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Analysis of a dynamic frictional contact problem for
hyperviscoelastic material with non-convex energy density
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Laboratoire de Mathematiques et de Physique, Université de Perpignan Via Domitia, Perpignan Cedex, France

Leszek Gasinski and Piotr Kalita
Faculty of Mathematics and Computer Science, Jagiellonian University, Krakow, Poland

Abstract

Using the time approximation method we obtain the existence of a weak solution for the dynamic contact problem with
damping and a non-convex stored elastic energy function. On the contact boundary we assume the normal compliance
law and the generalization of the Coulomb friction law which allows for non-monotone dependence of the friction force
on the tangential velocity. The existence result is accompanied by two numerical examples, one of them showing lack
of uniqueness for the numerical solution.
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1. Introduction

The mathematical analysis of dynamic frictional contact problems within the framework of hyperelasticity today
still remains a subject of research which is incomplete and difficult to apprehend. Indeed, this challenging field to
work on involves several difficulties such as the non-convexity of the stored energy of the material and the non-
monotonicity of the frictional contact laws. Therefore, the establishment of the existence of variational weak
solutions represents a non-trivial and very interesting issue for such nonlinear elastodynamic problems. In the
context of convex energy materials, there exist numerous references dealing with the variational solvability of
dynamic contact problems. Without being exhaustive, we can cite the works [1-17] as well as all the references
they include.

In this work, we study the system of partial differential equations which models the evolution of the dis-
placement of a body made from hyperviscoelastic material in frictional contact with a foundation. Our results
are twofold: we obtain the result on the existence of a weak solution and we present the examples of the numer-
ical simulations. The existence result does not need either the assumption that the elastic stored energy function
is convex, or that its derivative is Lipschitz. The argument is based on the time approximation method and the
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so-called propagation of regularity argument established in [18] and later developed in [19]. The novelty of the
model with respect to [18, 19] is that we assume contact boundary conditions: the normal compliance condition
and the multi-valued friction condition. This last condition is described by a multi-valued and non-monotone
relation between the friction force density and normal velocity (see [17, 20]), which leads to the partial differ-
ential inclusion rather than the equation. Still, it is possible to use the arguments of [18, 19] to get the solution
existence. Theoretical results are complemented by numerical examples, one of them demonstrating that, at
least on a numerical level, we observe a lack of solution uniqueness for the analyzed problem.

The structure of the article is as follows: the problem is formulated in Section 2, where the assumptions are
also presented and discussed, and the main result (Theorem 2.3) is stated. Sections 3 and 4 are devoted to the
proof of Theorem 2.3. Finally, in Section 5 two numerical examples are presented and discussed.

2. Problem statement, assumptions, and main result

Formulation of the problem. Let @ C R, where d € {2, 3}, be a reference domain occupied by a nonlinearly
viscoelastic body and let (0, 7') be the time interval of interest. The boundary of €2 is sufficiently smooth (Lip-
schitz) and divided into three relatively open and mutually disjoint parts 3 = ', U I'¢ U T'y. Each of these
parts is measurable with respect to (d — 1)-dimensional Hausdorff measure H,;_, and can possibly be an empty
set. By M?*? we denote the space of the matrices d x d. The symbol | - | denotes, depending on the context, the
norm in R? or M?*?. We are looking for the displacement function u :  x (0, T) — R? and the stress tensor
o : Q x (0,T) — M9 such that

pit =Dive +f, in Q x(0,7), 6]
o0 =G(Vu)+ AVi) in Qx(0,7), ()
u0)=wuy in , 3)
u(0) =v(0)=u, in €, “4)
u=0 on I'px(0,7), (5)
ov=f, on I'yx(0,7), (6)
— o0, =p,(u,) on T¢x(0,T), (7)
— oy €loy,]0j(;) on D¢ x (0,7). (8)

In the above formulation Dive = 0;;; and Vu = u; ;, where we use the summation convention over the repeated
indexes and the index after a comma denotes the derivative taken with respect to the corresponding variable. The
vector v is the unit outer normal vector on d€2 and 7 is its associated tangent vector. We use the decompositions
of displacements and stresses (and in general, all vector functions) on the boundary into their normal and tangent
components

u,=u-v, U, =u—u,v, o,=0v-v, and o, =o0cv—o,v.

The function £, : Q x (0, T) — R? is the density of mass forces, and f, : 'y x (0, T) — R is the density of
boundary tractions. The number p > 0 denotes the mass density of the material and is assumed to be a constant
in the rest of the paper, for the sake of simplicity. The function G : M?*? — M?*¢ is the elasticity operator,
which can be nonlinear, and A : M?*? — M?*? is the linear viscosity operator. The normal compliance
function p, : R — R is assumed to attain only non-negative values and hence (8) can be equivalently rewritten
as

—or € py(uy)dj(u;) on I'c x(0,7).

The friction multifunction 9 : RY — 2R is the Clarke subdifferential of a certain locally Lipschitz potential
j : R — R. Multifunctions of this type are commonly used to describe friction (see [17, 21]). As j is defined
on the finite-dimensional space R?, its Clarke subdifferential is given by

dj(s) = conv { lim Vj(s,) : s, € SUN, s, — s, sequence {V/(s,)} is convergent} ,
n—oo

where S is the Lebesgue null set of non-differentiability points of j and N is any Lebesgue null set. For the
general definition of the Clarke subdifferential, when the domain of j can be an infinite-dimensional Banach
space, as well as for its properties, the reader is referred to [22, 23].



Assumptions on the problem data. We take p > 2. By p’ we denote its conjugate exponent, such that 1/p +
1/p’ = 1. We also define the exponent g such that

(1, 00) if d=2,
qg < {(1,00) if d=3andp > 3,
(1,2p/(3 —p)) if d=3andp €[2,3).

We will denote the exponent conjugate of ¢ by ¢'.

Lemma 2.1. The choice of p and q guarantees that the trace operator y : W'"(Q)? — L1(3Q)? is compact
and the trace operator ys - W' =P(Q)? — L1(dQ)? is continuous for a small constant § > 0.

Proof. By [24, Theorem 1.4.3.2, p. 26] the embedding W'*(Q)? c W'=*»(Q)? is compact for a small constant
8 > 0. Let us first consider the situation p < d. This holds only if d = 3 and p € [2,3). If ¢ € (1,2p/(3 — p)),
we can find small €,§ > 0 such that ¢ = 2p/(3 — p + p(8 + ¢€)). Using the Sobolev embedding theorem
we obtain W!=%P(Q)? C W*4(Q)?, where s = € + 1/q (see [24, Theorem 1.4.4.1, p. 27]). Now the trace
theorem for fractional Sobolev spaces (see [24, Theorem 1.5.1.2, p. 37]) implies the continuity of the trace
operator y, : W*4(Q)? — L1(dQ)?. We can compose the two embeddings (one of them being compact) and
the trace operator to obtain the assertion for the case p < d. If p = d, then [24, Theorem 1.4.4.1, p. 27]
implies the continuity of embedding W'=*(Q)? c W*4(Q)4 for g = (d — 1)/(86 + €) and s = € + 1/g, and
[24, Theorem 1.5.1.2, p. 37] implies the continuity of the trace operator y, : W*4(Q)? — L9(dQ)". Finally, if
p > d, [24, Theorem 1.4.4.1, p. 27] implies that we can always choose small § > 0 such that the embedding
wi=sr(Q)? c C(Q)? is continuous, and, clearly, the trace yc : C(Q)? — LI(dQ)? is continuous for any
q € (1,00). Hence, the assertion for the case p > d also holds. O

We make the following assumptions.

(H1) There exists ® € C'(M¢*?) such that G(M) = 2392 for every matrix M € M.

(H2) It holds that |G(M)| < Cg(1 + |M|P~") for every M € M?*? with a constant Cg > 0. Moreover, o|M |’ —
B < ®(M) < Co(IM + 1) for every MEMdXd with constants &, 8, Co > 0.

(H3) (G(M) — G(M)) : (M — M) > —K|M — M|? for every M, M < M?*¢ with a constant K > 0.

(H4) A : M?*? — M?*4 is linear and bounded with A(M) : M > A|M|? for every M € M?*? with a constant
A > 0.

(HS) It holds that p, € C(R; [0, 00)) and p,, is monotone increasing with p,(s) = 0 for every s < 0. We assume
that |p,(s)| < C,(1 + |s]?~") for every s > 0 with a constant C,, > 0.

(H6) The function j : R? — R is locally Lipschitz. Moreover, max;cys) 1£| < C; for every s € R? with a
constant C; > O and ¢ - s > 0 forevery s € R? and ¢ € 9j(s).

(H7) f, € L*(0, T; LP/()) and f| € L*(0, T; LP*(T'y)), where

€ (l,00) if d=2, d € (l,00) if d=2,
Pri=¢ if d=3, " Pl=4 if d=3

Assumptions (H1) to (H3) on the relation between the elastic stress and displacement gradient are the same
as in Friesecke and Dolzmann’s paper [18]. Assumption (H1) means that the relation between the elastic part
of the stress tensor and the displacement gradient is given through the derivative of the stored energy function
®. This function is not required to be convex, indeed, in such a case G would be monotone, and, clearly, (H3)
is more general. In fact one can easily prove that (H3) is equivalent to the statement that M — G(M) 4+ KM is
monotone, which in turn is equivalent to the fact that the functional M — ®(M) + §|M |? is convex, that is, ®
is a quadratic perturbation of a convex functional. If ® € C?>(M“*“) the assumption (H3) is more general than
the Andrews—Ball condition [25],

(GM)—GM)): (M —M)>0 forall |[M|,|M|>R andsome R > 0;

see [18, Lemma 1.1]. Also note that we do not require a global Lipschitz condition on G, for example, the law
given by ®(M) = |M P does not lead to globally Lipschitz G, and (H1) to (H3) still hold.



The coercivity in (H4) can be replaced with the more general assumption
/ A(Vu) : Vudx > AIqulliz(Q)dxd — K||u||iz(9)d forevery u e H'(Q),
Q

which by the second Korn inequality (see e.g. [26]) would allow us to consider the situation where A is a
function of the symmetric part of Vau, that is, A(Vu) = A (%(Vu + VuT)). The argument in the proof of
existence in Sections 3 and 4 is already quite technical and involved, so to make the exposition simpler we deal
with A(M) : M > X|M?. The interested reader is asked to modify the estimates below to account for this more
general situation.

Note that since the elasticity term G is not assumed to be monotone we need coercivity of A to obtain the
solvability of the discretized problem (see Lemma 3.1), a priori estimates for the solutions of the discretized
problem (see Theorem 3.2), and propagation of the regularity property needed to pass to the limit in the term
with G (see Lemma 4.6). We leave open the question of whether the existence result presented here holds if
A is non-coercive (for example A = 0), but the method presented here does not work if we want to keep
non-monotone G without coercivity of A.

We consider the normal compliance condition (7) which allows for the infinite penetration of the foundation.
We leave open the question of whether the proposed method can be generalized to the case of non-penetration
condition

Ol) +pv(ul)) S O: uv S g; (av +Pv(uv))(”v - g) = O on FC X (0, T)

We expect that, using the formulation based on variational inequalities, the presented existence result should
also hold for the non-penetration case, in the framework of the article by Barboteu et al. [1].

Typically, linear growth is needed in the boundary conditions on the contact boundary; see [17]. We make
use of Lemma 2.1, whence due to the Sobolev embedding on the boundary we can consider the growth condition
with power ¢ — 1. The condition ¢ - s > 0 in (H6) means that the friction force is directed opposite to velocity,
which is natural. The constant C; represents the maximum static friction coefficient. The bound by C; in the
friction term signifies that the kinetic friction cannot exceed the maximum static friction. The multifunction 9
can be non-monotone and does not have to satisfy the one-sided Lipschitz relation like in (H3). This lack of
monotonicity signifies that kinetic friction is less than static friction and rapid drops of friction with the increase
of velocity are allowed.

Also note that, in contrast to results such as [27, 28] we make no assumptions on the smallness of the con-
stants present in the model. The reason is that we prove only existence and not uniqueness of the solution.
Arguments based on the Banach fixed point theorem used in [27, 28] typically need the strengthened assump-
tions involving smallness of the constants present in the model, and they give stronger results, namely solution
uniqueness. In the case of our model, due to the type of nonlinearity G we do not expect solution uniqueness
even if we assume smallness of constants present in the boundary terms. Moreover, we have numerical evidence
that the solution is expected to be non-unique; see Section 5.

Weak formulation and the main theorem. Proceeding in a standard way we get the following weak form of
the above problem, where & : Q — R4 is a test function which satisfies the same Dirichlet boundary conditions
as the sought solution u:

u-&d 1) : d. . d. uvvd v#y 'rd
/Q,ou & x—i—/QA(Vu) VE x—l—/QQ(Vu) VE x—i—frp(u)é S+/p(u)17§ S

C e

- fl.st+ffo-sdx, ©)
'y Q

with 9(x,7) € 9j(it.(x, 1)), and the initial conditions #(0) = uy, #(0) = u,. To give more meaning to the
weak form we need several Sobolev-type spaces. We denote H = L*(Q)? and define V = {v € W'P(Q)¢ :
v = 0 on I'p}, and we use the standard notation for the Sobolev—Bochner spaces. Duality pairing between }”’
and V is denoted by (-, -) and the norm of V' is denoted by | - ||. For spaces other than V' the corresponding
norms are denoted by appropriate subscripts. We also define W = {v € H'(Q)? : v = 0 on TI'p}. Clearly
V.c W c HcCW c V' with all embeddings being continuous. We are now in a position to introduce the
definition of the weak solution for the considered problem.



Definition 2.2. The functionu € L>(0, T; V) with i € L>(0, T; H)NL*(0, T; W) and it € L*(0, T; V') is a weak
solution for problem (1)—(8) if there exists y € L>(0, T; L>®()?) with n(x, 1) € 3j(it.(x,?)) a.e. in ['¢c x (0, T)
such that for any & € L*(0, T; V) it holds that

T T .
/0 toi(e), £ ’+/0 /Q (Vi) : VE(r) dx t+/0 /QQ( u(t)) - VE(&) dxdi
T T
v % v de v v . . de
+/0 /Fcp (un(1))€,(1) t+/0 /Fcp (un(O)(?) - € () dS dt

T T
:/ fl(t)-g(t)det—l—/ /fo(t)-S(t)dxdt, (10)
0o Jry 0o Ja

and
u(0) = uy, u(0) = u;. (11)

We formulate the main theoretical result of our article.

Theorem 2.3. If assumptions (HI) to (H7) hold and uy € V, uy € H then the problem (1)~(8) has a weak
solution.

The proof of the theorem relies on the time approximation method and is given in Sections 3 and 4. Throughout
Sections 3 and 4 we always assume that uy € V', u; € H and that the assumptions (H1) to (H7) hold. By C we
will denote a generic positive constant which may change from line to line.

3. Time-discretized problem: Existence and a priori estimates
The regularity of £, and f| given in (H7) implies that there exists f € L*(0, T; W) such that

T T T
/0 (f(t),&(t))W/detz/o FNfl(t)-§(t)a’Salt-i-/O foo(t)~§(t)dxdt

for every & € L*(0, T; W).

Let us introduce some material below concerning the time discretization. We consider a uniform discretiza-
tion of the time interval of interest (0, 7) characterized by the discrete time instants t; = jhy forj € {0,...,N}
where iy = T/N is the time step and N the number of time steps. For simplicity we will write 4 in place of Ay
and 47 — 0 in place of N — oo. In order to establish the time approximation of the problem governed by the

equation (10) and the initial conditions (11), we consider the discrete displacement ), and the discrete velocity

v, which are the approximations of the displacement u(r) and the velocity i(7) respectively at the time ¢ = ¢; for

j € {0,...,N}. Then, the discretizations of the velocity u#(#) and the acceleration i(#) are given by an implicit
backward Euler scheme as follows:
uy— ) v, =i, w,—2u )
u(t) ~v, = -"1—" and )~ - p h -k 22 T o jell,...,N}. (12

h

Moreover, we approximate u; € H by a sequence uy;, € V such that uy;, — u; strongly in H as # — 0. We
can always choose the sequence u;; such that for a constant C > 0 we have

C
Vsl 2@pixe < N (13)

Indeed, if || V| 12(qyixa does not go to infinity as & — 0, the assertion is clear, and if it goes to infinity, we can
always define a new sequence

wy, =wu;; where h=min {}_z DIV 2 gpaxe < —} .

N



The bound will be used in Lemma 4.1 to obtain the estimate on the piecewise linear interpolant of the velocity
from the bound on the piecewise constant one. We also define u2 = uy, vg = uyy, and uh_1 = uy— huy,. Denoting

the interval I{; = (tj_1,t;] we can define the zeroth-order quasi-interpolant of f* as
4 4 |
fr)=f, for tel with f,= Z/_f(l)dl for je{l,...,N}.
b

Using [29, Lemma 3.3] it follows that
W ull 2o,y < W N2,y and %13}) Wfr — fll2,r:m) = 0.

Therefore, we are in position to formulate the time-discretized problem as follows.

Problem (Py). Find {u},},—._ v C V and {if,}j=1..x C L®(T¢c)? such that forj € {1,..., N} we have

.....

. i1 2 : i—1
Q h Q h Q

+ /F Po(),,)E, dS + /r o)), - &, dS = (f}, &) forevery &€V,

) i1
UZESOO(ulr_hulhr )’

with

(14)

(15)

(16)

that is, n’h is the L™ selection of dj at (“21 — u’,;l)/h meaning that %l(x) € dj ((uélr(x) — u’,;l(x))/h) for a.e.

x € Tcand i}, € L®(T¢).

Lemma 3.1. Let hy = 20 /K. Time-discretized problem (P;) has a solution for h € (0, ho].

Proof. We proceed by induction. As u, and uh are known, it suffices to prove that if u’ € Vand u’,;_z eV

are given, there exist u’ € Vand 11’h € L®(I'¢)? satisfying (15) and (16). We rewrite (15) as

ﬁfgu’h-&dx—l— Z/QA(VM;’) : V&dx—i—/gg(Vu’h) : VE&dx
T /F P8 a5 + /F RRCAUALRE

= %/(2”2‘ _u’,f2)-de+ }lz/ A(Vu’;]) : VEdx + (f];,,E)W/XW forevery £ e V.
2 Q

(17)

First, we prove that the right-hand side of the above equation defines a linear and continuous functional of the

variable & € V. The assertion follows from the obvious estimate which uses (H4):

%/(21/;1 — ;4_2)-§dx+l/ A(Vué,_l) :VEdx + (fé,,S)W/xW
< hz/(zw 1 DIg dx + /lA(W IVE dx -+ I1F} 1]

_h2

(|| e+ g ) 1E N + ZIIVH’[ 2@yt I VE N 2@yea + CUE, I €D < CIIELL



To deal with the left-hand side of (17) we introduce the three operators H,H, : V — V' and Hy : V — 2" as
follows:

(Hw, &) = %/QA(VW) : VEdx+ /Q G(Vw) : VE dx,

<sz,.s>=h%/9w~sdx,

oW )E, dS + f

Ic

¢ € Hy(w) & (£.) =/

I¥e!

. —
po(wy)n - €.dS with e Sg;? (WTM) .

We will prove that the multi-valued operator H; + H, + H; : ¥V — 2V is surjective. To this end we will use
Theorem A.6 in Appendix 1. We will first show that H;, H,, and H; are well-defined, pseudomonotone and
bounded.

H, is well defined and bounded. By (H2) and (H4) for any w, & € V

1
|<H1w,£>|s}—Z/Q|A<W)||vs|dx+/g|g(Vw>||v;=|dx

C _ C _
=< Z/ IVw||VE]|dx + Cf(1+|VWI” DIVE|dx < ZIIWIIII&II + CIEIN + ClwlP~ 1.
Q Q

H, is monotone. Taking wi,w, € V and using (H3) and (H4), we obtain
(Hiwy — Hiwp, w1 — w)

1
= f(g(le) —G(Vwy)) : (Vw; — Vw,)dx + f_z/ A(Vwi — Vw,) : (Vw; — Vw,) dx
Q Q
A
= —KIVwi = V2l gyea + 3 VW1 = V232 gyina 2 0,

provided & < %

H, is continuous. Assume that u,, — u in V. We must prove that

sup |[(Hiu, — Hiu,§)| - 0 as n— oo.
l&l=1

Take & € V with ||&]| = 1 and estimate
C
[(Huy — Hiu, §)| < 1G(Vuy) — G(VU)ll pr gpaxa + ZHVW — V|2 (qyixd.

Clearly the second term converges to zero. To see that the first term also converges to zero it is sufficient to use
the fact that, for a subsequence, Vu,(x) — Vu(x) a.e. in Q and |Vu,(x)| < h(x) with & € [P(2), the continuity
of G (see (H1)), the growth condition on G (see (H2)), and the Lebesgue dominated convergence theorem.

We can immediately see that H, is monotone, linear, and bounded. Hence, pseudomonotonicity of H; and H,
follows from Lemma A.5.

Hj is pseudomonotone. The proof is similar to the one in [30]. We will use Lemma A.3. We first obtain the
boundedness of H3. For w, & € V' and ¢ € H;(w) we get, using (HS) and (H6),

&8 < | Ipw)IIEIdS +C | Ipuw)l 1€, 1dS < C | (14 |w, |7 )IE|dS

I'c I'c I'c

= C (I8 Ny + 18 lares W25 ) = CCL+ Il



Hence || ]|;» < C(1 + ||w]|") and the boundedness is proved. We show that /3 has non-empty and convex

values. For w € V denote v = (w,; — uﬁn )/h. We have v, € LI(T'¢c)? and v, € LI(T¢). Let {v,}°°, be a
sequence of simple (i.e. piecewise constant and measurable) functions such that v,(x) — v.(x) for a.e. x € ['c.
Let 7, : T'c — R? be such that 5,(x) € 3j(v,(x)) for a.e. x € Tc. As |n,(x)| < C; almost everywhere, for a
subsequence still denoted by the same index we have

n, — n weakly —xin L®(T¢)".

Since 9j is known to be an upper-semicontinuous multifunction (see [23, Proposition 5.6.10]) by the conver-
gence theorem of Aubin and Cellina (see [31, Theorem 7.2.2]) it follows that 5(x) € 9j(v(x)) for a.e. x € ['c.
Hence 5 € S3;(v). Consider the mapping

V> E — (ﬁ pv(Wv)gv dS+,/1“ Pu(Wv)’? : gr dS) eR

It is straightforward to check that it is linear and continuous and hence H3(w) is non-empty. The fact that H3(w) is
convex follows immediately from the fact that d;(s) is always a convex set. We will show that if w, — w weakly
in V and ¢, — ¢ weakly in V' are the sequences such that ¢, € Hsz(w,) then ¢ € H3(w) and (¢, w,) — (¢, w).
It will follow that Hj is generalized pseudomonotone and that H3(w) is a closed set (since, in particular, we can
take w, := wand ¢, — ¢ strongly in V’). Forany § € V'

nt ”fﬁ]
(£, E) = / oWy dS + / v, - EodS with 7, € 539 (e M)
I¥e I'c h

Compactness of the trace y : V — L(I'¢)? implies that
Wuy — W, strongly in  LY(T¢),
Wy — w;  strongly in LY(T o).

Hence, for a subsequence, w,,(x) — w,(x) and w,.(x) — w.(x) for a.e. x € I'¢c with |w,,(x)] < A(x) and
W, (x)] < h(x) with A(x) € LY(T"¢). We can estimate

Py (Wi ()8 ()] < C+ W) DIE)] < CUEM)] + [6,(0)I7 + [h(x)|),
P W (W ()] < C(1 + W (X7 D)W ()] < CAUAX)| + [A(x)19).

By the Lebesgue dominated convergence theorem,

lim pv(wp)€, dS = / pv(w,)€, ds,
c I'c

n—oQ

lim DPyWp )Wy, dS = / py(wy)w, dSs.
c Fc

n—oQ r

Now,

/F P& dS = [ puov) — puOrY, &, dS + / P, -, dS.

I'c I'c

We use the Lebesgue dominated convergence theorem to deduce that

lim (p,,(w,,,,) pw)y, -§,dS=0 and lim (pv(w,,v) W), - w, dS = 0.

n— oo n—oo
In a manner similar to the proof that H3(w) is non-empty, we have, for a subsequence,

n, — n weakly — xin L®(T¢),



with € S5 ((w. — ul,;l)/h). Since p,(w,)&, € LY(T'¢)? and p,(w, )W, — p,(w,)w, strongly in L'(T'¢)?, it
follows that, for a subsequence,

meMw&ﬁ% poOwo ) - £, dS,
I'c

el

f pv(Wv)”n Wy dS — / (W) - w; ds.
I'c I'c
Hence
(¢.&) = hm (¢,,§) = lim (/ Pv(Wi)§y dS+f oW )n, - &, dS)
= [ powggids+ [ posm-g.as
I'c I'c

where the convergence must hold for the whole sequence. It follows that ¢ € H3(w). Moreover,

lim (¢,,w,) = lim (/ DWW, dS —I—/ PovWa ), - Wae dS)
n—o0 n—0o0 FC FC

=/pMMMﬁ+/pMMWm£=@wL
I'c

I'c

and, again, the convergence holds for the whole sequence. The proof of generalized pseudomonotonicity and of
pseudomonotonicity of H; is complete.

To use Theorem A.6 we must estimate from below the quantity (¢ — L, w — u’[l) for ¢ € (H, + Hy + H3)(w)
and L € V. We have

(¢ —Lw-— u’h ) = h2/w w— u’ )dx+ /A(Vw) (Vw — Vu/ )dx
+ [ 6w @w=vuldx s [ puonon, — s
Q Ic
+/ pvw) - (w, _”];;l)ds_ (Law_llé,_l>,
I'c

with 9 € S57((w: — uZl) /h). We estimate from below five integrals in the above formula. We have

1

2 e ov = ez 0 (1wl = Iwllaled” )

P 2 -
ZE;@WM—H%IM)

Moreover, by the coercivity and boundedness of A (see (H4)),
%fAWW:Ww—W45w=%f(m%ﬂ—mw45+mw4w:ww—w4bm
2 Q

A - 1 . .
Q

>

C(e)

—”VW vu/ (Q)dxd -

€
||i2(g2)d><d - Z”VW”iz ”Vu] ”LZ(Q)dxd,

=



where € > 0 is arbitrary and C(€) depends on € and || Al| zpexe;pexe). Now note that by (H3)
(GM)) + KM, — G(M3) —KM,) : (M| —M,) >0 for M,,M, e M

Since

_ 2 Komp
GO + KM = 1 (000 + SIME).

it follows that the function %
M — d(M) + 5|M|2

1s convex, and
d(M;) + I;'Ml 2 — &(My) — §|M2|2 < (G(M))+KM)) : (M, — M),
and we deduce that
O(M;) — (M) — §|M1 — M, <GM)): (M, —M,) for M, M, e M (18)
It follows that
/Qg(w) S (Vw— Vil NYdx > fQ O(Vw)dx — fg (Vi ") dx — gnw — Vi, 2 qpia-
We can use (H2) to note that
fQ (VW) dx — fQ Vit ) dx = al VW, g s — Coll Vi, I, s — (B + Ca)l €.

By (H5) and (H6) we have
f pv(wo)n - (wr — u];;l)dS > 0.
I'c

Assumption (H5) implies that, defining P(s) = fos pu(r)dr, it holds that

PS5 =0 = P =P = Pl == | P dr > ‘ / G+ | =~y - cp%
for s,t € R, and hence
fr paln0n, = 1,5 = =C (14 10 W) = =€ (14 1)
We summarize all estimates
(€ = Low =) = S (1wl = 1) = S 19w gyes — %nvdg‘lniz(w
+ VW0, gia = Coll Vil 1,00 — (B + Co)I 2 + (% - 15{) 1Vw = Vi, 172 qea

= C (1 e, 17) = WLl + (L),
As hy = 21 /K, treating all terms dependent on uZ_l as constants, which may depend on /4, we obtain

(& —Lw—u ")
P ¢ Cle), _ i
> & VWI] gy + 5 WG = S IIWIEgyed = = 1V8, Igyena = Cllwll = C.

10



Since

||Vw||L2(Q)d><d S 1 + ”VWHLZ(Q)dxd S 1 + C”vw”Lp(Q)dxd7

is absorbed in || V| whence

we can choose € small enough that the term € /4| Vw||? Lr(yixd>

LZ(Q)dxd

i o
(€ = Low =) = SNV 0000 + 55 w1 = Cllwl - (19)

2h?

We will use the following Gagliardo—Nirenberg interpolation inequality valid for w € V:

d(p —2)
dp—2)+2p

1— .

W@y < CHIVWIT quxallwlly “ + Coliwlly - with o =

Observe that the quantity [[[wll| = [[wllz + (VW 1p(qxa is the norm on V' equivalent to [|w]|. Indeed,
Iwlll = [wllz + IVWl pppixa < Clwllpgye + VW pgyaxa < Cliwll,

and

Wil = Wl + 1YW o(@yixa
1—
< CllIVwlg e Wl + Callwlla + VW pqyaxd
< Cillwll“liwll'= + Callwlll + liwlll < Clliwlil.

Using the estimates [|wlly < p/(4h*)|w|}, + C and VWl pqpixa < a/4||Vw|| Lp(@yixd + C, the bound (19)
yields

i o
& —Lw—u')y> EIIVWIIU(Q)dxd + 53 2h2 Wil = CUVWIpyixa + IWla) —

IIVWII C.

Lp(Q)dxd + 4h2 ”w”H

If we choose R large enough that

then
liwll = Ro=> (¢ —Lyw—u, ') >0

, and the surjectivity holds by Theorem A.6. O

If necessary, we increase R, such that Ry > ml’/h_l

We pass to the a priori estimates which hold for the solutions of the time-discretized problems.

Theorem 3.2. Let 0 < hy < L/(2K). For all h € (0, ho] and for all j € {1,...,N} the following estimates hold:

“v/h”H = C, “Vu/h”Lp(Q)dxd < C,
N N
— |
Do =vi i <G, Y IV g < C.
J=1 j=1
)l < C.

11



Proof. For simplicity we will drop the index # in the estimates. Taking the test function § = &/ — 1/~ in (15),
we obtain, forj € {1,...,N},

oW W
oz/p”} wotw ~(u’—u’1)dx+/
Q

h? Q

j _ j—1 . .
A (%) (Vi — Vi) dx

I 1)

* / G(Ve): (Vi = Vu ™)+ / poe)ut, — ) dS
Q re

I3 n

+/ P - (W, — W ydS — (f  — W Yy
I'c

13

Is

We deal with all terms separately.
T P P, P
h= [ o0 =) x = SR = 21+ S - v
Q 2 2 2
The term [, is estimated straightforwardly from (H4):
b= 1 = Vi g
=7 12(Q)

We estimate /3 using (18)

I d(Vi)d oVl dx — X val — vl )2

3> Q ( ) X — o ( u, ) x_EH —vu, ||L2(Q)d><d-

To estimate /5 observe that P(s) = fos pv(r)dr is a convex function with P'(s) = p,(s) and it holds that
pu(8$)(s —t) > P(s) — P(f) for s,teR,
and hence

I > f P(d)dS — f PGy ds.
I'c I'c

From (H5) and (H6) it follows that
Is > 0.

We estimate /4:
. . € . - . -
Io < Il =~ = 5 (10 =/~ + 1V = Vi~ 00 ) + CCOMIF
Combining all the above estimates we obtain

P, P Py

K €

) - A ; i
+[ cp(Vu/)dx—/ o(Val, e+ (57— = — - IVl — Vi, 12, 00
Q Q ho 2 h @

. . € . .
s [ padyds— [ PGS < Sl = gy + OO
I'e I'e

12



We choose € = A /2. Using the fact that 4y < A/(2K) it follows that
DIV, = 21 1+ S0 = v+ [ evudx— [ o) ds
2 2 2 o o
Ao . - A
+ I gyt [ Pdyds = [ Pl s = DA + Ol

Adding the above inequalities for j = 1 to /, where [ € {1, ..., N}, yields
P P - <
SV + 5 1 =+ [ @Vuds i IV g+ [ Pd)as
J=1 j=1 c

=

N[

! I
A .
lanall; + / (V) dx + / P(uo,)dS + Zh > VIG5 + Ch Y Ifl15-
@ e 2 j=1 j=1

Noting that by (H5) values of P are non-negative, that the norm ||#,, ||z is bounded due to the strong convergence
uy;, — uy in H, and that, by (14),

! N
2 2 2 2
RY WG < B Y W = il ra < W2
Jj=1 J=1

using (H2), we get the estimate

1 ! /
— A , .
IV + 0 Y 1Y =V G+ 20V Iy s + 51D NIV I paes < C+ 2R Y IV
j=1 Jj=1 Jj=1

We are in a position to use the discrete Gronwall lemma (see [32, Theorem 1.46, p. 26] or [33, Theorem 6.1, p.
339]), which immediately yields the first four estimates of the theorem. To obtain the estimate for ||/ ||; note

that
! : ul — U
vV = .
2Y="5
J=1

Hence ||u!||z < h ijl IV a + lluolly < hIC + |luglly < CT + |lug||z, and the proof is complete. O

Remark 3.3. The constant 4y in Lemma 3.1 is equal to 2A/K while in Theorem 3.2 it is less than A/(2K). It
follows that we can take /4y from Theorem 3.2 and Lemma 3.1 still holds.

4. Convergence of the discretization scheme

We define the piecewise constant and piecewise linear interpolants built on the solutions of the time-discrete
problem both for the displacement u, the velocity v, and for the selection of the multi-valued term :

j SN _ W forte (t1,t],
w(t)y=u + W — o/ I)TJ for telt_1,4], wuy(t)= {uo fOI‘Z:(Oj 1, 4]

' SN _ v forte (t-1,1],
vit)=v +( —Vv I)Tf for tel[tii, 4], () = {vo fort:(()j 1,41

=10 for re,1]

Clearly u;,(f) = v(¢) for a.e. ¢t € (0, T). From Theorem 3.2 we immediately obtain the following estimates.

13



Lemma 4.1. There exist hy > 0 and C > 0 such that for all h € (0, hy] we have the bounds

Nl 20,7, < C, llwnllz,7;) < C, (20)
Willzooo, ;) < C, villzeo, 7,y < C, (21)
VYl 20, 7:02()2xa) < C, 1VYill20,7:02(0)xa) < C. (22)

Proof. In Theorem 3.2 we have obtained the bound
1) 11 + Vel | paina < € for je(l,...,N}.

As ug = uy € V the bounds (20) follow from the equivalence of norms ||-||| and || - || on V' obtained in the
proof of Lemma 3.1. Bounds (21) are immediate noting that ||v2 |z is bounded as v2 = uy; converges strongly
in H to u;. The bound on ||V, 12(0 7.12()ixe) 18 immediate. To get the bound of ||V, || 2, 7.12(q)ix¢) note that
for ¢t € (tj_1, ;) we have

. t—ti_ i1 t—t
IV 9Ol 2y < 19V a@yea— 7 + I3, lapna”

. -
< IV, ll@pixa + VY, [l 12(@yixa,

and hence
N
4 .
IVl @ity < D /[ 20V¥ 172 qpixa + 209V, 2 gpea dt
j=1 "1
N .
S 4h Z ”VV;I ||[2‘2(Q)d><d + 2hl|vv2 ”iZ(Q)dxd'
j=1
The assertion follows from Theorem 3.2 and (13) as vg = uy,. O

Directly from the estimates in Lemma 4.1 we get the following result.

Lemma 4.2. For a subsequence of h — 0 we have

u;, — u weakly-* in L0, T; V), (23)
u, — u weakly-* in L>°(0, T; V), weakly-* in W'>(0, T; H), weakly in H' (0, T; W), (24)
vy — v weakly-* in L*(0, T; H), weakly in L*(0, T; W), (25)
vy — v weakly-* in L>(0, T; H), weakly in L*(0, T; W). (26)

Define the piecewise constant interpolant for the acceleration by

- Y
wi(f) = w), fort € (t_,4;] andj € {1,...,N} where w), = %
Clearly
ow =2 W
w), = 22 " forje{l,...,N},
and
vi(t) = wp(t) forae. te(0,7). (27)

In the following lemma we derive some further estimates.
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Lemma 4.3. There exist hy > 0 and C > 0 such that for all h € (0, hy] we have the bounds

”g(vﬁh)llLOC(O,T;Lp’(Q)dxd) S C,
Wl 20,7,y < C.

Moreover, for a subsequence of h — 0 we have the convergences

G(Vi,) — G weakly-*in  L>(0, T; L (Q)¥*),
wp — w  weaklyin L*(0,T; V"),
vy — v weaklyin H'0,T;V").

Proof. Assumption (H2) implies that

and hence

which immediately gives (28) and (30) by Theorem 3.2. We derive the estimate for wy,. Let & € V. By (15)

Using the bounds of Theorem 3.2 and estimates (H2), (H4), (HS), and (H6), we estimate all terms:

GV, () < C( + |Va,(x)P),

19OV s < € (1 IV, 00)

o0 8) = 0 &) = — [ AW Ve ax— [ a(vaf s v dr
i L

- / pulid, )&, dS - f Doy - & dS+ A} E) o

Is

3 I

| <C / IVV,[|VE| dx < ClIVV), | 2qyixa | VE N 2@yixa < CIVY) 2y 1€l
Q

Uﬂ‘<Ci/(1+|VquINVSIdx<3CHV§Hm“nde-+HVuWh”Qym)_.CHSW

To estimate |/3] we will need the equivalence between norms |||-|| and || - || on V:

e / Pl IIEN dS < C f (U + 1y [ E dS < ClEulisro (1 + ity Ik )

< ClEl oo (1 + 1), IILL,(r ) = ClENA + 171 < Cl&.

The estimate of |/,] is similar to that of |/3]:

15 < / Py )i 1€, 1dS < C f (U4 1 [, 1S < CUE Ninqeey (L + k)

Finally,

It follows that

< ClE N aqrep(1 + 1), Hm(r ,) = ClIENA + e 1971 < CIIE].

s < IFlw € llw < CIEL I 1]

W,y < CA+ IVV,ll2qpxa + IFylwr)  for ¢ e (to1,t),

15
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and
N . N . n .
a0 22 0.7 = 2 Y W45 < C LT R Y VY, gpeea + 1 Y I
j=1 j=1 j=1

Using (14) and Theorem 3.2 we obtain the assertions (29) and (31). The convergence (32) follows from (31) as
well as (26) and (27). O

We get the following result.
Lemma 4.4. It holds that

and we have the regularity
uel>®0,T;V), ielLl>0,T;H)yNL*0,T;W), ieclL*0,T;V).

Proof. We need to demonstrate that # = u and that v = v. To this end we calculate
t—1
h

[7(0) — wn(O)l = ), — o, M for e (1,1

Hence
2 h u j i—1)12 h3 u 112 2
I = wall oo rany = 3 D oty — w5y = = D Wl = C2,
j=1 j=1

where we used the estimate of Theorem 3.2. So
u, —u, — 0 strongly in LZ(O, T;H),

but (23) and (24) imply that
u, —uy, — u—u weakly in LZ(O, T;H),

whence # = u. Similarly, by the estimate of Theorem 3.2,

N

_ h i

19 = villfago.rny = 3 2 W = Vi 7 = Ch,
Jj=1

whence
v, —v, — 0 strongly in LZ(O, T;H),
and by (25) and (26)
v, —v, —> v—v weaklyin L2(O, T;H),
whence the assertion that v = v follows easily. O

We can pass to the limit with 2 — 0 in (15) which gives us the following result.

Theorem 4.5. We have u(0) = ug and iu(0) = uy. Moreover, for any & € L*(0,T; V),
T T I
fo (ou(t),&(1)) dt+/0 /QA(Vu(t)) : VE(@) dxdt+/0 /Qg(t) : VE() dxdt (33)
T - .
+ /(; /Fcpv(uv(t))év(t) det —+ /(; /l;cpu(uv(l))n([) . Er(t) det — /(; (f(t),g(t)) W/dot,

where 1 € L®(0, T; L>°(2)%) is such that y(x, t) € 3j(it-(x, 1)) a.e. in T¢c x (0, T).
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Proof. Note that fort € (0,7)and ¢ € V'

(&, u(r) — vi(1)) = (&, u(0) —v;(0)) +/0 (¢, u(s) — wi(s)) ds.

Integrating the last inequality with respect to ¢ we get
T T
/ (&, u(t) — wy()) dt = T(&,u(0) — v,(0)) + / (&, u(®) — wy(t)(T — 1)) dt,

0 0

whence, from Lemma 4.4,
T T
T(€.i0) — ) = [ (g = mn e~ [ (@7 = .50~ wi(0) e
0 0

Passing with 4 to zero it follows that u;, — u(0) weakly in V7, but since we know that uy, — u; strongly in H
it follows that #(0) = u;. Moreover from (24) it follows that #,(0) — u(0) and, as u;(0) = uy, it follows that
u(0) = uy. Taking & € L*(0, T; V) we rewrite (15) as the following equation valid for a.e. ¢ € (0, T):

/ P - £(1) dx + / A(VR(1) : VE(dx + f G(VEL(D) : VE) dx
Q Q Q
4 / o ()E,(6)dS + f P ONT) - €0 dS = {F (0, EDV (34)
I'c e
with

T(0) = 1), € Sy (¥),) for 1€ (1,1,

After integration from 0 to 7 in time we get
T T T
/ / pwi(t) - &(2) dxdt—l—/ / AV (1) : VE(2) dxdt—l—/ / G(Vuy(t)) : V&(t)dx dt
0o Je 0o Je 0o Je

T T T
+ fo /F PO 0 dS i + /0 /F PO (0 dr = fo FoOEO ap dt. (35)

We must pass to the limit with 4 to zero in the six terms in the above equation. First of all (31) together with
Lemma 4.4 implies that

T T
fo /Q P - £(0) dxdr — /0 (pi(1), £(1) dr.

Next, as the Nemytskii mapping A : L*(0, T : L*(Q)*9) — L*(0, T : L*(R)?*?) is linear and continuous, and
hence also weakly sequentially continuous, the convergence (26) implies that

T T
/O /Q A(Vv(1)) : VE(t)dx dt — /0 fQ A(Va(t)) : VE(©) dx dt.

Next, the convergence (30) implies that

T T
/0 fQ (V1) : VE() dxdi — fo /Q G0 - VE©) dxdr.

Furthermore (14) implies that

T T
/ F (0 EOhr oy dt — / O, EO) e di.
0 0
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To complete the proof of the theorem we must pass to the limit in the two boundary integrals. To this end we
first derive the bound on ), in BV*(0, T; H), and on v;, in BV*(0, T; V"); see Definition A.7.
There exist the natural numbers 0 = my < m; < ... < my; = N such that

M
— 2 mi—1 12
111520700y = D N — w11
k=1

Next,
A A R I DR | N B D R I
j=mj_1+1 H J=mj_1+1
"k ) 112 N 4 T
< (mg —my_1) Z “"/h—l/h— HHf(mk_mkfl)ZH”/h_ulh_ HH
J=mp—1+1 j=1
Hence, using Theorem 3.2,
N o 12 N ooz
Wty <N 3o =], = 1 [, = 7 e
J=1 j=1

In a similar way we obtain, using (29),

2
< (T. (37)
V/

N N
2 :
—_— -1
Vil =N E : H"Ih — v “ . Th E : H”’]h
=1 =1

Lemma 4.1 implies that ), is bounded in L(0, T; V). Since it is also bounded in BV?(0, T; H) by (36), Theorem
A.8 implies that @, is relatively compact in L4(0, T; W'=%2(Q)?) for any small § > 0. Since the trace operator
is linear and continuous from W'%7(Q) to L1(I'¢)? it follows that

u, — u stronglyin L0, T; LY(T¢)?). (38)

Now, by Lemma 4.1, v, is bounded in L?(0, T; W). Hence, the compactness of embedding W C H'~%(Q)“, the
continuity of the trace operator from H'~%(Q)? to L>(I'¢)?, and Theorem A.8 imply that

v, — @ stronglyin  L*(0, T; L*(T¢)%). (39)
For a subsequence, denoted by the same index,
uy(x,t) — u(x,t) forae. (x,7)€lcx(0,7) and |uu(x,1)| < hi(x,1), (40)

where iy € LI(T'¢ x (0, T)). Assume for a moment that § € L™*24(0, T; V) (if ¢ > 2 we will later use the
density argument to show that in fact one can take & € L?(0, T; V)). Then &, € LY(T'¢ x (0, T)). Continuity of
p, implies that
Po(Em)sy — pu(y)é,  forae. (x,7) € e x(0,7).
Moreover
puEn)El < CAL+ [ | DIE | < (&l + €17 + 1],

and the right-hand side is a function in L'(I'¢ x (0, T)). We can use the Lebesgue dominated convergence
theorem to deduce that

T T
/0 /F Cpu(uhva))sv(t)deH/O fr PO 1)
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Observe that

U

T T
”p"(ﬁh”)”iZ(O,T;L‘/(I‘C)) = A ||pv(ﬁhv(t))||iq/(rc) dt < /(; <./l" [Py (@ ()17 dS) dt
c

T 2 T 2
< / < / C(1+|ahv<t>|q—‘)q’d5)" dt§C<1+ f ( mhv(r)wdS)" dr)
0 I'c 0 e
T T
<c (1 + [ imon) dt) <c (1 + [ ||ﬁh(t)||2<"”dr) < O+ TI@I2 g ) < C.
0 0

If ¢ > 2 then we can approximate § € L*(0, T; V') by a strongly convergent sequence {§,} C L9(0,T; V). We
obtain

T T T
/O /F P00 dS i = /O /F PO (S + /0 /F PAEONED) ~ o)

For the first integral on the right-hand side we have

T T
l1m/0 /Fcpu(uhu(t))gnv(t) dsdt = /0 frcp“(””(l))g'”(l) ds dt,

h—0

and the second integral is bounded in the following way:

T
‘ / / Pl (O)ED) — En(D)dS di
0 I'c

<Cl& - En”Lz(O,T;V)-

=< ”pv(ﬁhv)||L2(0,T;Lq’(rc))||§v - 5nv||L2(O,T;Lq(FC))

In a similar way

T
‘ f / Do) — En()dSdi| < CIE — £, ll1207
0 I'c

Hence

T T
/0 /r PO dr fo /F O8O dsd

=

+ Cll§ — &, 20,720

T T
/0 /r va(uhv(t))snv(t)det— /0 /F va(uv(t))fnv(t)dgdt

meaning that

lim sup

<Cl& - ‘En”LZ(O,T;V)a
h—0

T T
f / ol (O)E.(1) dS df — / / @ ()E.(1) dS d
0 Jre 0 JI¢

for any n € N, and we obtain (41) for & € L*(0, T; V). To pass to the limit in the term with the multi-valued
expression note that as 7, is bounded in L>°(0, T'; L>°(T'¢))“, for a subsequence we have

M, — 7 weakly-*in  L>°(0, T; L®(T¢)?). (42)

We can write
T
fo fr PO &0 dS d

T T
_ f o @) — P @O (0) - &4 (1) dS it + f / Do OT(0) - £.(0)dS db.
0 I'c 0 I'c
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It is straightforward to verify that p,(%,)§, € L'(I'c x (0, T)), and hence

T T
fim [ [ p@omo-soasa= [ [ paono-sods

To pass to the limit in the first integral note that

T T
f Py (1)) — po@u(D)N,(1) - § (1) dS di| < C/ / Py (@n (1)) — pu(@u(O))I1E ()| dS dt.
0 I'c 0 I'c

The proof that the last integral converges to zero as # — 0 exactly follows the lines of the proof of (41). We
have proved that

T T
fim [ om0 s.0asa= [ [ paomo-£.odsa

We need to prove that 5(x, ) € 9j(it.(x, 7)) a.e. in I'c x (0, T'). Note that n,,(x, ) € 3j(v.(x,?)) a.e.in ¢ x (0, 7).
Indeed, the inclusion 1, (x) € 93j(V} (x)) may not hold on a null set in I'¢, so, for # € (#_1,) the inclusion
,(x, 1) € 9j(Vi:(x,t)) does not hold on a null set in I'c x (¢_1, ¢;). Hence, the inclusion 7,,(x, ) € 9j(Vi:(x, t))
may not hold on a null set in ' x (0, T'). The convergence (42) together with (39), by the convergence theorem
of Aubin and Cellina (see [31, Theorem 7.2.2]) immediately implies the required assertion. O

It only remains to verify that G(f) = G(Vu(r)) for a.e. t € (0, T). For this step we first need to obtain the
auxiliary lemma on the so-called propagation of regularity. The proof of this lemma mostly follows the lines of
the proof of [18, Proposition 3.1].

Lemma 4.6. Both sequences Vuy, and Vuy, converge to Vu strongly in L*(0, T; L*(2)*?). More precisely,
T
fim [ 1700) = Va0 g0 =0 @)

T
lim / IVa(t) — Vaar(0) | o pixa dt = 0. (44)
h—0 0

Proof. We know that both sequences {¥,} and {v,} are bounded in L?(0, T; W); see Lemma 4.1. Moreover, {v,} is
bounded in BV?(0, T; V') (see estimate (37)), and {v;} is bounded in L*(0, T; V') (see Lemma 4.3), remembering
that v, = w),. By the Aubin-Lions compactness lemma the sequence {v;} is relatively compact in L*(0, T; H)
and by Theorem A.8 so is the sequence {v,}. Convergences (25) and (26) together with Lemma 4.4 imply that,
for a subsequence still indexed by 4,

Vv — v=ua stronglyin L*(0,T;H), (45)
vy, = v=u stronglyin L?*(0,T;H). (46)

In a similar way estimates (20), (21), and (36) imply that

u, — u strongly in LZ(O, T;H),
u, — u stronglyin L*(0, T; H).

Since uj, — u strongly in H'(0, T; H) we deduce that
u, — u stronglyin C([0,T]; H). (47)

First we show that it is sufficient to demonstrate (44), and the convergence (43) follows. Indeed,

_ t—t . i1
V() — Vu()ll 2qxa < |Vup(t) — Vu(@)ll 2qpixa + TJHV”/;, — V|| 2y,
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for ¢z € (t_1,1). Hence
I Van(t) — Vu(d)|? dt <2 | IVuu(®) — Vu(d))? dt + %Hv;/ —vi )2
i h L12(Q)dxd = y h L2(Q)dxd 3 h h L2(Q)dxd
h h
It follows that

IVa, — Va7,

N
2h ; —
2 2 : 12
(o, TLZ(Q)dxd) < 2||Vuh V””LZ(O,T;LZ(Q)”[X”[) + 3 ”vulh - Vu]h ”LZ(Q)dxd
=1

o L
<2|Vu, — V"”izm,r;ﬁ(sz)dxd) T3 Z va/h”iz(ﬂ)"x"
=1
< 2||Vuh - Vu”iZ(O,T;LZ(Q)dxd) + Ch2’

where, in the last estimate, we have used Theorem 3.2. We pass to the proof of (44). Take & € L?(0, T + h; V)
and extend v;, to (—A, T') by taking v(f) = v2 = u,;, on the interval (—4, 0). Clearly

W, =2, +u V=V w0 — Wit — h)
h? b h

Hence, we can rewrite (15) in the following way, where s € (0, T):

fosfﬂpw-g(t)dxdz+/0S/QA(Wh(t)):vg(t)dxdz

+ /0 /Q G(Vuy(t)) : VE@) dxdt + /0 /FC DPo(@n (0))E,(£) dS dt

for te(t_,-_l,t_,-),je{l,...,N}.

+ /0 /rcpv(ﬁhu(t))ﬁh(t) £ (H)dSdt = /O (), EO) e dt.

We rearrange the first term

SR —Ee—h)
/O/Qp p &(t)dx dt

:// pﬁh(t)~@dxdt—/Sh/ pw(l) - S(Hh) dx di
//pv(t) E(f)—E(H'h)d d — / / o (1 +h)
+/Sh/9,0i7h(t)- E( ;;h) dxdr.

We have the following weak form of the discretized problem valid for any & € L?(0,s + h; V):

[ [ o BO=ECED / [0t 2D i [ [ om0 2D g o

+ /O /Q AV,(0) : VE@) dxdt + /0 /Q G(Vin(t)) : VE() dx dt

+/O /Fcpv(mv(z))év(t)detJrfo /rcpu(ﬁhv(z))ﬁh(t).gr(t)det:fo (0, O e

We take & = uj, — u in (48) (we extend f, u, u;,, and u to (0, 27); in fact we can continue the recursive solving of
the discretized scheme to the interval (0, 27) and all estimates and convergence we have obtained on the interval
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(0, T) will remain valid for (0, 27')) and subtract from the resultant equation (33) tested with xo.(#r — u) (X(0,)
is the characteristic function of (0, s)). The term with # is integrated by parts as follows:

fo S(pii(t), uy(t) — u(?)) dt
- _ /3/‘ pu(t) - (ap(t) — u(t)) dx dt + f pu(s) - (up(s) — u(s))dx — f pit(0) - (ux(0) — u(0)) dx
0o Ja o o
= —f / pu(t) - (up(t) — u(t)) dx dt + / pi(s) - (uy(s) — u(s)) dx.
0o Ja o

We obtain
[ [ o™ OO LD D) L iy o) — iy e
0 Q
Ty
0 J—
B / / ,ng”h(t +h) —u(t+h) dv dt
)a A
T
s Tt + h) — h -
+ [ ¥ /Q ()t )h MR sy —”h(s)h “S) e di
T3
+ /0 fQ AVTL(0)) : (V) — Vu(t)) — AVi(2)) : (Va(t) — Vu(t)) dx dt

T4

+ /S/ G(Vuu(?)) : (Vuu(t) — Vu(t)) — G(t) : (Vuy(t) — Vu(t)) dx dt
0 Ja

Ts

+ / / Py ()@ (1) — 1 (1)) — po(un (D) (1) — (1)) dS dt
0 I'c

Ts

+ / / (@ (D) (1) - @i (1) — u (1)) — po(un(OIN() - (pe (1) — u (1)) dS dt
0 I'c

Ty

- /O O TR0 — w OV — (F O, 13(0) — (D) o .

Ty

We estimate terms 71, . . ., Ts. We will use the notation 7(%4) for terms tending to zero as 2 — 0 uniformly with
respect to s € (0, 7). Terms T, . .., Ts are estimated exactly as in [18, Proposition 3.1]. The estimate for |T;]| is
as follows:

u—u(-—h)
h

u—

[T < plvall2o,r:m) | 1Vh — @l 20, rnsmy +
L2(hT+h;H)

+ pllal 20,70 1Vn — @l 200,70y = 1(h).

To estimate |7>| and | 73| we need

— W el h
oy — wplli~@ry = sup luj —u;™ llg=h sup |villu = n(h). (49)
JefL...N} Je{l,...N}
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Using the above bound and (47),

1To] < pVhlla Ny — ullzoepm = n(h) + plvellullu, — wlli=o.rm = n(h).

We pass to the estimate of | 73|, where we use (47) and (49) in the space L°°(0,27'; H) and the bound (21):

IT5] < plIValloo(—nr.mltn — wllpooo,7+n:m) + pllEll Lo, r,m |l n — wll 20, 7;m)
< plVnlloo(—nr:mlln — unll=©27;m)

+ p (1l oo, rstry + Pnlloe(nrsny) lwn — wll oo 27200y = n(h).
We pass to estimates of 7y, 75, and T§:

T, = / ' / AVT(0)) : (VEu(t) — Va(t)) — ANVi(0) : (Vup(t) — Vu(t)) dx dt
0 Q

= fo fQ AV (1) — V() : (Vuy(t) — Vu(t)) + AVvu(0)) : (Vuu(t) — Vuy(t)) dx dt

=3 /;} AVuu(s) — Vu(s)) : (Vuy(s) — Vu(s)) dx + ; (i —1) /Q A(VV,) : Vv, dx dt

(0,9)NE,

A
> Z1IVa(s) — V() gy

Q 1

_K/O /Q |Vuy,(t) — Vu(t)|2 dxdt — n(h) > —ZKfO |Vun(t) — V”(f)”iz(g)dxd dt — n(h).

v

T
|T6| = /0 . |pv(ﬁhv(t))||ﬁhv(t) - uv(z)| + |pv(uv(t))||uhv(t) - uv(t)l ds dt

T
<c f / (14 [ O1) D) — O]+ (14 i (O17) o (5) — wp(0)] dS it
0 I'c

T
<cC f (14 17 O ) 1) = 1Oy + (14 Tt Oy ) Nt () = 0Ol ooy
0

The bound (20) implies that 1, is bounded in L*°(0, T; LY(I"¢)). Moreover, as u € L*°(0,T; V') we have u, €
L>(0,T; L4(I"¢)). Hence

T
Tl < C / V() — ()l + N (B) — (D)0
0

Convergences (24) and (25) imply, by the Aubin—Lions lemma, that
u, — u stronglyin L0, T; W'22(Q)9).
Hence, similarly to in (38), we have
u, — u stronglyin L0, T; LY(T'c)?).

This fact together with (38) implies that
|T6] < n(h).
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The estimate on |75| is derived in the same way as the estimate for |74|, so we do not present its detailed
derivation. We only note that we use the fact that [9(x, )| < C; and [,(x,?)| < C; fora.e. (x,7) € Q2 x (0, 7):

|T7] < n(h).

The term T can be rewritten as follows:

Ty = /0 () = f@O, un(t) — u@®)wxw + (F@O, wp(0) — up(O) wr<w dt,

whence we have the following estimate which uses (14) and the bounds of Lemma 4.1:

T
\Ts| < CWfy — fllzo,mmy Ul 20,7,y + 1l 200,7:0) +/ Ol [an(t) — wn(@)]lw dt
0

T
<n(h)+2 / O 1oy = < 0+ [ OO

<n(h) + th”LZ(O,T;W’)||vh||L2(0,T;W) = n(h).

Summarizing all the bounds we obtain the estimate
)\4 s
5 ||Vuh(s) - Vu(s)”]z‘Z(Q)dxd = ZK/ ”vuh(t) - V”([)HEZ(Q)dxd dt + n(h)
0

valid for all s € (0, T'), whence the assertion of the lemma follows easily by the Gronwall inequality. O

Remark 4.7. The above lemma can be generalized to the situation where the initial displacement u is approx-
imated by a sequence ug, € V. Then, in accordance with [18], we would need ug, — uy weakly in V' and
ug, — ug strongly in .

In the last step of the proof we show that G = G(Vu).

Theorem 4.8. We have G(f) = G(Vu(t)) for a.e. t € (0, T), and hence the function u is the weak solution given
by Definition 2.2.

Proof. Lemma 4.6 implies that, for a subsequence
Vuu(x,t) > Vu(x,t) forae. (x,71)e Q2 x(0,7),
and by the continuity of G,
G(Vuy(x,t)) > G(Vu(x,t)) forae. (x,7)e Q2 x(0,7).

Fix € > 0. By the Egorov theorem there exists the set 4. C 2 x (0,7) with ps1((2 x (0,7)) \ 4¢) < € such
that

hm sup |G(Vuu(x,1) — G(Vu(x, 1) = 0. (50)
h=0 (x f)ed,
Convergence (30) implies that
G(Va,) —> G weakly in LY (4.)7. (51)

Take n € LI(4.)?*4:
/ (G(x, 1) — G(Vu(x, 1)) : ndxdt
Ae

= f (?(x, 1) — G(Vuy(x, t))) cndxdt+ / (G(Vuy(x, 1) — G(Vu(x, 1)) : ndxdt.
Ae Ae

Both integrals converge to zero as # — 0, the first one from (51), and the second one by (50). Since € > 0 was
arbitrary, the assertion follows readily. O
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5. Numerical simulations

The aim of this section is to provide some numerical simulations in order to characterize the mechani-
cal behaviour of the dynamic hyperviscoelastic contact problem with normal compliance conditions and
non-monotone friction analyzed in the previous sections.

First we formulate the fully discrete version of the problem. By £ we will denote a constant signifying the
space discretization parameter. We choose the sequence of finite-dimensional spaces approximating the space

V from inside, that is, U,fi | VkV = V. We also need the discrete spaces Y}, and Y, of functions defined on the
contact boundary and the projection operators Iy, : V; — Y, and I, : V; — Yi.. The spaces Y}, and Yy,
contain the functions which are piecewise constant on the appropriately discretized contact boundary, and the
use of the Haslinger projections I1;, and Iy, allows us to discretize the boundary contact condition in a way
which is convenient from the point of view of numerical computations, because it allows us to choose only one
selection of the multifunction on the whole element of the contact boundary; see [34] for details. Then, with the
previous notation, the fully discrete problem is formulated as follows.

Problem (P;). Find {u’hk}jzle C Vi and {r/,-lk}jzle C Yj, such that forj € {1,..., N} we have

. _ i1 i—2 j . j—1 .
prl/hk 2@( + .de+[g/4<w) ;vgdx+/gg(w;k):vgdx

+ / Po(Ttd), )T € dS + / Pty 0y - T & dS = (f), &) forevery & €V,
I'c r

C

_—
M) (x) € 3 (nk, (@) (x)) :

In the examples presented below V' are piecewise linear finite element spaces and Y}, and Y}, are spaces of
piecewise constant functions on the contact boundary. The above formulation presents only one possibility of
the time stepping scheme. In numerical simulations we use another scheme, given in [35].

Based on a particular example of non-convex hyperviscoelastic energy density ®(F) presented in Section
5.1, we carry out numerical simulations of two academic but non-trivial hyperelastodynamic contact problems
with friction: the impact of a ring against a foundation (Section 5.3) and the buckling of a slender stem that
comes into contact with an upper and a lower obstacle (Section 5.4). Section 5.3 is devoted to giving a quanti-
tative and qualitative validation of the specific hyperviscoelastic model compared to a well-known Ogden-type
hyperelastic model. Finally, in Section 5.4, the chosen example enables us to highlight the question of possible
non-uniqueness of the numerical solution of Problem (P;;). Note that Section 5.2 gives a brief overview of the
main traits of the numerical methods used to solve Problem (Pj).

with

5.1. Specific constitutive laws: Hyperviscoelastic energy density and frictional contact conditions

Here, we present the specific constitutive laws used to model the dynamic hyperviscoelastic contact problem
with normal compliance conditions and non-monotone friction Py introduced in Section 2.

Specific non-convex hyperviscoelastic energy density ®(F). The stress—strain behaviour of hyperelastic mate-
rials is highly nonlinear and a simple modulus of elasticity is no longer sufficient. The constitutive behaviour of
hyperelastic material is characterized by the stress tensor o which derives from an internal hyperelastic energy
density ®(F), that is, 0 = dgP(F). Here F is the deformation gradient defined by F = I 4+ Vu and 0dg repre-
sents the differential with respect to the variable F; see [36] for details. Due to the frame material requirement,
the internal hyperelastic energy density ®(F) is expressed in terms of the three strain invariants /; = tr(C),
I, = tr(cof(C)) and I3 = det(C) of the right Cauchy—Green strain tensor C = F'F.

The hyperviscoelastic energy density considered in this work is based on the Yeoh model that is used for
foam-like or rubber-like materials [37, 38]. In 1993, Yeoh [39] proposed a phenomenological model in the form
of a third-order polynomial based only on the first invariant /;. It can be used for the characterization of carbon
black filled rubber and can capture upturn of stress—strain curves. In this work, we consider a variant of Yeoh’s
model with nearly incompressible behaviour by considering a penalization term depending on the third invariant
I3 [37,40]. This model has good fit over a large strain range and can simulate various modes of deformation with

25



limited data. This model does not include any dependency on /;. The sensitivity of the strain energy function
to variation in /, is generally much smaller than its sensitivity to variation in /;. It appears that eliminating the
terms containing /, from the strain energy function improves the ability of the models to predict the behaviour
of complex deformation states when limited test data is available. This variant of Yeoh’s model is also called the
reduced polynomial model for nearly incompressible rubber and it can take the following form:

2 i
®(F) = ;c (( < |t|(F|i)2 5 3) + D(det(F) — 1)?, (52)

where C; are positive constants and D is a positive penalization coefficient. The given value N (equal to 1, 2
or 3) is related to the number of terms in the strain energy function that we want to consider. Values of N > 2
are rarely used due to the difficulty of fitting such a large number of material properties to experimental data.
Note that we have ||F|| = /I, and det(F) = +/I;. This density enables us to satisfy both the mathematical
hypothesis and the mechanical requirements (material frame indifference, infinite amount of energy necessary
to expand a body infinitely, and near-incompressibility). More precisely, for the case of incompressible strains
(I3 = 1), it can be shown that the Andrews—Ball-type condition (monotonicity condition of the stress tensor
for large strains; see [18, 19, 41]) is verified. In the case of nearly incompressible strains, the monotonicity
condition at infinity can be proved for N = 1 and for the assumption where det(F) is very near 1. Furthermore,
the hyperelastic model is extended to viscosity with the addition of a damping term as proposed in [18]:

D,(F) = 7 ((F) + x(ET)), (53)
where w is the damping coefficient.

Therefore, we consider a stress tensor o characterized by a viscoelastic Kevin—Voigt law which permits us
to fulfil the fundamental requirement of infinitesimal frame indifference,

. ID(F) 3D, (F
o(F,F) = a(F)+ aF( ). (54)

Thereby, the stress tensor takes the following form:

N

a(FF)—Zi G (”F”Z —3>HF (55)
T L (det(F)P5 \ (det(F))2

||F| 2 ||F| P2 o
B "Z ' (det(F) ((det(F))M _3> cof(E)

+ 2D(det(F) — 1)cof(F) + % (F +ET) .

As mentioned above, by considering a high deformation range of nearly incompressible nature, it can be seen
that the behaviour of stress tensor ¢ is of monotonic type when the strains are large.

Normal compliance conditions and non-monotone friction law. The normal compliance conditions (7) are
characterized by a compliance function p, which leads to the following behaviour: when there is separation
(u, < 0), the normal contact reaction of the body on the foundation vanishes (o, = 0) and when there is
penetration (0 < u,), the normal contact reaction is uniquely determined. For the numerical simulations, we
consider a compliance function p, that takes the form

po(r) = CV("Jr)z (56)

where (r,) = max{0, } is a non-negative prescribed function which vanishes for negative arguments and c,, is
a positive constant related to the stiffness of the foundation. To summarize, the normal contact reaction —o, is
expressed as

—0y = cu((uy)4)". (57)
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The friction is modelled by a non-monotone law (8) in which the friction bound is characterized by a sub-
differential of a non-convex superpotential j which depends on the tangential velocity #;. In the following, for
the numerical simulations, we consider a function j : RY — R defined by

[s]
j(s) = /0 W) dr, (58)

where o corresponds to the friction coefficient u which depends on the variable s. Then, for this particular
choice the condition (8) leads to the following subdifferential inclusion:

—0: € 0VM(|“T|)a|uT| on[c. (59)

In this case, the friction bound o, 1(|#-|) depends both on the depth of the penetration u, and on the tangential
velocity |i.|:

lo:| < o,u(luc]) ) if u, =0,
—or =il if a0, O (60)
The strict inequality in (60) holds in the stick zone and the equality holds in the slip zone. This physical model
of slip-dependent friction was introduced in [42] for the geophysical context of earthquake modelling and it was
also studied in [9, 20, 43]. For the simulations, the following friction coefficient 1 : RY — R is considered:

u(liec|) = (a — by - el 4, (61)

with a,b,a > 0, a > b.

5.2. Numerical treatment

Since the numerical methods for solving hyperelastic problems with non-monotone contact and friction condi-
tions have been presented in detail in [1, 35, 44] and in order to keep the paper of reasonable length, a succinct
presentation of the main traits of the numerical treatment of Problem (P ) is given below.

In order to solve a nonlinear elastodynamic problem, we have to use time integration schemes with long-
term time integration accuracy and stability. Indeed, when nonlinear dynamic problems are considered, the
standard implicit schemes (8-method, Newmark schemes, midpoint or Hilber-Hughes-Taylor methods) lose
their unconditional stability. Therefore, we have to use implicit schemes with energy conservation properties
(or energy consistent properties in the case of viscosity or friction phenomena) such as those described in [45—
49]. Then, in this work we consider an energy-consistent scheme to solve the problem (Pj;) based on recent
energy-controlling time integration methods for nonlinear elastodynamics that are described in detail in [35].
This numerical scheme is based on a specific form of the discretization of the normal compliance condition and
the procedure of equivalent mass matrix [50] in order to conserve energy during the impact.

Furthermore, since non-convex potentials are considered to model both the hyperelastic law and the fric-
tion law, classical convex programming methods cannot be used to solve problem (Py;). A numerical technique
described in [1, 44] to solve this kind of non-convex problem is to use a “convexification” iterative procedure
which leads to a sequence of convex programming problems. Then, the resulting non-smooth convex iterative
problems are solved by classical numerical methods that can be found in [48, 51]. For instance, we use a combi-
nation of the penalized method and the augmented Lagrangian method to treat the frictional contact conditions.
The resulting nonlinear system is solved by a semi-smooth Newton method. Details on the discretization step
and computational contact mechanics, including algorithms similar to that used here, can be found in [25, 48,
50-52].

5.3. Impact of a ring on a foundation

The interest of this example is to provide validation for the hyperviscoelastic frictional contact model considered
in Section 5.1 compared to results obtained by using the well-known Ogden hyperelastic model. This non-trivial
example, introduced by Laursen in [48], concerns an academic frictional impact problem that is the impact with
friction of a hyperviscoelastic ring against a foundation.
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Figure 1. Sequence of the deformed hyperviscoelastic ring before, during and after impact.
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Figure 2. Trajectories of the ring centre for the two hyperelastic models during the time process (¢ € [0, T] with =5 s).

For each hyperelastic model, we use the viscous damping term given in (53). Details on the physical setting
of the problem are given below:

Q = {(x1,x2) € R*: 81 < (x; — 100)* + (x, — 100)* < 100},
Tp=2, TIy={@x,x)eR: (x; —100)* + (x, — 100)* = 81},
Tc={(x1,x) € R*: (x; — 100)> + (xo — 100)* = 100} .

The domain 2 represents the cross-section of a three-dimensional deformable body under the plane stress
hypothesis. The ring is thrown with an initial velocity at a 45° angle toward a foundation as depicted in Figure
1. The foundation is given by {(x1,x,) € R* : x, < 0}. For the discretization, we use 1664 elastic nodes and
128 Lagrange multiplier nodes. For the numerical experiments, the data are

p=1000kg/m’, T=10s, k=,
u =(0,0)m, w; =(10,—-10)m/s, f,=(0,0) N/m?, f1=1(0,0) N/m,

C;=05MPa, C,=0.5x10"2MPa, C;=0.5x10"*MPa, D=100MPa, o =107%,
¢, =1000, a=15, b=05 «o=100.

The numerical results presented in Figure 2 and in Table 1 provide a qualitative and quantitative comparison
between the Ogden-type model and the nearly incompressible Yeoh-type model. The compressible material
response, considered for the Ogden constitutive law (see [53]) is characterized by the following energy density:

PF)=ci(li =3)+c(lb=3)+d(5 —1)—(c1 +2¢c2 +d)InL;,

with ¢; = 0.5 MPa, c; = 0.5 x 1072 MPa and d = 0.35 MPa. In Figure 2 the trajectories of the ring centre
are plotted for the whole time process (¢ € [0, T'] with 7 = 5 s). We note that the trajectories are quite similar
before, during and after the impact of the ring on the foundation.
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Table 1. Relative errors between the numerical solutions obtained with the Ogden-type model and the nearly-incompressible Yeoh-
type model.

Time instants t=0.1s t=23s t=04s
(configurations) (before impact) (during impact) (after impact)
Bk hk
[8eon—Y0gten| 1.1443% 1.0831% 1.3725%
UG ggenl

In Table 1, the relative error estimates between the numerical solutions computed with the Ogden-type model
and those computed with the nearly incompressible Yeoh-type model are calculated at three time instants (r = 1
s, t = 2.3 sand t = 4 s) corresponding to three configurations of deformation of the ring (before, during and
after impact). Note that these results provide good numerical evidence for the small difference of the between
the numerical solutions obtained with the two hyperelastic models. Indeed, the relative error estimates are of the
order of 1%.

5.4. Buckling of a stem and contact with upper and lower obstacles

The interest of this second example is to highlight the non-uniqueness of the solution of the hyperviscoleastic
problem with contact and friction conditions, due to the sensitivity of the solution with respect to the geometric
setting. To this end, we consider numerical simulations based on the buckling of a slender hyperelastic stem
with upper and lower contact obstacles which put in evidence the fact that for a very small perturbation of the
mesh we may possibly obtain two different solutions for the same level of loading.

The physical setting used for this numerical example is depicted in Figure 3. The deformable body is a
rectangle, Q = (0,20) x (0,1) C R?, and its boundary T is split as follows:

Fp = ({0} x [0, 1]) U ({20} x [0, 1]),
Ty =2,
I'c = ([0,20] x {0}) U ([0,20] x {1}).

As for the first numerical example, the domain 2 represents the cross-section of a three-dimensional deformable
beam subjected to the action of displacement compressions on the right part of I'p in such a way that a plane
stress hypothesis is assumed. On the part {0} x [0, 1] of I'p the body is clamped and, therefore, the displacement
field vanishes there. Imposed displacement compressions act on the part {20} x [0, 1] of the boundary I', and
the part ['y is traction-free. No vertical body forces are assumed to act on the hyperviscoelastic beam. The
beam may come into frictional contact with two obstacles on the parts [0,20] x {0} and [0,20] x {1} of the
boundary I'c. The lower and upper obstacles are given respectively by the sets {(xl,xz) eR?: x; < —2} and
{(xl,xz) eR?: x, > 3}. For the discretization, we use 3096 elastic nodes and 256 Lagrange multiplier nodes.
For the numerical experiments, the data are

p=1000kg/m>, T=08s, k=it
fo=(0,0)N/m? wup=(=3,0)m, on {20} x[0,1],

C;=02MPa, C,=05x10"2MPa, C;=05x10"*MPa, D=100MPa, w=107%,
¢, =1000, a=02 b=0.1, o=100.

In order to show the sensitivity of numerical solutions with respect to the geometric setup and the possi-
ble multiplicity of numerical solutions, we consider a procedure of random perturbations of the mesh. More
precisely, a very small relative perturbation (1.10~%) is introduced randomly on two points of the mesh: the
points (20, 0) and (20, 1) are considered arbitrary. Then we realized several series of numerical tests with these
meshes perturbed randomly. Consequently, we obtained two types of buckling configuration of the deformed
stem, represented in Figures 4 and 5.

These simulation results depicted in Figures 4 and 5 put in evidence the fact that we obtain two different
solutions for the same level of loading. This phenomenon highlights the non-uniqueness of the solution of the
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Figure 3. Two buckling configurations of the deformed hyperviscoelastic stem.
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Figure 4. First buckling configuration of the deformed hyperviscoelastic stem.
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Figure 5. Second buckling configuration of the deformed hyperviscoelastic stem.

hyperviscoelastic problem (P;;), due to the sensitivity with respect to the geometric setting of the numerical
example considered in this section.
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Appendix 1

We recall some notions from the abstract theory of multi-valued operators in reflexive Banach spaces which are
used in the article.

Definition A.1. A multi-valued operator B : X — 2% where X is a reflexive Banach space is called multi-
valued pseudomonotone if

(i)  B(u) is closed, bounded, convex, and non-empty for all u € X;

(i) Bisupper semicontinuous from each finite-dimensional subspace of X to X’ endowed with weak topology;

(iii) if {u,} is a sequence in X and {u} is a sequence in X’ such that u, — u weakly in X, u € B(u,) and
limsup,,_, o (u};, u, — u) < 0, then for each v € X there exists u*(v) € B(u) such that liminf,_, o (v, u, —
v) = (W (v),u —v).

Definition A.2. A multi-valued operator B : X — 2X" where X is a reflexive Banach space is called generalized
pseudomonotone if for any sequences {u,} in X and {«} in X" such that u, — u weakly in X, ' — u* weakly
in X’ and u}} € B(u,) if we have limsup,,_, . (v}, u, — u) <0, then u* € B(u) and (u}, u,) — (u*,u).

Lemma A.3. See Proposition 2.2 in [21]. If X is a reflexive Banach space and B : X — 2% is a generalized
pseudomonotone and bounded operator such that for each u € X the set B(u) is non-empty, convex, and closed,
then B is multi-valued pseudomonotone.

Lemma A.4. See Proposition 2.4 in [21]. A sum of two multi-valued pseudomonotone operators on a reflexive
Banach space X is multi-valued pseudomonotone.

We can associate with a single-valued operator B : ¥V — ¥ a multi-valued operator such that its value at
each point is a singleton.

Lemma A.5. See Proposition 32.7 in [54] and Proposition 2.3 in [21]. If B : V — V' is monotone and
continuous then it is multi-valued pseudomonotone.

We recall a theorem on the surjectivity of pseudomonotone operators.

Theorem A.6. See Theorem 2.2 in [55]. Let B : X — 2% be a multi-valued pseudomonotone bounded operator
and L € X'. Assume that there exists uy € X and R > ||ugp||x such that

(n—L,u—uy) >0
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for all u € X with ||ullx = R and all n € B(u). Then the inclusion
L € B(u)
has a solution.

Definition A.7. Let / = [a, b] be the finite time interval and let u : I — X be the function from / to a Banach
space X. We define the g-variation seminorm as

k
Ml yazey = sup Y llute) —ulte-Dll} : keN,a=ty <ty <... <t =b}.

i=1
By BV4(1; X)) we denote the set of all functions u : / — X such that their g-variation seminorm is finite.
For Banach spaces X, ¥ such that X C Y with a continuous embedding, define
MPULX,Y) =L (I;X)NBVYIL;Y).
We have the following theorem; see [56, Theorem 1].

Theorem A.8. Let 1 < p,q < oo. Moreover, let X, C X, C X3 be Banach spaces such that X, is reflexive,
the embedding X; C X, is compact, and the embedding X, C X; is continuous. If a set S C MP4(I; X1, X3) is
bounded then it is relatively compact in LP(I; X3).
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