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Torsion and Linking number for a surface diffeomorphism

ANNA FLORIO 1

1 Laboratoire de Mathématiques d’Avignon, Avignon Université,
84018 Avignon, France

Abstract

For a C1 diffeomorphism f : R2 → R2 isotopic to the identity, we prove that for any value
l ∈ R of the linking number at finite time of the orbits of two points there exists at least a
point whose torsion at the same finite time equals l ∈ R. As an outcome, we give a much
simplier proof of a theorem by Matsumoto and Nakayama concerning torsion of measures on
T2. In addition, in the framework of twist maps, we generalize a known result concerning the
linking number of periodic points: indeed, we estimate such value for any couple of points
for which the limit of the linking number exists.

1 Introduction

Let S be a parallelizable Riemannian surface and let (ft)t∈[0,1] be an isotopy in Diff1(S) joining
the identity IdS to f1 = f . The tangent bundle inherits a dynamics through the differential
Dft : TS → TS.
We are interested in the rotation number which was first introduced by D. Ruelle in [14]. Roughly
speaking, Ruelle’s rotation number (which we will call torsion from now on) refers to the asymp-
totic velocity at which the tangent-to-S vectors turn. If ξ ∈ TxS \{0}, then TorsionT ((ft)t, x, ξ)
is the variation between 0 and T of a continuous determination of the angle function associated
to Dft(x)ξ, t ∈ [0, T ], divided by T . The torsion at the orbit of x is the limit for T → +∞
of TorsionT ((ft)t, x, ξ), whenever it exists. Hence, when defined, it represents the asymptotic
rotational behavior of vectors in the tangent space of x. Ruelle proved that for any f -invariant
probability measure with compact support, for almost every point, the torsion exists for all vec-
tors ξ ∈ TxS \ {0}.

Besides, in the setting of the plane R2, for any x, y ∈ R2, x 6= y, the linking number of the
orbits of x and y is the asymptotic angular velocity of the vector ft(y)−ft(x). We first introduce
LinkingT ((ft)t, x, y) as the variation between 0 and T of a continuous determination of the angle
associated to ft(y)− ft(x), t ∈ [0, T ], divided by the length of the time interval.
Similarly to what done for the torsion, the linking number of a pair of orbits is, whenever it
exists, the limit for T → +∞ of the previous quantity. For any f -invariant probability measure
with compact support, for almost every pair of points, the linking number exists (see Remark 2.3).

Besides Ruelle’s article, J. Mather in [8], [10] and S. Angenent in [1] have particularly worked
on null torsion sets through a more variational point of view. Also S. Crovisier in [4] worked in
the same setting with a topological approach. F. Béguin and Z. Boubaker in [2] gave conditions
which assure the existence of orbits with non zero torsion and used the concept of linking number
presented above.
In their article, Beguin and Boubaker raise the following question: for a given isotopy (ft)t :
[0, 1] → Diff1(R2) starting at the identity, assuming that the linking number of two points x, y
is non-zero, does there exist at least a point z on the segment connecting x and y such that its
torsion is also non-zero? Their answer is positive but we give here a more precise result.
We state the following
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Theorem 1.1. Let (Ft)t∈[0,1] be an isotopy in Diff1(R2) joining IdR2 to F1 = F . Assume that
there exist two points x, y ∈ R2, x 6= y such that

Linking1((Ft)t, x, y) = l ∈ R.

Then there exists a point z ∈ [x, y] so that

Torsion1 ((Ft)t, z, y − x) = l.

At first sight, this result could recall a mean value theorem but the arguments and the strate-
gies needed in the proof (which composes most of the article) are much more sophisticated and
subtle.
First of all, through continuous modifications of the isotopy, we bring ourselves in a rotation
frame of reference, reducing then the discussion to the case l = 0.
In order to avoid self-intersections of the curve, a passage to the universal covering of the punc-
tured plane is required: the strategy in doing so is using a polar coordinate frame, with respect
to which one of the endpoints of the segment coincides with the singularity.
Finally, we carefully study the behavior of points in a neighborhood of the singularity x, the
point previously blown up which corresponds to the origin of the polar coordinate framework.
We then apply the Turning Tangent Theorem (see [5], Chapter 4, Section 5).

Passing to asymptotic quantities, we then prove the existence of f -invariant Borel probabil-
ity measures µ whose torsion, i.e.

∫
S Torsion((ft)t, x)dµ(x), equals l ∈ R, where now l is the

asymptotic linking number of the orbits of two points.
As an outcome, for a C1 diffeomorphism f over T2, we prove the existence of a f -invariant Borel
probability measure of null torsion on the torus. This result has already been proved by S.
Matsumoto and H. Nakayama in [12], but our setting provides a much easier proof and requires
only a C1 regularity of f .

We then focus our attention on dynamical systems of specific interest and we analyse (pos-
itive) twist maps. The framework is the annulus A = T × R on which we consider an isotopy
(ft)t∈[0,1] in Diff1(A) joining IdA to f1 = f and we assume that f : A→ A is a C1 positive twist
map. That is to say, for any lift F : R2 → R2 of the map f and for any x ∈ R the function

y 7→ p1 ◦ F (x, y)

is an increasing diffeomorphism of R, where p1 : R2 → R denotes the first coordinate projection.
The interest for twist maps has largely spread all along the literature (see [7], [8], [11], [9]

and [13]) and several authors have studied their connection with the notion of torsion.
The intuitive geometric idea that the deviation property must oblige the vertical vector of each
tangent space turning to the right is translated into a negative torsion at finite time with respect
to the vector (0, 1) (according to a counterclockwise orientation of the tangent plane). This is
already remarked in other works, such as [4] and [7]. Anyway, we give a better estimation both
for torsion and for linking number.

Theorem 1.2. Let f : A → A be a C1 positive twist map and let (ft)t∈[0,1] be an isotopy in
Diff1(A) joining the identity to f . Let (0, 1) ∈ TzA \ {0} be the positive vertical unitary tangent
vector which lies in the tangent space of every point z ∈ A. Then, for any z ∈ A and for any
n ∈ N, n 6= 0, it holds

Torsionn((ft)t, z, (0, 1)) ∈ (−π, 0).

As a consequence of this first bound, it follows

Corollary 1.1. Let f : A → A be a C1 positive twist map and let (ft)t∈[0,1] be an isotopy in
Diff1(A) joining the identity to f1 = f . Then, for any point z ∈ A for which the limit of the
torsion exists, it holds

Torsion((ft)t, z) ∈ [−π, 0].
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The proof of this result first requires to show the independence of the torsion from the choice
of the isotopy for a C1 diffeomorphism on A (not necessarily a twist map), which is actually an
outcome of Theorem 1.1.
According to what done by P. Le Calvez in [7], it is known that a (positive) twist map can be
joined to IdA through an isotopy such that ft is still a (positive) twist map for any t ∈ (0, 1]. This
condition assures us that the image of the vertical vector (0, 1) through Dft is strictly contained
in the right half-plane and therefore it cannot cross the vertical again. Through a non trivial
induction argument, we deduce Theorem 1.2.

Thanks to Theorem 1.1, the same estimation holds true also for the linking number of the
orbits of any two points in the lifted framework. Indeed:

Corollary 1.2. Let F : R2 → R2 be a lift of a C1 positive twist map on A. Let (Ft)t be the
isotopy joining the identity to F , obtained as a lift of an isotopy on A joining IdA to the twist
map. Let z1, z2 ∈ R2, z1 6= z2 be such that their linking number exists. Then

Linking((Ft), z1, z2) ∈ [−π, 0].

This result was already known by P. Le Calvez for periodic orbits and then, through the C0

Closing Lemma, also for F -invariant measures, but our theorem generalizes it, holding true for
any couples of points for which the (asymptotic) linking number exists.

The paper is organized as follows. In Section 2 the notation is fixed and the main definitions
concerning torsion and linking number are provided. Moreover, we present some useful properties
and characterisations of these notions (see Subsections 2.3 and 2.4). Section 3 is devoted to prove
Theorem 1.1 in all details. Some consequences are also presented. Finally, Section 4 focuses on
the main results on torsion and linking number for positive twist maps, i.e. Theorem 1.2 and
Corollaries 1.2 and 1.1, remarking also some other interesting implications of them. In addition,
we present some examples in which the torsion and the linking number reach the extremal values
0 and −π.

Acknowledgements. The author is extremely grateful to Professor Marie-Claude Arnaud and
Andrea Venturelli for their precious advices to improve the text and for many stimulating dis-
cussions. The author acknowledges the anonymous referee for his or her useful remarks and
observations.

2 Definitions and first properties

2.1 Notation

Throughout the work we assume R2 endowed with the canonical euclidean metric and the stan-
dard trivialization. Denote as T the quotient space R/2πZ and as

p : R→ T

x 7→ x̄ = x mod 2π

the universal covering of the 1-dimensional torus T.
We use the notation A for the product space T× R and

P : R2 → A

(x, y) 7→ (x̄, y) = (x mod 2π, y)
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for the universal covering of the annulus A. A point of the annulus is denoted by z̄ = (x̄, y) ∈ A,
while z = (x, y) ∈ R2 refers to a lift of z̄ over R2.
The functions

p̄1 : A→ T, (x̄, y) 7→ x̄ (1)

p̄2 : A→ R, (x̄, y) 7→ y (2)

are the projections over the first and the second coordinates, respectively; the coordinate pro-
jections of R2 are denoted as p1, p2.
The 2-dimensional torus is the quotient space

T2 := R2/(2πZ)2.

All along the work, the counterclockwise orientation of the plane is chosen.
Once provided a Riemannian metric1 and an orientation, the oriented angle between two non-
zero vectors u, v ∈ R2 is well defined as an element of T. A measure of the angle is an element
of R whose image through p coincides with the oriented angle.
The notation R(a, ψ) refers to the rotation of the plane R2 of center a ∈ R2 and angle ψ, while
τv denotes the translation on the plane by the vector v ∈ R2.
A fundamental notion will be that of isotopy :

Definition 2.1. Let M,N be differential manifolds and let f, g : M → N be in Diff 1(M,N).
An isotopy (ψt)t∈[0,1] joining f to g is an arc in Diff 1(M,N) such that ψ0 = f, ψ1 = g and
which is continuous with respect to the weak or compact-open C1 topology on Diff 1(M,N).

Definition 2.2. Let I ⊆ R be an interval. A continuous determination of an angle function
θ : I → T is a continuous lift of θ, i.e. a continuous function θ̃ : I → R such that θ̃(s) is a
measure of the oriented angle θ(s) for any s ∈ I.

We remark that a necessary and sufficient condition for the existence of a continuous determi-
nation is the continuity of its angle function.

2.2 Definition of Torsion and Linking number

Let S be a parallelizable surface. Denote as TS∗ the set {(x, ξ) : x ∈ S, ξ ∈ TxS \ {0}}. The
notation T 1S refers to the unitary tangent bundle. We fix an orientation and we endow S with
a Riemannian metric: the notion of oriented angle between two non zero vectors of the same
tangent space is well-defined.

Remark 2.1. The choice of an orientation and of a reference continuous vector field X over
S that never vanishes is equivalent to that of a trivialization diffeomorphism. Indeed, on every
tangent space we define the endomorphism J

J : TxS → TxS

as a rotation of angle π
2 according to the fixed orientation. It holds that J2 = −Id.

For any x ∈ S, (X(x), JX(x)) provides a direct basis of the tangent space. A trivialization
diffeomorphism is so given by

TS 3 (x;αX(x) + βJX(x))
φ7→ (x;α, β) ∈ S × R2

where α, β ∈ R are the coordinates with respect to the basis (X(x), JX(x)).

1Recall that in this work we are endowing R2 with the standard Riemannian metric.
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Let (ft)t∈[0,1] be an isotopy joining the identity to f1 = f . We then extend the isotopy for any
positive time in the following way: let t ∈ R+, then the C1 diffeomorphism ft : S → S is defined
as

ft := f{t} ◦ f btc

where {·}, b·c denote the fractionary and integer part of t, respectively.

Notation 2.1. With an abuse of notation, we also denote the extended isotopy as (ft)t.
In addition, we fix a reference vector field X that never vanishes (see Remark 2.1). Suppose that
X(x) has unitary norm for any x ∈ S. We will make explicit the choice of X when needed. We
recall the notation θ(u, v) for the oriented angle between two non zero vectors v and u.

Our definition of torsion, the one given by Béguin and Boubaker in [2], actually coincides with
Ruelle’s notion of rotation number (see [14]).

Definition 2.3. Let S be a parallelizable surface and let (ft)t∈[0,1] be an isotopy in Diff1(S)
joining the identity IdS to f1 = f . Then, we define the function v((ft)t) as follows:

v((ft)t) :TS∗ × R→ T
(x, ξ, t) 7→ θ (X(ft(x)), Dft(x)ξ) .

(3)

Fix then (x, ξ) ∈ TS∗ and, since the angle function v((ft)t)(x, ξ, ·) is continuous, consider a
continuous determination ṽ((ft)t)(x, ξ, ·) : R→ R of it.

Definition 2.4. Let S and f be as above. Let x ∈ S and ξ ∈ TxS \{0}. Consider v((ft)t)(x, ξ, ·)
and ṽ((ft)t)(x, ξ, ·) as in Definition 2.3. Then, for any n ∈ N, n 6= 0 the torsion at finite time n
is

Torsionn((ft)t, x, ξ) :=
1

n
(ṽ((ft)t)(x, ξ, n)− ṽ((ft)t))(x, ξ, 0)) . (4)

Definition 2.5. Let S and f be as above. Let x ∈ S. Assume that the quantity Torsionn((ft)t, x, ξ)
converges as n→ +∞ for some ξ ∈ TxS \ {0}. The torsion of the orbit of x is then

Torsion((ft)t, x) := lim
n→+∞

Torsionn((ft)t, x, ξ). (5)

Whenever the limit exists, the previous quantity does not depend on the chosen lift of the angle
function (see Proposition 2.1) or on the non zero vector of the tangent space (see Proposition 2.3).

Definition 2.6. Let S and f be as above. Let µ be an f -invariant Borel probability measure on
S. Assume that µ or (ft)t has compact support2. Then, the torsion of the measure µ is

Torsion((ft)t, µ) :=

∫
S
Torsion((ft)t, x)dµ(x). (6)

Remark 2.2. This integral is well defined. Indeed

Torsion((ft)t, x) = lim
n→+∞

Torsionn((ft)t, x, ξ)

and

Torsionn((ft)t, x, ξ) =
1

n

n−1∑
i=0

Torsion1

(
(ft)t, f

i(x), Df i(x)ξ
)

=

2By asking that (ft)t has compact support, we demand that for any t ∈ [0, 1] the support of ft is in a compact
set, independent from t.
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=
1

n

n−1∑
i=0

Torsion1((ft)t, ·, ·) ◦ f i∗(x, ξ)

where we set

f∗ :T 1S → T 1S

(x, ξ) 7→
(
f(x),

Df(x)ξ

‖Df(x)ξ‖

)
.

(7)

Lift µ to µ∗, a f∗-invariant Borel probability measure on T 1S, and notice that

Torsion1((ft)t, ·, ·) ∈ L1(µ∗)

thanks to the assumption on the support of µ or of (ft)t. We deduce by Birkhoff’s Ergodic
Theorem that the function Torsion((ft)t, ·) is defined µ-a.e. and in L1(µ).

In the setting of R2 we refer to [2] to introduce the notion of linking number.

Notation 2.2. The counterclockwise orientation of R2 is considered. Moreover, we fix the
constant vector field X = (1, 0).

Definition 2.7. Let (Ft)t be an isotopy in Diff1(R2) joining the identity to F1 = F .
Let us denote ∆ := {(z1, z2) ∈ R4 : z1 = z2} and define the function

u((Ft)t) :(R4 \∆)× R→ T
(z1, z2, t) 7→ θ ((1, 0), Ft(z2)− Ft(z1)) .

(8)

Fix (z1, z2) ∈ R4 \∆ and consider ũ((Ft)t)(z1, z2, ·) : R→ R, a continuous determination of the
angle function u((Ft)t)(z1, z2, ·).
For any n ∈ N, n 6= 0, the linking number of z1 and z2 at finite time n is

Linkingn((Ft)t, z1, z2) :=
1

n
(ũ((Ft)t)(z1, z2, n)− ũ((Ft)t)(z1, z2, 0)) . (9)

The linking number of the orbits of z1 and z2 is

Linking((Ft)t, z1, z2) := lim
n→+∞

Linkingn((Ft)t, z1, z2) (10)

whenever the limit exists.

Remark 2.3. Let F be as in Definition 2.7. Let x ∈ R2 and let µ be a F -invariant Borel
probability measure on R2 with compact support. Then, for µ-almost every x ∈ R2, the linking
number Linking((Ft)t, x, y) exists for µ-almost every y ∈ R2 \ {x}. Indeed

Linking((Ft)t, x, y) = lim
n→+∞

1

n

n−1∑
i=0

Linking1((Ft)t, F
i(x), F i(y)) =

= lim
n→+∞

1

n

n−1∑
i=0

Linking1((Ft)t, ·, ·) ◦ F i∗(x, y)

where
F∗ : R4 \∆→ R4 \∆

(x, y) 7→ (F (x), F (y)).

Considering the product measure µ× µ on R4 \∆, which is F∗-invariant, observe that

Linking1((Ft)t, ·, ·) ∈ L1(µ× µ)

since µ has compact support. Then, Birkhoff’s Ergodic Theorem tells us that the function
Linking((Ft)t, ·, ·) is defined µ×µ-almost everywhere and it is in L1(µ×µ). By Fubini’s theorem,
for µ-almost every x ∈ R2 the function Linking((Ft)t, x, ·) is defined µ-almost everywhere.
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2.3 First properties of Torsion and Linking number and independence of
Torsion from the choice of vector

The following propositions highlight some interesting properties of torsion and linking number
concerning the choice of the continuous determination, of the tangent vector (for the torsion)
and of the isotopy.
Let S be a parallelizable surface and fix an orientation and a reference continuous vector field
X : S → TS of unitary norm on it. For any x ∈ S, (X(x), JX(x)) provides a direct basis of the
tangent space.
Let (ft)t be an isotopy in Diff1(S) joining the identity to f1 = f .

Proposition 2.1. For any (x, ξ) ∈ TS∗ the quantities

Torsionn((ft)t, x, ξ) ∀n ∈ N, n 6= 0

Torsion((ft)t, x) = lim
n→+∞

Torsionn((ft)t, x, ξ) when it exists

do not depend on the choice of the continuous determination of the angle function v((ft)t)(x, ξ, ·).
Let (gt)t be another isotopy joining the identity to f and assume that S is connected. There exists
an integer k ∈ Z independent from x ∈ S and ξ ∈ TxS \ {0} so that

Torsionn((ft)t, x, ξ) = Torsionn((gt)t, x, ξ) + 2πk ∀n ∈ N, n 6= 0

Torsion((ft)t, x) = Torsion((gt)t, x) + 2πk.

The proof is an immediate consequence of the continuity of the involved functions and the
property of f of being isotopic to the identity.

Proposition 2.2. Fix x ∈ S and define the following functions

Π : R→ TxS

s 7→ cos(s)X(x) + sin(s)JX(x)

and

w((ft)t, x) : R× R→ T
(s, t) 7→ θ (X(ft(x)), Dft(x)Π(s)) .

(11)

Then, there exists a unique continuous determination of w((ft)t, x), denoted as W : R×R→ R,
such that W (0, 0) = 0. Moreover

(i) W (·, 0) = IdR(·).

(ii) For any t ∈ R, W (·, t) is an increasing homeomorphism of R.

(iii) For any s, t ∈ R, W (s+ π, t) = W (s, t) + π.

Proof. By the continuity of the isotopy with respect to the compact-open C1 topology, the
function w((ft)t, x) is continuous. There is a unique continuous determination W such that
W (0, 0) = 0, since by fixing the value of W in a point we are selecting the lift.

R× R W //

w
��>>>>>>> R

p
��						

T
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Notice that

W (·, 0) : R→ R
s 7→W (s, 0)

is a lift of R 3 s 7→ w((ft)t, x)(s, 0) = θ(X(x),Π(s)) = p(s). Since W (0, 0) = 0, W (·, 0) is the
identity of R.
Let us introduce the following function

Π̄ : T→ TxS

ξ 7→ cos(ξ)X(x) + sin(ξ)JX(x).

For any fixed t ∈ R, the function W (·, t) : R→ R is a continuous lift of the angle function

m(·, t) : T→ T
ξ 7→ θ

(
X(ft(x)), Dft(x)Π̄(ξ)

)
.

As Dft(x) is linear and preserves the orientation, m(·, t) is an orientation preserving circle
homeomorphism such that m(ξ + π, t) = m(ξ, t) + π. Hence, its lift W (·, t) is an increasing
homeomorphism of R.
The functions (s, t) 7→ W (s, t) + π and (s, t) 7→ W (s + π, t) are two lifts of (s, t) 7→ m(s, t) + π
that coincide for (s, t) = (0, 0), hence W (s+ π, t) = W (s, t) + π, i.e. W (·, t) commutes with the
translation of π for any t ∈ R.

Proposition 2.3. Let x ∈ S. Assume that for some ξ ∈ TxS\{0} the quantity Torsionn((ft)t, x, ξ)
converges as n→ +∞. Then, the torsion of the orbit of x does not depend on the choice of the
tangent vector. In other words, for any vector δ ∈ TxS \ {0} it holds

Torsion((ft)t, x) = lim
n→+∞

Torsionn((ft)t, x, ξ) = lim
n→+∞

Torsionn((ft)t, x, δ).

Proof. Consider ξ, δ ∈ TxS \ {0} and assume that limn→+∞ Torsionn((ft)t, x, ξ) exists. Then,
also limn→+∞ Torsionn((ft)t, x, δ) exists and it coincides with the previous one.
The result easily follows once we prove that

lim
n→+∞

|Torsionn((ft)t, x, ξ)− Torsionn((ft)t, x, δ)| = 0.

Lemma 2.1. Fix x ∈ S. For n ∈ N, n 6= 0 and for ξ, δ ∈ TxS \ {0} it holds

|Torsionn((ft)t, x, ξ)− Torsionn((ft)t, x, δ)| <
π

n
. (12)

Proof. The quantity
|Torsionn((ft)t, x, ξ)− Torsionn((ft)t, x, δ)|

can be written as

1

n
|(ṽ((ft)t)(x, ξ, n)− ṽ((ft)t)(x, δ, n))− (ṽ((ft)t)(x, ξ, 0)− ṽ((ft)t)(x, δ, 0))|.

These quantities do not depend on the chosen determination of the angle function v. Concerning
the relative position of the vectors ξ, δ, four cases can occur:

ṽ((ft)t)(x, ξ, 0)− ṽ((ft)t)(x, δ, 0)


= 2πk if ξ, δ are positively colinear
= π + 2πk if ξ, δ are negatively colinear
∈ (0, π) + 2πk if (ξ, δ) is a direct basis
∈ (π, 2π) + 2πk if (ξ, δ) is an indirect basis.
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At any time, the same four cases can occur and

ṽ((ft)t)(x, ξ, t)− ṽ(ft)t)(x, δ, t)


= 2πk if ξ, δ are positively colinear
= π + 2πk if ξ, δ are negatively colinear
∈ (0, π) + 2πk if (ξ, δ) is a direct basis
∈ (π, 2π) + 2πk if (ξ, δ) is an indirect basis.

where the integer k ∈ Z is the same for any t.
This holds in particular for t = n and, checking all the possible cases, we obtain

1

n
|(ṽ((ft)t)(x, ξ, n)− ṽ((ft)t)(x, δ, n))− (ṽ((ft)t)(x, ξ, 0)− ṽ((ft)t)(x, δ, 0))| < π

n
.

From Lemma 2.1 we conclude since

0 ≤ lim
n→+∞

|Torsionn((ft)t, x, ξ)− Torsionn((ft)t, x, δ)| ≤ lim
n→+∞

π

n
= 0.

Analogous properties hold true for the linking number, whose proof is similar to that of
Proposition 2.3.

Proposition 2.4. Let (Ft)t∈R be an isotopy in Diff1(R2) joining the identity F0 = IdR2 to
F1 = F . For any points z1, z2 ∈ R2, z1 6= z2 the quantities

Linkingn((Ft)t, z1, z2) ∀n ∈ N, n 6= 0

Linking((Ft)t, z1, z2) when it exists

do not depend on the choice of the continuous determination of the angle function u((Ft)t)(z1, z2, ·).
Let (Gt)t be another isotopy joining the identity to F . Then, there exists an integer k ∈ Z inde-
pendent from the points z1, z2 ∈ R2 so that

Linkingn((Ft)t, z1, z2) = Linkingn((Gt)t, z1, z2) + 2πk ∀n ∈ N, n 6= 0

Linking((Ft)t, z1, z2) = Linking((Gt)t, z1, z2) + 2πk.

2.4 Independence of Torsion from the isotopy for diffeomorphisms on A and
T2

In [2], Béguin and Boubaker show that the torsion is independent from the choice of the isotopy
both for an isotopy with compact support and for a diffeomorphism on the 2-dimensional torus T2.
In this Section, we prove the independence of the torsion from the isotopy for a C1 diffeomorphism
over the annulus (with no further hypothesis on its support).

Notation 2.3. Until the end of the paper (if not specified), we will consider as parallelizable
surface the annulus A = T × R. Let (ft)t be an isotopy in Diff1(A) joining IdA to f1 = f . Let
us fix the counterclockwise orientation on R2 and consider as continuous never-vanishing vector
field X the constant one (1, 0).
Let (Ft)t be the isotopy obtained as the lift of (ft)t such that F0 = IdR2 . It joins the identity
IdR2 to F , where F : R2 → R2 is a lift of f . We then remark that for any time t and for any
z = (x, y) ∈ R2 it holds

Ft(x+ 2π, y) = Ft(x, y) + (2π, 0). (13)
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As an intermediate step, we first show that the linking number in the lifted setting does not
depend on the choice of the isotopy.

Proposition 2.5. Let (ft)t, (gt)t be two different isotopies in Diff1(A) joining IdA to f1 = g1 =
f . Let (Ft)t, (Gt)t in Diff1(R2) be lifts of the isotopies (ft)t, (gt)t such that F0 = G0 = IdR2 .
Then for any z1, z2 ∈ R2, z1 6= z2 it holds

Linking1((Ft)t, z1, z2) = Linking1((Gt)t, z1, z2)

and hence, whenever the limit exists, Linking((Ft)t, z1, z2) = Linking((Gt)t, z1, z2).

Proof. Recalling the definition of the diagonal in R4, that is

∆ := {
(
(x, y), (x′, y′)

)
∈ R4 : (x, y) = (x′, y′)},

we define the following functions

Linking1((Ft)t) :(R2 × R2) \∆→ R
(z, z′) 7→ Linking1((Ft)t, z, z

′)

and

Linking1((Gt)t) :(R2 × R2) \∆→ R
(z, z′) 7→ Linking1((Gt)t, z, z

′).

Both these functions are continuous ones. Moreover, for any (z, z′) ∈ (R2 ×R2) \∆ there exists
k = kz,z′ ∈ Z such that

Linking1((Ft)t, z, z
′) = Linking1((Gt)t, z, z

′) + 2πk.

Since (R2 × R2) \ ∆ is connected, the integer k ∈ Z does not depend on the points (z, z′) of
(R2 × R2) \∆.

Consider then points z 6= z′ such that z′ = z + (2π, 0). To fix the ideas, let us choose
z = (0, 0), z′ = (2π, 0). Because of (13), it holds that

Linking1((Ft)t, z, z
′) = Linking1((Gt)t, z, z

′) = 0. (14)

By this observation, we conclude that k = 0, i.e. the linking number does not depend on the
chosen isotopy.

The next proposition proves that the definition of torsion for a C1 diffeomorphism f : A→ A
isotopic to the identity is independent from the choice of the isotopy.

Proposition 2.6. Let (ft)t, (gt)t be two different isotopies in Diff1(A) joining the identity IdA
to f1 = g1 = f .
Then for any z̄ ∈ A and for any ξ ∈ Tz̄A \ {0}

Torsion1((ft)t, z̄, ξ) = Torsion1((gt)t, z̄, ξ). (15)

Moreover
Torsion((ft)t, z̄) = Torsion((gt)t, z̄) (16)

whenever the limit exists.
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Proof. Let (Ft)t and (Gt)t be the corresponding lifts of the isotopies (ft)t and (gt)t to the plane
R2 such that F0 = G0 = IdR2 . Let z ∈ R2 and ξ ∈ TzR2 \ {0} ∼= Tz̄A \ {0}. Thanks to the choice
of the trivialization, denoting as z̄ ∈ A the projection of z on the annulus, it holds

Torsion1((Ft)t, z, ξ) = Torsion1((ft)t, z̄, ξ)

and
Torsion1((Gt)t, z, ξ) = Torsion1((gt)t, z̄, ξ).

By Proposition 2.1 it holds

Torsion1((Ft)t, z, ξ) = Torsion1((Gt)t, z, ξ) + 2πk (17)

where k ∈ Z does not depend on the point or on the vector since R2 is connected.
Recall the functions v, u, used in Definitions 2.5 and 2.7:

v((Ft)t)(z, ξ, ·) :[0, 1]→ T
t 7→ θ ((1, 0), DFt(z)ξ)

and

u((Ft)t)(z, z
′, ·) :[0, 1]→ T

t 7→ θ
(
(1, 0), Ft(z

′)− Ft(z)
)
.

Let us look at z′ = z + ξ. Parametrize the segment [z, z + ξ] by setting for any s ∈ [0, 1]

z(s) := z + sξ.

Modify now the definitions of functions u, v in the following way:

u((Ft)t) :[0, 1]× [0, 1]→ T
(s, t) 7→ θ ((1, 0), Ft(z(s))− Ft(z)) s 6= 0

(0, t) 7→ θ ((1, 0), DFt(z)ξ)

(18)

and

v((Ft)t) :[0, 1]× [0, 1]→ T
(s, t) 7→ θ ((1, 0), DFt(z(s))ξ) .

(19)

Observe that both v(s, t) and u(s, t) are continuous functions, by the continuity of the isotopy
with respect to the weak C1 topology in Diff1(R2).
Since the definition of u((Ft)t) coincides with that of v((Ft)t) for s = 0 and since u((Ft)t) is
continuous, for any time t we have that v((Ft)t)(0, t) = u((Ft)t)(0, t) = lims→0+ u((Ft)t)(s, t).
The definitions of torsion and linking number do not depend on the chosen lift. So we select
continuous determinations ṽ((Ft)t) and ũ((Ft)t) such that ṽ((Ft)t)(0, t) = ũ((Ft)t)(0, t) for any
time t and similarly ṽ((Gt)t)(0, t) = ũ((Gt)t)(0, t).

By Proposition 2.5 for any s ∈ [0, 1] it holds

ũ((Ft)t)(s, 1)− ũ((Ft)t)(s, 0) = ũ((Gt)t)(s, 1)− ũ((Gt)t)(s, 0).

Passing to the limit for s going to 0+, we obtain

ṽ((Ft)t)(0, 1)− ṽ((Ft)t)(0, 0) = ṽ((Gt)t)(0, 1)− ṽ((Gt)t)(0, 0),

that is
Torsion1((Ft)t, z, ξ) = Torsion1((Gt)t, z, ξ).

We conclude that the integer k in (17) is null.
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With the same techniques, it can be shown that also for a C1 diffeomorphism over the torus
T2 isotopic to the identity the torsion is independent from the choice of the isotopy. Actually,
this independence has been already remarked by Béguin and Boubaker in Section 2 in [2].

3 Relation between Torsion and Linking number

In [2], the authors provide conditions for which the existence of two points with non-zero linking
number implies the existence of a point with non-zero torsion. However, the value and even the
sign of the linking number and of the torsion can be different.
Let x, y ∈ R2 be points with linking value l. We prove the existence of a point with torsion value
exactly l. In addition we locate such a point on the segment joining x and y. We remark that
this result can be applied also to the zero value case, since it does not depend on the value of
the linking number.

Notation 3.1. Consider an isotopy (Ft)t : [0, 1] → Diff1(R2) joining the identity to F1 = F .
With the notation (Ft)t we refer also to the extended isotopy. We refer to the setting presented
in Notation 2.2: we fix the counterclockwise orientation and we use the vector field X = (1, 0).
Given two points x, y ∈ R2, x 6= y, the notation [x, y] refers to the segment joining the points.
Denote a point of the segment as z(s) := sy + (1− s)x for s ∈ [0, 1].

The main result concerning linking number and torsion at finite time t = 1 is then Theorem
1.1.
Sketch of the proof of Theorem 1.1. By contradiction we assume that there is no point z ∈
[x, y] such that Torsion1((Ft)t, z, y − x) = l. Then, by the continuity of the function z 7→
Torsion1((Ft)t, z, y − x) and by the connectedness of the segment, one of the following cases
occur:

(i) for any z ∈ [x, y] it holds Torsion1((Ft)t, z, y − x) < l;

(ii) for any z ∈ [x, y] it holds Torsion1((Ft)t, z, y − x) > l.

In Section 3.2 we show that case (i) leads to a contradiction. Similarly, case (ii) cannot even
occur.

A modification of the involved isotopy and the use of Theorem 1.1 easily adapt this result
for any finite time n ∈ N. We keep the same notation of Theorem 1.1.

Corollary 3.1. Assume that there exist n ∈ N, n 6= 0 and x, y ∈ R2, x 6= y, such that
Linkingn((Ft)t, x, y) = l ∈ R.
Then there exists a point z ∈ [x, y] such that

Torsionn ((Ft)t, z, y − x) = l. (20)

Proof. We are interested in the time interval [0, n]. Define the isotopy (Gt)t∈[0,1] := (Fnt)t∈[0,1].
Hence we are time-reparametrizing the initial isotopy. It holds u((Gt)t, x, y)(t) = u((Ft)t, x, y)(nt).
Then, ũ((Gt)t, x, y)(t) and ũ((Ft)t, x, y)(nt) denote continuous determinations of the same angle
function. Since the (finite time) linking number is independent from the choice of the lift (see
Proposition 2.4), we refer to ũ((Gt)t, x, y)(t).
The hypothesis Linkingn((Ft)t, x, y) = l is then equivalent to ask that Linking1((Gt)t, x, y) = nl.
By Theorem (1.1), there exists z ∈ [x, y] such that Torsion1((Gt)t, z, y − x) = nl. For such a z
it also holds

Torsionn ((Ft)t, z, y − x) = l (21)

and this concludes the proof.
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We wonder if any such relation is satisfied between asymptotic torsion and asymptotic linking
number: can any results as above hold true even when considering (5) in Definition 2.5 and (10)
in Definition (2.7)?
The answer is positive looking at torsion of F -invariant measures, instead of orbits.

Corollary 3.2. Assume that there exist two points x, y ∈ R2, x 6= y such that Linking((Ft)t, x, y) =
l ∈ R. Suppose that

⋃
n∈N F

n([x, y]) is relatively compact.
Then there exists a F -invariant probability measure µ such that

Torsion((Ft)t, µ) = l.

Moreover, there exist points with torsion greater or equal l and also points with torsion smaller
or equal l.

Remark 3.1. If F has compact support, then
⋃
n∈N F

n([x, y]) is always relatively compact.

Proof. From our hypothesis

l = Linking((Ft)t, x, y) = lim
n→+∞

Linkingn((Ft)t, x, y)

For any fixed n ∈ N, denote ln := Linkingn((Ft)t, x, y). By Corollary (3.1) there exists zn ∈ [x, y]
such that

Torsionn ((Ft)t, zn, y − x) = ln.

The notation ξ refers to the vector y − x. Consider the following probability measures on the
unitary tangent bundle T 1R2:

µ̃n :=
1

n

n−1∑
i=0

δ(
F i(zn),

DFi(zn)ξ

‖DFi(zn)ξ‖

) (22)

where δ(x,v) denotes the Dirac measure centered on (x, v) in T 1R2. All the supports of these
measures µ̃n are contained in the same set

T 1
KR2

where
K :=

⋃
i∈N

F i([x, y]).

From the hypothesis, K is compact and so is T 1
KR2.

Up to subsequences, the sequence (µ̃n)n converges to a probability measure µ̃ on T 1R2 which
is invariant with respect to the dynamics on the unitary tangent bundle inherited from F . The
projection µ of µ̃ on R2 is F -invariant as well.
Finally, refering to Definition (2.6) with respect to µ, we have

Torsion((Ft)t, µ) =

∫
R2

Torsion((Ft)t, x)dµ(x) =∫
T 1R2

Torsion((Ft)t, x)dµ̃(x, v)
∗
=

∫
T 1R2

Torsion1((Ft)t, x, v)dµ̃(x, v) =

= lim
n→+∞

∫
T 1R2

Torsion1((Ft)t, x, v)dµ̃n(x, v) =

= lim
n→+∞

1

n

n−1∑
i=0

Torsion1

(
(Ft)t, F

i(zn),
DF i(zn)ξ

‖DF i(zn)ξ‖

)
=

= lim
n→+∞

Torsionn((Ft)t, zn, ξ) = lim
n→+∞

ln = l.
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Equality ∗ is a consequence of Birkhoff’s Ergodic Theorem applied to the framework where

F ∗ : (T 1R2, µ̃)→ (T 1R2, µ̃)

(x, ξ) 7→ F ∗(x, ξ) =

(
F (x),

DF (x)ξ

‖DF (x)ξ‖

)
is a measure-preserving transformation and Torsion1((Ft)t, ·, ·) ∈ L1(T 1R2, µ̃). The time average
Torsion((Ft)t, ·) does not depend on the choice of the tangent vector (see Proposition 2.3) and,
by Birkhoff’s Ergodic Theorem (see Theorem 4.1.2 in [6]), it exists µ̃-a.e., is measurable, F ∗-
invariant and such that∫

T 1R2

Torsion((Ft)t, x)dµ̃(x, v) =

∫
T 1R2

Torsion1((Ft)t, x, v)dµ̃(x, v).

As an outcome, there exist points with torsion greater or equal l and also points with torsion
smaller or equal l.
Arguing by contradiction, suppose that every x ∈ R2 has Torsion((Ft)t, x) strictly greater than
l. Then

l = Torsion((Ft)t, µ) =

∫
R2

Torsion((Ft)t, x)dµ(x) >

∫
R2

l dµ(x) = l.

This provides the required contradiction. Analogous argument holds assuming that every point
has torsion strictly less than l.

3.1 Some consequences over the torus T2

Any diffeomorphism of the torus has an invariant measure with zero torsion: this result was
already known by Matsumoto and Nakayama for C∞ diffeomorphisms. We present here a simpler
proof which works also with C1 diffeomorphisms. Therefore, we weaken the hypothesis required
in [12].

Notation 3.2. Let
P : R2 → T2

(x, y) 7→P(x, y) = (x mod 2π, y mod 2π)

be the universal covering of T2. Denote as P(T2) the set of Borel probability measure over
the torus T2. Fix the counterclockwise orientation and consider as reference vector field X the
constant one (1, 0).

Let us start by observing that in the case of torus diffeomorphisms the hypothesis of Corollary
3.2 are too strong. Therefore, we state the following

Corollary 3.3. Let (ft)t be an isotopy in Diff 1(T2) joining IdT2 to f1 = f . Let (Ft)t in
Diff 1(R2) be the lift of the isotopy (ft)t such that F0 = IdR2 . Assume that there exist two
points x, y ∈ R2, x 6= y such that Linking((Ft)t, x, y) = l ∈ R. Then there exists a f -invariant
probability measure µ ∈ P(T2) such that Torsion((ft)t, µ) = l. Moreover, there exist points in
T2 with torsion greater or equal l and also points with torsion smaller or equal l.

The proof of Corollary 3.3 retraces the ideas of the proof of Corollary 3.2.

Proof. As in the proof of Corollary 3.2, denote ln = Linkingn((Ft)t, x, y) and by hypothesis it
holds limn→+∞ ln = l = Linking((Ft)t, x, y). By Corollary 3.1 for any n ∈ N, n 6= 0 there exists
zn ∈ [x, y] such that Torsionn((Ft)t, zn, y − x) = ln.
Thanks to the choice of the trivialization we have that

Torsionn((ft)t,P(zn), y − x) = Torsionn((Ft)t, zn, y − x) = ln.
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For simplicity denote P(zn) as z̄n. Consider now the probability measures on the unitary tangent
bundle T 1T2:

µ̃n :=
1

n

n−1∑
i=0

δ(
f i(z̄n),

Dfi(z̄n)(y−x)

‖Dfi(z̄n)(y−x)‖

).
Being T 1T2 compact, up to subsequences, (µ̃n)n converges to µ̃ which is a probability measure
on T 1T2. The measure µ̃ is invariant with respect to the dynamics on T 1T2 and its projection
on T2 µ ∈ P(T2) is f -invariant.
Repeating the ideas in the proof of Corollary 3.2, we have

Torsion((ft)t, µ) =

∫
T2

Torsion((ft)t, x) dµ(x) =

∫
T 1T2

Torsion1((ft)t, x, v) dµ̃(x, v) =

= lim
n→+∞

1

n

n−1∑
i=0

Torsion1

(
(ft)t, f

i(z̄n),
Df i(z̄n)(y − x)

‖Df i(z̄n)(y − x)‖

)
= lim

n→+∞
Torsionn((ft)t, z̄n, y−x) = l.

We easily deduce the existence of points in T2 with torsion greater or equal l (respectively smaller
or equal l).

We then deduce as a corollary the result by Matsumoto and Nakayama discussed above.

Corollary 3.4. Let (ft)t be an isotopy in Diff 1(T2) joining the identity IdT2 to f1 = f .
Then, there exists a f -invariant Borel probability measure µ ∈ P(T2) of null torsion.

Proof. Let (Ft)t be the isotopy obtained as the lift of the isotopy (ft)t such that F0 = IdR2 . For
any point (x, y) ∈ R2

Ft(x+ 2πk1, y + 2πk2) = Ft(x, y) + (2πk1, 2πk2) ∀(k1, k2) ∈ Z2,∀t ∈ R+. (23)

Consider now the points z1 = (0, 0), z2 = (2π, 0) ∈ R2. For a fixed n ∈ N, n 6= 0 look at

Linkingn((Ft)t, z1, z2) =
1

n
(ũ((Ft)t)(z1, z2, n)− ũ((Ft)t)(z1, z2, 0))) .

Since (23) holds for every t ≥ 0, the vector Ft((2π, 0)) − Ft((0, 0)) (in whose direction we
are interested) remains horizontal and so Linkingn((Ft)t, z1, z2) ≡ 0

n . By the arbitrariness of
n ∈ N we deduce that Linking((Ft)t, z1, z2) = 0. Applying Corollary 3.3 to the points z1, z2,
we conclude that there exists µ ∈ P(T2) which is f -invariant and such that Torsion((ft)t, µ) =
0.

3.2 Proof of case (i) of Theorem 1.1

In this section we assume that case (i) of the sketch of the proof of Theorem 1.1 (presented in Sec-
tion 3) holds, that is for any z ∈ [x, y] we have Torsion1((Ft)t, z, y−x) < l = Linking1((Ft)t, x, y).
We are going to find a contradiction, deducing that this case cannot occur.
By continuity of the function and by compactness of the segment, we assume that there exists
ε > 0 such that for any point in [x, y]

Torsion1 ((Ft)t, z, y − x) < l − ε.

Notation 3.3. Denote
ξ := y − x

and parametrize the segment [x, y] as follows:

[0, 1] 3 s 7→ z(s) := sy + (1− s)x ∈ [x, y] ⊂ R2.
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Notation 3.4. We use the notation introduced in (18) and (19) in order to modify the angle
functions u, v. From these, we define linking number and torsion just along points of the segment
[x, y].
Since u, v are continuous and for any t it holds u(0, t) = v(0, t), there exist continuous lifts ũ, ṽ
of the functions u, v, respectively, such that ũ(0, t) = ṽ(0, t).

By hypothesis for any s ∈ [0, 1]

Torsion1((Ft)t, z(s), ξ) < l − ε = Linking1((Ft)t, x, y)− ε. (24)

Refering to definitions (18) and (19), inequality (24) becomes

ṽ(s, 1)− ṽ(s, 0) < ũ(1, 1)− ũ(1, 0)− ε (25)

for any s ∈ [0, 1].

3.2.1 Modification of the isotopy (Ft)t

First, we modify the given isotopy (Ft)t to obtain an isotopy (Ht)t such that:

• the point x is fixed for (Ht)t, that is Ht(x) = x for any t;

• the linking number of x, y with respect to (Ht)t is positive, while the torsion of any point
of [x, y] with respect to (Ht)t is negative.

In other words, we want to pass in a rotated and translated frame.

Lemma 3.1. Let (Ft)t∈[0,1] be an isotopy in Diff1(R2) joining IdR2 to F1 = F . Consider x, y ∈
R2, x 6= y such that, for a fixed ε > 0, for any s ∈ [0, 1]

Torsion1((Ft)t, z(s), ξ) < Linking1((Ft)t, x, y)− ε. (26)

Then, there exists an isotopy (Ht)t∈[0,1] in Diff1(R2), such that:

• H0 = IdR2 and H := H1;

• for any s ∈ [0, 1]

Torsion1((Ht)t, z(s), ξ) ≤ −
ε

2
< 0 <

ε

2
≤ Linking1((Ht)t, x, y);

• Ht(x) = x for any t ∈ [0, 1].

Proof. Define the following continuous function

Θ : [0, 1]→ R
Θ(t) := sup

s∈[0,1]
(ṽ(s, t)− ṽ(s, 0)) = max

s∈[0,1]
(ṽ(s, t)− ṽ(s, 0)) (27)

We remark that Θ(0) = 0. The new isotopy is then obtained as follows:

(Ht)t∈[0,1] := R
(
x,−Θ(t)− t ε

2

)
◦ τx−Ft(x) ◦ (Ft)t

where R (x, ψ) denotes the rotation of angle ψ centered at x and τv denotes the translation of
vector v.
The point x is fixed for the isotopy (Ht)t. Denote as U, V the functions defined in (18) and (19)
with respect to (Ht)t, that is

U : [0, 1]× R→ T
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(s, t) 7→ θ ((1, 0), Ht(z(s))−Ht(x)) = θ ((1, 0), Ht(z(s))− x) for s 6= 0, (28)
(0, t) 7→ θ ((1, 0), DHt(x)ξ) (29)

and
V : [0, 1]× R→ T

(s, t) 7→ θ ((1, 0), DHt(z(s))ξ) (30)

where θ denotes the oriented angle between the two vectors.
Observe that U, V are continuous and that, for any t, U(0, t) = V (0, t).
Define then the quantities Ũ, Ṽ from ũ, ṽ as:

Ũ(s, t) = ũ(s, t)−Θ(t)− t ε
2

(31)

Ṽ (s, t) = ṽ(s, t)−Θ(t)− t ε
2
. (32)

These functions are continuous determinations of the angle functions U and V , respectively.
From the definition of Θ in (27), for every s ∈ [0, 1] and for every t ∈ (0, 1], it follows

Ṽ (s, t)− Ṽ (s, 0) ≤ −t ε
2
< 0.

On the other hand, by hypothesis (25), for any s ∈ [0, 1] it holds

Ṽ (s, 1)− Ṽ (s, 0) ≤ Ũ(1, 1)− Ũ(1, 0)− ε. (33)

Let S ∈ [0, 1] be a point at which the maximum Θ(1) is achieved (see (27)), i.e.

Θ(1) = ṽ(S, 1)− ṽ(S, 0).

For such S we have Ṽ (S, 1)− Ṽ (S, 0) = − ε
2 and (33) still holds true. Therefore

−ε
2
≤ Ũ(1, 1)− Ũ(1, 0)− ε ⇒ Ũ(1, 1)− Ũ(1, 0) ≥ ε

2
> 0.

Hence, for any s ∈ [0, 1]

Ṽ (s, 1)− Ṽ (s, 0) ≤ −ε
2
< 0 <

ε

2
≤ Ũ(1, 1)− Ũ(1, 0). (34)

Notation 3.5. We will conserve this notation of U, V, Ũ, Ṽ throughout the whole section, until
the conclusion of the proof.

3.2.2 Sign concordance of Linking and Torsion for small s

Lemma 3.2. Let Ũ and Ṽ be the functions introduced in (31) and (32). There exists s0 ∈ (0, 1)
such that for all s ∈ [0, s0] it holds

Ũ(s, 1)− Ũ(s, 0) ≤ −ε
4
< 0 < Ũ(1, 1)− Ũ(1, 0). (35)

Proof. By definition of Ũ, Ṽ (see (31) and (32)) it holds

Ũ(0, 1)− Ũ(0, 0) = Ṽ (0, 1)− Ṽ (0, 0).

Recalling the first inequality of (34), we have

Ṽ (0, 1)− Ṽ (0, 0) ≤ −ε
2
.

By the continuity of the function s 7→ Ũ(s, 1)− Ũ(s, 0), we conclude that there exists s0 ∈ (0, 1)
small enough such that

Ũ(s, 1)− Ũ(s, 0) ≤ −ε
4

for any s ∈ [0, s0].
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3.2.3 Contradiction by using the Turning Tangent Theorem

To sum up, we are considering an isotopy (Ht)t∈[0,1] in Diff1(R2) such that:

• H0 = IdR2 and H1 = H;

• the point x ∈ R2 is fixed with respect to (Ht)t∈[0,1];

• for any s ∈ [0, 1],
Ṽ (s, 1)− Ṽ (s, 0) < 0 < Ũ(1, 1)− Ũ(1, 0); (36)

• for any s < s0,
Ũ(s, 1)− Ũ(s, 0) < −ε

4
< 0 < Ũ(1, 1)− Ũ(1, 0). (37)

By eventually changing the reference system on the plane, assume that x is the origin and that
the first vector of the canonical basis coincides with ξ = y − x.
Denote

s̄ := min
s∈(0,1)

{s : Ũ(s, 1)− Ũ(s, 0) = 0}. (38)

The corresponding z(s̄) ∈ [x, y] is the first point of the segment for which the lift of the angle
associated to H1(z(s)) is zero, i.e. Ũ(s̄, 1)− Ũ(s̄, 0) = 0.
Such s̄ exists by inequality (37) and by continuity of Ũ .
Recall that Ũ(s, 1)− Ũ(s, 0) does not depend on the chosen lift. It is important considering s̄ as
the first point of intersection of the image of the segment at time t = 1 with the first coordinate
axis (which is the segment at time t = 0). Otherwise we could have no control on the image of
the tangent vector through the isotopy.

The proof is divided into 3 cases: starting with the simpler one, we then move on to the most
general case.

Figure 1: The first case.

First case: As a first simpler case, consider the situation presented in Figure (1). That is to say,
suppose that

– α0 = Ũ(0, 1)− Ũ(0, 0) = Ṽ (0, 1)− Ṽ (0, 0) ∈ (−2π, 0);

– the curve made up of H(z(s))|[0,s̄] and the segment [z(s̄), x] is a simple, closed, piece-
wise regular, parametrized curve.

Denote
γ(s) = H(z(s))s∈[0,s̄].
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According to this notation, the quantity Ṽ (s, 1)− Ṽ (s, 0) is a measure of the angle between
the first coordinate axis direction vector and γ̇(s).
By hypothesis -the first inequality of (36)- for any s ∈ [0, 1] we have

Ṽ (s, 1)− Ṽ (s, 0) < 0. (39)

The angle V (s̄, 1) − V (s̄, 0) admits a measure β0 ∈ [0, π]. Indeed, in a neighborhood of
z(s̄), for s < s̄, the curve γ(s) crosses the first coordinate axis from the bottom up. So, the
tangent vector γ̇(s̄) has a non negative second coordinate and lies in the upper half-plane.
Look at the continuous determination Ṽ (s̄, 1)− Ṽ (s̄, 0): we have

Ṽ (s̄, 1)− Ṽ (s̄, 0) = β0 + 2πk k ∈ Z. (40)

By inequality (39), necessarily
k ≤ −1. (41)

Since the curve made up of γ(s) and [z(s̄), x] is simple, closed and piecewise regular, we
can apply the Turning Tangent Theorem on it (see Chapter 4, Section 5 in [5]). We obtain(

(Ṽ (s̄, 1)− Ṽ (s̄, 0))− (Ṽ (0, 1)− Ṽ (0, 0))
)

+

+ (π − β0) + (α0 + π) = 2π

that is
β0 + 2πk − α0 + π − β0 + α0 + π = 2π(1 + k) = 2π.

This last equality implies k = 0 and contradicts (41).

Figure 2: The second case.

Second case: Consider the case presented in Figure (2). We allow the curve made up of γ(s) :=
H(z(s))|[0,s̄] and the segment [z(s̄), x] to have self-intersections, but we require some regu-
larity conditions at the origin.3

Define the function Γ : [0, s̄]→ R+ × R as

Γ(s) = (Γ1(s),Γ2(s)) =
(
r(s), Ũ(s, 1)− Ũ(s, 0)

)
(42)

3These conditions will be precised later.
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where r(s) = ‖H(z(s))− x‖ ∈ R+.
Denote

P : R+ × R→ R2

(r, θ) 7→ (r cos θ, r sin θ).

Notice that P|R+
∗ ×R is the universal covering of R2 \ {(0, 0)}. Since P ◦ Γ = γ, then Γ is a

lift of γ through P . Identifying the plane R2 with the complex one C, we have

γ(s) = Γ1(s)eiΓ2(s).

In other words, (Γ1(s),Γ2(s)) provide some polar “coordinates”.

By hypothesis (37) and by definition of s̄ in (38), it holds

Ũ(s, 1)− Ũ(s, 0) = Γ2(s) ≤ 0 ∀s ∈ [0, s̄]. (43)

Therefore, the curve Γ lies on the low quarter of the half-plane R+ × R. Precisely

Γ1(s) > 0, Γ2(s) < 0 ∀s ∈ (0, s̄),

Γ1(0) = 0, Γ2(0) < 0,

Γ1(s̄) = ‖z(s̄)− x‖, Γ2(s̄) = 0.

Assumption 3.1. Throughout this second case, assume that Γ is sufficiently regular at
the origin, that is there exists

Γ̇(0) := lim
s→0+

Γ̇(s) 6= 0.

Figure 3: The function Γ(s) in the second case.

Notation 3.6. Consider the curve in R+ × R, made up of

(i) Γ(s) for s ∈ [0, s̄];

(ii) the horizontal segment {0} × [0, r(s̄)], followed with decreasing radius;

(iii) the vertical segment [Ũ(0, 1)− Ũ(0, 0), 0]× {0}, followed downward.

This curve, thanks to Assumption 3.1 and thanks to the definition of s̄ in (38), is a simple,
closed, piecewise regular curve (see Figure 3).
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The vector Γ̇(0) is oriented to the right in the plane R+×R. Hence, the angle between the
first coordinate axis direction vector and Γ̇(0) admits a measure η0 ∈ [−π

2 ,
π
2 ].

Denote as σ0 the measure contained in the interval [0, π] of the angle between the first
coordinate axis direction vector and Γ̇(s̄). Such a measure exists since in a neighborhood
of Γ(s̄) the curve Γ crosses the first coordinate axis from the bottom up and so the tangent
vector Γ̇(s̄) lies then in the upper half-plane.

Notation 3.7. Denote as
≺ (Γ̇) : [0, s̄]→ T

the oriented angle function between the first coordinate axis direction vector and the vector
Γ̇(s).
The notation ≺̃(Γ̇) : [0, s̄]→ R refers to the continuous determination of the angle function
≺ (Γ̇) such that ≺̃(Γ̇(0)) = η0 ∈ [−π

2 ,
π
2 ].

Since σ0 and ≺̃(Γ̇(s̄)) are lifts of the same oriented angle, we have

≺̃(Γ̇(s̄)) = σ0 + 2πj j ∈ Z.

Apply now the Turning Tangent Theorem to the closed curve highlighted in Notation 3.6.
We obtain

(σ0 + 2πj − η0) + (π − σ0) + (
π

2
) + (η0 +

π

2
) = 2π

and so
2π(1 + j) = 2π ⇔ j = 0. (44)

Hence
≺̃(Γ̇(s̄)) = σ0. (45)

Let us look now at the relation between the tangent vectors of Γ(·) and the tangent ones
of γ(·) = H(z(·)).
By hypothesis (36), it holds

Ṽ (s, 1)− Ṽ (s, 0) < 0 ∀s ∈ [0, s̄] (46)

where Ṽ (s, 1) − Ṽ (s, 0) is a continuous determination of the angle function between the
first coordinate axis direction vector and γ̇(s).
Denote

Ṽ (s̄, 1)− Ṽ (s̄, 0) = β0 + 2πk, k ∈ Z (47)

where β0 is the measure of the angle V (s̄, 1)−V (s̄, 0) in [0, π]. Such a measure exists since
in a neighborhood of z(s̄) the curve γ crosses the first coordinate axis from the bottom up.
Hence, the vector γ̇(s̄) has non negative second coordinate.
From (46), it holds then

k ≤ −1. (48)

We need now the following:

Proposition 3.1. Let I ⊂ R be an interval and let M,N be two 2-dimensional oriented
Riemannian manifolds. Denote the tangent projections as πM : TM →M , πN : TN → N .
Let f : M → N be a local diffeomorphism which preserves the orientation and let J1 : I →
TM , J2 : I → TM be continuous functions such that

πM ◦ J1 = πM ◦ J2. (49)

Suppose that, for any t ∈ I, Ji(t) 6= 0, i = 1, 2 and let θ : I → R be a continuous
determination of the angle function between the image vectors J1, J2.
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Then, there exists a continuous determination Θ : I → R of the angle function between the
image vectors Df ◦ J1, Df ◦ J2 such that

|θ(s)−Θ(s)| < π ∀s ∈ I (50)

We postpone the proof of this Proposition to Appendix A.

We apply Proposition 3.1 to I = (0, s̄] ⊂ R, M = (R+ \ {0})× R, N = R2 \ {0} and

f : (R+ \ {0})× R→ R2 \ {0}

(r, θ) 7→ (r cos(θ), r sin(θ)).

Observe that the determinant of Df(r, θ) is equal to r and so always positive: this assures
us that f is a local diffeomorphism which preserves the orientation. Consider

J1 : (0, s̄]→ TM = (R+ \ {0})× R× R2

s 7→(Γ(s), (1, 0))

and

J2 : (0, s̄]→ TM = (R+ \ {0})× R× R2

s 7→(Γ(s), Γ̇(s)).

Then

Df ◦ J1 : (0, s̄]→ TN = (R2 \ {0})× R2

s 7→
(
γ(s),

γ(s)

‖γ(s)‖

)
and

Df ◦ J2 : (0, s̄]→ TN = (R2 \ {0})× R2

s 7→ (γ(s), γ̇(s)).

The function ≺̃(Γ̇) introduced in Notation 3.7 is a continuous determination of the angle
function between J1(s) and J2(s). By Assumption 3.1, the function ≺̃(Γ̇) is continuous at
s = 0.
Remind that, by our choice

≺̃(Γ̇(0)) = η0 ∈
[
−π

2
,
π

2

]
. (51)

Observe that s 7→
(
Ṽ (s, 1)− Ṽ (s, 0)

)
−
(
Ũ(s, 1)− Ũ(s, 0)

)
is a continuous determination

of the angle function between Df ◦ J1(s) and Df ◦ J2(s). By our choice of Ṽ, Ũ , for any t
we have Ṽ (0, t) = Ũ(0, t) and in particular(

Ṽ (0, 1)− Ṽ (0, 0)
)
−
(
Ũ(0, 1)− Ũ(0, 0)

)
= 0. (52)

From (51), (52) and the continuity of the involved functions, there exists S > 0 small
enough such that∣∣∣≺̃(Γ̇(S))−

((
Ṽ (S, 1)− Ṽ (S, 0)

)
−
(
Ũ(S, 1)− Ũ(S, 0)

))∣∣∣ < π.

By Proposition 3.1, we deduce that for any s ∈ (0, s̄]∣∣∣≺̃(Γ̇(s))−
((
Ṽ (s, 1)− Ṽ (s, 0)

)
−
(
Ũ(s, 1)− Ũ(s, 0)

))∣∣∣ < π.

In particular, at s = s̄ by (45), (47) and (38)∣∣∣≺̃(Γ̇(s̄))−
(

(Ṽ (s̄, 1)− Ṽ (s̄, 0))− (Ũ(s̄, 1)− Ũ(s̄, 0))
)∣∣∣ = |σ0 − β0 − 2πk| < π. (53)
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Claim 3.1. The quantity σ0 − β0 is in the open interval (−π, π).

Proof of the claim. Because σ0, β0 ∈ [0, π], the difference σ0 − β0 is in [−π, π]. Arguing by
contradiction, suppose that σ0−β0 = π, that is σ0 = π, β0 = 0. The measure σ0 is a lift of
the angle between (1, 0) and Γ̇(s̄), while β0 is a lift of the angle between γ(s̄)/‖γ(s̄)‖ and
γ̇(s̄), which are the vectors Df(Γ(s̄))(1, 0) and Df(Γ(s̄))Γ̇(s̄). Since Df(Γ(s̄)) is a linear
function and by inequality (53), this case cannot occur. Similarly the case σ0 − β0 = −π
is excluded.

Since σ0 − β0 ∈ (−π, π) and by (53), we deduce that k = 0. This inequality contradicts
condition (48) and we conclude.

Third case: Finally, consider the most general case, presented in Figure (4). We allow now the vector
Γ̇(0) not to exist or to be null.

Figure 4: The most general case.

The Turning Tangent Theorem can no more be applied on the curve used in the second
case.
Fix ρ ∈ (0,Γ1(s̄)) and consider the vertical line r ≡ ρ in R+ × R.

The notations Γ1(·),Γ2(·) refer to the first and second coordinates, respectively, of the
curve Γ in R+ × R. Define then

sρ := max
s∈[0,s̄]

{s : Γ1(s) = ρ}. (54)

This is a maximum since Γ1 is a continuous function considered on a compact interval [0, s̄]
where Γ1(0) = 0 and Γ1(s̄) > ρ.

Observe that
lim
ρ→0

sρ = 0

by the continuity of the function Γ1(·), the compactness of the interval involved and the
fact that s = 0 is the only point for which the first coordinate projection of the curve
vanishes.
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Denote as η0 the measure of the angle between the first coordinate axis direction vector
and Γ̇(sρ) in the interval [−π

2 ,
π
2 ]. This choice is possible since by definition of sρ the vector

Γ̇(sρ) is oriented to the right.
Let

≺ (Γ̇) : [sρ, s̄]→ T

denote the oriented angle between the first coordinate axis direction vector and the vector
Γ̇(s) and denote

≺̃(Γ̇) : [sρ, s̄]→ R

the continuous determination of the angle function such that ≺̃(Γ̇(sρ)) = η0 ∈ [−π
2 ,

π
2 ].

Figure 5: The function Γ(s) in the general case.

Claim 3.2. If ρ is small enough, for any s ∈ [sρ, s̄]∣∣∣≺̃(Γ̇(s))−
((
Ṽ (s, 1)− Ṽ (s, 0)

)
−
(
Ũ(s, 1)− Ũ(s, 0)

))∣∣∣ < π. (55)

Proof of the claim. Recall that limρ→0+ sρ = 0 and functions Ṽ, Ũ are continuous. More-

over, since Ṽ (0, t) = Ũ(0, t) for any t,
(
Ṽ (0, 1)− Ṽ (0, 0)

)
−
(
Ũ(0, 1)− Ũ(0, 0)

)
= 0.

Then, for any ε > 0, there exists ρ > 0 small enough such that∣∣∣(Ṽ (sρ, 1)− Ṽ (sρ, 0)
)
−
(
Ũ(sρ, 1)− Ũ(sρ, 0)

)∣∣∣ < ε.

So, it holds∣∣∣≺̃(Γ̇(sρ))−
((
Ṽ (sρ, 1)− Ṽ (sρ, 0)

)
−
(
Ũ(sρ, 1)− Ũ(sρ, 0)

))∣∣∣ < π

2
+ ε.

By selecting ε > 0 small enough such that π
2 + ε < π, we have∣∣∣≺̃(Γ̇(sρ))−

((
Ṽ (sρ, 1)− Ṽ (sρ, 0)

)
−
(
Ũ(sρ, 1)− Ũ(sρ, 0)

))∣∣∣ < π.

By applying Proposition 3.1, inequality (55) holds for any s ∈ [sρ, s̄].

Denote as σ0 the measure contained in [0, π] of the angle ≺ (Γ̇(s̄)): again, this is possible
because in a neighborhood of Γ(s̄), the curve Γ crosses the first coordinate axis from the
bottom up.
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Let β0 be the measure of the angle V (s̄, 1)− V (s̄, 0) contained in [0, π].
Since σ0 and ≺̃(Γ̇(s̄)) are continuous lifts of the angle ≺ (Γ̇(s̄)), we have

≺̃(Γ̇(s̄)) = σ0 + 2πl l ∈ Z,

Ṽ (s̄, 1)− Ṽ (s̄, 0) = 4
(
Ṽ (s̄, 1)− Ṽ (s̄, 0)

)
−
(
Ũ(s̄, 1)− Ũ(s̄, 0)

)
=

= β0 + 2πj j ∈ Z.

By inequality (55) it holds∣∣∣≺̃(Γ̇(s̄))−
(

(Ṽ (s̄, 1)− Ṽ (s̄, 0))− (Ũ(s̄, 1)− Ũ(s̄, 0))
)∣∣∣ = |σ0 + 2πl − β0 − 2πj| < π.

(56)
By hypothesis (36), j ≤ −1.

Claim 3.3. The quantity σ0 − β0 is in the open interval (−π, π).

The argument is the same as Claim 3.1 in the second case.

Therefore l = j and so
l ≤ −1. (57)

Let us now consider the curve made up of

(i) Γ|[sρ,s̄], positively oriented;
(ii) the horizontal segment {0} × {r : ρ ≤ r ≤ ‖z(s̄)− x‖}, followed with decreasing

radius;
(iii) the vertical segment [Γ2(sρ), 0]× {r ≡ ρ}, followed downward.

This curve is a simple, closed, piecewise regular, parametrized one thanks to the regularity
of the polar coordinates away from the origin and to the absence of self-intersections by
the definition of sρ (see Figure 5).
Apply the Turning Tangent Theorem to this curve. We obtain then

(σ0 + 2πl − η0) + (π − σ0) +
π

2
+ (η0 +

π

2
) = 2π

that is
2π(1 + l) = 2π.

This implies l = 0, contradicting inequality (57).

4 Results over the Torsion and the Linking number for a twist
map

For the following definition we refer to [7] and [4]. In addition, other interesting references are
[8], [11] and [9].

Definition 4.1. A positive twist map (resp. negative) f : A → A is a C1 diffeomorphism
isotopic to the identity such that for any lift F : R2 → R2 and for any x ∈ R the function

R 3 y 7→ p1 ◦ F (x, y) ∈ R (58)

is a strictly increasing (resp. decreasing) diffeomorphism.
4By definition of s̄, Ũ(s̄, 1)− Ũ(s̄, 0) is null.
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Remark 4.1. All over the literature (see [7] and [4]), the definition of positive twist map asks
also the further condition that for any lift F : R2 → R2 and for any x ∈ R the function

R 3 y 7→ p1 ◦ F−1(x, y) ∈ R (59)

is a decreasing diffeomorphism of R.
Actually, Definition 4.1 implies this condition and we omit it.

Remark 4.2. In the sequel we work with positive twist maps. The results we are going to
present hold, properly adapted, also for negative twist maps.

Remark 4.3. The torsion at any point for a positive twist map f is independent from the choice
of the isotopy (ft)t, thanks to Proposition 2.6.
In Section 2 of [7], Patrice Le Calvez proved that any positive twist map f : A→ A can be joined
to the identity IdA through an isotopy (ft)t∈[0,1] in Diff1(A) such that f0 = IdA, f1 = f and for
any t ∈ (0, 1] each ft is a positive twist map.

Notation 4.1. In the following, the annulus A is endowed with the standard Riemannian metric
and trivialization. We fix the counterclockwise orientation and consider as reference vector field
the constant one (0, 1). Caution! We emphasize that we are changing the reference vector field
with respect to the previous sections.

4.1 Properties of Torsion for twist maps

We now prove Theorem 1.2 presented in the introduction. The proof requires some preliminary
steps.

Proposition 4.1. Let f : A→ A be a positive twist map. For any z̄ ∈ A it holds

Torsion1((ft)t, z̄, (0, 1)) ∈ (−π, 0). (60)

Proof. From Proposition 2.6, the torsion does not depend from the choice of the isotopy. There-
fore, we use the isotopy given by P. Le Calvez (see Remark 4.3): for any t ∈ (0, 1] the C1

diffeomorphism ft is a positive twist map.
Let (Ft)t be the lifted isotopy of (ft)t such that F0 = IdR2 . It joins the identity to F1 = F , a lift
of f . The point z = (x, y) ∈ R2 denotes a lift of the point z̄ ∈ A.
Look then at

Torsion1((Ft)t, z, (0, 1)).

It is the variation of a continuous determination ṽ((Ft)t)(z, (0, 1), ·) of the oriented angle function
between (0, 1) and DFt(z)(0, 1). Recall that it is independent from the choice of the continuous
determination of the angle function (see Proposition 2.1).
By the choice of the isotopy, for any t ∈ (0, 1], ft is a positive twist map. Then, since Ft is a lift
of ft, for any x ∈ R the function

R 3 y 7→ p1 ◦ Ft(x, y) ∈ R

is an increasing diffeomorphism of R. In particular, its derivative is always positive, that is

D(p1 ◦ Ft)(z)
(

0
1

)
> 0. (61)

For any t ∈ (0, 1] the first component of the image vector DFt(z)(0, 1) is positive. The vector
remains in the right half-plane and it cannot cross the vertical anymore. Thus, the variation

ṽ((Ft)t)(z, (0, 1), t)− ṽ((Ft)t)(z, (0, 1), 0)
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has to stay in the interval (−π, 0) for any t ∈ (0, 1], thanks also to the continuity of the lift. We
then conclude that

ṽ((Ft)t)(z, (0, 1), 1)− ṽ((Ft)t)(z, (0, 1), 0) = Torsion1((Ft)t, z, (0, 1)) ∈ (−π, 0). (62)

Proposition 4.2. Let f : A→ A be a positive twist map. Let z̄ ∈ A and let ξ ∈ Tz̄A\{0}. Then
it holds

Torsion1((ft)t, z̄, ξ) ∈ (−2π, π). (63)

Proof. We use the notations of Proposition 2.2. Then W (0, ·) and W (−π, ·) are continuous
determinations of v((ft)t)(z̄, (0, 1), ·) and v((ft)t)(z̄, (0,−1), ·) respectively, such thatW (0, 0) = 0
and W (−π, 0) = −π.
We assume that ξ is in the right half-plane. Then v((ft)t)(z̄, ξ, 0) admits a measure α ∈ [−π, 0] =
[W (−π, 0),W (0, 0)]. Let us denote such a measure ṽ((ft)t)(z̄, ξ, 0). There exists s ∈ [−π, 0] such
that ṽ((ft)t)(z̄, ξ, ·) = W (s, ·) and so by point (ii) of Proposition 2.2

W (−π, 1) ≤ ṽ((ft)t)(z̄, ξ, 1) = W (s, 1) ≤W (0, 1).

This implies

W (−π, 1)−W (0, 0) ≤ ṽ((ft)t)(z̄, ξ, 1)− ṽ((ft)t)(z̄, ξ, 0) ≤W (0, 1)−W (−π, 0).

Because of (iii) of Proposition (2.2), we have that W (−π, 1) = W (0, 1) − π and W (−π, 0) =
W (0, 0)−π. From these equalitites and since Torsion1((ft)t, z̄, ξ) = ṽ((ft)t)(z̄, ξ, 1)−v̄((ft)t)(z̄, ξ, 0),
we obtain

W (0, 1)−W (0, 0)− π ≤ Torsion1((ft)t, z̄, ξ) ≤W (0, 1)−W (0, 0) + π.

By Proposition (4.1), W (0, 1)−W (0, 0) is in (−π, 0), hence

−2π < Torsion1((ft)t, z̄, ξ) < π.

If ξ is in the left half-plane, then −ξ is in the right half-plane and we know that

Torsion1((ft)t, z̄, ξ) = Torsion1((ft)t, z̄,−ξ) ∈ (−2π, π).

Proof of Theorem 1.2. The proof of the Theorem is made by induction. The base case, that is the
case with n = 1, is Proposition 4.1. Concerning the inductive step, assume that the statement
holds true for n ∈ N.
We use the notation of Proposition 2.2, but we add the dependence on the point Wz̄(s, t).
ThenWz̄(0, ·) is a continuous determination of the angle function v((ft)t)(z̄, (0, 1), ·) that satisfies
Wz̄(0, 1) = β ∈ (−π, 0), that is

Wf(z̄)(−π, 0) = −π < Wz̄(0, 1) = Wf(z̄)(β, 0) < Wf(z̄)(0, 0) = 0.

By Proposition 2.2 we have for any t

Wf(z̄)(−π, t) < Wf(z̄)(β, t) = Wz̄(0, 1 + t) < Wf(z̄)(0, t).

Using (iii) of Proposition 2.2 it holds

Wf(z̄)(0, t)− π < Wz̄(0, 1 + t) < Wf(z̄)(0, t).
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For t = n we have

Wf(z̄)(0, n)− π −Wf(z̄)(0, 0) < Wz̄(0, n+ 1)−Wz̄(0, 0) < Wf(z̄)(0, n)−Wf(z̄)(0, 0).

By induction hypothesis, we have

Wf(z̄)(0, n)−Wf(z̄)(0, 0) ∈ (−nπ, 0)

and then
Wz̄(0, n+ 1)−Wz̄(0, 0) ∈ (−(n+ 1)π, 0).

2

Theorem 1.2 implies the following

Corollary 4.1. Let f : A→ A be a positive twist map. Let z̄ ∈ A be a point at which the torsion
exists.
Then

Torsion((ft)t, z̄) ∈ [−π, 0] (64)

where ((ft)t) is an isotopy joining the identity with f .

Remark 4.4. The independence of the torsion from the chosen isotopy is assured by Proposition
2.6.

Example 4.1. Let f : A → A be a positive twist map. Any point of an Aubry-Mather set has
zero torsion. This result has been proved by S. Crovisier in [4] (see Theorem 1.2).

Example 4.2. Let f : A→ A be a positive twist map. If z ∈ A is a hyperbolic fixed point such
that Df(z) has a negative real eigenvalue, then we have Torsion(f, z) = −π.
To find an example of such a dynamics, consider the fixed point (0, 0) ∈ A of the standard map
(x, y) 7→ fλ(x, y) =

(
x+ y − λ

2π sin(2πx), y − λ
2π sin(2πx)

)
for λ ≥ 4.

4.2 Properties of Linking number for twist maps

The result presented in Corollary 1.2 provides an estimation of the linking number of the orbit
of two points. It is an outcome of Theorems 1.1 and 1.2.

Notation 4.2. On R2 we fix the counterclockwise orientation and we consider as reference vector
field the constant one X(z) = (0, 1) for any z ∈ R2.

Proof of Corollary 1.2. Let f : A → A be a positive twist map and let (ft)t be an isotopy
in Diff1(A) joining the identity to f1 = f . Let (Ft)t be the lift in Diff1(R2) of (ft)t such that
F0 = IdR2 . So it joins the identity to F1 = F , which is a lift of f .
Let z1, z2 ∈ R2, z1 6= z2 and assume that the limit

Linking((Ft)t, z1, z2) = lim
n→+∞

Linkingn((Ft)t, z1, z2)

exists.
For any n ∈ N denote ln as the quantity Linkingn((Ft)t, z1, z1). Fix now n ∈ N. From Corollary
3.1, there exists a point z lying on the segment joining z1 and z2, such that

Torsionn ((Ft)t, z, z2 − z1) = ln.

Thanks to the trivialization, we have

Torsionn ((Ft)t, z, z2 − z1) = Torsionn ((ft)t, z̄, z2 − z1)
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where z̄ ∈ A is the projection on the annulus of the point z ∈ R2. Therefore Theorem 1.2 tells
us that

Torsionn((Ft)t, z, (0, 1)) ∈ (−π, 0). (65)

By Lemma 2.1, it holds

|Torsionn ((Ft)t, z, z2 − z1)− Torsionn((Ft)t, z, (0, 1))| < π

n

and then, by (65),

ln = Torsionn ((Ft)t, z, z2 − z1) ∈
(
−π − π

n
,
π

n

)
.

We deduce that
ln = Linkingn((Ft)t, z1, z2) ∈

(
−π − π

n
,
π

n

)
.

Since this holds for any fixed n ∈ N, n 6= 0, passing to the limit, we conclude that

Linking((Ft)t, z1, z2) ∈ [−π, 0].

2

We also give an estimation of finite-time linking number under some further assumptions.

Proposition 4.3. Let F : R2 → R2 be a lift of a positive twist map and let p1 : R2 → R be the
projection over the first coordinate. Let z1, z2 ∈ R2, z1 6= z2 be such that p1(z1) = p1(z2). Then
for any n ∈ N

Linkingn((Ft)t, z1, z2) ∈ (−π, 0). (66)

Proof. Arguing by contradiction, assume that there exist points z1, z2 ∈ R2, z1 6= z2 with p1(z1) =
p1(z2) and n ∈ N, n 6= 0 such that

Linkingn((Ft)t, z1, z2) = l (67)

with either l smaller or equal −π or l greater or equal 0. From the condition over the first
coordinate projection, the vector z2 − z1 joining the two points is vertical. By Corollary 3.1,
there exists a point z ∈ R2 lying on the segment joining z2 and z1 such that

Torsionn ((Ft)t, z, z2 − z1) = Torsionn((Ft)t, z, (0, 1)) = l. (68)

The value l does not belong to the interval (−π, 0). This contradicts Theorem 1.2 and we
conclude.

Remark that if two points z1, z2 do not have the same first coordinate projection, then the result
of Proposition 4.3 does not hold, as shown by the following two examples. Moreover, Examples
4.3 and 4.4 show us that the extremal values 0 and −π of the admissible interval for the linking
number in Corollary 1.2 can be actually attained.

Example 4.3. Consider a lift of a C1 diffeomorphism on A (not only lifts of twist maps): the
linking number of any two points z1, z2 = z1 + (2π, 0) is null.

Example 4.4. Let F : R2 → R2 be a lift of a positive twist map on A. Assume that z0 is a
hyperbolic fixed point such thatDF (z0) has a negative real eigenvalue of modulus strictly smaller
than 1. Let z1 be a point lying on one of the stable branches of z0. Then Linking(F, z0, z1) = −π.
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4.3 Crovisier’s Torsion for twist maps: definition and comparison

In [4] S. Crovisier gives another definition of torsion for a positive twist map. It seems natural
then comparing the two definitions: we prove that the two definitions are equivalent and so we
deduce that Crovisier’s results hold also refering to our Definition 2.5.
As before, we fix the counterclockwise orientation and we consider as reference vector field on A
the constant one (0, 1).

Definition 4.2 (Crovisier’s definition in [4]). Let f : A→ A be a positive twist map. Let z̄ ∈ A
and let ξ ∈ Tz̄A \ {0}. Denote as z ∈ R2 a lift of the point z̄. We define the function

θ0 : Tz̄A \ {0} → (−2π, 0] ⊂ R

ξ 7→ θ0(ξ)

as the measure of the oriented angle between the vertical vector (0, 1) and ξ contained in the
interval (−2π, 0]. The quantity θ0(Df(z̄)(0, 1)) is then the measure of the oriented angle between
(0, 1) and Df(z̄)(0, 1) contained in the interval (−2π, 0].
We define the function

θ1 : Tz̄A \ {0} → (θ0(Df(z̄)(0, 1))− 2π, θ0(Df(z̄)(0, 1))]

ξ 7→ θ1(ξ)

as the measure of the oriented angle between (0, 1) and Df(z̄)ξ contained in the real interval
(θ0(Df(z̄)(0, 1))− 2π, θ0(Df(z̄)(0, 1))]. We define the following function

θ : Tz̄A \ {0} → R

ξ 7→ θ(ξ) := θ1(ξ)− θ0(ξ)

which is a measure of the oriented angle between ξ and Df(z̄)ξ.
For a given n ∈ Z define

θn(ξ) :=

{∑
0≤k≤n−1 θ(Df

k(z̄)ξ) n ≥ 0

−θ−n(Dfn(z̄)ξ) n < 0.
(69)

Observe that for k ∈ N, the quantity θ(Dfk(z̄)ξ) is the difference between θ1(Dfk(z̄)ξ) and
θ0(Dfk(z̄)ξ), where θ0(Dfk(z̄)ξ) is the measure, contained in (−2π, 0], of the oriented angle
between the vectors (0, 1) and Dfk(z̄)ξ. These vectors lie in the tangent space Tfk(z̄)A. On
the other hand, θ1(Dfk(z̄)ξ) is the measure, contained in the interval (θ0(Df(fk(z̄))(0, 1)) −
2π, θ0(Df(fk(z̄))(0, 1))], of the oriented angle between (0, 1) and Dfk+1(z̄)ξ. These vectors lie
in the tangent space Tfk+1(z̄)A.

Definition 4.3. An invariant set X̄ ⊂ A with respect to a positive twist map f : A→ A and its
lift X ⊂ R2 have null torsion if for any z̄ ∈ X̄ and any ξ ∈ Tz̄A \ {0} = TzR2 \ {0} it holds

lim
n→±∞

θn(ξ)

n
= 0.

For a given n ∈ N, a fixed point z̄ ∈ A and a fixed vector ξ ∈ Tz̄A \ {0} the quantities
θn(ξ) and nTorsionn ((ft)t, z̄, ξ), as defined in (4), coincide. Hence, Crovisier’s and Béguin’s
definitions of torsion are the same.

Proposition 4.4. Let z̄ ∈ A and ξ ∈ Tz̄A \ {0}. Let f : A→ A be a positive twist map and let
(ft)t be an isotopy in Diff1(A) joining the identity to f1 = f . Then (see Definitions (69) and
(4))

nTorsionn ((ft)t, z̄, ξ) = θn(ξ). (70)
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Proof. Crovisier’s quantity θn(ξ), as defined in (69), is then

θn(ξ) =
∑

0≤k≤n−1

θ(Dfk(z)ξ) =
∑

0≤k≤n−1

(
θ1(Dfk(z)ξ)− θ0(Dfk(z)ξ)

)
.

On the other hand, Béguin’s quantity, as presented in (4), is

nTorsionn ((ft)t, z, ξ) =
∑

0≤k≤n−1

Torsion1

(
(ft)t, f

k(z), Dfk(z)ξ
)

=

=
∑

0≤k≤n−1

(
ṽ ((ft)t)

(
fk(z), Dfk(z)ξ, 1

)
− ṽ ((ft)t)

(
fk(z), Dfk(z)ξ, 0

))
.

We prove that for any 0 ≤ k ≤ n− 1

θ1(Dfk(z)ξ)− θ0(Dfk(z)ξ) = ṽ ((ft)t)
(
fk(z), Dfk(z)ξ, 1

)
− ṽ ((ft)t)

(
Dfk(z), Dfk(z)ξ, 0

)
and this concludes the proof.
Show it for k = 0, being the proof of the equality of the other terms the same.
The oriented angles involved are the same. Indeed, θ0(ξ) is a measure of the oriented angle
between (0, 1) and ξ, that is the angle v((ft)t)(z, ξ, 0); θ1(ξ) is a measure of the oriented angle
between (0, 1) and Df(z)ξ, that is the angle v((ft)t)(z, ξ, 1).
The quantity ṽ((ft)t)(z, ξ, 1)− ṽ((ft)t)(z, ξ, 0) does not depend on the chosen lift. We show that,
by choosing the lift so that ṽ((ft)t)(z, ξ, 0) = θ0(ξ), it holds ṽ((ft)t)(z, ξ, 1) = θ1(ξ). This implies
the required equality.
We refer to the notation of Proposition 2.2. We choose the lift so that ṽ((ft)t)(z, ξ, 0) = θ0(ξ) ∈
(−2π, 0]. There exists s ∈ (−2π, 0] such that Wz(s, ·) = ṽ((ft)t)(z, ξ, ·).
Observe that Wz(−2π, 0) < Wz(s, 0) ≤Wz(0, 0). By point (ii) of Proposition 2.2 it holds

Wz(−2π, 1) < Wz(s, 1) = ṽ((ft)t)(z, ξ, 1) ≤Wz(0, 1).

Point (iii) of Proposition 2.2 tells us that Wz(−2π, 1) = Wz(0, 1)− 2π, so we have

Wz(0, 1)− 2π < ṽ((ft)t)(z, ξ, 1) ≤Wz(0, 1).

By Theorem 1.2 for n = 1 it holds Wz(0, 1) ∈ (−π, 0) ⊂ (−2π, 0]. Being lifts of the same angle
both in (−2π, 0], we have Wz(0, 1) = θ0(Df(z)(0, 1)).
We then conclude thatWz(s, 1) = ṽ((ft)t)(z, ξ, 1) ∈ (−2π+θ0(Df(z)(0, 1)), θ0(Df(z)(0, 1))] and
so ṽ((ft)t)(z, ξ, 1) = θ1(ξ) being lifts of the same angle both contained in the interval
(−2π + θ0(Df(z)(0, 1)), θ0(Df(z)(0, 1))].

We recall the result obtained by S. Crovisier in [4]. Since the two definitions of torsion are
equivalent, this result holds true also refering to the torsion presented in Definition 2.5. For the
definition of well-ordered sets we refer to [3] and [4].

Definition 4.4 (Well-ordered set). A set Ē ⊂ A, not empty and invariant for f , and its lift
E ⊂ R2 are said well-ordered if

(i) p̄1 : Ē → T is injective;

(ii) for any z, z′ ∈ E, lifts of points z̄, z̄′ ∈ Ē, such that p1(z) < p1(z′), it holds that p1(F (z)) <
p1(F (z′)).

A rotation number is associated to any well-ordered set (see [7]).

Theorem 4.1 (Theorem 1.2 in [4]). Let f : A → A be a positive twist map and let (ft)t be an
isotopy joining the identity to f . Then, any well-ordered set with irrational rotation number has
null torsion.
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A Proof of Proposition 3.1

We now present the proof of the technical Proposition 3.1, used in the discussion of case (i) of
Theorem 1.1 (see Subsection 3.2). Consider J1(s), J2(s) for s ∈ I. By hypothesis πM ◦ J1 =
πM ◦ J2, so they lie on the same tangent space.
Four different cases can occur:

(1) J1(s), J2(s) are positively colinear, i.e. J1(s) = λJ2(s) for some λ > 0. Hence the associated
angle function satisfies θ̄(s) = 0 mod 2π and any continuous determination θ verifies θ(s) =
2πk, k ∈ Z.

(2) J1(s), J2(s) are negatively colinear, i.e. J1(s) = λJ2(s) for some λ < 0. Hence the associ-
ated angle function satisfies θ̄(s) = π mod 2π and any continuous determination θ verifies
θ(s) = π + 2πk, k ∈ Z.

(3) J1(s), J2(s) are linearly independent and (J1(s), J2(s)) is a direct basis. Therefore the
associated angle function satisfies θ̄(s) ∈ (0, π) mod 2π and any continuous determination
θ verifies θ(s) ∈ (2πk, π + 2πk), k ∈ Z.

(4) J1(s), J2(s) are linearly independent and (J1(s), J2(s)) is a non-direct basis. Therefore the
associated angle function satisfies θ̄(s) ∈ (π, 2π) mod 2π and any continuous determination
θ verifies θ(s) ∈ (π + 2πk, 2π(k + 1)), k ∈ Z.

We denote as Θ̄(s) the oriented angle between Df ◦ J1(s) and Df ◦ J2(s).

Lemma A.1. Let I ⊂ R and let M,N be 2-dimensional oriented Riemannian manifolds. Let
f : M → N be a local diffeomorphism which preserves the orientation and let J1, J2 : I → TM
be continuous functions that never vanish. Assume also that πM ◦ J1 = πM ◦ J2. Let θ̄, Θ̄ : I →
T be the oriented angles, respectively, between the image vectors J1, J2 and the image vectors
Df ◦ J1, Df ◦ J2.
Then, for any s ∈ I

(θ̄ − Θ̄)(s) 6= π mod 2π. (71)

We postopone the proof of this lemma.
Let θ be a chosen continuous determination of the angle θ̄. Let fix s0 ∈ I. Depending on the
cases, we have

θ(s0)


= 2kπ if θ̄(s0) = 0 mod 2π

= 2kπ + π if θ̄(s0) = π mod 2π

∈ (0, π) + 2kπ if θ̄(s0) ∈ (0, π) mod 2π

∈ (π, 2π) + 2kπ if θ̄(s0) ∈ (π, 2π) mod 2π

where k ∈ Z.
Choose a measure Θ(s0) of the angle Θ̄(s0) such that

|θ(s0)−Θ(s0)| < π

By the continuity of the chosen determination Θ, from the relation holding in s0 just shown and
from Lemma A.1, for any s ∈ I we conclude

|θ(s)−Θ(s)| < π.

Proof of Lemma A.1. As remarked above, only four cases can occur concerning the relative
positions of vectors J1(s), J2(s) for any fixed s ∈ I.
We then show that for any s

θ̄(s)− Θ̄(s) 6= π mod 2π.
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Arguing by contradiction, assume that there exists s so that θ̄(s) − Θ̄(s) = π mod 2π. Then
the couples of vectors (J1(s), J2(s)) and (Df ◦ J1(s), Df ◦ J2(s)) belong to different cases and
this is a contradiction. Indeed, since f is a local diffeomorphism which preserves the orientation,
looking at the relative position of vectors Df ◦ J1(s), Df ◦ J2(s), the same four cases presented
above can occur and for any fixed s ∈ I we remain in the same case as J1(s), J2(s). 2
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