work-
pieces, namely, the milling quality of the four resulting work-
pieces. It is apparent that the resulting workpieces made up of
a LAB material are closed to the desired workpiece represented
with the black straight line in Fig. 6, while there is a non negli-
gible gap betweeen the resulting workpieces made up of an Alu-
minium alloy and the desired workpiece. Moreover, the differ-
ence between the two resulting workpieces made up of an Alu-
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FIGURE 5. Two placements of the test workpiece
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FIGURE 6. Measurement of the test workpiece milled in two different
placements

minium alloy is important. As a consequence, we can claim that
the placement of the workpiece really affects its milling quality.

4.3 Influence of the kinematic redundancy on the ma-
chining quality

The KUKA KR270-2 robot has six degrees of freedom. The
milling operations sets only five degrees of freedom because the
rotation of the spindle about the tool axis is not fixed. Therefore,
the robot is redundant with respect to the task, the robot redun-
dancy being equal to one as explained in [14,15]. Here, the robot
redundancy is characterized by the angle β , which denotes the
rotation angle of the spindle about the tool axis and is depicted
in Fig. 7. Figure 8 illustrates the quality of two test workpieces
made up of an aluminium alloy and milled in the same place-

β

Spindle

zt
Vf

FIGURE 7. Kinematic redundancy characterized with angle β

Redundancy 1
Redundancy 2
LAB

ypiece

xpiece

-110 -60 -10 40 90 140 190
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-49,6
-49,4
-49,2
-49
-48,8
-48,6
-48,4
-48,2
-48
-47,8
-47,6
-47,4

FIGURE 8. Quality of the test workpiece milled in a given placement,
but with two different redundancy planning schemes

ment, but with two different redundancy planning schemes. It is
apparent that the milling quality also depends on the redundancy
planning scheme chosen for the machining operation.

5 OPTIMUM PLACEMENT OF THE WORKPIECE
This section presents a methodology that aims to determine

the best placement of the workpiece to be machined knowing the
cutting forces exerted on the tool and the elastostatic model of
the robot. The proposed methodology is explained through the
definition of a machining quality criterion and the formulation of
a mono-objective optimization problem.

5.1 Machining quality criterion
The tool displacement along the normal to both the feed di-

rection and the tool axis is mainly responsible for the machining
errors shown in Figs. 3, 6 and 8.

Let us discretize the path to be followed during the machin-
ing operation into n points. Let ci be the tool displacement along
the normal to both the feed direction V f ,i and the tool axis zt,i
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at the ith point of the discretized path. ci can be expressed as
follows:

ci = δdT
i
(
V f ,i× zt,i

)
(9)

where δdi is the point-displacement of the tool at the ith point
obtained from Eq. (5) and × denotes the cross product.

Therefore, the machining quality criterion fMQC, which is
the objective function of the optimization problem at hand is de-
fined as the root mean square of the ci values, namely,

fMQC =

√
1
n

(
c2

1 + c2
2 + · · ·+ c2

n
)
→ min (10)

The smaller fMQC, the better the machining quality.

5.2 Decision variables
The decision variable vector of the optimization problem

contains the Cartesian coordinates of the workpiece geometric
center and its orientation parameters expressed in the robot base
frame. Let xp, yp and zp be the Cartesian coordinates of the
workpiece geometric center expressed in the robot base frame
along the x-, y- and z-axes, respectively. The orientation of the
workpiece can be fully represented with the variables (Q2, Q3,
Q4), a subset of the quaternions coordinates. Indeed, the quater-
nions represent the rotations of the workpiece with a rotation
axis u = [ux uy uz]

T and an angle θ . The relation between the
quaternions and the axis and angle representation can be found
in [16]:

Q1 = cos(θ/2) (11)
Q2 = ux sin(θ/2) (12)
Q3 = uy sin(θ/2) (13)
Q4 = uz sin(θ/2) (14)

where u2
x +u2

y +u2
z = 1 and 0≤ θ ≤ π .

The decision variable vector also contains the redundancy
planning scheme. Let βi be the rotation angle of the spindle about
the tool axis, namely, the angle β shown in Fig. 7, at the ith point
of the discretized path, i = 1, . . . ,n. Accordingly, the redundancy
planning scheme is defined by vector βββ expressed as:

βββ =
[

β1 β2 · · · βn
]T (15)

The KUKA KR270-2 robot may have eight solutions to the
inverse geometric model. Let µ denote the solution number to
the inverse geometric model of the robot. Therefore, µ is also a
decision variable of the optimization problem.

5.3 Constraints
Four types of constraints arise in the optimization problem

at hand:

1. The joint angles of the KUKA KR270-2 robot should be
bounded between its joint limits, namely,

−185 deg≤ θ1i ≤ 185 deg (16)
0≤ θ2i ≤ 146 deg (17)

−245 deg≤ θ3i ≤ 29 deg (18)
−350 deg≤ θ4i ≤ 350 deg (19)
−125 deg≤ θ5i ≤ 125 deg (20)
−350 deg≤ θ6i ≤ 350 deg (21)

θ ji being the jth joint angle of the robot, j = 1, . . . ,6, when
the tool is located at the ith point of the discretized path,
i = 1, . . . ,n. Note that the robot was parameterized by using
the modified Denavit-Hartenberg convention [16].

2. The tool displacement ci expressed with Eq. (9), i = 1, . . . ,n,
should be smaller than a given value cmax, which is defined
with regard to the expected machining quality, i.e.,

max(|c1|, |c2|, · · · , |cn|)≤ cmax (22)

where |.| denotes the absolute value.
3. The workpiece should be located within an area of the robot

cell free of obstacles, namely,

xpmin ≤ xp ≤ xpmax (23)
ypmin ≤ yp ≤ ypmax (24)
zpmin ≤ zp ≤ zpmax (25)

where xpmin, ypmin, zpmin and xpmax, ypmax, zpmax are the
lower and upper bounds of the Cartesian coordinates xp, yp,
zp of the workpiece geometric center, respectively. It is note-
worthy that those lower and upper bounds are defined with
regard to the obstacles within the robot cell in order to be
sure that the workpiece does not collide any obstacle.

4. The robot should not meet any singularity while the tool is
following the path, namely,

|det(Ji) |> 0, i = 1, . . . ,n (26)

Ji being the kinematic Jacobian matrix of the robot defined
in [12] and evaluated at the ith point of the path.

5. The robot joint trajectory should be continuous.
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5.4 Formulation of the optimization problem
From Eqs. (10) to (26), the optimization problem to be

solved to find the best workpiece placement within the robot cell
can be formulated as follows:

minimize fMQC

over x =
[

xp yp zp Q2 Q3 Q4 βββ
T

µ

]T

subject to max(|c1|, |c2|, · · · , |cn|)≤ cmax

−185 deg≤ θ1i ≤ 185 deg
0≤ θ2i ≤ 146 deg
−245 deg≤ θ3i ≤ 29 deg
−350 deg≤ θ4i ≤ 350 deg
−125 deg≤ θ5i ≤ 125 deg
−350 deg≤ θ6i ≤ 350 deg
|det(Ji) |> 0
xpmin ≤ xp ≤ xpmax

ypmin ≤ yp ≤ ypmax

zpmin ≤ zp ≤ zpmax

µ ∈ [1, . . . ,8]
i = 1, . . . ,n (27)

Therefore, optimization problem (27) aims to find the optimum
workpiece placement and the corresponding optimum redun-
dancy planning scheme that minimize the machining quality cri-
terion fMQC defined by Eq. (10) while respecting the set of the
constraints expressed by Eqs. (16) to (26).

An illustrative example is presented in the next section in
order to explain how optimization problem (27) can be solved.

6 ILLUSTRATIVE EXAMPLE
This illustrative example aims to find the optimal placement

of the workpiece illustrated in Fig. 9. The 2-norms of the tangen-
tial cutting force Ft,i and radial cutting force Fr,i applied by the
workpiece on the tool at the ith point are:

‖Ft,i‖2 = 1500 N (28)
‖Fr,i‖2 = 500 N (29)

The milling path is a rectangle of size:

wWP = 0.6 m (30)
hWP = 0.3 m (31)

Besides, the workpiece is supposed to stay in a horizontal con-
figuration within the robot base frame, i.e.,

Q2 = Q3 = 0 (32)

The workpiece is free to rotate about the vertical axis, namely,

−1≤ Q4 ≤ 1 (33)

Nevertheless, the geometric center of the workpiece is bounded,
namely,

xpmin = 0.4 m (34)
xpmax = 1.1 m (35)
ypmin = 0.4 m (36)
ypmax = 1.1 m (37)
zpmin = 0.3 m (38)
zpmax = 1.1 m (39)

Moreover, the maximum point-dispacement cmax of the tool
should be smaller than 3 mm because of the expected machin-
ing quality, i.e.,

cmax = 3 mm (40)

OWP XWP

YWP

FP

uWP
vWP

Ft,i

Fr,i

V f ,i

zt,i

wWP

hWP

Workpiece

Tool

Milling path

FIGURE 9. Workpiece and cutting forces

A hybrid optimization algorithm was used to solve opti-
mization problem (27) with the foregoing data. As a matter of
fact, a genetic algorithm [17] was used to find the initial guess
of an interior-point algorithm for large-scale nonlinear program-
ming [18]. In this vein, the Matlab ga function combined with
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the Matlab fmincon function were used. Figure 10 illustrates the
convergence of the genetic algorithm. The latter converged af-
ter 51 generations, each population containing 20 individuals.
Then, a local optimum decision variable vector xopt of optimiza-
tion problem (27) was obtained with the Matlab fmincon function
and is expressed as:

xopt =
[

0.698 0.702 0.635 0 0 0.8269 βββ opt 6
]

(41)

Figure 11 shows the isocontours of ci with respect to the path
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FIGURE 11. Isocontours of ci [m] w.r.t the path point number and β

angle for the optimum workpiece placement. The red curve character-
izes the optimum redundancy planning scheme, namely, the βββ opt vector

point number and β angle for the optimum milling path place-

ment. The red curve characterizes the optimum redundancy plan-
ning scheme, i.e., the βββ opt vector. The white areas can not be
reached by the robot because of its joint limits expressed by
Eqs. (16) to (21). Besides, the point-displacement of the tool
is higher than cmax in the red areas.

It is noteworthy that xp, yp, zp, Q2, Q3, Q4 and µ are the only
decision variables considered by the ga and fmincon functions in
this optimization problem solving. As a matter of fact, an optimal
βββ vector is searched at each iteration of the genetic algorithm
and at each iteration of the interior-point algorithm. This vector
is obtained by minimizing the point displacement of the tool at
each point of the milling path.

−0.5
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1 −0.5

0

0.5

1

0

0.5

1

Y [m]

X [m]

Z
 [
m

]

milling path

decision space 

FIGURE 12. Optimum milling path placement

Figure 12 depicts the optimum milling path placement and
the decision space defined with Eqs. (34) to (39). An animation
of the corresponding optimum milling operation can be down-
loaded1.

The optimum redundancy planning scheme, i.e., the red
curve in Fig. 11, appears to be piecewise continuous. It should
be considered during the cutting strategy to avoid signs of wear
on the workpiece after the milling operation. As a consequence,
a cutting strategy is illustrated in Fig. 13 to avoid signs of wear
in the workpiece corners.

7 CONCLUSIONS
This paper introduced a methodology to determine the opti-

mum placement of any workpiece to be machined knowing the
cutting forces exerted on the tool and the elastostatic model of
the KUKA KR270-2 robot. First, a cutting force model was pre-
sented to predict the cutting forces applied by the tool on the

1http://www.irccyn.ec-nantes.fr/˜caro/ASME_
ESDA2012/OptimSolKR270.avi
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FIGURE 13. Modification of the cutting strategy to avoid signs of
wear on the workpiece

workpiece. Then, a joint stiffness identification procedure was
explained and the joint stiffness values of the KUKA KR270-
2 robot were given. The influence of the workpiece placement
and the kinematic redundancy on the machining quality of a test
workpiece was highlighted through some experimentations. A
mono-objective optimization problem was formulated to deter-
mine the optimum placement of a workpiece to be machined.
Finally, an illustrative example was developed in order to show
the contributions of the paper.

The proposed methodology will help the robot user find the
optimum placement of any workpiece to be machined within the
Cartesian workspace of any six-revolute industrial serial robot. It
will also help him/her deal with the kinematic redundancy of the
robot with regard to the task.

The experimental validations of the results and the exten-
sion of the proposed methology to robot machining with a higher
kinematic redundancy of the robot with regard to the task are part
of the future works.
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