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On the Uniqueness of Global Multiple SLEs

Vincent Beffara, Eveliina Peltola, and Hao Wu

Abstract

This article focuses on the characterization of global multiple Schramm-Loewner evolutions (SLE).
The chordal SLE process describes the scaling limit of a single interface in various critical lattice models
with Dobrushin boundary conditions, and similarly, global multiple SLEs describe scaling limits of
collections of interfaces in critical lattice models with alternating boundary conditions. In this article,
we give a minimal amount of characterizing properties for the global multiple SLEs: we prove that there
exists a unique probability measure on collections of pairwise disjoint continuous simple curves with a
certain conditional law property. As a consequence, we obtain the convergence of multiple interfaces
in the critical Ising and FK-Ising models.
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1 Introduction

At the turn of the millennium, O. Schramm introduced random fractal curves in the plane which he
called “stochastic Loewner evolutions” (SLE) [Sch00, RS05], and which have since then been known
as Schramm-Loewner evolutions. He proved that these probability measures on curves are the unique
ones that enjoy the following two properties: their law is conformally invariant, and, viewed as growth
processes (via Loewner’s theory), they have the domain Markov property — a memorylessness property
of the growing curve. These properties are natural from the physics point of view, and in many cases,
it has been verified that interfaces in critical planar lattice models of statistical physics converge in the
scaling limit to SLE type curves, see [Smi01, [LSW04, [CN07, [SS09, [CS12, ICDCH™14] for examples.

In the chordal case, there is a one-parameter family (SLE,) of such curves, parameterized by a real
number k > 0 that is believed to be related to universality classes of the critical models, and the central
charges of the corresponding conformal field theories. In this article, we consider several interacting SLE,
curves, multiple SLEs. We prove that when x € (0, 4], there exists a unique multiple SLE, measure on
families of curves with a given connectivity pattern, as detailed in Theorem Such measures have been
considered in many works [BBKO5| [Dub07, [Gra07, [KLO7, Law09], but we have not found a conceptual
approach in the literature, in terms of a minimal number of characterizing properties in the spirit of
Schramm’s classification.

Results of convergence of a single discrete interface to an SLE curve in the scaling limit are all
rather involved. On the other hand, after our characterization of the multiple SLEs, it is relatively
straightforward to extend these convergence results to prove that multiple interfaces also converge to the
multiple SLE,. Indeed, the relative compactness of the interfaces in a suitable topology can be verified
with little effort using results in [CDCHI16, DCST17, [KS17], and the main problem is then to identify the
limit (i.e., to prove that the subsequential limits are given by a unique collection of random curves).

As an application, we prove that the chordal interfaces in the critical Ising model with alternating
boundary conditions converge to the multiple SLE, with parameter x = 3, in the sense detailed in
Sections and In contrast to the previous work [Izyl7] of K. Izyurov, we work on the global
collection of curves and condition on the event that the interfaces form a given connectivity pattern —
see also Figure for an illustration. We also identify the marginal law of one curve in the scaling limit as
a weighted chordal SLE3. As an input in our proof, together with results from [CDCHI6, [DCST17, KS17]
for the relative compactness, we also use the convergence of a single critical Ising interface to the chordal
SLE; from [CS12, ICDCH™14].

The explicit construction of the global multiple SLEs given in [KLO7, Law09, PW17] and in Section
of the present article fails for k > 4. Nevertheless, we discuss in Section [4] how, using information from
discrete models, one could extend the classification of the multiple SLEs of our Theorem to the range
Kk € (4,6]. More precisely, we prove that the convergence of a single interface in the critical random-
cluster model combined with relative compactness implies the existence and uniqueness of a multiple
SLE,, where xk € (4,6] is related to the cluster weight ¢ by Equation . In the special case of the
FK-Ising model (¢ = 2), using the results of [CS12, I(CDCH™14, [CDCHT16, DCSTT7, [KS17], we obtain the
convergence of any number of chordal interfaces to the unique multiple SLE5,3. However, for general
K € (4,6), this result remains conditional on the convergence of a single interface (we note that the case
Kk = 6 corresponds to critical percolation, where the convergence is also known [Smi01l, [CNOT]).

1.1 Global Multiple SLEs

Throughout, we let 2 C C denote a simply connected domain with 2N distinct points x1,...,xon € 02
appearing in counterclockwise order along the boundary. We call the (2N + 1)-tuple (;z1,...,22n) a
(topological) polygon. We consider curves in 2 each of which connects two points among {z1,...,zon}.
These curves can have various planar (i.e., non-crossing) connectivities. We describe the connectivities
by planar pair partitions o = {{a1,b1},...,{an,bn}}, where {a1,b1,...,an,bn} = {1,2,...,2N}. We



Figure 1.1: Simulation of the critical Ising model with
alternating boundary conditions. There are eight marked
points on the boundary of the polygon 2 and therefore,
four interfaces connecting the marked points pairwise. We
only illustrate one possible connectivity of the curves (the
reader may verify that there are 14 different topological
possibilities).

call such « (planar) link patterns and we denote the set of them by LPy. Given a link pattern o € LPy
and {a,b} € a, we denote by «/{a, b} the link pattern in LP_; obtained by removing {a, b} from « and
then relabeling the remaining indices so that they are the first 2(N — 1) integers.

We let Xgimple(§2; 21, 22) denote the set of continuous simple unparameterized curves in Q connecting
x1 and x9 such that they only touch the boundary 92 in {z;,z2}. When s € (0,4], the chordal SLE,

curve belongs to this space almost surely. Also, when N > 2, we let gmple(Q; Z1,...,2ToN) denote the set
of families (n1,...,nn) of pairwise disjoint curves, where 7; € Xgimple(§2; 24,, 1p,;) for all j € {1,..., N}.

Definition 1.1. Let x € (0,4]. For N > 2 and for any link pattern o« € LPy, we call a probability
measure on the families (1y,...,nn) € Xsoi‘mple(Q; x1,...,22N) a global N-SLE, associated to « if, for each
j€{1,..., N}, the conditional law of the curve n; given {n1,...,mj—1,7j+1,...,nn} is the chordal SLE,
connecting z,; and xp; in the component of the domain {2 \ Uiz; i containing the endpoints z,; and Tp,
of n; on its boundary.

Theorem 1.2. Let k € (0,4] and let (Q;x1,...,22n) be a polygon with N > 1. For any o € LPy, there
exists a unique global N-SLE, associated to o.

The existence part of Theorem is already known — see [KLO7, Law(09, [PW17]. We briefly review
the construction in Section The uniqueness part of Theorem for N = 2 was proved in [MS16b,
Theorem 4.1], where the authors used a coupling of the SLE and the Gaussian free field. Unfortunately,
this proof does not apply in general for N commuting SLEs, which is the case of the present article. We
first give a different proof for the uniqueness when N = 2 by a Markov chain argument (in Section [3.2)),
and then generalize it for all N > 3 (in Section [3.3).

We note that it follows immediately from Definition that global multiple SLEs have the following
cascade property. Suppose (11, ...,mn) € Xg,p1e(§ 21, ..., 72n) has the law of a global multiple N-SLE,
associated to the link pattern o € LPy. Assume also that {j,j + 1} € a for some j € {1,..., N}. Then,
the conditional law of (n2,...,nn) given n; is a global (N — 1)-SLE,; associated to a/{j,7 + 1}.

1.2 Multiple Interfaces in Critical Planar Ising Model

Next, we consider critical Ising interfaces in the scaling limit. Assuming that €2 is bounded, we let discrete
domains (Q%;x9,...,25,) on the square lattice approximate (;x1,...,72x) as § — 0 (we will provide
the details of the approximation scheme in Section , and we consider the critical Ising model (which we
also define in Section [4) on Q° with the following alternating boundary conditions (see Figure :

@ on (xgj_l J;gj), forje{l,...,N} © on (;Ugj :ng+1), for j €{0,1,..., N}, (1.1)



with the convention that 29y = 2§ and 23y, = z{. Then, N interfaces (n?,...,n%) connect the 2N
boundary points x‘f, e acg ~» forming a planar connectivity encoded in a link pattern A% € LPy.

To understand the scaling limit of the interfaces, we must specify the topology in which the convergence
of the curves as § — 0 occurs. Thus, we let X denote the set of planar oriented curves, that is, continuous
mappings from [0, 1] to C modulo reparameterization. More precisely, we equip X with the metric

d(m,m2) = inf t;{l)l)l] Im(p1(t)) — m2(p2(t))], (1.2)

where the infimum is taken over all increasing homeomorphisms @1, p2: [0,1] — [0,1]. Then, the metric
space (X, d) is complete and separable.

Proposition 1.3. Let o € LPy. Then, as 6 — 0, conditionally on the event {A5 = a}, the law of the
collection (7]‘15, . ,n?\,) of critical Ising interfaces converges weakly to the global N-SLEs associated to «.
In particular, as § — 0, the law of a single curve 77? in this collection connecting two points x; and xy,
converges weakly to a conformal image of the Loewner chain with driving function given by Equation
in the end of Section[3, with k = 3.

We prove Proposition [I.3] in Section [£.I] where we also define the Ising model and discuss some of
its main features. The key ingredients in the proof are [CS12, (CDCH™ 14, [KS17] and Theorem In
addition, we also need sufficient control on six-arm events and an appropriate Russo-Seymour-Welsh
bound proved in [CDCHI6| in order to rule out certain undesired behavior of the interfaces.

1.3 Multiple Interfaces in Critical Planar FK-Ising Model

Finally, we consider critical FK-Ising interfaces in the scaling limit. More generally, in Section [4 we study
the random-cluster model, whose interfaces conjecturally converge to SLE, curves with x € (4,6]. We
define these models in Section We consider the critical FK-Ising model in Q° with the following
alternating boundary conditions (see Figure :

wired on (xgj_l :Ugj), for j € {1,...,N}; free on (a:gj m§j+1), for j € {0,1,...,N}, (1.3)

with the convention that 2§y = z) and 23y, = 29. As in the case of the Ising model, N interfaces
(nd,... ,n?\,) connect the 2N boundary points 9, ... ,a:g ~» forming a planar connectivity encoded in a
link pattern A° € LPy. However, this time the scaling limits are not simple curves, and we need to
extend the definition of a global multiple SLE,; to include the range k € (4, 6]. For this, we let X (;z,y)
denote the closure of the space Xgimple(§2; #,y) in the metric topology of (X, d). Note that the curves in
Xo(9; z,y) may have multiple points but no self-crossings. In particular, the chordal SLE,; curve belongs
to this space almost surely for all x > 4.

Now, for N > 2 and a = {{a1,b1},...,{an,bn}} € LPx, we denote by X§(Q;z1,...,22n) the
collection of curves (71,...,ny) such that, for each j € {1,..., N}, we have n; € Xo(§2;74;,p;) and n;
has a positive distance from the arcs (24,41 xbj,l) and (xij Ta;—1). Note that X§(Qz1,...,zon) is
not complete. In Definition the global N-SLE, was defined for k < 4 — we can now extend this
definition to all x € (0,8) by replacing Xg, (2 21, .., 22n) with X§(;21,...,22n) in Definition
We remark that this definition would still formally make sense in the range x > 8, but since for such
values of x, the SLE, process is described by a Peano curve, uniqueness of multiple SLE clearly fails, as
one can specify the common boundaries of the different curves in an arbitrary way while preserving the
conditional distributions of individual curves.

Proposition 1.4. Theorem also holds for k = 16/3, and for any o € LPy, as 6 — 0, conditionally
on the event {A° = a}, the law of the collection (n3,...,n%) of critical FK-Ising interfaces converges
weakly to the global N-SLEg/3 associated to c.



We prove Proposition in Section To show that the scaling limit is a global multiple SLE, we
again use results from the literature [CS12, ICDCH™14, [KS17] combined with a Russo-Seymour-Welsh
bound proved in [DCST17] and six-arm estimates. To prove the uniqueness of the limit, we use a Markov
chain argument similar to the proof of Theorem

Remark 1.5. Combining the same argument that we use in Section with the results of [Smi01, |(CNO7]
one can check that there also exists a unique global multiple SLE,; for k = 6 with any given connectivity
pattern, and Proposition holds for the critical site percolation on the triangular lattice with Kk = 6.
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2 Preliminaries

In this section, we give some preliminary results, for use in the subsequent sections. In Section [2.1] we
discuss Brownian excursions and the Brownian loop measure. These concepts are needed frequently in
this article. In Sections and we define the chordal SLE, and study its relationships in different
domains via so-called boundary perturbation properties. Then, in Section [2.4] we give a crucial coupling
result for SLEs in different domains. This coupling is needed in the proof of Theorem [I.2]in Section

2.1 Brownian Excursions and Brownian Loop Measure

We call a polygon (2;x,y) with two marked points a Dobrushin domain. Also, if U C € is a simply
connected subdomain that agrees with {2 in neighborhoods of = and y, we say that U is a Dobrushin
subdomain of . For a Dobrushin domain (€;x,y), the Brownian excursion measure v(€); (yx)) is a
conformally invariant measure on Brownian excursions in ) with its two endpoints in the arc (yx) —
see [LWO04, Section 3] for definitions. It is a o-finite infinite measure, with the following restriction
property: for any Dobrushin subdomain U C 2, we have

v(§; (y2))[ - Liecuy] = v(U; (y2))[ -] (2.1)

For £ > 0, we call a Poisson point process with intensity {v(€; (yz)) a Brownian excursion soup.

Suppose that x and y lie on analytic boundary segments of ). Then, the boundary Poisson kernel
Hq(z,y) is a conformally invariant function which in the upper-half plane H = {z € C: &z > 0} with
x,y € R is given by

Hy(z,y) = |y — 2| (2.2)

(we do not include 7! here), and in € it is defined via conformal covariance: we set

Ho(z,y) = ¢'(2)¢' (y) Ho(e) (0(2), 0(y)) (2.3)
for any conformal map ¢: Q — ().

Lemma 2.1. Let (Q;z,y) be a Dobrushin domain with x,y on analytic boundary segments. Let U,V C §)
be two Dobrushin subdomains that agree with 2 in a neighborhood of the arc (yx). Then we have

Hq(z,y) x Hynv(z,y) > Hy(z,y) X Hy(z,y).



Proof. The inequality ([2.4]) follows from ({2.3]). To prove (2.5)), let P be a Brownian excursion soup with
intensity v(£2; (yz)). Then we have

HU(l'ay)
Ho(z,y)

Now, denote by Py the collection of excursions in P that are contained in V. By (2.1)), we know that Py
is a Brownian excursion soup with intensity v(V; (yx)). Equation (2.5 now follows from

Hyny (2,y) Hy(z,y)
Hy (z,y) Ho(z,y)

The Brownian loop measure j1(2) is a conformally invariant measure on unrooted Brownian loops in
) — see, e.g., [LW04, Sections 3 and 4] for the definition. It is a o-finite infinite measure, which has the
following restriction property: for any subdomain U C 2, we have

n[- L] = u(U)[-]-
For £ > 0, we call a Poisson point process with intensity £u(€) a Brownian loop soup. This notion will
be needed in Section 2.4

Given two disjoint subsets V1, Vo C €2, we denote by u(€2; V1, Va) the Brownian loop measure of loops
in  that intersect both V7 and V5. In other words,

PecUVYee?P] = (2.6)

=PlecUVeePy|>PleCcUVeeP]= O

Vi, Vo) = pfl : £CQ, ENVI#£D, LNV # 0}

If Vi, Vs are at positive distance from each other, both of them are closed, and at least one of them
is compact, then we have 0 < p(Q; Vi, V2) < co. Furthermore, the measure p(2; Vi, V2) is conformally
invariant: for any conformal transformation ¢: Q — f(Q2), we have u(o(Q2);0(V1), p(Va)) = u(2; V1, Vo).

Also, for n disjoint subsets Vi, ..., V, of Q, we denote by u(92;V1,...,V,,) the Brownian loop measure
of loops in ) that intersect all of V1, ..., V,,. Again, provided that Vj are closed and at least one of them
is compact, u(2; V1, ..., V,) is finite. This quantity will be needed in Section

2.2 Loewner Chains and SLE

An H-hull is a compact subset K of H such that H\ K is simply connected. By Riemann’s map-
ping theorem, for any hull K, there exists a unique conformal map gx from H\ K onto H such that
lim, o |gr(2) — 2| = 0. Such a map gk is called the conformal map from H\ K onto H normalized at
0o. By standard estimates of conformal maps, the derivative of this map satisfies

0<gk(r)<1 for all z € R\ K. (2.7)

In fact, this derivative can be viewed as the probability that the Brownian excursion in H from x to oo
avoids the hull K — see [Vir03, LSWO03].
Consider a family of conformal maps (g, ¢ > 0) which solve the Loewner equation: for each z € H,

Degr(z) = 7(z) =W, and  go(z) = z,
where (W, t > 0) is a real-valued continuous function, which we call the driving function.

Denote K; := {z € H: T, <t}, where T}, := sup{t > 0 : inf,c(o 4 [9s(2) — Ws| > 0} is the swallowing
time of the point z. Then, g; is the unique conformal map from H; := H\ K; onto H normalized at oco.
The collection of H-hulls (K;,t > 0) associated with such maps is called a Loewner chain. We say that
(K, t > 0) is generated by the continuous curve (y(t),t > 0) if for any ¢ > 0, the unbounded component
of H\ 7|0, t] coincides with H; = H \ K;.




In this article, we are concerned with particular hulls generated by curves. For x > 0, the random
Loewner chain (Ky,t > 0) driven by W; = \/kB;, where (B;,t > 0) is a standard Brownian motion, is
called the (chordal) Schramm-Loewner Evolution SLE, in H from 0 to co. S. Rohde and O. Schramm
proved in [RS05] that this Loewner chain is almost surely generated by a continuous transient curve -y,
with lim;_,o [7(t)] = co. This random curve exhibits the following phase transitions in the parameter
k: when k € [0,4], it is a simple curve; whereas when x > 4, it has self-touchings, being space-filling if
k > 8. The law of the SLE,, curve is a probability measure on the space Xo(H;0,00), and we denote it
by P(H;0, 00).

By conformal invariance, we can define the SLE, probability measure P(;z,y) in any simply con-
nected domain € with two marked boundary points x,y € 9Q (around which 0f is locally connected) via
pushforward of a conformal map: if v ~ P(H; 0, 00), then we have p(y) ~ P(Q;z,y), where o: H — Q is
any conformal map such that ¢(0) = z and p(c0) = y. In fact, by the results of O. Schramm [Sch00], the
(SLEg),~ are the only probability measures on curves v € Xo(€2; x,y) satisfying conformal invariance and
the following domain Markov property: given an initial segment [0, 7] of the SLE, curve v ~ P(Q;z,y)
up to a stopping time 7, the conditional law of the remaining piece y[r, 00) is the law P(Q2\ K-;v(7),y)
of the SLE,; in the complement of the hull K of the initial segment, from the tip (1) to y.

2.3 Boundary Perturbation of SLE

The chordal SLE, curve v ~ P(£;z,y) has a natural boundary perturbation property, where its law in
a Dobrushin subdomain of 2 is given by weighting by a factor involving the Brownian loop measure and
the boundary Poisson kernel. More precisely, when s € (0, 4], the SLE,; is a simple curve only touching
the boundary at its endpoints, and its law in the subdomain is absolutely continuous with respect to its
law in 2, as we state in the next Lemmal[2.2] However, for £ > 4, we cannot have such absolute continuity
since the SLE, has a positive chance to hit the boundary of €). Nevertheless, in Lemma we show that
if we restrict the two processes in a smaller domain, then we retain the absolute continuity for x € (4, 8).

Throughout this article, we use the following real parameters:

6 — K _ (Bk—8)(6 — k)
P and c= P . (2.8)

h/:

Lemma 2.2. Let k € (0,4]. Let (;z,y) be a Dobrushin domain and U C Q2 a Dobrushin subdomain.
Then, the SLE, in U connecting x and y is absolutely continuous with respect to the SLE, in ) connecting
x and y, with Radon-Nikodym derivative given by

dP(U; z, Hq(z, "
(a0 (i) Soen o000

Proof. See [LSW03, Section 5] and [KL07, Proposition 3.1]. O
The next lemma is a consequence of results in [LSWO03| [LW04]. We briefly summarize the proof.

Lemma 2.3. Let k € (4,8). Let (;z,y) be a Dobrushin domain. Let Q¥ C U C Q be Dobrushin
subdomains such that QY and Q agree in a neighborhood of the arc (yx) and dist(QF,Q\ U) > 0. Then,
we have

dP(vaay) _ (HQ(:E7y)
HU(-’L‘,Z/)

1 — I () =
00 ap(@iwy)
Proof. By conformal invariance, we may assume that (Q;z,y) = (H;0,00). Let v ~ P(H;0,00), let
(Wi, t > 0) be its driving function, and (g;,¢ > 0) the corresponding conformal maps. Let ¢ be the
conformal map from U onto H normalized at co. On the event {y C QF}, define T to be the first time
that v disconnects H \ U from oo.

h
) Ly exp(en(@:7, 2\ 1)),



Denote by K; the hull of 7[0,¢]. For ¢ < T, let g be the conformal map from H\ ¢(K;) onto H
normalized at oo, and let ¢; be the conformal map from ¢;(U \ K;) onto H normalized at co. Then we
have g; o ¢ = @y 0 g;. Now, define for t < T,

¢
My := o, (W) exp (—c/o st) ,

6

where Sf is the Schwarzian derivativeﬂ It was proved in [LSWO03, Proposition 5.3] that M; is a local
martingale. Furthermore, using Itd’s formula, one can show that the law of v weighted by M; is P(U; 0, 00)
up to time ¢. Also, it follows from [Law05, Proposition 5.22] (see also [LW04, Section 7]) that

_ /Ot S‘PSéWS)ds — u(H;~[0,4],H\ U).

Now, on the event {y C QF}, there exists ¢ = ¢(H,Q" U) > 0 such that for t < T, we have
€ < o(Wy) < 1. When s € (4,6], we have h > 0 and ¢ > 0, and thus, on the event {y C QF}, we have
M; < exp(cu(H; Q5 H\ U)). When x € (6,8), we have h < 0 and ¢ < 0 and in this case, M; < €". In
either case, (M;,t < T) is uniformly bounded on the event {y C QF}, and as t — T, we have almost
surely ¢} (W;) — 1 and thus,

M; — My = exp(cpu(H;y[0, T],H\ U)).
The assertion follows taking into account that My = ¢'(0)" and recalling (2.3)). O

2.4 A Crucial Coupling Result for SLEs

We finish this preliminary section with a result from [WW13|, which says that we can construct SLEs
using the Brownian loop soup and the Brownian excursion soup. This gives us a coupling of SLEs in two
Dobrushin domains U C €, which will be crucial in our proof of Theorem [I.2]

Let (2;2,y) be a Dobrushin domain. Let £ be a Brownian loop soup with intensity cu(€2), and P
a Brownian excursion soup with intensity hv(2; (yz)), with ¢ = ¢(k) and h = h(k) defined in and
k € (8/3,4]. We note that then we have ¢ € (0,1] and h € [1/4,5/8).

We say that two loops £ and ¢ in £ are in the same cluster if there exists a finite chain of loops
o, ..., 0, in L such that ¢o = ¢, ¢, = ¢, and £; N ¢;_1 # 0 for j € {1,...,n}. We denote by C the family
of all closures of the loop-clusters and by I' the family of all outer boundaries of the outermost elements
of C. Then, I forms a collection of disjoint simple loops called the CLE, for x € (8/3,4], see [SW12].

Finally, define vy to be the right boundary of the union of all excursions e € P and v to be the
boundary of the union of <y and all loops in I' that it intersects, as illustrated in Figure [2.1

Lemma 2.4. [WW13, Theorem 1.1]. Let k € [8/3,4]. Let (Q;x,y) be a Dobrushin domain and define L,
P, ', v9, and v as above. Then, v has the law of the SLE, in Q connecting x and y.

From Lemma [2.4] we see that we can couple SLE, in different domains in the following way. Let
(©; ,y) be a Dobrushin domain and U C € a Dobrushin subdomain that agrees with €2 in a neighborhood
of the arc (yz). Take L, P, T, 79, and  as in the above lemma. Let Py and Ly respectively be the
collections of excursions in P and loops in £ that are contained in U. Define ngy to be the right boundary of
the union of all excursions e € Py, define I'yy to be the collection of all outer boundaries of the outermost
clusters of Ly, and n to be the right boundary of the union of 7y and all loops in I'yy that it intersects.

Corollary 2.5. Let (2;z,y) be a Dobrushin domain and U C Q a Dobrushin subdomain that agrees with
Q in a neighborhood of the arc (yx). There exists a coupling (v,n) of v ~ P(Q;z,y) and n ~ P(U,z,y)
such that, almost surely, n stays to the left of v and

Pln =] =Py Ul

f/”(z) 3f”(z)2

f'(z) 2f7(2)? "

!The Schwarzian derivative of an analytic function f is given by Sf(z) :=



Figure 2.1: In the left panel, ¢ is the right boundary of all Brownian excursions in P. In the middle panel, I is
the family of all outer boundaries of the outermost elements of the clusters of Brownian loops in £. In the right
panel, « is the right boundary of the union of 4o and all loops in I that intersect 7. By [WW13| Theorem 1.1], we
find that v ~ P(Q; z,y).

Proof. Lemma and the above paragraph give the sought coupling. O

In fact, the coupling (y,n) of Corollary [2.5|is the coupling which maximizes the probability P[n = ~].

3 Global Multiple SLEs

Global N-SLEs associated to all link patterns o € LPx and all k € (0,4] were constructed in the
works [KLO7, PW17]. This immediately gives the existence part of Theorem In Section we
briefly recall the main idea of this construction. Then we prove the uniqueness part of Theorem in

Sections [3.2] and [3.31

3.1 Construction of Global Multiple SLEs for x <4

Let (;21,...,29n) be a polygon. For a link pattern o = {{a1,b1},...,{an,bn}} € LPy, we let P,
denote the product measure of N independent chordal SLE, curves,

N

Pa = ® P(Qv Cl?aj,l‘bj),
7j=1

and E,, denote the expectation with respect to P,. A global N-SLE,; associated to « can be constructed as
the probability measure Qﬁ = Q7 (% 21,. .., on) which is absolutely continuous with respect to P, with
explicit Radon-Nikodym derivative given in Equation below. This formula involves a combinatorial
expression m, of Brownian loop measures, obtained by an inclusion-exclusion procedure that depends on
a. More precisely, for a configuration (n,...,nx) € X§(;21,...,22n), we define

Mo (501, ... ,nN) == Z m(C), (3.1)
c.c. Cof Q\{n1,....nn}

where the sum is over all the connected components (c.c.) of the complement of the curves, and

i1,i2€B(C), i1,12,i3€B(C),
i1740 i1 i Ai3 701



is a combinatorial expression associated to the c.c. C, where

BC):={je{l,...,N}:n; COC} ={j1,..-,Jp}

denotes the set of indices j for which the curve 7; is a part of the boundary of C.
Now, we define the probability measure Qf via

dQﬁ (771 nN) _ Ra(Q;n17"'anN)
dap, " Eo[Ra(Q5m1, ..., nN)]’ (3.2)

where Ra(m1, - oonN) = Lgp =0 v j2k) €XPema (S5 01, .. 1N)).

By [PWI17, Proposition 3.3|, this measure satisfies the defining property of a global multiple SLE,. The
expectation of R, defines a conformally invariant and bounded function of the marked boundary points:

0< fa(Q; Ty, I'QN) = EQ[RQ(Q; M,y -- ,nN)] <1. (33)
If (;21,...,2on) is a polygon and U C Q a simply connected subdomain that agrees with €2 in neigh-
borhoods of x1,...,xon, we say that U is a sub-polygon of 2. When the marked points 1, ..., x9N lie on

analytic boundary segments of 2, for all integers N > 1 and link patterns o = {{a1,b1},...,{an,bn}} €
LPy, we may define

N

Zo(Q 21,0 xan) = fo(Q 21, ..., 29N) X H Hg(xaj,xbj)h, (3.4)
j=1

where Hg is the boundary Poisson kernel introduced in Section Since 0 < f, < 1, we see that

N

0< ZQ(Q;xl, R ,xQN) < H Hg(xaj,xbj)h. (35)
j=1

The functions Z, are called pure partition functions for multiple SLEs. Explicit formulas for them have
been obtained when x = 2 [KKPI17, Theorem 4.1] and x = 4 [PW17, Theorem 1.5].

The multiple SLE probability measure Q% has a useful boundary perturbation property. It serves as
an analogue of Lemma [2.2] in our proof of Theorem

Proposition 3.1. [PW17, Proposition 3.4] Let k € (0,4]. Let (;21,...,22n) be a polygon and U C 2 a
sub-polygon. Then, Q¥ (U;x1,...,xan) is absolutely continuous with respect to Q¥ (% x1,. .., zan), with
Radon-Nikodym derivative given by

Zo (21, ..., 29N)

N
N, IN) = Zo(U: 21, 22N X liycu vy X exp <CM(Q;Q\U’jU1m>>'

dQﬁ(U;IL‘l, e ,{EQN)(
AQ% (a1, .., xan)

Moreover, when k < 8/3 and x1,...,zon lie on analytic boundary segments of 1, we have

Zo(Qsx1, ... x9n) = Zo(Us 21, ..., T2N). (3.6)

3.2 Uniqueness for a Pair of Commuting SLEs

Next, we prove that the global 2-SLE, measures are unique. This result was first proved by J. Miller and
S. Sheffield [MS16bl, Theorem 4.1] by using a coupling of the SLEs with the Gaussian free field (GFF). We
present another proof not using this coupling. Our proof also generalizes to the case of N > 3 commuting
SLE curves, whereas couplings with the GFF seem not to be useful in that case.
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In this section, we focus on polygons with N = 2. We call such a polygon (2;x1,x9, 3, 74) a quad.
We also say that U C € is a sub-quad of Q if U is a sub-polygon of 2.

Because the two connectivities a € LPy of the curves are obtained from each other by a cyclic change
of labeling of the marked boundary points, we may without loss of generality consider global 2-SLEs
associated to a = {{1,4},{2,3}}. Hence, throughout this section, we consider pairs (n*,n’?) of simple
curves such that n* € Xo(Q; 2%, y"), and nf € Xo(Q;2%,y%), and n* N nf* = (). We denote the space
of such pairs by Xo(9; mL,azR,yR,yL) Now, a probability measure supported on these pairs is a global
2-SLE,, if the conditional law of n’ given nt is that of the SLE, connecting z’ and y” in the connected
component of Q \ n® containing z* and y” on its boundary, and vice versa with R and L interchanged.

Proposition 3.2. For any k € (0,4], there exists a unique global 2-SLE,, on Xo(Q; 2%, 2% yf y*).

We prove Proposition in the end of this section, after some technical lemmas. The idea is to show
that the global 2-SLE, is the unique stationary measure of a Markov chain which at each discrete time
resamples one of the two curves according to its conditional law given the other one. We have already
seen a construction of such a measure in the previous section, so we only need to prove that there exists
at most one stationary measure. To this end, we use couplings of Markov chains — see e.g. [MT09] for a
general background.

The next lemma is crucial in our proof. In this lemma, we prove that the chordal SLE, in Q always
has a uniformly positive probability of staying in a subdomain of 2 in the following sense.

Lemma 3.3. Let x € (0,4] and let (Q;2,y) be a Dobrushin domain. Let Q¥ U C Q be Dobrushin
subdomains such that QF, U, and Q agree in a neighborhood of the arc (yx). Suppose n ~ P(U;x,y).
Then, there exists a constant 0 = 6(Q, Q) > 0 independent of U such that P[n C QF] > 6.

Proof. We prove the lemma separately for x € [8/3,4] and € (0, 8/3].

When & € [8/3,4], we have ¢ > 0. Suppose v ~ P(£; x,y) and denote by D,, (resp. D) the connected
component of U \  (resp. 2\ 7) with (yx) on its boundary. By Corollary there exists a coupling of
n and 7 such that D, C D.,. Therefore, we have Pl C Q] > Ply C £] > 0. This gives the assertion for
K € [8/3,4] with 6(Q, QF) = P[y c QF] > 0.

Suppose then x € (0,8/3]. Then we have ¢ < 0. By Lemma we have

HQ(xvy)
HU(xmy)

Note that, on the event {y C Q¥ N U}, we have

h
Pl € 0] = (202 ) Eltpcannn exlen(stin, 2\ )] 3.7

p(Q,Q\ (Y NU)) = p(7, Q\U) + (27, 92\ QF) — u(Q7,2\ Q" Q\ U)
= (7, Q\U) + pw(U;7, U\ QF). (3.8)

Combining Equations (3.7) and (3.8)) and using Lemmas and we obtain
h
Pl € 0] = (T2 € (11t explen(@:7. 0\ U) by @)

_ (Harew@w)\" | (Howlew))" I
‘( <,>>2<H9<x,y>>‘ [by Lemma[2.2]and (2.5)]

This gives the assertion for x < 8/3 with 6(Q, QF) = (Hqr (x,y)/Ha(z,y))* > 0. O
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Next, we prove that we can couple two SLEs in two Dobrushin subdomains of €2 in such a way that
their realizations agree with a uniformly positive probability.

Lemma 3.4. Let & € (0,8) and let (Q; x,y) be a Dobrushin domain. Let QX ¢ V c U,U C Q be Dobrushin

subdomains such that QF and Q agree in a neighborhood of the arc (yx) and dist(Q*,Q\ V) > 0. Let

n ~ PU;z,y) and ij ~ P(U;z,y). Then, there exists a coupling (n,7) such that Pln = 7 c QL] > 6,

where the constant 6 = 0(Q, QL. V) > 0 is independent of U and U.

Proof. First, we show that there exists a constant pg = po(£2, 2%, V) > 0, independent of U and U, such

that P[n C QF] > po. This is true for x < 4 due to Lemma so it remains to treat the case x € (4, 8).
Let v ~ P(Q;z,y). By Lemma we have

h
Pl € 0] = (220 [14,con explan(@:7. 0\ D).

When k € (4,6], we have ¢ > 0 and h > 0. Combining with the inequality (2.4]), we obtain
Pln c QF > P[y c QF].

On the other hand, when k € (6,8), we have ¢ < 0 and h < 0. On the event {y C QF}, we have
(9, Q\U) < pu(;Q8,Q\ V), so combining with (2.4)), we obtain
HQ (.’13, y)
HV (.%, y)
In either case, we have Pl € QF] > po with pg = po(Q, Q%, V) > 0, independently of U and U.

Next, we consider the relation between 7 and 7. Using Lemmas [2.2] and we see that the law of 7

restricted to {7j C L} is absolutely continuous with respect to the law of 7 restricted to {n C QF}, and
the Radon-Nikodym derivative is given by

h
Pl c 01 > ( ) exp(c(6: 98, O\ V)Pl € Q1.

Hy(x,y & ~ ~ ~
Rl = (G ) Spgcon) exp(euVin U\ D) - @500\ V)
HU(x7y)
Now, Equation (2.4]) shows that
HV(‘Tay) < HU(CC,y) < HQ(xay)
Ho(z,y) — Hg(z,y) — Hy(z,y)

Also, because QX c V c U,U C , we see that on the event {n c QF}, we have
—pu(Q Q5 Q\ V) < p(U;n,U\T) = w(U;n, U\ U) < (295, Q\ V).

These facts imply that R(n) > 1{ycary € where € = €(Q,QF, V) > 0 is independent of U and U.
Now, denote P[ C Q%] by p. The total variation distance of the law of 7 restricted to {fj C ¥} and
the law of 7 restricted to {n C QF} is bounded from above by

E[(1 — R() " Lgycary] < p — pe.

Thus, there exists a coupling (7,7n) such that P[5 = n C QL] > pe. From the first part of the proof, we
see that p > po(€2, 2%, V). This proves the asserted result. O

It is important that the bounds in the technical Lemmas [3.3] and are uniform over the domains U
and U. In [MS16Dbl Lemma 4.2], the authors proved a seemingly similar result, but they only showed that
there exists a coupling (7, 77) such that P[n = 7] > 0, whereas in Lemma [3.4] we proved that P[n = 7] > 6
with @ uniform over U and U. This is the key point in our proof of the uniqueness of Proposition

Let us also emphasize that the assumption in Lemma is QF, U C Q and the assumption in
Lemma is QF ¢ U ¢ Q. Lemma is the key point in the proof of the uniqueness, as it guarantees
that there is a uniformly positive probability to couple two Markov chains for any initial values.
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Remark 3.5. It is worthwhile to discuss the optimal value of the constant 0 in Lemmas and [34}
When k € [8/3,4], we know this optimal value exactly. Namely, from the proof of Lemma we see
that the optimal constant 0 = 0(2, QL) equals Ply C QF], where v ~ P(Q;z,y). Also, in Lemma
if k € [8/3,4], then we can use the coupling of Corollary which gives the optimal constant 6 =
0(2,QF V) = P[y C QL. In particular, this constant does not depend on 'V and Lemma is true for
adlQF c U, U cQ.

Proof of Proposition[3.3. The existence part is well-known, see [KL0O7] and Section of the present
article. Thus, we only need to prove the uniqueness.

By conformal invariance, we may take Q = [0,¢] x [0,1] and z¥ = (0,0), 2% = (¢£,0), y® = (¢,1),
y* = (0,1). We define a Markov chain on curves (n%,n%) € Xo(Q; 2%, 2%, y® y*) as follows. Given a
configuration (n%, nft) € Xo(Q; 2%, 2% y®, y%), we pick i € {L, R} uniformly and resample n’ 41 according
to the conditional law given the other curve. We will prove that this chain has at most one stationary
measure.

Take two initial configurations (n&,nf) and (7§, 7). We will show that there exists a constant py > 0,
independent of the initial configurations, so that the following is true: there exists a coupling of (nf,nf)

and (7}, 7f) such that we have

P, ni) = (75, 71)] = po. (3.9)
If (3.9) holds, then there exists a coupling of (nf,,7%,) and (7%, 7L,) for any n > 1 such that
PL(is 1in) # (s )] < (1 = po)™ (3.10)

Bounding the total variation distance by this coupling, we see that it tends to zero as n — oo, so there
exists at most one stationary measure. Hence, it is sufficient to prove .

Denote by QF = [0,£/3] x [0,1] and QF = [2¢/3,/] x [0,1], and by 6; = 0(Q, Q") = 0(Q, QF) the
constant obtained from Lemma Given an initial configuration (n{,nft) € Xo(Q;z, 2%, y= y%), we
sample 71 according to the conditional law and set nf* = nf!. Then, we sample 75 according to the
conditional law and set n5 = nf. This operation has probability 1/4. Knowing this sampling order,

Lemma |3.3| gives
Plnk c QF > 6, and P[nlt ¢ Qf|nk] > 6,.

Thus, for any initial configurations, we have
1
Py c Qb nftcff] > 19%. (3.11)

Now, suppose we have two initial configurations (n& , 7753) and (ﬁ&,f]é{), and we sample (772L , nf) and

(7%, 74") independently. From (3.11]), we see that
1
Pl cOF i c OF gt c QF, 7ff  OF] > =67,

Given (n&, n8, ik, #l?), we resample n¥ and 71 according to the conditional law and set nf* = nlt, 74 = 7.
Lemma guarantees that there exists a coupling such that the probability of {n = 7 C QF} is at least
02 > 0, which does not depend on (nk,nit 7L 7lt) as long as {n&, 75t c QF}. Given (ng, nf, 7%, 7%), we
resample nf and 7§ according to the conditional law and set n} = n¥, 7} = f4. Similarly, there exists a

coupling such that the probability of {nf = 7 C Qf} is at least 0 as long as {n¥, 7% c QL}. Therefore,
there exists a coupli f (nk,nk d (aF,ak
pling of (ny, ;") and (7, 7;") such that

o 1
Pl(ng,ng) = (g, )] > 6*49‘1‘93-

This implies (3.9) with py = £;0163, and completes the proof. O
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The above proof works also when the conditional laws of 7% and n* are variants of the chordal SLE,.
In particular, we use this argument for certain SLE variants in the proof of Theorem

Corollary 3.6. Let k € (0,4]. For any o € LPy, there exists a unique global 2-SLE,; associated to «.

Proof. The two connectivities o € LPy of the curves are obtained from each other by a cyclic change of
labeling of the marked boundary points x1, s, 3, 4. Thus, the assertion follows from Proposition ]

3.3 Uniqueness: General Case

In this section, we generalize our uniqueness proof for the global 2-SLE, from the previous section to any
number N > 3 of curves, to complete the proof of Theorem Recall that, for a € LPy, we denote by
Qf(Q; x1,...,T2n) the global N-SLE, probability measures constructed in Section

We begin by generalizing Lemma By symmetry, we may assume that {1,2} € a and denote
& =af{l1,2}.
Lemma 3.7. Let k € (0,4]. Let (Q;x1,...,22n) be a polygon and QF, U C Q sub-polygons such that
QL U, and Q agree in a neighborhood of the arc (zox1). Let (m1,...,mn) be any global N-SLE,
in (Usxy,...,xon) such that ny is the curve connecting x1 and x3. Then, there exists a constant
0 =0(2,Q) > 0, independent of U, such that P[n; C QF] > 6.
Proof. Denote by U, the connected component of U \ U;VZZ n; with x1 and x2 on its boundary. Then, the

conditional law of n; given Ul is the chordal SLE,. in Ul connecting x; and x3. By Lemma we have
Plm c QF |U1] > 0(92,QF), independently of U;. Therefore, P[n; C QF] > 6(2, QF) as well. O

To generalize Lemma we use the following auxiliary result, which says that all of the curves have
a positive probability to stay in a subdomain of €2, uniformly with respect to a bigger subdomain.

Lemma 3.8. Let x € (0,4]. Let (%;z1,...,22n) be a polygon and Q¥ C U C Q sub-polygons. Let
(M., nN) ~ QF(U;x1,...,2on). Then, there exists a constant § = 6(Q, Q) > 0, independent of U,
such that Pln; C QL'V j] > 6.

Proof. We prove the lemma separately for x € [8/3,4] and € (0, 8/3].
Assume first that x € (0,8/3]. Let (v, ...,v%) ~ Q#(QF;21,...,22x). By Proposition we have

Pln; c QL v j] = Za(O5 21,5 22N) E|exp (= en(U;U\ 0F [VJ 7))
/ Zo(U;x1,...,22N) 7 ’j:1 e
Since k < 8/3, we have ¢ < 0. Combining with (3.6]), we obtain

Za(QL;azl,...,ng) S Za(QL;l‘l,...,CCQN)
ZoUsz1,...,xan) — Za(Q;21,...,29N)

where the lower bound is independent of U, as claimed.
Assume next that x € [8/3,4]. Let (7y1,...,vn) ~ Q7 (Q;x1,...,72n). By Proposition we have

Pln; c Q" Vv j] > >0,

Pl c Qb j] = 2ol 0an) ey AU
[77] - j] - ZQ(U;l'l,...,.%'zN) [ {’YjCUVj}eXp (C/L( ’ \ 7]L:JIPVJ>>]

Since k € [8/3,4], we have ¢ > 0, so we get

ZQ(Q; Lly.-. s LIN

Pln; c QL V4] >
[TI]C ]]_ZQ(U;xl,...,.xQN

)

)

Za(Q;.Z‘l, e ,1'2{\;2 P['Yj - QL \V/]] [by ]
)
h

Ply; € QF V4] > 0. by @4)]




This gives the assertion for x € [8/3,4] and finishes the proof. O
Now, we prove an analogue of Lemma [3.4] for £ < 4.

Lemma 3.9. Let € (0,4]. Let (;21,...,2an) be a polygon and Q¥ C V C U, U C Q sub-polygons such
that dist(QL, Q\ V) > 0. Let (m1,...,nn) ~ Q#(U;x1,...,2on) and (1, ...,7N5) ~ Q¥(U;z1,...,22x).
Then, there exists a coupling of (m,...,nn) and (71, ...,7n) such that P[n; = 1; C QL v 4] > 0, where
the constant 0 = 0(Q, QF, V') > 0 is independent of U and U.

Proof. By Proposition the law of (7jy,...,7y) restricted to {f; C QF V j} is absolutely continuous
with respect to the law of (11, ...,ny) restricted to {n; C QL V j}, with Radon-Nikodym derivative

ZoU;xy,...,29N)
ZoUsxy,...,29N)

N N
R(ni,...,nN) = 1gcary jyexp (cu(U;U\QL, U nj) - C[L(U; U\ QF, U 77j>).
j=1

=1

First, we find a positive lower bound for R(n1,...,nn), separately for x € [8/3,4] and « € (0,8/3].
Since QL' C V C U,U C Q, on the event {n; C Q¥ V j}, we have

N N
—p( @\ V.0 < p(UUNQE, () = w(T;0\QF, | ) < m(@:2\ V.05,
=1 =1

When « € (0,8/3], we have ¢ < 0. Combining with (3.6]), on the event {n; C Q¥ V j}, we have

ZQ(QL; Tlye-- ,ng)

exp(cp (S Q\ V, Q) > 0. 3.12
ERTTNTSS p(cp(€2; 2\ ) (3.12)

R(nla---anN) >

On the other hand, when € [8/3, 4], we have ¢ > 0. Now, on the event {n; C QL V j}, we have

Za(q; P15 T2N) exp(—cu(Q;Q\ V, Q).
ZoU;z1,...,22N)

Using (3.5) and ([2.4)), we estimate the denominator as

R(ni,...,nNn) >

N N
Zo(Usay,...,wan) < H 7 (@a; 20,)" < [[ Halwa;, 2,)", (3.13)
j=1 j=1
and using (2.4), we estimate the numerator as
N N
ZQ(U;xl,...,sz H xa],xb fa<U L1y - .Z'QN Z H (xa],xb ) fa(U L1y .%'QN)

j=1 Jj=1
Taking the infimum over all sub-polygons A such that V' C A C Q, we have

fa(U;:Ela'- xQN) lnffa(A $1a"'7$2N) = U(Q7V)

We next show that this infimum is strictly positive. By conformal invariance of f,, we may take (2 = H,
and we have fo(A;z1,...,22n8) = fa(H;pa(z1),...,04(z2n)) > 0 for any conformal map ¢4: A — H.
Now, there exists a compact subset K of R?Y such that (¢a(z1),...,pa(zan)) € K for all A, so

U(vi) = inf fa(H;yla"'7y2N) > 0.
(Y1,-y2N)EK
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Thus, we have

N
Z(Uszy,... ,x9n) > H (2a,, 20,) "0(Q,V) > 0. (3.14)
Combining (3.13]) and (3.14)), we obtain
HQL Lq ,.%'b h
CnN) > S Q —ep(;Q\ V,0F : 1
R(n1, ... ,mN) H(Hg(aja],xb ) v(, V) exp(—cu(;Q\ V,27)) >0 (3.15)

In both estimates and -, we have R(ny,...,nn) > € := €(Q,QF, V) > 0, independently of U
and U, as desired. ThlS completes the first part of the proof.

Now, denote P[n; C QL' V j] by p. The total variation distance of the law of (71, ..., 7x) restricted to
{f; € QL' V j} and the law of (11,...,nn) restricted to {n; C QF V j} is bounded from above by

E[(1 = R(m,....nn)) L, car vy <p(l—e).

It follows from this observation that there exists a coupling of (11,...,nn) and (71,...,7n) such that
Pln; =n; C QF ¥ 4] > pe. Combining with Lemma we obtain the asserted result. O

We are ready to conclude the proof of Theorem

Proof of Theorem[1.4. The existence was proved in [KL07, Law09, PW17], and summarized in Section
To prove the uniqueness, we proceed by induction on N > 2. The case N = 2 is the content of Corol-
lary so we let N > 3 and assume that, for any link pattern 5 = {{a1,b1},...,{an—-1,bn-1}} €
LPx_1, there exists a unique global (N — 1)-SLE,; associated to . For 1 < j < N — 1, we denote by
Qéaj’bj}(Q; x1,...,TaN—2) the marginal law of n; in this global multiple SLE.

Now, let @ € LPy and suppose that (1, ...,nn5) € X§(; 21, ...,22n) has the law of a global N-SLE,,
associated to . By symmetry, we may assume that {1,2},{k,k + 1} € o with k € {3,4,...,2N — 1}.
Denote by n (resp. nft) the curve in the collection {n1,...,ny} that connects 1 and z2 (resp. z; and
Zp41). It follows from the induction hypothesis that the conditional law of the rest (N — 2) curves given
(n*,n*) is the unique global (N —2)-SLE, associated to (o/{k,k+1})/{1,2} in the appropriate remaining
domain. Thus, it is sufficient to prove the uniqueness of the joint law on the pair (n%,n%).

The induction hypothesis also implies that, given n* (resp. n), the conditional law of the rest of
the curves is the unique global (N — 1)-SLE,, associated to a/{k,k + 1} (resp. a/{1,2}). Denote by D
(resp. D) the connected component of Q\ %t (resp. Q\ n%) with z; and x5 (resp. x; and ;) on its

boundary. Then, the conditional law of n’ given nft is Qil/?g k+1}(DL3 TlyeooyThel, Thi2, ..., Ton) and
similarly, the conditional law of n’t given n’ is ng 12 Qk 1}(DR X3y .., TIN).

Following the idea of the proof of Proposition we consider Markov chains sampling n” and n%
from these conditional laws. Replacing in the proof of Proposition Lemma by Lemma (for
N —1) and Lemma (3.4 by Lemma (also for N — 1), one can show that this Markov chain has at most
one stationary measure. Thus, the law of the collection (n1,...,nn) € X§(Q;21,...,zan) is unique. O

To conclude this section, we give the marginal law of a single curve in the global multiple SLE,. Recall
that the pure partition functions Z, were defined in (3.4). We denote

Zo(x1,.. ., x9N) = Zo(H; 21, . .., T2N), for r1 < -+ < xon.
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Lemma 3.10. [PW17, Proposition 4.9]. Let k € (0,4] and o € LP . Assume that {j,k} € a. Let Wy be
the solution to the following SDFEs:

AWy = VEdB; + k0;log Zo (V1. V7L W, V7L v ) dt, Wo = x;

i 2dt i C
th:mv Vo =i, fori#j.

(3.16)

Then, the Loewner chain driven by Wi is well-defined up to the swallowing time Ty of xp. Moreover, it
18 almost surely generated by a continuous curve up to and including Ty,. This curve has the same law as
the one connecting x; and xy, in the global multiple SLE,; associated to o in the polygon (H;z1,...,2anN).

4 Multiple Interfaces in Ising and Random-Cluster Models

In this final section, we give examples of discrete models whose interfaces converge in the scaling limit to
multiple SLEs. More precisely, we consider the critical Ising and the random-cluster models in the plane.

In the case of the critical Ising model with alternating boundary conditions, K. Izyurov proved in his
article [Izy17] that any number N of interfaces converges to a multiple SLE process in a local sense. In the
present article, we condition the interfaces to have a given connectivity pattern and prove the convergence
of the interfaces as a whole global collection of curves, which we know by Theorem to be given by the
unique global N-SLE3 measure. This is the content of Section where we prove Proposition We
are also able to determine the marginal law of one curve in this scaling limit. The case of two curves was
considered in [Wul7]; in this case, the marginal law is the so-called hypergeometric SLE.

In Section we consider interfaces in the critical random-cluster model, also with alternating
boundary conditions and fixing the connectivity pattern of the curves. We show in Proposition that,
given the convergence of a single interface, multiple interfaces also have a conformally invariant scaling
limit, which is the unique global multiple SLE, with s € (4, 6]. This range of the parameter x is beyond
the range (0, 4] where global multiple SLEs have been explicitly constructed. Thus, from the converge of
these discrete interfaces we would in fact get the existence and uniqueness of the global multiple SLE,
with k € (4, 6]. Unfortunately, the convergence of a single interface in the random-cluster model towards
the chordal SLE, has only been rigorously established for the case Kk = 16/3 — the FK-Ising model. This
is the case appearing in Proposition [1.4] which we prove in Section The convergence of two interfaces
of the FK-Ising model was also proved in [KSI1§|, where the authors used the so-called holomorphic
observable constructed in [CS12]. In contrast, our method gives the convergence for any given number
of interfaces via a global approach. We prove the case of two interfaces in Lemma where the main
effort is to show the uniqueness of the limit, and we establish the general case in Proposition

In [PW17, Sections 5 and 6], the authors discussed multiple level lines of the Gaussian free field with
alternating boundary conditions. These level lines give rise to global multiple SLE4 curves (with any
connectivity pattern). In this particular case, the marginal law of one curve in the global multiple SLE,4
degenerates to a certain SLE4(p) process. In general, however, the marginal laws of single curves in global
multiple SLEs are not SLE,(p) processes but rather certain more general variants of the chordal SLE,.
We refer to [PW17, Section 3] for more details.

Notation and terminology. We will use the following notions throughout. For notational simplicity,
we consider the square lattice Z2. T'wo vertices v and w are said to be neighbors if their Euclidean distance
equals one, and we then write v ~ w. For a finite subgraph G = (V(G), E(G)) C Z2, we denote by 9G the
inner boundary of G: that is, G = {v € V(G) : 3w ¢ V(G) such that {v,w} € E(Z?)}.

In the case of the square lattice, the dual lattice (Z?)* is just a translated version of Z2. More precisely,
(Z%)* is the dual graph of Z%: its vertex set is (1/2,1/2) + Z? and its edges are given by all pairs (vy,v2)
of vertices that are neighbors. The vertices and edges of (Z?)* are called dual-vertices and dual-edges. In
particular, for each edge e of Z2, we associate a dual edge, denoted by e*, that crosses e in the middle.

17



For a subgraph G of Z2, we define G* to be the subgraph of (Z?)* with edge set E(G*) = {e* : e € E(G)}
and vertex set given by the endpoints of these dual-edges.

Finally, the medial lattice (Z?)° is the graph with the centers of edges of Z? as the vertex set, and
edges given by all pairs of vertices that are neighbors. In the case of the square lattice, the medial lattice
is a rotated and rescaled version of Z2. We identify the faces of (Z2)° with the vertices of Z% and (Z2)*.

Suppose G is a finite connected subgraph of the (possibly translated, rotated, and rescaled) square
lattice Z2 such that the complement of G is also connected (this means that G is simply connected).
Then, we call a triple (G; v, w) with v,w € 9G a discrete Dobrushin domain. We note that the boundary
0§ is divided into two parts (vw) and (wwv), that we call arcs. More generally, given boundary vertices
v1,..., 0N € 0G, we call the (2N + 1)-tuple (G;v1,...,van) a discrete (topological) polygon. In this case,
the boundary 0G is divided into 2NV arcs. As an abuse of notation, we sometimes let G also denote the
simply connected domain formed by all of the faces, edges, and vertices of G.

In this article, we consider scaling limits of models on discrete lattices with mesh size tending to zero.
We only consider the following square lattice approximations, even though the results discussed in this
section hold in a more general setting as well [CS12]. For small § > 0, we let Q% denote a finite subgraph
of the rescaled square lattice §Z2. Like Q7, we decorate its vertices and edges with the mesh size § as a
superscript. The definitions of the dual lattice Q% := (Q°)*, the medial lattice Q3 := (Q°)°, and discrete
Dobrushin domains and polygons obviously extend to this context.

Let (€;z1,...,29y) be a bounded polygon and (%29, ..., 23,) a sequence of discrete polygons. We
say that (Q%; 29, ..., x5,) converges to (21, ..., xan) in the Carathéodory sense if there exist conformal
maps f0 (resp. f) from the unit disc U = {z € C: |z| < 1} to Q7 (resp. from U to Q) such that fo — f
on any compact subset of U, and for all j € {1,2,...,2N}, we have %%(fé)_l(xg) = f1(z;).

4.1 Ising Model

Let G denote a finite subgraph of Z?. The Ising model on G with free boundary condition is a random
assignment o € {0, ®}V (9 of spins 0, € {©,®}, where o, denotes the spin at the vertex v. The
Hamiltonian is defined by

HE®(0) == 040w (4.1)

v~w

The probability measure of the Ising model is given by the Boltzmann measure with Hamiltonian nge
and inverse-temperature 5 > 0:

free[o_] _ eXp(—,Bnge(O'))
8,9 - Zfree )
B9

where gege = Z exp(—fBHg Fee (). (4.2)

Also, for 7 € {5, @}22, we define the Ising model with boundary conditions 7 via the Hamiltonian

Hi(o) = — Z oy0Ow, Wwhere o, =1, forallv¢g. (4.3)
v~w,
{v,wING#D
In particular, if (G;v,w) is a discrete Dobrushin domain, we may consider the Ising model with the
following Dobrushin boundary conditions (domain-wall boundary conditions): we set @ along the arc
(vw), and © along the complementary arc (wv). More generally, we will consider the alternating boundary
conditions , where @ and © alternate along the boundary as in Figure
A crucial point in the proof of Proposition [I.3] below is the following domain Markov property. Let
G C G’ be two finite subgraphs of Z2. Fix 7 € {©, GB}Z and B > 0. Let X be a random variable, which
is measurable with respect to the status of the vertices in the smaller graph G. Then we have

pho | X oy =1 € G\ G| = pjglX]

18



The Ising model exhibits an order-disorder phase transition at a certain critical temperature. Above
this temperature, the configurations are disordered and below it, the configurations have large clusters of
equal spins. At criticality, the configurations have a self-similar behavior, and indeed, the critical planar
Ising model is conformally invariant in the scaling limit [CS12) [CHIT5, ICDCH™14]. On the square lattice,
the critical value of § is

Be = %log(l +2).

Now, we consider the scaling limit of the Ising model at criticality. Let (Qi; 0,40 ) be a sequence of
discrete Dobrushin domains converging to the bounded Dobrushin domain (€; z,y) in the Carathéodory
sense. Consider the critical Ising model on Q% with Dobrushin boundary conditions. Let a:i and yg be
vertices on the medial lattice QJ nearest to 22 and y?. Then, we define the Ising interface as follows. It
starts from xi, traverses on the primal lattice 9%, and turns at every vertex of 9 in such a way that it
always has dual vertices with spin @ on its left and spin © on its right. If there is an indetermination
when arriving at a vertex (this may happen on the square lattice), it turns left. See also Figure for
an illustration.

@ o ) © S] o ® S 1@
. . . ) ¢ 2

® 9 ® ® S © o ® ® ® @
> c 9 ° ¢ 2

@ © S} @D 2] S) S7] @ @ S} 52

O g &

o 8o
L]

© @ o © @ S D S @ ©
S 57 S2] 52 @ 2] 52 S 2] 2] ©
T3 Ty
Figure 4.1: A spin configuration of the Ising model in a polygon with six marked points x1,...,z¢ on the boundary,

with alternating boundary conditions. There are three interfaces starting from zo, x4, and zg, illustrated in red,
blue, and orange, respectively.

With this approximation scheme, we have the convergence of the interface to a conformally invariant
scaling limit, the chordal SLE, with x = 3.

Theorem 4.1. [CDCHT 1], Theorem 1]. Let (Q2;2%,4y?) be a sequence of discrete Dobrushin domains
converging to a Dobrushin domain (2;z,y) in the Carathéodory sense. Then, as § — 0, the interface of
the critical Ising model in (Q2, 2%, %) with Dobrushin boundary conditions converges weakly to the chordal
SLE3 in Q connecting x and y.
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Using this result, we next prove that multiple interfaces also converge in the scaling limit to global
multiple SLE3 curves. Abusing notation, we write Q9 for Q7,(Q°)%, or (2*)°, and z° for 2%, (2°)?, or
(z*)°. Let the polygons (2% 29, ...,23,) converge to (;z1,...,2ay) as § — 0 in the Carathéodory sense.
Consider the critical Ising model on Q° with alternating boundary conditions . For j € {1,...,N},
let 17;5 be the interface starting from a:gj that separates @& from ©. Then, the collection of interfaces
(77‘15, . ,17;5\,) connects the boundary points l'(ls, . .,ng forming a planar link pattern A% € LPy. We
consider the interfaces conditionally on forming a given connectivity A% = a = {{a1,b1},...,{an,bn}}.
Our main goal is to prove Proposition [1.3

Proposition 1.3. Let a € LPy. Then, as § — 0, conditionally on the event {A° = o}, the law of the
collection (77‘15, . ,77?\,) of critical Ising interfaces converges weakly to the global N-SLEs associated to a.
In particular, as § — 0, the law of a single curve 77;s in this collection connecting two points x; and x,
converges weakly to a conformal image of the Loewner chain with driving function given by Equation
in the end of Section[3, with k = 3.

Proof. Conditionally on {A? = a}, we have (n},...,n%) € X§(Q%z{,...,25y). Following the same
argument as in [Wul7, Section 5], we see that the collection of laws of the sequence {(n9,...,7%)}s>0 is
relatively compact; indeed, as proved in [KS17], the only ingredient needed to show the relative compact-
ness is the Russo-Seymour-Welsh bound [CDCHI6, Corollary 1.7]. Thus, there exist subsequential limits,
and we may assume that, for some §, — 0, the sequence (7]‘15”, e ,77?\7) converges weakly to (n1,...,7n).
For convenience, we couple them in the same probability space so that they converge almost surely. Also,
to lighten the notation, we replace the superscripts d,, by the superscript n here and in what follows.
Finally, for each j € {1,..., N}, we let D7 denote the connected component of Q" \ Uiz;ni having Ty,
and :L‘{jj on its boundary. The proof of the proposition consists in two lemmas, which we now sum up.

In Lemma we show that the discrete Dobrushin domains (D7 T, x’l}j) converge almost surely to
random Dobrushin domains in the Carathéodory sense. Notice that it is not clear that the limit of D7 is
still simply connected, as the interfaces in the limit may touch the boundary, and they may have multiple
points. The main point of the proof of Lemma is therefore to rule out this behavior by arguments
using Russo-Seymour-Welsh bounds and considering six-arm events. In particular, we show that the limit
domain (Dj;x,;,Tp;) is the simply connected subdomain D; of Q\ U;;ni® with x,,, s, on its boundary.
Lemma also shows that (n1,...,mn5) € X§(Q; 21, ..., z2n) almost surely.

Finally, we prove in Lemma that the subsequential limit (7;,...,7y) must be a global multiple
SLE3. By Theorem such an object is unique, thus being the unique subsequential limit. This gives
the convergence of the sequence. The asserted marginal law of 7; follows from Lemma @ O

Lemma 4.2. In the setup of the proof of Proposition as n — oo, for each j € {1,...,N}, the
discrete Dobrushin domain (D7; J:Zj,xffj) converges almost surely to the Dobrushin domain (Dj;xa;, Tp;)
in the Carathéodory sense.
Proof. First, in the case when z,; and zp; are neighbors, we can use the same argument as in [Wul7,
Lemma 5.4]. We may assume that b; = a; + 1, and that the boundary conditions are & along (zj, 3:,’;])
and © along (27 _; zg,) and (xgj Ty, +1)- In this case, the boundary of the domain D7 contains the
boundary arcs (zg,_; zg,), (zg, x{}j), and (a:}}] Ty, +1), and some other parts which we denote by 8LD;-Z.
Denote by Cje the event that there is a crossing of © in 2" connecting the boundary arcs (erl :CZJ)
and (:c’g] Ty, +1)- Note that {A"™ = a} implies this event Cje. Let dj denote the extremal distance between
(27, x}}g) and E)LD? in D}. By the Russo-Seymour-Welsh bound [CDCHI6|, Corollary 1.4], we know that
the probability of Cje, given that d; is small, is uniformly small: there exists a function f: [0,00) — [0, 1]
such that f(0) =0 and f is continuous at 0, and for any « > 0 and small enough ¢,, > 0, we have

. . P{d? <u}n{A"=a}] P[{d" <u}nCy] F(u)
Pldf <ul A =af = : P[A" = o] : PJ[A”:a] SP[A":a].
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This implies that the limit of d7 is almost surely strictly positive as d,, — 0. Hence, by the Carathéodory
kernel theorem [Pom92, Theorem 1.8], the random discrete Dobrushin domain (D;T‘;xgj,x}}j) converges
almost surely to the random Dobrushin domain (Dj;z4;,7p;) in the Carathéodory sense.

Second, in the case when x,; and x;; are not neighbors, we need to argue that those parts of the
boundary of D7 which are given by the interfaces also stay at a positive distance from each other, so that
D7 stays simply connected in the limit 6, — 0. For this, we use estimates of interior six-arm events.

For a vertex v" € V(Q") and radii r > 7' > 0, we let £"(v™;r,7’) denote the event that the annulus
B(v™,r) \ B(v"™, ') contains six disjoint monochromatic crossings and the pattern of these six crossings
is alternating, (& © @ © ®9). It was proved in [Wul8al Theorem 1.2] that the probability of this event is

PIE™ (™7, )] = (' /r)* o0 as 6, — 0, where ag = 143/24.
In particular, there exist C' < oo and X > 2 so that, for 7/ < r and for d,, small enough, we have
PIE™ (v r, )] < C(r' /r)N.

Let us cover Q" with N,» balls of radius r’ centered at vertices {v?}je N, Then, for each vertex
v € V(Q"), there exists a vertex v} € N/ such that [v" — o] < o/. Let r > 6r'. Then, the event
E™(v™;r,r") implies the event E™(v™;7/2,3r"), so we have

F’l U 5"(1}";7‘,7‘/)] < Pl U 5”(2}?;7‘/2,31“')] < 6NC’NT,/(7‘//T)N.
)

eV (Qn jENT/

Because ® > 2 and N,» grows like 1/(r')? as v’ — 0, we have

lim lim SupPl U EM(v™r, r’)} =0, foranyr > 0.
70 600 eV (Qn)

This shows that the collection {n;,...,nn} of curves cannot have triple points. Hence, we see that
(DY xgj,xgj) converges in the Carathéodory sense to (Dj;za;, 2p;) as o, — 0. O

We note that the proof of Lemma also shows that (n1,...,mny) € X§(Q; 21, ..., zan).

Lemma 4.3. Still in the setup of the proof of Proposition the limit (n1,...,nn) has the distribution
of a global multiple SLEs.

Proof. We need to prove that, for each j € {1,..., N}, the conditional law of the random curve X := n;
given the other random curves Y := (91,...,mj-1,7j+1,...,1n) is the appropriate chordal SLE3. Denote

X" =nj and Y™ o= (0 M M1 -+ 5 I

By assumption, (X", Y™) converges to (X,Y) in distribution as d,, — 0. However, this does not automat-
ically imply the convergence of the conditional distribution of X™ given Y to the conditional distribution
of X given Y. In our case this is true, as we will now prove. (See also the discussion in [GW1S8| Section 5].)

Recall that we couple all {(X™,Y")};,>0 in the same probability space so that they converge almost
surely to (X,Y) as §, — 0. Now, given Y, the random curve X" is an Ising interface with Dobrushin
boundary conditions in the random Dobrushin domain (D;-‘;xgj,x{}j). By Lemma almost surely,
(D;L; xgj,:cgj) converges to the random Dobrushin domain (D;; Ta, xbj) in the Carathéodory sense. Thus,
almost surely, there exist conformal maps G™ (resp. G) from U onto D7 (resp. D;) such that, as 4, — 0,
the maps G™ converge to G uniformly on compact subsets of U, and we have (G”)*l(acgj) — G zg,) =1
and (G”)*l(mgj) — G~ !(xy,) = —1. Furthermore, for each n, the map G" is a measurable function of
Y", and G is a measurable function of Y. We use the following two observations.
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1. On the one hand, Theorem [4.1| shows that the law of (G™)~1(X™) converges to the chordal SLE3 in
U connecting the points 1 and —1.

2. On the other hand, we can show that (G™)~!(X") converges to G~!(X). By assumption, (X",Y™)
converges to (X,Y) almost surely. Now, we send X" (resp. X) conformally onto H and denote by
W™ (resp. W) its driving function. It follows from the Russo-Seymour-Welsh bounds [CDCH]16] for
the critical Ising interfaces that they satisfy the so-called “Condition C2” in [KS17]. Hence, apply-
ing [KS17, Theorem 1.5 and Corollary 1.7] to {X"},, we know that W™ — W locally uniformly.
Also, applying [KSI7, Theorem 1.5 and Corollary 1.7] to {(G™)™*(X™)},, we know that this collec-
tion is tight (we remark that this fact is highly no-trivial and it was proved in [KS17]), and that,
for any convergent subsequence (G™)~!(X") — 7, the curve 7 has a continuous driving function
W such that W — W locally uniformly. Combining these two facts, we see that W coincides with
W, so 7 coincides with G~!(X). In particular, this is the only subsequential limit of the collection

{(G")HX ™)}, s0 (G)7HX™) = GTHX).

Combining these two observations, we see that the law of G~*(X) is the chordal SLE3 in U connecting
1 and —1. In particular, the law of G~1(X) is independent of Y with G a measurable function of Y.
Hence, the conditional law of X given Y is the chordal SLE3 in D; connecting the points z,; and xp;. [

4.2 Random-Cluster Model

Let G = (V(G), E(G)) be a finite subgraph of Z2. A configuration w = (we: e € E(G)) is an element of
{0, 1}E(g). If we = 1, the edge e is said to be open, and otherwise, e is said to be closed. The configuration
w can be seen as a subgraph of G with the same set of vertices V(G), and whose edges are the open edges
{e € E(G): we = 1}. We denote by o(w) (resp. ¢(w)) the number of open (resp. closed) edges of w.

We are interested in the connectivity properties of the graph w. The maximal connected components
of w are called clusters. Two vertices v and w are connected by w inside S C Z? if there exists a path of
vertices (v;)o<i<k in S such that vg = v, vy = w, and each edge {v;,v;41} is open in w, for 0 <1i < k.

We may also impose to our model various boundary conditions, which can be understood as encoding
how the sites are connected outside G. A boundary condition £ is a partition Py U --- U Py of 0G. Two
vertices are said to be wired in £ if they belong to the same P;, and free otherwise. We denote by w® the
(quotient) graph obtained from the configuration w by identifying the wired vertices together in &.

The probability measure ¢£ 2.0.0 of the random-cluster model on G with edge-weight p € [0, 1], cluster-
weight ¢ > 0, and boundary condition &, is defined by

2P)(1 — p)el) ()
o gl i= D) ,

Zp,q,ﬂ

where k(w§ ) is the number of connected components of the graph w¢, and Z .0 1s the normalizing constant
to make gb a probability measure. For ¢ = 1, this model is simply Bernoulh bond percolation.

For a conﬁguratlon ¢ on E(Z?)\ E(G), the boundary condition induced by ¢ is defined as the partition
P U---U P, where v and w belong to the same P; if and only if there exists an open path in £ connecting
them. We identify the boundary condition induced by & with the conﬁguration itself, and denote the
measure of the random-cluster model with such boundary conditions by (;Sp 0. As a direct consequence
of these definitions, we have the following domain Markov property. Suppose that G C G’ are two finite
subgraphs of Z2. Fix p € [0,1], ¢ > 0, and a boundary condition ¢ on dG’. Let X be a random variable
which is measurable with respect to the status of the edges in G. Then we have

S5 4o [X | we =1he,for all e € B(G) \ E(G)] = v GIX], for all ¢ € {0,1}P@NFO), (4.4)

where ¢ is the partition on G obtained by wiring two vertices v, w € 9G if they are connected in .
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For w,w’ € {0,1}#9) we denote by w < o' if w, < wl, for all e € E(G). An event A depending on the
edges in E(G) is said to be increasing if for any w € A, the inequality w < w’ implies that w’ € A. When
q > 1, the following FKG inequality (positive association) holds. Fix p € [0,1],¢ > 1, and a boundary
condition £ on 9G. Then, for any two increasing events A and B, we have

¢ glANB] > ¢ o[Alg5 , g[B].

4,9 4,9
Consequently, for any boundary conditions & < 1 and for any increasing event A, we have

¢§,q7g Al < Qb;p,q,g [A]. (4.5)

A configuration w on G can be uniquely associated to a dual configuration w* on the dual graph G*,
defined by w*(e*) = 1 —w(e) for all e € E(G). A dual-edge e* is said to be dual-open if w*(e*) =1
and dual-closed otherwise. A dual-cluster is a connected component of w*. We extend the notions of
dual-open paths and connectivity events in the obvious way. Now, if w is distributed according to qﬁf), 0.0
then w* is distributed according to ¢§*7q*7g*, with

(1-p)(1—p*)

Note that, at p* = p, we have
__Va
C1+q
For this critical case p = p.(q), we have the following generalized Russo-Symour-Welsh estimates. For a
rectangle R = [a,b] X [c,d] C Z2, we let C,(R) denote the event that there exists an open path in R from
{a} x [e,d] to {b} x [e,d].

We also denote by ¢27q7g the probability measure of the random-cluster model with free boundary
conditions, where the partition £ of G consists of singletons only. We observe that in the sense of ,
this boundary condition is minimal.

Proposition 4.4. [DCST17%, Theorem 7]. Let 1 < q < 4 and € > 0, and denote by R,, the rectangle
[0,en] x [0,n]. Then, there exists a constant 0(€) > 0 such that we have

¢2C(q),q,Rn [Ch(Ry)] > 0(€) for any n > 1. (4.6)
Proposition plays an essential role in Section 4.3

p="p(q) :

If (G;v,w) is a discrete Dobrushin domain, in the Dobrushin boundary conditions, all edges along the
arc (wv) are open and all edges along (vw) are free. Then, for each vertex u of the medial graph G°, there
exists either an open edge of G or a dual-open edge of G* passing through u. In addition, we can draw
self-avoiding loops on G° as follows: a loop arriving at a vertex of the medial lattice always makes a turn
of £7/2, so as not to cross the open or dual-open edges through this vertex. This loop-representation
of the random-cluster model is illustrated in Figure The loop representation contains loops and the
self-avoiding path connecting two vertices v® and w® of the medial graph G® that are closest to v and w.
This curve is called the interface (the exploration path) of the random-cluster model.

At the critical point p = p.(q), this interface is expected to converge to the chordal SLE, curve in
the scaling limit, with x specifically given by ¢. The convergence has been rigorously established for the
special case of ¢ = 2, also known as the FK-Ising model [CS12, I(CDCH™14], in the topology of Section

Conjecture 4.5. [see, e.g., [Sch07]] Let 0 < q < 4 and p = pc(q). Let (Q%;2°,9y%) be a sequence
of discrete Dobrushin domains converging to a Dobrushin domain (2;xz,y) in the Carathéodory sense.
Then, as 6 — 0, the interface of the critical random-cluster model in (Q°; 20, y%) with cluster weight q and
Dobrushin boundary conditions converges weakly to the chordal SLE, connecting x and y, with

_ a7
~arccos(—,/q/2)
Theorem 4.6. [CDCH™ 1/, Theorem 2]. C’onjecture holds for g =2 and k = 16/3.

(4.7)

23



4.3 Global Multiple SLEs with « € (4, 6]

In Section we discussed the convergence of one interface in the critical random-cluster model with
Dobrushin boundary conditions. In the present section, we consider the convergence of the collection of
interfaces in the following setup. Let N > 2 and let (Q‘s; x‘f, e ,a:g ~) be a discrete polygon. Consider the
critical random-cluster model in Q% with alternating boundary conditions (I.3).
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Figure 4.2: The loop representation of a configuration of the random-cluster model in a polygon with six marked
points x1,...,xg on the boundary, with alternating boundary conditions. There are three interfaces connecting the
marked boundary points, illustrated in red, blue, and orange, respectively.

With such boundary conditions, there are N interfaces (77‘15, . ,77?\,) connecting pairwise the 2N bound-
ary points x93, ... ,xg N as illustrated in Figure These interfaces form a planar connectivity encoded

in a link pattern A° € LPy. In this section, we prove that, assuming Conjecture is true, the collec-
tion (n9,..., nf\,) converges in the scaling limit to the unique global multiple SLE,. This would give the
existence and uniqueness of global multiple SLEs for x € (4, 6].

Proposition 4.7. Suppose Conjecture holds for some q € [1,4). Then, for any a € LPy, there
exists a unique global N-SLE, associated to o, where k € (4,6] is related to q via . In particular,
for each a € LPy, conditionally on {A° = a}, the collection of interfaces (nl,...,n%) in the critical
random-cluster model with cluster weight ¢ converges to the unique global multiple SLE, associated to a.

It is clear that combining Proposition [4.7] with Theorem [4.6] gives Proposition

The existence claim in Proposition can be proven by similar arguments as Proposition (see
also [DCSTI1T, Theorem 6]). Indeed, it follows from Proposition inequality , and the results
in [KS17] that for each o € LPy, conditionally on {A° = a}, the sequence {(nJ,...,n%)}s>o is relatively
compact. Now, if (77‘15", . ,77?\}1) converges weakly to (n1,...,nn) as 6, — 0, then similar arguments as in
the proof of Lemma show that (D?"; :L‘gg?, wg;) converges weakly to (Dj; Za;, Tp,) in the Carathéodory
sense. Indeed, the proof of Lemma requires two ingredients: a Russo-Seymour-Welsh (RSW) bound
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and an interior six-arm estimate. For the random cluster model, Proposition [4.4] gives the RSW bound,
and the needed six-arm estimate follows from Conjecture and [Wul8b):

144 — (k- 4)?

P > 2, for k€ (4,6].

ag
Therefore, replacing Theorem by Conjecture we can use the same argument as in the proof
of Lemmas and to conclude that the limit (71,...,7ny) is almost surely contained in the space
X5 (Q;x1,...,22n) and it is a global multiple SLE,, associated to a.

Thus, to prove Proposition [4.7] it remains to show the uniqueness part, which we establish in the end
of this section. The idea is similar to the proof of Theorem in Section For this purpose, we need
analogues of the lemmas appearing in Sections [3.2| and

Lemma 4.8. Suppose Conjecture holds for some q € [1,4) and let k € (4,6] be the value related to
q via . Let (Q;z,y) be a bounded Dobrushin domain. Let QL U c Q be Dobrushin subdomains such
that QF, U, and Q agree in a neighborhood of the arc (yx). Let v ~ P(Q;z,y) and n ~ P(U;z,y). Then
we have

Pln c Q] > Py c Qf].

In particular, Lemma holds for the corresponding r € (4, 6].
Proof. This immediately follows by combining (4.5)) with Conjecture O
Lemma 4.9. Proposition [[.7] holds for N = 2.

Proof. The existence was discussed after stating Proposition To prove the uniqueness, we argue as in
the proof of Proposition Taking Q = [0, 4] x [0,1] and =¥ = (0,0), 2% = (¢,0), y* = (¢,1), y* = (0,1),
we define a Markov chain on pairs (n”, n%) of curves by sampling from the conditional laws: given (nk,nf),
we pick i € {L, R} uniformly and resample 7, 11 according to the conditional law given the other curve.
However, in the current situation, we have k € (4, 6], so the configuration sampled according to this rule
may no longer stay in the space Xo(; ", y*, 2% y*). In this case, when resampling according to the
conditional law, we sample the curves in each connected component and concatenate the pieces of curves
together; see the more detailed description below Equation . However, this issue turns out to be
irrelevant in the end, as we will show that, for any initial configuration (n%,nf%) € Xo(Q;2l, 2% y% y*),

the corresponding Markov chain (n%, nf) will eventually stay in the space Xo(Q; 2%, y¥, 2%, y%): that is
P [EIN < oo such that (nk,n%) € Xo(Q; 2L,y 2%, yL) for all n > N} =1. (4.8)

Once (4.8) is proven, the uniqueness of the global 2-SLE,; follows by repeating the proof Proposition
with Lemma replaced by Lemma Hence, it remains to prove .

In the Markov chain (nk, n%), we want to record the times when L and R are picked. Let & = 7f* =0,
and for n > 1, let 7 (resp. 71) be the first time after 7% | (resp. 7,F) that R (resp. L) is picked. Let

K
8—k

ne = [ 141 (4.9)

To prove (4.8)), it suffices to show that n,}f N (yL:cL ) =10 for all n > T,fi , because a similar property for 777%
follows by symmetry (note also that 7 > 7). For this purpose, we let v® be the SLE, in 2 connecting
zf and yf'. We will use the following two essential properties of v%:

1. By the duality property of the SLE, (see e.g. [Dub09] or [MS16al Theorem 1.4]), we know that the
left boundary of v# has the law of SLEz (% — 4; %/2 — 2) for & = 16/ with two force points next to
the starting point. Therefore, the left boundary of v? does not hit (xfyf?).
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2. The curve v hits (y*2%) with positive probability, and by [AK08] and Lemma almost surely
on the event {y® N (yLzl) # 0}, the Hausdorff dimension of the intersection set satisfies

— K

dim(y N (yFzl)) <1 -8, where = 8

For 7f* <n < 7 —1, the curve nZ is an SLE, in a domain which is a subset of . By Lemma we
can couple nff and v so that 7t stays to the left of n* almost surely. Thus, we have almost surely

dim(n N (y"z")) < dim(y" 0 (y"a")) <1 -5,
In particular, for the last time before sampling the left curve, we have almost surely

dim(4;)<1-5 for A = 777]—)}—1 N (yrzl). (4.10)

Then, for 7 < n < 7' — 1, we sample n according to the conditional law given nfL_l. We note
1
that if A; # 0, then the domain '\ nfL_l is not connected. In this case, we sample the SLE, in those
1
connected components of €2\ nfLil which have a part of (y“z’) on the boundary; and define n% to be
1

the concatenation of these curves. We note that, by the above observation |1, the right boundary of nk
only hits (y*z’) in A;.
Next, for 74 < n < 74 — 1, we sample 7 according to the conditional law given 77%?71' Again, the

curve nft is an SLE, in a domain which is a subset of Q and we can couple it with v in such a way that
7t stays to the left of nf* almost surely. Thus, we have almost surely

me N (yhah) Cplfn Ay 0 A
Combining this with (4.10)), we see that almost surely
dim(ny N (y"z")) < dim("N A1) < (1-28)".

In particular, we can improve (4.10)) to

dim(4s) < (1 -28)7" for Ay = 77%_1 N (ylzl), (4.11)

almost surely. Iterating the same argument and combining with Lemma we see that almost surely,
B (ylal) =0 for all n > 7. (4.12)
This concludes the proof. ]

By virtue of Lemma we may also extend Lemma [3.7] to x > 4 under Conjecture

Corollary 4.10. Suppose Conjecture holds for some q € [1,4) and let k € (4,6] be the value related
to q via (4.7). Then, Lemma holds for any global multiple SLE,; associated to «.

Next, we give the proof of Proposition [4.7]

Finishing the proof of Proposition[{.7. To complete the proof of the uniqueness in Proposition we
use the same arguments as in the proof of Theorem [I.2] The assertion is true for N = 2 by Lemma [4.9]
We let N > 3 and assume that for any & € LPx_1, the global (N — 1)-SLE,; associated to & is unique.
As in the proof of Theorem [1.2| we suppose that o € LPy with {1,2} € a and {k,k+1} € « for some
ke {3,...,2N — 1}, and we let (n1,...,nn) € X§(Q;2z1,...,22n) be a global N-SLE,, associated to a.
We denote by n’ (resp. n) the curve in the collection {71, ...,nx} that connects 21 and x5 (resp. 2} and
21+1). Then, by the induction hypothesis, given 't (resp. n), the conditional law of the rest of the curves
is the unique global (N — 1)-SLE,; associated to «/{k,k + 1} (resp. a/{1,2}). This gives the conditional
law of n’ given nf* and vice versa. One can then use the argument from the proof of Proposition
considering Markov chains sampling n* and 1% from their conditional laws — we only need to replace
Lemma [3.3] by Lemma [4.8] and Lemma [3.4) by the following Lemma for N — 1. O
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The next technical lemma is the final ingredient that we needed to complete the proof of Proposi-
tion It can be thought of as an analogue of Lemma To state the lemma, we fix o € LPy such
that {1,2} € a and let (Q2;x1,...,29nx) be a bounded polygon. Also, if (n1,...,nn) is a family of random
curves with the law of a global N-SLE, associated to «, and if n; is the curve connecting 1 and xo, then

we denote by Q&M}(Q;xl, ..., xon) the law of 7.

Lemma 4.11. Suppose Conjecture holds for some q € [1,4). Assume furthermore that there exists
a unique global N-SLE,; associated to c, where the parameter k € (4, 6] is related to q via . Then,
let QL ¢V c U U C Q be sub-polygons such that QX and Q agree in a neighborhood of the boundary
arc (1‘2 xl) and dist(QY,Q\ V) > 0. Finally, take two random curves n ~ Q{1’2}(U' Z1,...,TaN) and

Qa (U z1,...,22n). Then, there exists a coupling (n,7) such that P[n = 1) C QL] > 6, where the
constant 0 =0(Q,Q, V) > 0 is independent of U and U.

Proof. Let (Q0;x9,...,25y) (resp U?, U, VO and (QF)°) be a sequence of discrete polygons con-
verging to (Q;x1,...,xoy) (resp U, U, V, and QF) in the Carathéodory sense. Also, let (nd,...,1%)
(resp. (73, ...,7%)) be the collection of interfaces in the critical random-cluster model in U? (resp. U?)
with alternating boundary conditions . By the assumptions, we know that the law of 17‘1S (resp. ﬁf) con-
ditionally on {A° = a} (resp. {A‘S = a}) converges to Q({)}’Q}(U; Z1,...,T2N) (resp. Qél’g}(f]; Tly...,TIN))-
Thus, it is sufficient to show the assertion for 7{ and 79.

Since QF agrees with  in neighborhoods of z; and 2, there are boundary points y1, x1, 21, Y2, T2, 22
in counterclockwise order along 92 such that QF agrees with Q in neighborhoods of the arcs (y12;) and

(y222). Now, we have free boundary conditions on the arc (zx3) and wired boundary conditions on the

arcs (323) and (23y2f). Define C? (resp. C2) to be the event that there exists an open path in (2£)° from

(2823) to (yixf) (resp. a dual-open path in (QL) from (2929) to (y3x3)). Then, by the domain Markov
property, there exists a coupling of 7§ and 7{ such that the probability of {(n? =7} C (2F)°} is bounded
from below by the minimum of P[C° N C‘S] and P[C® N C?], where P and P denote the probablhty measures
of the random-cluster model in U? and U® with alternating boundary conditions

Now, as a consequence of Proposition and inequality (4.5)), we have P[C° N C(S] > (2, QF V)Y >o0
(and the same for U). In particular, the lower bound #(2, QF, V) is uniform over U (resp. U) and 6. By the
convergence of 771 and ﬁ‘f, we obtain a coupling of 71 and 7j; such that the probability of {n; = i; ¢ QF}

is bounded from below by 0(£2, 2%, V). This concludes the proof. O

A Appendix: Intersection of two fractals

For use in Section [4 we record in this appendix some properties of random subsets of the boundary of
the unit disc U. In spite of stating the results for U, we may as well apply the following lemma for the
domain © = [0, 4] x [0, 1] as we do in Section {4} by conformal invariance of the SLE,.

Lemma A.1. Suppose £ is a random subset of OU satisfying the following: there are constants C > 0
and B € (0,1) such that, for any interval I of OU,

PIENT #0] <C|IP. (A1)
The, for any subset A C 0U,
1. if dim(A) < B, then
ANE =10 almost surely (A.2)
2. if dim(A) > B, then
dim(AN¢E) <dim(A) — B almost surely. (A.3)
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This lemma is part of [RW18, Lemma 2.3] where the authors give a more complete description of the
set AN E. The above cases are sufficient to our purpose in the proof of Lemma so we include their
proofs in this appendix.

Proof of item[d. Since B8 > dim(A), for any € > 0, there exists a cover U;I; of A such that 3;|L;|® < e.
Therefore,
PIANE#O <D PLNE#D <CY |L|P < Ce,
i i
almost surely. Letting e — 0, we see that P[ANE # (] = 0. O
Proof of item[3. For any v > dim(A) — 3, there exists a cover U;I; of A such that 37, |I;]*™7 < co. Hence,

7

2

E [Z |Ii|71{lim£7é®}] =3 ILIPILNE #0] < C Y |LIPT < o0,

almost surely. Thus,

U &

i: LNEAD

is a cover of ANE and Y, |I;|"1{7,ng£py < oo almost surely. Therefore, we have

dim(AN¢E&) <7, a.s.

This holds for any v > dim(A) — 3, so we have almost surely dim(A N &) < dim(A4) — . O
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