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ON BLOWUP SOLUTIONS TO THE FOCUSING MASS-CRITICAL
NONLINEAR FRACTIONAL SCHRODINGER EQUATION

VAN DUONG DINH

ABSTRACT. In this paper we study dynamical properties of blowup solutions to the focusing
mass-critical nonlinear fractional Schrédinger equation. We establish a profile decomposition
and a compactness lemma related to the equation. As a result, we obtain the L2-concentration
and the limiting profile with minimal mass of blowup solutions.

1. INTRODUCTION

Consider the Cauchy problem for nonlinear fractional Schrodinger equations

i0u — (—A)u = plu|/*u, on [0,00) x RY,
(1.1)
u(0) = o,
where u is a complex valued function defined on [0,00) x R%, s € (0,1)\{1/2} and o > 0. The
parameter = 1 (or u = —1) corresponds to the defocusing (or focusing) case. The operator (—A)*

is the fractional Laplacian which is the Fourier multiplier by |¢|?. The fractional Schrédinger
equation is a fundamental equation of fractional quantum mechanics, which was discovered by
Laskin [17] as a result of extending the Feynmann path integral, from the Brownian-like to Lévy-
like quantum mechanical paths. The equation (1.1) enjoys the scaling invariance

up(t,x) = )\%u()\%t,)\x), A>0.
A computation shows
25 _d
lux(0)ll 72 = A=~ |uo|l -
We thus define the critical exponent

d 2s
ci= o — —. 1.2
8o 1= 5 — — (1.2)

The equation (1.1) also enjoys the formal conservation laws for the mass and the energy:
M(u(t)) = / lu(t, z)|>dx = M (ug),

E(u(t)) = %/|(—A)S/2u(t,x)|2dx+ %H/\u(t,xﬂ““dm = E(u).

The local well-posedness for (1.1) in Sobolev spaces was studied in [13] (see also [5] for fractional
Hartree equations). Note that the unitary group e~ (=2)" enjoys several types of Strichartz es-
timates (see e.g. [4] or [7] for Strichartz estimates with non-radial data; and [12], [16] or [2]
for Strichartz estimates with radially symmetric data; and [8] or [3] for weighted Strichartz es-
timates). For non-radial data, these Strichartz estimates have a loss of derivatives. This makes
the study of local well-posedness more difficult and leads to a weak local theory comparing to
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2 V. D. DINH

the standard nonlinear Schrodinger equation (see e.g. [13] or [7]). One can remove the loss of
derivatives in Strichartz estimates by considering radially symmetric initial data. However, these
Strichartz estimates without loss of derivatives require an restriction on the validity of s, that is

s € {%, 1). We refer the reader to Section 2 for more details about Strichartz estimates and

the local well-posedness in H*® for (1.1).
Recently, Boulenger-Himmelsbach-Lenzmann [1] proved blowup criteria for radial H*® solutions
to the focusing (1.1). More precisely, they proved the following:

Theorem 1.1 (Blowup criteria [1]). Letd > 2, s € (1/2,1) and a > 0. Let ug € H® be radial such
that the corresponding solution to the focusing (1.1) defines on the mazimal time interval [0,T).
o Mass-critical case, i.c. sc =0 or a =2 If E(ug) <0, then the solution u either blows
up in finite time, i.e. T < oo or blows up in infinite time, i.e. T = oo and
[u)l = = ct®, Yt =1,
with some C > 0 and t, > 0 that depend only on ug,s and d.

e Mass and energy intercritical case, i.e. 0 < s, < s or %S <a< A Ifa<4s and

d—2s
B (ug) M*™% (u) < E*(Q)M°™*(Q),  uolljz. lluoll72" > QI 1QN72",

where Q is the unique (modulo symmetries) positive radial solution to the elliptic equation
(-A)Q+Q-1[Q[*"Q@ =0,
then the solution blows up in finite time, i.e. T < co.
e Energy-critical case, i.e. sc =s ora = df‘zs s Ifa < 4s and
E(uog) <EW), |luollgs > [Wllge,

where W is the unique (modulo symmetries) positive radial solution to the elliptic equation
(—A)W — [W|T5 W =0,
the the solution blows up in finite time, i.e. T < oo.

In this paper we are interested in dynamical properties of blowup solutions in H? for the focusing
mass-critical nonlinear fractional Schrédinger equation, i.e. s € (0,1)\{1/2}, @ = % and p = -1
in (1.1). Before entering some details of our results, let us recall known results about blowup

solutions in H' for the focusing mass-critical nonlinear Schrédinger equation
i0yv + Av = —|v\%v, v(0) = vy € H'. (mNLS)

The existence of blowup solutions in H! for (mNLS) was firstly proved by Glassey [11], where the
author showed that for any negative initial data satisfying |z|vg € L2, the corresponding solution
blows up in finite time. Ogawa-Tsutsumi [26, 27] showed the existence of blowup solutions for
negative radial data in dimensions d > 2 and for any negative data (without radially symmetry) in
the one dimensional case. The study of blowup H' solution to (mNLS) is connected to the notion
of ground state which is the unique (up to symmetries) positive radial solution to the elliptic
equation
AR— R+ |R|1R =0.

By the variational characteristic of the ground state, Weinstein [30] showed the structure and
formation of singularity of the minimal mass blowup solution, i.e. |vg|lr2 = ||R||z2. He proved
that the blowup solution remains close to the ground state R up to scaling and phase parameters,
and also translation in the non-radial case. Merle-Tsutsumi [18], Tsutsumi [29] and Nava [25] proved
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the L2-concentration of blowup solutions by using the variational characterization of ground state,
that is, there exists z(t) € R? such that for all r > 0,

liminf/ |U(t,$)|2d$2/|R($)|2d1”7
T lz—z(t)|<r

where T is the blowup time. Merle [19, 20] used the conformal invariance and compactness argu-
ment to characterize the finite time blowup solutions with minimal mass. More precisely, he proved
that up to symmetries of the equation, the only finite time blowup solution with minimal mass
is the pseudo-conformal transformation of the ground state. Hmidi-Keraani [14] gave a simplified
proof of the characterization of blowup solutions with minimal mass of Merle by means of the
profile decomposition and a refined compactness lemma. Merle-Raphagl [21, 22, 23] established
sharp blowup rates, profiles of blowup solutions by the help of spectral properties.

As for (mNLS), the study of blowup solution to the focusing mass-critical nonlinear fractional
Schrodinger equation is closely related to the notion of ground state which is the unique (modulo
symmetries) positive radial solution of the elliptic equation

4s
(-A)Q+Q—- Q7@ =0. (1.3)
The existence and uniqueness (up to symmetries) of ground state @ € H?® for (1.3) were recently
shown in [9] and [10]. In [1, 10], the authors showed the sharp Gagliardo-Nirenberg inequality

I1£1] d45+2 < Canll fI%. I1£1 5. (1.4)

where 05 1 d
s + —4s
Caon = ”QH L2 !
Using this sharp Gagliardo-Nirenberg inequality together with the conservation of mass and energy,
it is easy to see that if ug € H? satisfies

[uollz> < (1@l 2,

then the corresponding solution exists globally in time. This implies that ||Q||z2 is the critical
mass for the formation of singularities.

To study blowup dynamics for data in H®, we establish the profile decomposition for bounded
sequences in H?® in the same spirit of [14]. With the help of this profile decomposition, we prove a
compactness lemma related to the focusing mass-critical (NLFS).

Theorem 1.2 (Compactness lemma). Letd > 1 and 0 < s < 1. Let (v,)n>1 be a bounded sequence
in H® such that
hrrlILsOLip lvnll g < M, llrrisolip an||L475+2 >m.
Then there exists a sequence (Tp)n>1 in R? such that up to a subsequence,
Up (- +xn) =V weakly in H®,
for some V€ H® satisfying

d m*
Wi > i, (15)

where Q is the unique solution to the elliptic equation (1.3).

Note that the lower bound on the L?-norm of V is optimal. Indeed, if we take v, = @, then we
get the identity.

As a consequence of this compactness lemma, we show that the L2-norm of blowup solutions
must concentrate by an amount which is bounded from below by ||@]| 2 at the blowup time. Finally,
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we show the limiting profile of blowup solutions with minimal mass ||@Q|/z2. More precisely, we
show that up to symmetries of the equation, the ground state () is the profile for blowup solutions
with minimal mass.

The paper is oganized as follows. In Section 2, we recall Strichartz estimates for the fractional
Schrodinger equation and the local well-posedness for (1.1) in non-radial and radial H*® initial
data. In Section 3, we show the profile decomposition for bounded sequences in H® and prove a
compactness lemma related to the focusing mass-critical (1.1). The L2-concentration of blowup
solutions is proved in Section 4. Finally, we show the limiting profile of blowup solutions with
minimal mass in Section 5.

2. PRELIMINARIES

2.1. Strichartz estimates. In this subsection, we recall Strichartz estimates for the fractional
Schrodinger equation. Let I C R and p, ¢ € [1,00]. We define the Strichartz norm

ez = ([ ([ 15nmar) ),

with a usual modification when either p or g are infinity. We have three-types of Strichartz estimates
for the fractional Schrédinger equation:

e For general data (see e.g. [4] or [7]): the following estimates hold for d > 1 and s €

(0, D\{1/2},
le™ " A Pl oz, Loy S NIV 99| 12, (2.1)

’/6%(%7)(%)4 frydr L (R, L9) S Va7 =20 £l s oy (22)

where (p,q) and (a,b) are Schrédinger admissible, i.e.

2 d d
p € [27 OOL q € [2300)7 (paQ7d) 7é (250072)7 ; +6 S 57
and
Lo_d_d 2
P2 g p?

similarly for v, . Here (a,a’) and (b,’) are conjugate pairs. It is worth noticing that for
s € (0,1)\{1/2} the admissible condition %—F% < g implies v, 4 > 0 for all admissible pairs
(p, q) except (p,q) = (00,2). This means that the above Strichartz estimates have a loss of
derivatives. In the local theory of the nonlinear fractional Schrodinger equation, this loss
of derivatives makes the problem more difficult, and leads to a weak local well-posedness
result comparing to the nonlinear Schrédinger equation (see Subsection 2.3).

e For radially symmetric data (see e.g. [16], [12] or [2]): the estimates (2.1) and (2.2) hold
true for d > 2,5 € (0,1)\{1/2} and (p, q), (a,b) satisfy the radial Schodinger admissible
condition:

2 2d—1 2d-1
<

4d — 2
2 2 2 —
pelocl aelo ()2 (25g). o+ <2
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Note that the admissible condition 12; + %;1 < % allows us to choose (p,q) so that

Yp,q = 0. More precisely, we have for d > 2 and #‘11 <s<1l

le™ A || Lo g oy S 1922, (2.3)

| [ers e fmyan] S Ul (24)

where ¢ and f are radially symmetric and (p, q), (a,b) satisfy the fractional admissible
condition,

Lr(R,L9)

4d — 2 2s d d
€ (2, 00, € [2,00), , 2, —— |, —+-=-. 2.5
pelnod geloo) () # (25 s) 2+0=3 (25)
These Strichartz estimates with no loss of derivatives allow us to give a similar local well-
posedness result as for the nonlinear Schrodinger equation (see again Subsection 2.3).

e Weighted Strichartz estimates (see e.g. [8] or [3]): for 0 < 4 < %5t and p; < 452 — 1y,

V1 v —4 —it(—A)*
2] (V] =2 (Vo) e 8 Y| oo peo 2 S 1922, (2.6)
and for —¢ < vy < —L and po < -3 — 1,
]2V [*T2 (V)2 e A Y| 2w 12y S [1)]] 2 (2.7)

Here (V) = /1 — A,, with A, is the Laplace-Beltrami operator on the unit sphere S~1.
Here we use the notation

I fllzers = </0°° </Sd—1 |f(rw)|qdw>1)/qrd*1dr)1/p.

These weighted estimates are important to show the well-posedness below L? at least for
the fractional Hartree equation (see [5]).

2.2. Nonlinear estimates. We recall the following fractional chain rule which is needed in the
local well-posedness for (1.1).

Lemma 2.1 (Fractional chain rule [6, 15]).

)
g2 <00 and 1 < q1 < oo satisfying % =14

q1 ’

Let F € CY(C,C) and v € (0,1). Then for 1 < q <
1
q2

VI E@)llze S NE @)l o [V ull e

We refer the reader to [6, Proposition 3.1] for the proof of the above estimate when 1 < ¢; < oo
and to [15] for the proof when ¢; = occ.

2.3. Local well-posedness in H®. In this section, we recall the local well-posedness in the energy
space H? for (1.1). As mentioned in the introduction, we will separate two cases: non-radial initial
data and radially symmetric initial data.

1 This condition follows by pluging vp,q = 0 to 24

2d—1 o 2d-—1
P qg — 2 7
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Non-radial H® initial data. We have the following result due to [13] (see also [7]).
Proposition 2.2 (Non-radial local theory [13, 7]). Let s € (0,1)\{1/2} and o > 0 be such that

1 2s :
1 d=1
2 max(«,4) Zf ’
5> s ; (2.8)
{ % B rnax2(oc,2) Zfd > 2.

Then for all ug € H®, there exist T € (0,00] and a unique solution to (1.1) satisfying
ue C([0,7), H*) N L, ([0, T), L),

loc

for some p > max(«,4) when d =1 and some p > max(«,2) when d > 2. Moreover, the following
properties hold:

o If T < oo, then ||u(t)||gs = o0 ast 1 T.
e There is conservation of mass, i.e. M(u(t)) = M(ug) for allt € [0,T).
o There is conservation of energy, i.e. E(u(t)) = E(ug) for allt € [0,T).

The proof of this result is based on Strichartz estimates and the contraction mapping argu-
ment. The loss of derivatives in Strichartz estimates can be compensated for by using the Sobolev
embedding. We refer the reader to [13] or [7] for more details.

Remark 2.3. Tt follows from (2.8) and s € (0,1)\{1/2} that the local well-posedness for non
radial data in H*® is available only for

s€(1/3,1/2), 0<a< - ifd=1,

se(1/2,1), 0<a<oo itd=1, (2.9)

s€(d/4,1), 0<a< 5 ifd=23

In particular, in the mass-critical case a = %, the (1.1) is locally well-posed in H*® with

{ se(1/3,1/2)n(1/2,1) ifd=1,
s e (d/4,1) if d =2,3.

Proposition 2.4 (Non-radial global existence [7]). Let s, and d be as in (2.9). Then for any
ug € H?, the solution to (1.1) given in Proposition 2.2 can be extended to the whole R if one of the
following conditions is satisfied:

o =1,

o =—1 and0<oz<%s,

o p=—-1, a="2 and ||ug| 12 is small,
o u=—1 and ||up| gs is small.

Proof. The case i = 1 follows easily from the blowup alternative together with the conservation of
mass and energy. Thecase p=—1land 0 < a < %S follows from the Gagliardo-Nirenberg inequality
(see e.g. [28, Appendix]). Indeed, by Gagliardo-Nirenberg inequality and the mass conservation,

lu@)lzes < llu(t)|

The conservation of energy then implies

da
2s

e
2s

da a+27%

+2-42
w27 = lu®)ll luollz2

d
at+2—5%

Sl = Blu(t) + voll 2

u() |42 < BEluo) + LIIU(t)\ 2
L ~ o+ 2 He

oa—+2
If0 < a < 2 then 42 € (0,2) and hence |[u(t)||z. < 1. This combined with the conservation

~

of mass yield the boundedness of ||u(t)| gs for any ¢t belongs to the existence time. The blowup

alternative gives the global existence. The case p = —1,a = 2% and |lug||z2 small is treated
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similarly. It remains to treat the case p = —1 and |lug| ;. is small. Thanks to the Sobolev
embedding with 3 < a%ﬂ + 2, we bound

[fllzesz S ANl are-
This shows in particular that E(ug) is small if ||ug|| = is small. Therefore,
1 1 a o
@l = But) + — lu®lIF? < Bluo) + Cllu(t) 51,
This shows that ||u(¢)| g is bounded and the proof is complete. O

Radial H* initial data. Thanks to Strichartz estimates without loss of derivatives in the radial
case, we have the following result.

Proposition 2.5 (Radial local theory). Let d > 2 and s € [ d 1) and 0 < o < 25, Let

2d—1° d—2s°
4s(a + 2) dla+2)
— A = 2.1
P a(d —2s)’ 1= 4t as (2.10)

Then for any ug € H® radial, there exist T € (0,00] and a unique solution to (1.1) satisfying
we C(0,T), H) N LE, ([0,7), W*9).

loc
Moreover, the following properties hold:

If T < oo, then ||u(t)| g = oo ast T T.
u € L ([0,T),W*®) for any fractional admissible pair (a,b).

There is conservation of mass, i.e. M(u(t)) = M(ug) for allt € [0,T).
There is conservation of energy, i.e. E(u(t)) = E(uog) for allt € [0,T).

Proof. Tt is easy to check that (p, q) satisfies the fractional admissible condition (2.5). We choose
(m,n) so that

« 1 1 «
T - (2.11)
P p m ¢ q n
We see that
d—2 d
2_%:1_u:;9>0, g<n=-—4_ (2.12)
m p 4s d—sq

The later fact gives the Sobolev embedding W9 < L™. Let us now consider
X = {C(LHS) NLP(I, W) ||“HL<>0(1,H5) + ”u”LP(I,Wqu) < M} )
equipped with the distance

d(u,v) := [lu — v||poc 1,12y + lu — V|| Lr (1,19

where I = [0,¢] and M, ¢ > 0 to be chosen later. By Duhamel’s formula, it suffices to prove that
the functional

t
B(u)(t) = e A gy — iu/ e DAy (1) () dr
0
is a contraction on (X, d). By radial Strichartz estimates (2.3) and (2.4),

@) oo (1,775) F NP o1 virsiay S lluoll s + (el wll Lo (1 yire.ary
1D (w) = @(v)l|Loe(1,2) + | @(w) = @(V) || Lo (1,L0) S Ilu|w = [0]*0l[ Lo (1 L)
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The fractional chain rule given in Lemma 2.1 and the Holder inequality give

|Hu|auHLP’(I,WS~Q’) S HuH%m([,Ln)||U||Lp(1,Ws,q)’
0
S ||U\\%p(1,Ln)HU”LP(LWM)
0
S Pl e

Similarly,
([ — "U|av||LP’(I,Lq/) S (HUH%m(LLn) + ||”H%m(1,L")> lw—=vllze L)
IS |I|t9 (||U\\%p(17w.s,q) + ||U||%p(1ws,q)> flu — ’U||LP(I,LQ)-
This shows that for all u,v € X, there exists C' > 0 independent of T" and ug € H? such that
@) o (1, 770) + 1R (W) o 1,377y < Clluollgre + CCOMH,
d(®(u), ®(v)) < CCOMd(u,v).
If we set M = 2C||ug|| ;- and choose ¢ > 0 so that

ccfMe < %

then ® is a strict contraction on (X,d). This proves the existence of solution v € C(I,H®) N
LP(I,W*49). By radial Strichartz estimates, we see that u € L*(I, W*?) for any fractional admis-
sible pairs (a,b). The blowup alternative follows easily since the existence time depends only on
the H*-norm of initial data. The proof is complete. U

As in Proposition 2.4, we have the following criteria for global existence of radial solutions in
Hs.

Proposition 2.6 (Radial global existence). Letd > 2,s € [ﬁ, 1) and 0 < a <

4s
T35 Then for

any ug € H® radial, the solution to (1.1) given in Proposition 2.5 can be extended to the whole R
if one of the following conditions is satisfied:

o =1,

o n=-1 and0<a<%,

o n=-1, =% and ||lug| 2 is small,
o u=—1 and ||ugllgs is small.

Combining the local well-posedness for non-radial and radial initial data, we obtain the following
summary.

s a LWP
d=1 % <s< % 0<ax< lgs ug non-radial
d=1 %<s<1 0 < a< oo | ugnon-radial
d=2 %<8<1 O<a<2fﬁ ug non-radial
d=3 %Ssg% 0<a<3f‘§28 ug radial
d=3 %< s<1 |0<ax< szs ug non-radial

d 4s .
d>4 577 Ss<1|0<a< =5 ug radial

TABLE 1. Local well-posedness (LWP) in H® for NLFS
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Corollary 2.7 (Blowup rate). Let d,a and ug € H® be as in Table 1. Assume that the corre-
sponding solution u to (1.1) given in Proposition 2.2 and Proposition 2.5 blows up at finite time
0 <T < oo. Then there exists C > 0 such that

O > (213)

forall0<t<T.
Proof. We follow the argument of Merle-Raphael [24]. Let 0 <t < T be fixed. We define
o7, 2) = AW (Bult + A ()T, A()z),
with A(t) to be chosen shortly. We see that v, is well-defined for
t+AE (T <T or 7 <A 2()(T —t).
Moreover, v; solves
0,0, — (=A)0p = plog|ve,  v:(0) = A& (£)ult, \(t)z).

A direct computation shows

[0 (0)[ o = A7 (D) [u(®)]] gro-
Since s > s¢, we choose A(t) so that ||v¢(0)|| 7. = 1. Thanks to the local theory, there exists 79 > 0
such that vy is defined on [0, 79]. This shows that

T <ATEOT 1) or Ju®)|lg. >
The proof is complete. O

3. PROFILE DECOMPOSITION

In this subsection, we use the profile decomposition for bounded consequences in H® to show a
compactness lemma related to the focusing mass-critical (1.1).

Theorem 3.1 (Profile decomposition). Let d > 1 and 0 < s < 1. Let (vy)n>1 be a bounded
sequence in H®. Then there exist a subsequence of (vn)n>1 (still denoted (vy)n>1), a family (x1)j>1
of sequences in R and a sequence (V3)j>1 of H® functions such that

o for every k # j,

lzF — 27| = 0o, asn — oo, (3.1)

o for every l > 1 and every x € R?,
l
va(@) =Y V(@ —@},) + vy (2),
j=1

with

limsup ||v),||pe — 0, asl— oo, (3.2)
n—oo

for every q € (2,2%), where

2% = oo ifd=1,s€[3,1),
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Moreover,
l
[vallzz =Y IV (172 + lvhl[72 + 0n(1),, (3.3)
j=1
!
lonl3se = D7 IV2 . + 104 . + 0a(1),, (3.4
j=1
as n — oo.

Proof. The proof is similar to the one given by Hmidi-Keraani [14, Proposition 3.1]. For reader’s
convenience, we recall some details. Since H® is a Hilbert space, we denote Q(v,) the set of
functions obtained as weak limits of sequences of the translated v, (- +x,) with (x,),>1 a sequence
in R%. Denote

n(vn) = sup{|lv||r2 + [[v] g« : v € Q(vn)}.
Clearly,

n(vyn) < limsup ||vp| n2 + o] g--
n—oo

We shall prove that there exist a sequence (V7);>; of Q(v,,) and a family (24,);>1 of sequences in
R? such that for every k # j,

|2k — 27| = 00, as n — oo,
and up to a subsequence, the sequence (v,,),>1 can be written as for every [ > 1 and every z € R4,

!
on(2) =Y VI(z — o) + v, (2),
j=1

with n(v},) — 0 as | — co. Moreover, the identities (3.3) and (3.4) hold as n — oo.
Indeed, if n(v,) = 0, then we can take V7 = 0 for all j > 1. Otherwise we choose V! € Q(v,,)
such that

1Vl + 1V 2 5n(en) > 0.
By the definition of Q(v,,), there exists a sequence (z1),>1 C R? such that up to a subsequence,
V(- + L) = V! weakly in H*.
Set v} (x) = v, (z) — Vi(z — zl). We see that v} (- + z1) — 0 weakly in H® and thus
lvallZe = IVIZ2 + llvnllZz + on(1),
loallFe = IVHIZ. + loallF. + on (1),
as n — co. We now replace (v5,)n>1 by (v})),>1 and repeat the same process. If n(v}) = 0, then

we choose V7 = 0 for all j > 2. Otherwise there exist V2 € Q(v}) and a sequence (22),>; C R?

such that

1

VL2 + V2l = 5n0(vs) >0,

N | =

and
vl (- +22) = V? weakly in H®.
Set v2(x) = v}(z) — VZ(x — 22). We thus have v2(- + 22) — 0 weakly in H* and
lvallze = V272 + llvnllZz + o0n(1),
lonllzz. = IV215. + lvallF. +o0a(D),
as n — 0o. We claim that
|zt — 22| = 00, asmn — oco.
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In fact, if it is not true, then up to a subsequence, 1 — 22 — x¢ as n — oo for some zg € R
Since

(@ +a3) = vy (2 + (23, — ) + 23),
and v} (- + zl) converges weakly to 0, we see that V2 = 0. This implies that n(v.) = 0 and it
is a contradiction. An argument of iteration and orthogonal extraction allows us to construct the
family (27);>1 of sequences in R? and the sequence (V7);>1 of H® functions satisfying the claim
above. Furthermore, the convergence of the series Z;’;l V7|22 + ||[V7]|2,, implies that

s

V7172 + V7[5, =0, asj— oc.

By construction, we have
n(vh) <2 (V7 e + IV e)

which proves that n(vi) — 0 as j — oo. To complete the proof of Theorem 3.1, it remains to show
(3.2). To do so, we introduce 6 : R? — [0, 1] satisfying 8(¢) = 1 for |¢| < 1 and 6(&) = 0 for [¢] > 2.
Given R > 0, define

Xr(§) = 0(¢/R),

where * is the Fourier transform of x. In particular, we have {r(§) = 1if |{] < R and xr(§) =0
if |¢€] > 2R. We write

vl = xr*v + (0 — xr) * v,
where % is the convolution operator. Let ¢ € (2,2*) be fixed. By Sobolev embedding and the
Plancherel formula, we have

1/2
16 = x) * bl S 18 = xr) * vhll s S ( / €711 = %n(€))2h(6) e )
S AP

€ (0, 8). On the other hand, the Hélder interpolation inequality implies

2 1—2
Ixg * v lle S lIxr * vhll fallxg * vhll Lo
2 1—2
S b fallxr * vhll "
Observe that

limsup || xg * v || Lo = suplimsup [xg * v}, (2]
n— oo T, MO0

Thus, by the definition of Q(v},), we infer that

timsup e o= < sup {| [ xw(-opo(e)da] 0 € 200},
n—oo
By the Plancherel formula, we have
| [ xn-opetara] = | [ 5r©0©)de] S lalialolso
d d
S R0 2 [[vll 2 < REn(vy,).
We thus obtain for every [ > 1,
limsup [|v;, || e < limsup [|(§ — xg) * v}, || Lo + limsup || x g * vy [| Lo
n— oo n—o0 n—r00

. )} (1-2) .

2
— l s 4
S R o lle + b s [REn(o,
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2_
Choosing R = [n(vl )’1] 17 for some € > 0 small enough, we see that
timsup ot e S 7(oh) 2ol e + k) 2O ol .
n—oo

Letting | — oo and using the fact that n(v)) — 0 as I — oo and the uniform boundedness in H*
of (v});>1, we obtain

limsup [|v}||pe — 0, asl— oco.
n—oo
The proof is complete. O

We are now able to give the proof of the concentration compactness lemma given in Theorem
1.2.
Proof of Theorem 1.2. According to Theorem 3.1, there exist a sequence (V7);>1 of H® functions
and a family (27);>1 of sequences in R? such that up to a subsequence, the sequence (vy,),>1 can
be written as

l
2) = Y V@ —al) +vh(a),

and (3.2), (3.3),(3.4) hold. This implies that

4242
met? < h?jogp [lonll d45+2 = hmsup H ZVJ —xd) + ol L4
z AR
< limsup (| Zw S0l P A ey
i 42
; i(— 2l
< h,l}lj;ipHZV x ‘ 45 4o (3.5)
By the elementary inequality
! %+2 ! £+2 ﬁ—"-l
‘Z%‘ = a2 <Y agllax] T,
=1 =1 itk
we have
1
/‘ZW(I*%)’ m<Z/\ijij +2dz+C’Z/\VJ:z:ij NVE (@ — k)| Ty
Jj=1 J#k
<Z/\V3 (x—29) +2dm+CZ/\VJ b ok = ad)||[VE () F e
J#k

Using the pairwise orthogonality (3.1), the Hélder inequality implies that V7 (- + 2% —27) — 0 in
H?® as n — oo for any j # k. This leads to the mixed terms in the sum (3.5) vanish as n — oo.
We thus get

242
md <Z||Vj|d4s+2
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We next use the sharp Gagliardo-Nirenberg inequality (1.4) to estimate

549 28+d _4s
Z V7] ‘ZSH < 1Rl 2" sup HVJHLz Z V1%, (3.6)
Jj=1

By (3.4), we infer that

ZHVJH? < hmbupllvnHHs < M*.
Jj=1
Therefore,
d m7
22 Ty 2s
Since the series >, V]2, is convergent, the supremum above is attained. In particular, there
exists jp such that

supIIVJII IIQHLz

4s

pio % » 4 mEt
gz 2l
By a change of variables, we write
vn(x +2) = VO(x)+ Y Vi@t —a)) + 0, (x),
1<5<1
J#3o

where 9!, (x) := v}, (z + 2J°). The pairwise orthogonality of the family (z7,),>1 implies
VI(- 420 — 27) — 0 weakly in H®,
as n — oo for every j # jo. We thus get
U (- 4+ 20) = VI 151 asn — oo, (3.7
where 9! is the weak limit of (¢,),>1. On the other hand,
2]l 42 < Timm sup |3

nll g0 = lim sup [0l 440 = 0, as T — oo

By the uniqueness of the weak limit (3.7), we get @' = 0 for every [ > jo. Therefore, we obtain
V(- 4 270) = Vo,

The sequence (27°),>1 and the function V7° now fulfill the conditions of Theorem 1.2. The proof

is complete. O

4. BLOWUP CONCENTRATION

Theorem 4.1 (Blowup concentration). Let

d=1, se (%,1)\{%}, a=4s, ug € H® non-radial,

d=2, s € (%, 1) , a=2s, ug € H® non-radial,

d=3, s € [%, %] , a= %S ug € H® radial, (4.1)
d=3, s € (%, 1) , o= %, ug € H® non-radial,

d>4, se€ [ﬁ'l_l,l), az%, ug € H® radial.

Assume that the corresponding solution u to (1.1) blows up at finite time 0 < T < oo. Let a(t) > 0
be such that

a(®)[u(t)|| -

Hs

— 00, (4.2)
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as t T T. Then there exists z(t) € R? such that

lim inf / lu(t, )2z > / 10(2) 2dz, (4.3)
|z—2(t)|<a(t)

T
where @Q s the unique solution to (1.3).

Remark 4.2. e The condition (4.1) comes from the local theory (see Table 1).
e By the blowup rate given in Corollary 2.7, we have

C

T—1t

[w(@)ll e >

)

for t T T. Rewriting

1 VT —t 1 <C VT —t

a®lu®)ly, O (VT Tfu®)) a(?)
we see that any function a(t) > 0 satisfying 2\2(1;? — 0 as t T T fulfills the conditions of

Theorem 4.1.
Proof of Theorem 4.1. Let (tn)n>1 be a sequence such that ¢, 17 and g € G. Set

(@l \* _f
b= () ) = Mt o)

By the blowup alternative, we see that A, — 0 as n — oo. Moreover, we have

[onllz2 = llutn)llL2 = lluol L2,
and
lonllgrs = A llulta)ll s = 11Q g
and
E(vn) = A*E(u(ty)) = \2E(up) — 0, asn — oo.
This implies in particular that

4s 4 o d—+2s
an||;%+2 - d ||Q||§—Is7 as n — oo.

The sequence (vy,),>1 satisfies the conditions of Theorem 1.2 with

4s d+2s
mdt? = 7 1QI%., M*=Ql%.

Therefore, there exists a sequence (z,,),>1 in R¢ such that up to a subsequence,

Un (- + @) = )\éu(tn, An - +x,) =V weakly in H?,
as n — oo with |V]|r2 > ||@]|r2. In particular,

v(-+ ) = A,%u(tn, A - +,) = V weakly in L2
This implies for every R > 0,

Jim inf / A [ultn, At + ) 2 > / V() 2dz,
|z|<R

n—00 lz|<R
or

liminf/ |u(tn,x)|2dx2/ IV (2)|2da.
‘.’L‘—Tﬂn,léR)\n



BLOWUP SOLUTIONS MASS-CRITICAL NLFS 15

Since

ARG

Hs An
atn)

the assumption (4.2) implies <> — oo as n — oo. We thus get

lim inf sup/ |u(ty, z)|*dx 2/ |V (2)|*dz,
lz—y|<a(tn)

OO yeRd lz|<R

altn)llu(tn) L

for every R > 0, which means that

lim inf sup/ |u(tn,x)|2dx2/|V(x)|2dac2 /|Q((E)|2d$
|$—y|§a(tn)

n—oo yERd

Since the sequence (t,),>1 is arbitrary, we infer that

lim inf sup/ |u(t,x)|2dx2/|Q(x)|2dI.
lz—y|<a(t)

1T yERd

But for every t € (0,T), the function y — f|3:—y|<a(t) |u(t, z)|?dx is continuous and goes to zero at
infinity. As a result, we get

sup / fut, z)Pdz = / fu(t, 2)2da,
yerd Jjo—y|<a(t) jo—a()|<a(t)

for some x(t) € R%. This shows (4.3). The proof is complete. O

5. LIMITING PROFILE WITH MINIMAL MASS
Let us start with the following characterization of solution with minimal mass.

Lemma 5.1. Letd > 1 and 0 < o < 1. Ifu € H*® is such that ||u||2 = ||Ql|lz2 and E(u) = 0,
then u is of the form

u(zx) = ew/\%Q()\:c + x0),
for some 0 € R,\ > 0 and xy € R,

Proof. Since E(u) = 0, we have

d 4s
2 _ +2
laly, = =l %52,
Thus
el 22, a4 d+2
4s 4o + 2s _ 4s + 2s _4s
Ld = d ||u||de = d ||Q||L2d :CGNa

45
lJall 22 llull%.

where Cgn is the sharp constant in (1.4). By the characterization of the sharp constant to the
Gagliardo-Nirenberg inequality (1.4) (see e.g. [10, Section 3]), we learn that w is of the form
u(z) = aQ(A\x+xz¢) for some a € C*, A > 0 and ¢ € RZ. On the other hand, since ||ul|zz = ||Q||Lz,
we have |a| = A%. This shows the result. O

We now have the following limiting profile of blowup solutions with minimal mass.

Theorem 5.2 (Limiting profile with minimal mass). Let d,s,« and ug be as in (4.1). Assume
that the corresponding solution u to (1.1) blows up at finite time 0 < T < co. If |lug|lr2 = ||Q|l L2,
then there exist 0(t) € R, A\(t) > 0 and z(t) € R? such that

PONE (u(t,\(t) - +a(t)) — Q strongly in H°,
ast1T.
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Proof. We will show that for any (¢,),>1 satisfying ¢,, T T', there exist a subsequence still denoted
by (tn)n>1, sequences of 6, € R, \,, > 0 and x,, € R? such that

, d
e N2 u(ty, \p - +2,) — Q strongly in H® as n — co. (5.1)
Let (tp)n>1 be a sequence such that ¢, 1 T. Set

A\p 1= <%> ’ , Un(x) = /\T%Lu(tn,)\nx).

l[w(tn)ll s
By the blowup alternative, we see that A\, — 0 as n — oo. Moreover, we have
lvnllzz = llutn)ll2 = lluolle = QL2 (5.2)
and
lonllgrs = A llultn)ll s = 11Q g (5.3)
and

E(v,) = M2 E(u(t,)) = \2*E(ug) — 0, as n — oc.
This yields in particular that
s 42 d + 2s

4e+2

| K ||Q||H, as n — oo. (5.4)

[[vnl
The sequence (v,,)n>1 satisfies the condltlons of Theorem 1.2 with
4s d + 2s
mdt? = 1R, M?=Ql%.

Therefore, there exists a sequence (xn)nzl in R? such that up to a subsequence,

d
Un (- 4 Zn) = A3 u(tn, An - +x,) =V weakly in H?,

asn — oo with ||[V]|p2 > ||Q| r2. Since v, (-+x,) — V weakly in H® as n — oo, the semi-continuity
of weak convergence and (5.2) imply

Vs < timint ]2 < 1l
This together with the fact |V]|p2 > ||@]| L2 show that
Vllze = 1@llzz = lim e 55

Therefore

Un (- + ) — V strongly in L? as n — oo.
On the other hand, the Gagliardo-Nirenberg inequality (1.4) shows that v, (- + 2,,) — V strongly
in L7712 as n — oo. Indeed, by (5.3),

s 49 s
[on (- +2n) = VHd o S lonC 4 2n) = VI on (- +2n) = VI,

4s
S Ul + VIl )2 loa(- +2n) = VI 2 =0,
as n — o0. Moreover, using (5.4) and (5.5), the sharp Gagliardo—Nirenberg inequality (1.4) yields

d d [V
2 = 1 o, T2 d < 2
Q1% = gz Jim ol % = 5 VI, < (1t VI, = VIR

or ||Qll zs < ||V =- By the semi-continuity of weak convergence and (5.3),

IVl < Y inf o 5. = Q-
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Therefore,

Ve = QU = lim ffonl. (5.6)

Combining (5.5), (5.6) and using the fact v, (- + z,) = V weakly in H®, we conclude that

Un (- + @,) — V strongly in H® as n — oc.

In particular, we have

E(V)= lim E(v,) =0.

n—0o0

This shows that there exists V' € H® such that

Viize = Qllz2,  E(V)=0.

By Lemma 5.1, we have V(z) = A2 Q(Az 4 x) for some 6 € R, A > 0 and z € R%. Thus

d .
Un(-+ 2n) = N u(tn, An - +ap) >V = 6“9/\%@()\ - +x0) strongly in H® as n — oo.

Redefining variables as

A= A A T = AN + 2,

we get

o d _
e N2 u(ty, Ay - +T,) — Q strongly in H® as n — oo.

This proves (5.1) and the proof is complete. O
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