N

N

Hydraulic tomography of discrete networks of conduits
and fractures in a karstic aquifer by using a
deterministic inversion algorithm
P. Fischer, Abderrahim Jardani, N. Lecoq

» To cite this version:

P. Fischer, Abderrahim Jardani, N. Lecoq. Hydraulic tomography of discrete networks of conduits
and fractures in a karstic aquifer by using a deterministic inversion algorithm. Advances in Water
Resources, 2018, 112, pp.83-94. 10.1016/j.advwatres.2017.11.029 . hal-01691239

HAL Id: hal-01691239
https://hal.science/hal-01691239
Submitted on 20 Sep 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial - NoDerivatives 4.0
International License


https://hal.science/hal-01691239
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

Research Paper/

Hydraulic Tomography of Discrete Networks of Conduits
and Fractures in a Karstic Aquifer by Using a
Deterministic Inversion Algorithm

P. Fischer!, A. Jardani®, N. Lecoqg?*

(1) Normandie Univ, UNIROUEN, UNICAEN, CNRS, M2C, 76000 Rouen, France

Conflict of interest: None
Corresponding author: P. Fischer

E-mail : pierre.fischerl@univ-rouen.fr

Key words: Distributed modeling, Coupled discrete-continuum model, Deterministic

inversion, Heterogeneity, Aquifer characterization

Intended for publication in Advances in Water Resources


mailto:pierre.fischer1@univ-rouen.fr

10

11

12

13

14

15

16

Abstract

In this paper we present a novel inverse modeling method called Discrete Network
Deterministic Inversion (DNDI) for mapping the geometry and property of the discrete
network of conduits and fractures in the karstified aquifers. The DNDI algorithm is based on a
coupled discrete-continuum concept to simulate numerically water flows in a model and a
deterministic optimization algorithm to invert a set of observed piezometric data recorded
during multiple pumping tests. In this method, the model is partioned in subspaces piloted by
a set of parameters (matrix transmissivity, and geometry and equivalent transmissivity of the
conduits) that are considered as unknown. In this way, the deterministic optimization process
can iteratively correct the geometry of the network and the values of the properties, until it
converges to a global network geometry in a solution model able to reproduce the set of data.
An uncertainty analysis of this result can be performed from the maps of posterior
uncertainties on the network geometry or on the property values. This method has been
successfully tested for three different theoretical and simplified study cases with hydraulic
responses data generated from hypothetical karstic models with an increasing complexity of

the network geometry, and of the matrix heterogeneity.
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1. Introduction

In hydrogeological studies, the choice of the management and protection strategies of the
groundwater resources is mainly based on the characterization of the hydraulic properties of
the aquifer, such as hydraulic conductivity and specific storage. This characterization is most
often carried out from pumping, slug and tracer tests by intrusively recording the aquifer
responses, such as hydraulic pressure and tracer concentration at a set of boreholes (Butler
2005). The reliability of these techniques for capturing the spatial heterogeneity of the
hydrodynamic properties is particularly conditioned by the amount and spatial disposition of
wells used during the investigation, and the procedure applied to analyze the hydraulic data
(Yeh and Lee 2007). In karstic and/or fractured aquifers the hydrodynamic properties (such as
the hydraulic conductivity) can vary significantly from 101° m/s to 10"* m/s, even at small
scales (Wang et al. 2016). This heterogeneity mainly depends on the apertures, connectivity
and density of the conduits and fractures network in the medium, making the groundwater
flow path complex (Eisenlohr et al. 1997 ; Kovacs et al. 2005 ; Borghi et al. 2016 ; Ronayne
2013). In this complex context, the hydraulic flow pattern is spatially disconnected and
principally focused in the transmissive fissures and fractured zones, wherein the geometrical
features and hydraulic flow regime (turbulent or laminar) are usually difficult to identify,
especially with a limited number of wells, or with the use of oversimplified assumptions for

interpreting the piezometric data to infer the hydrodynamic parameters.

In the hydroscience literature, several different modeling approaches based on the physical
theories have already been tested in order to simulate the dynamics of karstic flows for the
prediction of hydraulic properties (Hartmann et al. 2014). Among them, the equivalent porous
media model, also called the single continuum model, in which the discrete features of
fractures and karstic conduits are conceptualized as a porous media with continuous hydraulic

properties (Larocque et al. 1999 ; Illman 2014 ; Wang et al. 2016). This simplifies the
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description of heterogeneity of karstic aquifers because it does not require an accurate
knowledge on the architecture of fractures and conduits networks for simulating the
groundwater flows. In such concept, it is sufficient to assign high hydraulic conductivity
values to fractured zones and very low conductivity for intact rock. Otherwise, the coupled
discrete-continuum distributed approach is of great interest thanks to its ability to imitate the
dual hydrodynamic behaviors in the fractured aquifers by using Discrete Channel or Fracture
Networks (DCN/DFN) for the conduits and fractures, and equivalent porous media for
representing the matrix blocks (Teutsch 1993 ; Liedl et al. 2003 ; De Rooij et al. 2013). In
contrast to the equivalent porous media model, the discrete-continuum approach requires a
good knowledge on the geometry of the karstic and fracture networks. The influence of the
discrete network geometry on the hydraulic simulations and the benefits of a coupled discrete-
continuum approach compared to the equivalent porous media have been widely discussed in
the literature (Kovacs 2003 ; Painter and Cvetkovic 2005 ; Ghasemizadeh et al. 2012 ;
Hartmann et al. 2014). One of these advantages is its efficiency to reproduce numerically the
hydraulic fluctuations of karst spring discharge, while an equivalent porous media

systematically generated lower values than the ones measured (Kovacs 2003).

The hydraulic tomography is a useful tool to predict rigorously the spatial distribution of the
hydraulic properties, or the structural architecture of the fractures and conduits and their
properties. It involves the use of inverse algorithms to analyze jointly a set of hydraulic data
collected during multiple pumping tests (Carrera et al. 2005 ; Cliffe et al. 2011 ; Zhou et al.
2014). In this framework, various inversion algorithms were successfully applied for
characterizing the hydraulic properties of fractured and heterogeneous aquifers using both
concepts of parametrization discussed in the previous paragraph: the equivalent porous media

and coupled discrete-continuum approach.
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(1) Inversions in an equivalent porous media were led by using geostatistical approaches in
which the statistical characteristics of hydraulic properties are used as a priori information to
constraint the inversion. Among these tools we cite: sequential successive linear estimator
(Yeh and Liu 2000 ; Ni and Yeh 2008 ; Hao et al. 2008 ; Illman et al. 2009 ; Sharmeen et al.
2012), pilot-point (Lavenue and de Marsily 2001), transitional-probability (Wang et al. 2017),
anisotropy directions (Meier et al. 2001), multi-scale resolution (Ackerer and Delay 2010), or
structural approaches: probability perturbation method (Caers and Hoffman 2006), image-

guided (Soueid Ahmed et al. 2015), and cellular automata-based (Fischer et al. 2017).

(2) On the other hand, the parameterization of hydraulic tomography using a distributed
discrete-continuum approach is less flexible than the concept of the equivalent porous
medium because the discrete-continuum model relies on the establishment of the architecture
of the conduits and fractures, and their hydraulic properties. Several works have already
brought some solutions to these difficulties. One solution would be to generate stochastically
patterns of networks with various constraints: statistical constraints (Li et al. 2014 ; Le Coz et
al. 2017), mechanical constraints (Bonneau et al. 2013 ; Jaquet et al. 2004), geological and
speleogeological metrics information (Collon et al. 2017 ; Pardo-lguzquiza et al. 2012), or
flows hierarchical identification (Le Goc et al. 2010). More recently, Borghi et al. (2016) have
combined the use of a generator of karstic networks, based on sets of fractures stochastically
generated, with a gradient-based parameters optimization in order to reconstruct a discrete

network able to reproduce a set of tracer test hydraulic data.

In this present article we propose a novel strategy for dealing with hydraulic tomography of
fractured and karstic aquifers, which we will shorten as the Discrete Network Deterministic
Inversion (DNDI). The DNDI algorithm permits to map the architecture of fractures and
conduits networks, their hydraulic properties, and the distribution of the transmissivity in the

hard rock (matrix).
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The DNDI approach relies on the use of a coupled discrete-continuum concept to simulate
water flows through a karstic and fractured aquifer and a deterministic optimization algorithm
to invert a set of observed piezometric data recorded during multiple pumping tests. The
model is partitioned in several subspaces, each one being piloted locally by a set of
parameters including: the orientations of the conduit/fracture, their equivalent transmissivity
values, and the transmissivity of the rock matrix. This partitioning makes it possible to locally
modify the directions of the fracture network and to iteratively update the geometry of the
global network in order to minimize the objective function in the inverse process. The method
is tested on several hypothetical and simplified karstic aquifers with simple to more complex

conduit networks and with homogeneous or heterogeneous transmissivity in the matrices.

2. Algorithm framework

2.1. Forward problem and model parameterization

We represent a confined karstic and fractured aquifer in a two-dimensional model I" with an

equivalent porous media T"), (for representing the water flows where the rock is intact) and a
discrete network I' (for simulating the water flows in the fracture/conduit networks). The

numerical simulation of groundwater flows are governed by a steady state continuity equation
associated to Darcy’s law, considering a laminar flow in both the matrix domain and the

discrete networks:

V.(-e,Ky.Vh) = e“;/& in the matrix T,

el (1)

Vi.(—eKy. Vi h) = e?/QN in the network I",
el.

where Q,, and Q, are punctual water extraction or injection rates per unit of thickness

(m3/s/m) applied on the matrix and network respectively, Km denotes the matrix hydraulic
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conductivities (m/s), Kn denotes the fractures or conduits equivalent conductivities (m/s), h

is the piezometric level (m) common to both domains I",, and I", e,, (m) is the thickness of

the matrix block, e, (m) is the aperture of the network, and ¥, is an elementary volume at the

pumping location (m®). We mention that Darcy’s law formulation in the matrix domain is

described in 2D, and in 1D for fractured networks at the internal network boundaries. That’s

—

why we use the tangential gradient operator v, =Vv.¢ (where { is a local directional unit

vector of the network) to solve the hydraulic equation at the network. In the study cases
presented later in this article, we have chosen to simulate laminar flows as presented in Eq. 1
in a network of conduits. However, the property values Kn in the network can be more
specifically adapted to the behavior of turbulent conduit flows or fracture flows through other

empirical laws (eventually related to an aperture variable).

The forward problem consists in solving numerically Eq. 1 by using a finite element
technique with a triangular meshing. It links the hydraulic head data simulated continuously
over the coupled model to the spatial distribution in the model of the conduits or fractures
with their properties in 1D, and the hydraulic transmissivities of the matrix in 2D (Figure 1).

The forward problem can be formulated as:
d=f (T (P, Py )+ 2)

where d is a vector of simulated hydraulic data (nx1), f is a forward operator that

calculates the hydraulic data field from a model F(PDi,,PP,Op) defined by given parameters of

network geometry Py, and hydraulic properties P, , € is a null mean Gaussian noise to add

rop ’
the uncertainties associated to the numerical discretization technique and the hydraulic
experimental data. The model is enclosed in a large buffer zone associated to an equivalent

porous media mean transmissivity. This zone permits to limit the influence of the boundary
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conditions. The DNDI inversion algorithm was coded using Matlab and is linked to the

COMSOL Multiphysics software which runs the forward problems.

Forward problem f

——
£ (T (P Pony))
\\\,\_
[ - " il | (S
log10 Transmissivity (m*/s) Drawdown (m)

Network (thickness proportional to
equivalent transmissivity)
@ Pumping point

Figure 1: Example of a simulated distribution of hydraulic heads (here drawdowns) by solving

the forward problem f (Eq.1) for a steady state pumping in a given coupled discrete-

continuum distributed model I‘(PDi,, Ppmp).

For the DNDI algorithm, the model domain I' is partitioned in p, squared subspaces along

the X-axis and p, along the Y-axis. The total of subspaces of the whole domain is then

P= Py XP,. Three parameters are assigned to each subspace (Figure 3):

(1) the local direction of the conduit/fracture network,
(2) the local conduit/fracture equivalent transmissivity value,
(3) and the local matrix transmissivity value.

The geometry of the network follows the local direction in each subspace by a node-to-node
principle. The network structure enters a subspace by activating one of its four nodes (corners

of the square) and the subspace direction parameter will define to each other node of the
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subspace the structure will generate. This other node will then be activated itself and permits
to the structure to include new subspaces. A subspace in which the structure has already been
generated becomes inhibited to another generation from the same network. The generation

process is schematized in Figure 2.

a b C d

O Activated node

Encoding

Figure 2: Schema of the node-to-node generation process in the DNDI method with six
subspaces. An activated node in the top subspaces (a) starts the generation of the structure.
The structure generates to the nodes in the bottom of these subspaces, following the local
direction defined in the subspaces through the encoding rules. These reached nodes then
become activated (b). The subspaces in which the structure has generated become inhibited to
another generation (shown as greyed number in this figure). The structure then continues its
generation from its newly activated node if the subspaces structural parameters permit it (c) —

(d).

In order to perform this node-to-node generation, an initially activated node has to be
specified in the model (starting node in Figure 3). The model geometry in COMSOL is built
as a discrete grid including all network possibilities (a grid of squares and diagonals as
presented in Figure 3). This whole geometry is initially disabled in the COMSOL physical
part. When different network geometries are tested in the inversion process, only the

associated parts in the model grid are enabled for the solver computation. This avoids the
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creation of a new model geometry for each modification of the network and permits to reduce

the computing time in the inversion.

a b
i
—
X © Generation starting node

log10 Transmissivity (m?*/s)

Figure 3: Parameterization of a model in the DNDI method. For each subspace of the model
there are six local direction possibilities (see encoding in Figure 2) that are used to
parameterize a network structure in the model (a). The structure (in red) is then generated,
following a node-to-node rule, from the set of structural parameters in (a) and a chosen
starting point at a node between subspaces (b). Finally a set of property values
(transmissivities), also defined for each subspace, is assigned to the structural model (c).

The parameterization of the whole model is contained in two vectors piloting the subspaces.

(1) The local direction in a subspace is selected among six possibilities (see Figure 3) as a

structural parameter Dir «{1,2,3,4,5,6}. The set of structural parameters for all subspaces in
the model is contained in a (px1) vector Py, . It is also possible to generate more than one

network, but this would add more unknown structural parameters. For example if one would
want to generate 3 independent networks in the model, each subspace would need to define 3

local directions instead of one. Thus, the structural vector of direction parameters P,, would

become a (3p x1) vector.
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11
(2) The local equivalent transmissivity of the structure in a subspace is defined as a property
parameter T, and the matrix transmissivity as a property parameter T,,. The set of property

parameters for all subspaces in the model is contained in a (2px1) vector R,

Prop

with the p

parameters T, followed by the p parameters T,,. The entire model I is thus piloted only

by two parameter vectors: P,, and P,__, and can be noted F(PDir,Ppmp).

Prop !

2.2. Inverse problem

The inversion process in the DNDI algorithm consists in retrieving a model of network of
conduit/fracture and of spatial distribution of the transmissivities of the network and matrix

which permits to maximize two probability density functions pe and py e - FOllOWING

the theory described by Tarantola and Valette (1982) for a least square criterion resolution of

the inverse problem, we calculate p o aNd p, e, With the Bayes theorem, by considering

Gaussian laws for the probability density functions p, and p(d,,,) as certain:

pnetwork (PDir| dobs’ PProp) = p (dobs| I:)Dir’ FJProp ) ,0 (PDir) / p (dobs)

Pretwork (PDir| dobs' PProp) oc exp(_%(dobs - f (F(PDir ’ PProp )))T Cdil (dobs - f(r (PDir ' PPrOD )))j
X ExXp (_%(PDir,prior - I:>Dir )T CPDi:l (PDir,prior - I:>Dir )j

©)

pproperties (PProp dobs’ Dir) = p(dobs| I:)Prop’ I:)Dir )'p(PProp ) / P (dobs)

pproperties (PProp dobs’ I:)Dir) o« exp(_%(dobs - f (F(PDiNPPrOP )))T Cd_l (dobs - f(r(PDir ! PProP )))j
X eXp (_ % ( PProp,prior - I:)Prop )T C:Pprop * (PProp,prior - PProp ))

(4)
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where oc represents a proportionality relation, pnetwork( Poir| Do pmp) represents the a

posteriori probability density function of the discrete fracture network model for a given

hydraulic observed data d , and the transmissivity model of the network and matrix P

Prop *

d PD,r) is the a posteriori probability density function of the spatial

pproperties( Prop |~ obs?

distribution of the transmissivity parameters for a given hydraulic observed data d,, and

network model P, . ( Obs|PD,r,PF,mp) and p(dobs|PPmp,PDir) represent the probability

density functions of the network structure and property models, which permit to evaluate the

ability of the network structure and property models to reproduce the observed data via the
use of the forward operator. p (P, ) and p(PPmp) represent prior distributions for the

unknown parameters. It is well known that, on one hand, the piezometric data are insufficient
to cope with the non-uniqueness of the solution of an inverse process, and on another hand,
that a deterministic inversion process leads to a single local solution dependent to the initial
model. For these reasons, and in order to additionally constrain the inversion to a more

realistic solution in relation to the field knowledges, it can be interesting to incorporate prior

distributions for the unknown parameters in p (P, ) and p(PProp)‘

The maximization of the a posteriori probability density functions puex and po s 1S

equivalent to a minimization of the arguments of the exponentials in Eq.3 and 4. This is what

we aim to minimize during the inversion process in the following objective functions ¥ :

network( Dlr) - ( - f(F(PDlr’PProp )))T Cd71 (dobs - f(r(PDlr’PProp )))

+ %(PDir,prior - I:)Dir )T CPD"71 (PDir,prior - I:)Dir)

(%)
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l[/propenies (PProp) = %(dobs - f (r (PDir ’ PProp )))T Cdil (dobs - f (r (PDir ’ PProp ))) (6)
+ %(PProp,prior - PProp )T ('\’Pprop o (PProp,prior - PProp)
where d . is a vector of observed data (nx1), Py, and P, are the unknown parameters to

estimate for imaging the geometry of the network (in P,,) and the hydraulic properties

(defined here by the equivalent transmissivity of the conduits/fractures and the transmissivity

of the matrix in P,

)- Poivprior (Px1) and P, (2px1) are the prior information on the

rop,prior

geometry and on the property parameters employed to constrain the inverse problem for

overcoming the unrealistic solutions, C; (nxn) is a covariance matrix on the observed data
that permits to include the uncertainties of the hydraulic data in the inversion process. C,
(pxp) and Ce.., (2px2p) are the covariance matrices on the structural and property

parameters respectively.

This separated formulation of the probability density functions between network and

properties permits to sequentially estimate the two dependent unknown models P, and

Porop - 1N @ first step, we focus on the characterization of the network with the piezometric data

by fixing the model of the transmissivity distributions in the conduits/fractures and matrices.
The model of network resulting from the first step will then be used in a second step as known

parameter to infer the transmissivity pattern.
2.3. Optimization and uncertainty analysis

The minimization of Eg. 5 and Eq. 6 can be done by optimizing the network geometry and the

property values during two sequential iterative processes. These optimizations consist in

successively modifying the structural and property parameters P,, and P,

Prop *

The inversion process is led as a sequential optimization (Figure 4) of
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(2) and the property values T,,T,, (considering as fixed the previously inverted structural

geometry).

Multi-scale approach (optional)
Use result model as new initial model

| W
™\ \ 'd

Initialization
Chosen starting node
Chosen initial geometry (Dir)
Chosen initial property values (T, T,y

V

Iterative structural optimization )

)

Structure generation
Compute sensitivity matrix

Iterative minimization
of Eq. 5

Update of Py,
|\

\/

lterative propervty optimization

\

Compute sensitivity matrix

Iterative minimization
of Eq. 6

Update of P,

\ J/

Vv

.

Ending
Structural uncertainty estimation
Property values standard deviation calculation

\

J/

Figure 4: A flowchart of the inversion steps used in the DNDI algorithm. After the
initialization of the parameters, a sequential iterative optimization is led on the structure
geometry and on the property values in order to minimize both objective functions (Eg. 5 and

Eq. 6). An eventual re-run of the inversion process (multi-scale option) using the result as new

initial model can be performed in order to improve this result.

The structural optimization is performed iteratively by modifying the structural parameter P,

through a structural sensitivity analysis and by considering the hydraulic properties P,

as

fixed. At a given iteration step k, the sensitivity analysis of the network geometry toward the

observed data is recorded into a (6x p) sensitivity matrix J *. For a local direction i e[1,6]

and for a subspace je[1, p] the element of the matrix J * is calculated as:
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k(i s _E _ k ' -t — 5
Jn ('11)—2[""’“ f(F(PD" PDir(j):i’PP“’pm “ (d"bs f(r(PD" Poir(1)=i’P”°pm (7)

* %(PDir,prior (J) B I)T CPDiril (PDir,prior (J) B I)

with Pk _ the structural geometry parameter at the iteration k considering a modified

PDir(j):I

local direction in the subspace j, and (PDir,prior (j) - i) the gap between the prior local direction
of subspace j and the modified local direction.
Thus, the sensitivity matrix guides the evolution of the objective function in Eq. 5 by testing

successively the modification of the network with all possible local direction in each

subspace. The minimal value in the matrix J *(i ;.. j..,) designates the local direction i, in

the subspace j,,, which would produce the best decrease in the objective function.

Then the parameters set P

< is updated from the previous set P, * =P, ** by taking into
account the sensitivity analysis minimum P, *(j,..) =i in order to minimize the objective

function at each step of the optimization.

Once the sensitivity analysis cannot find any more P,, configuration decreasing the objective

function, the iterative structural optimization is stopped. The last structural iteration represents
the local solution, dependent to the initial model. The uncertainty analysis of the inverted

network geometry can be inferred from the computation of the posterior covariance matrix as:

ost [ & 1 ost [ = 0 “1(: -
CSDirt(J)Z[EZ‘an t("J)_SUn'?stv:ork +CPDi, l(J’J)j ! (8)

i=1
where C*(j) is the posterior structural uncertainty value for the local direction in the

subspace j, J.P** is the last iteration structural sensitivity matrix and 2>  is the value of

network

the minimized structural objective function. If the structural uncertainty value is low, then
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another direction in the subspace would lead to a deterioration of the reproduction of the data.
On the other hand if the structural uncertainty value is high, then the structure in the subspace
could have another local direction without significantly degrading the reproduction of the

observed data.

Following the network geometry optimization, the property parameters optimization will
iteratively modify the transmissivities with the previously inverted geometry in order to
minimize the objective function in Eq. 6. The network equivalent transmissivities and the
matrix transmissivities are optimized simultaneously. At a given iteration step k, the

parameters set P,

Prop !

which contains the transmissivities for both the network and the matrix,

is updated by linearizing Eq. 6, which can be formulated as:

Pl = Phon +((3,)" €723, +cpmp-1)_l.(ka)T €y (Ao = T (T (P Phicp))) )
+C _1' (PProp,prior - PFl’(rop)

F>Prop

where J ¥ is the Jacobian matrix (nx2p) that holds the sensitivity for each modeled data f,

(at the positions of the observed data) toward the property values in the matrix and the
network. This Jacobian matrix can be calculated by using a finite difference approach, with a

finite difference step ap,

rop *

.. of.
ka(l,j)zap L . (10)
Prop PPropk(j):PPropk(j)+APProp

Finally, once the objective function has iteratively converged to a minimum, the property
optimization is stopped. The posterior covariance matrix on the inversion of the property

values can be calculated as:

1
Crost — ((Jppost )T .Cd_l-JppOSt n Cppmp_l) ’ (11)

PProp
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where CE:; is the posterior covariance matrix and J P is the Jacobian matrix of the last

iteration step. The diagonal entries of the posterior matrix represent the variances on the

property values of each subspace.
3. Validation of the DNDI algorithm on hypothetical study cases

The DNDI inversion algorithm has been tested on three hypothetical and simplified confined

karstic fields with network of conduits:

e in a first case, we treat a simple network case with heterogeneity in the equivalent
transmissivity of the conduits and a homogenous transmissivity assigned to the matrix,

e a second case is similar to the first one but adding a transmissivity variability also in
the matrix,

e in a third case, we seek to image a complex network geometry with the use of two

different initial models to start the inverse problem.

We considered in the forward problem (Eg. 1) a unit thickness for the matrix (2D modeling)
and a unit aperture for the network (but with a variable equivalent transmissivity). The buffer

zone boundaries were associated to a h =0 m Dirichlet condition and the hydraulic heads

bound.

were set to h, =0 m initially over the model. These theoretical study cases were used to

produce 2,401 hydraulic drawdown data from 49 pumping/measurement boreholes (a
pumping test is performed alternatively in each borehole) distributed homogeneously over the
100 X 100 m? models. The pumping rates were set to 0.6 L/min for a borehole in the matrix

and 5 L/s for one in the conduit network.

In these different cases, for the inversion of the geometry of the network, no a priori
information has been added. On the other hand, we have constrained the inversion of the

hydraulic properties with a priori values. The a priori models on the properties are used also
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as initial model to launch the inversion process. For the property optimization, for the matrix
we took the —logio(T) as transmissivity parameter T,, (for example a transmissivity parameter
equal to 6 represents in the model a 10 m?/s transmissivity value) and for the network we

took directly the T value as transmissivity parameter T, . The covariance matrices C, and

C,,,, are built as diagonal matrices with a constant variance value o’ (in the case of the
matrix transmissivity the variance value Oy applies to the exponent of the transmissivity, in

the case of the network transmissivity the variance value GiN applies to the transmissivity).

The partitioning of the models and the chosen inversion parameters values for each study case
are given in Table 1. The different study cases inversions were led on a 64Go RAM PC on 2

processors of 16 cores.

Table 1: Parameters used in the inversion study cases

Study case 1 Study case 2 Study case 3
Partitioning 4x4 4x4 8x8
A priori Tn 0.06 m?/s 0.04 m?/s 0.1 m?/s
A priori Tm 105 m?/s 105 m?/s 105 m?/s
Data cov. matrix ) ) )
C, —o2,..1d () O 4 =107 M O =102 M O 4 =102 M
Property cov. matrix o, =10° m?/s o, =10° m?/s o, =10° m?fs
2
CPProp =Onmy- ld (Zp) o, =10® o, =10 o, =10®

3.1. Study case 1

In a first study case, we have tested the ability of the inversion method to reproduce a network
geometry with variable conduit equivalent transmissivities in a homogeneous matrix. We
generated drawdown data from a theoretical model with a 10 m2/s matrix transmissivity and

a principal conduit associated to a 0.1 m?#/s transmissivity and secondary conduits associated
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to a 0.01 m?/s transmissivity. Firstly we tested an inversion with a small set of data (100

drawdown data from 10 boreholes, see the ‘True model’ in Figure 5).

We started the inversion from a simple initial model with a single horizontal 0.06 m2/s conduit
and a homogeneous 10® m2/s matrix transmissivity. The structural optimization converged in

10 iterations and the properties optimization in 1 iteration.

True model

10¢ m¥s

Y(m)

Initial
-50 . . :
-50 -25 0 25 50 50 -25 0 25 50 .50 25 0 25 50
X (m) X (m) X (m)

Figure 5: Initial and inverted models for an inversion using drawdown data produced from a
true model (on the right) with a homogeneous matrix. The red dots on the true model
symbolize the pumping/measurement boreholes for the hydraulic data. The inverted model
permits to localize approximatively the karstic network connections but in this case the
amount of data is insufficient to have a proper imagery.

The inverted model reproduces the data set (R? = 0.97) and approximately the connectivity
between the points in the network, however this reconstruction remains distant from the true
geometry. This is due to a lack of data to correctly identify the shape of the conduit network.
Therefore, the efficiency of the inversion for mapping the heterogeneity of the hydraulic
parameters and retrieving the principal karstic conduits is highly dependent to the number of
wells and their locations. In the next test, we used a denser distribution of wells (49 wells) for
providing a better spatial resolution in order to image the heterogeneity of the aquifer

presented for the same ‘True model’ in Figure 6.
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360  Figure 6: Initial (a) and inverted (b) models for an inversion using drawdown data produced
361  from a true model with a homogeneous matrix, and associated map of the conduit properties
362  posterior standard deviations (c). The inverted model in (b) permits a good localization the
363  true karstic network. It also reduced locally the initial transmissivity (0.06 m2/s to 0.01 m?/s)
364  of the conduits connected to the primary drain in the bottom right part of the model (the
365  conduit thickness is proportional to its transmissivity value). The red dots on the true model
366  symbolize the pumping/measurement boreholes for the hydraulic data.

367

368  The structural optimization converged in 11 iterations and the properties optimization in 1

369 iteration. The inverted model reproduces now the data set (R?2 = 0.95) and also a very good
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representation of the true geometry (Figure 6). The property optimization permitted to correct
the initial equivalent transmissivity of 0.06 m?/s to 0.01 m?/s for the conduits connected in the
bottom right area of the network. It permits to reduce the flow rates coming to this zone and
enhance the reproduction of the true cones of depression. The flows in this zone are mainly
conditioned by the properties of the conduits connected directly to the primary drain. This
affirmation can be supported by the conduit transmissivity standard deviation map produced
from Eq. 11 (Figure 6), that shows that the properties of the conduits directly connected to the
primary drain have lower uncertainties than the primary drain itself in the center of the
inverted model. The conduit in the bottom right periphery of the inverted model does not
image correctly the true model. But as the data reproduction is perfect, this periphery zone
might not be sufficiently described by the data to permit a very good reproduction. The
uncertainty map confirms that this part of the network has a more uncertain transmissivity

value than the rest of the network.

We have also tested another configuration with more available boreholes than in the case in
Figure 5, but in which only two boreholes intersect the true karstic network. The true model

and the inversion result are presented in Figure 7.

5 True model

10% m¥s

-50 -25 0 25 - -50 -25 0 25 50
X (m) X (m) X (m)

Figure 7: Initial and inverted models for an inversion using drawdown data produced from a
true model (on the right) with a homogeneous matrix. The red dots on the true model
symbolize the pumping/measurement boreholes for the hydraulic data, primarily located in
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the matrix. The inverted model permits to almost reproduce the karstic network even if only
two measurement points are located in the true network.

The inverted model can almost reproduce the true network geometry, which shows that
boreholes, even in the matrix, can provide information about the localization of nearby
conduits. This is especially true for the thin conduits which appear in the inverted model
although no boreholes are intersecting them. Therefore the DNDI method can be used with
dataset with only a few boreholes intersecting the conduits as long as there are a sufficient
number of other boreholes, in the matrix, in suitable locations for characterizing the nearby

conduit network.
3.2. Study case 2

A second study case was led to test the ability of this inversion method to reproduce the data
in a case of a karstic network with various conduit properties developed in a heterogeneous
matrix. We simulated the piezometric data from a theoretical model with the same karstic
network than in study case 1, but in a matrix with a transmissivity varying from 5.10° m?/s to

5.10" m2/s (Figure 8).

We started the inversion from a simple initial model with a single horizontal 0.04 m?/s conduit
and a homogeneous 10°° m2/s matrix transmissivity. The structural optimization converged in

10 iterations and the properties optimization in 3 iterations (Figure 8a).
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True model

5107 m¥s l
l
110 m#s /

_

X (m)

'

0 25 50 -50 -25 0 25 50
X (m) X (m)

-50 -25

Figure 8: Initial and inverted models for an inversion using drawdown data produced from a
true model (on the right) with a heterogeneous matrix. The red dots on the true model
symbolize the pumping/measurement boreholes for the hydraulic data. A first inverted model
(a) permits to localize the true karstic network but also generates conduits to simulate the
more transmissive part of the true model. A second inversion (b) starting from the previous
inverted model permits to correct the geometry and produces an inverted model matching
more accurately the true model.

The structural optimization permitted to retrieve the true geometry of the conduits network,
but it also added conduits in the bottom left part of the model to reproduce the drawdown data
of the more transmissive area of the matrix. Then the property optimization could reproduce
the true transmissivity values distribution in the matrix. In the end the inverted model can
reproduce the true drawdowns data, but its network geometry incorporates parts, inexistent in
the true model, that has been generated in order to simulate a more transmissive area of the

matrix before the matrix transmissivity values could be optimized.

We started a second inversion using the previously inverted model (indicated in Figure 4 as

the ‘multi-scale option’). The structural optimization converged in 2 iterations and the



427

428

429

430

431

432
433
434
435
436

437

438

439

440

441

442

443

24

parameter property optimization in 1 iteration (Figure 8b). The only changes were made
during the structural optimization step, with an important improvement in the identification of
the shape of the conduits. In this case the inverted model reproduces the drawdowns data (R2

= 0.99) but is also a good representation of the true network geometry.

50
25+
E of E
> >
-25
Network
-50 r v
-50 -25 0 25 50
X (m)
o T
Conduit transmissivity standard -log,, Transmissivity standard
deviation (x10-3 m?/s) deviation (x103)

Figure 9: Maps of the conduit and matrix transmissivities posterior standard deviations. The
matrix higher transmissivity zones in the inverted model (bottom left) have a higher
uncertainty value than the lower transmissivity zones (top right). On the contrary, the
uncertainty on the transmissivities of the conduits of the primary drain is higher than the
secondary conduits.

The posterior standard deviation maps produced from Eq. 11 (Figure 9) show, for the conduit
property values, a smaller uncertainty for the secondary conduits and a higher uncertainty for
the primary drain, especially for the part of the network on the left of the model. Concerning
the matrix transmissivity property values, the highest uncertainty are located mostly in the

most transmissive areas.

3.3.Study case 3
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Finally, a third study case was led to test the ability of this inversion method to reproduce the
data in a case of a complex karstic network geometry. We generated drawdown data from a
theoretical model with a karstic network with a constant equivalent transmissivity of 0.1 m?/s

in a homogeneous matrix with a transmissivity of 10 m2/s (Figure 10).

We started an inversion from a simple initial model with a single vertical 0.1 m2/s conduit and
a homogeneous 10® m2/s matrix transmissivity. The structural optimization converged in 33
iterations and the parameter optimization in 1 iteration (Figure 10a). The inverted model
permits to fit the data set approximately (R = 0.78) and represents the global geometry of the
conduits network of the true model. Regarding the simplicity of the initial model, the result

model remains satisfying.

TV
Y (m)

True model

50

25

Initial
-50 -25 0 25 50
X (m)

-25

-50

25 50 -50 -25 0
X(m)

0
X(m)

Figure 10: Initial and inverted models for an inversion using drawdown data generated from a
true model (on the right) with a homogeneous matrix. The red dots on the true model
symbolize the pumping/measurement boreholes for the hydraulic data. A first inverted model
(a), starting from a simple initial model, permits to localize approximately the true network
geometry. A second inversion (b), starting from a more detailed initial model, permits to
produce a more precise network geometry.



461

462

463

464

465

466

467

468

469

470
471
472
473

474

475

476

477

26

We also started an inversion from a more complex initial model with two vertical 0.1 m?/s
conduits diverging in the upper part of the model in a homogeneous 10° m2/s matrix
transmissivity. This initial model geometry (representing a simple approximation of the true
geometry) can be associated to a priori field knowledge information. The structural
optimization converged in 17 iterations and the parameter optimization in 1 iteration (Figure
10b). In this case, the inverted geometry of the discrete network permits a good reproduction

of the data (R? = 0.97) and is closer to the real network than the case in Figure 10a.

50 50

C
=T =
I

E o, 09
>
-25» -25+
I Case a I Caseb
-50 r v T -50 T ¥
-50 -25 0 25 50 -50 -25 0 25 50
X (m) X (m)
d oeee— T
Structural uncertainty Structural uncertainty
value (x10%) value (x10°%)

Figure 11: Maps of the posterior uncertainties of the network local directions for the Cases a
and b. In the Case a, started from a simple initial model, the highest uncertainties are
distributed uniformly over the inverted network. In the Case b, started from a more detailed
initial model, the highest uncertainties are located in the periphery of the model.

The structural posterior uncertainty maps produced from Eq. 8 are presented in Figure 11.
These maps show that, in the Case a, the highest uncertainties are distributed relatively

uniformly among the inverted model, while in Case b, they are mostly located in the periphery
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of the model. Here, the structural posterior uncertainties are giving important information

about the local validity of the different inverted networks.

4. Discussion

We have successfully tested the DNDI method on three theoretical and simplified study cases
with steady state drawdowns. However as we have seen, an inversion process is limited by the
non-uniqueness of its solution. Therefore using the DNDI method requires several

prerequisites and the modeler needs to be critical toward the result.

As we have seen in the first study case, the efficiency of the inversion is dependent to the
hydraulic data set, and in particular the number and the localization of observation wells on
the field. We note that even wells in the matrix can provide information on nearby conduits
for the inversion. Globally it appears that the most important point about a steady-state dataset
is to have a homogeneous and sufficiently dense distribution of wells on the site, in order to

characterize successfully the network.

Concerning the inversion process itself, we note, in the third study case, the ability of the
DNDI method to image complex networks. However, as the inversion is deterministic, the
precision of the result model is dependent to the initial model. The inversion process will
converge to a local solution dependent to the initial model. In fact, in Figure 10 we show that
a simple initial model permitted to reproduce a satisfying global representation of the true
model, but with local approximations, while a more complex initial model permitted a more
accurate reproduction of the true model and a faster convergence. Therefore an inverted
model using the DNDI method should be analyzed critically, like any deterministic inverse
methods, depending from the initial model. The study of the computed structural and property
uncertainty values (with Eq. 8 and Eq. 11) can supply this critical analysis on the result

model.
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The second study case also illustrates some limits of the sequential optimization of the
method, especially when starting from a too simple initial model. Therefore the amount of a
priori information introduced in the initial model is important for the accuracy of the result
model. Otherwise, as we demonstrate in Figure 8, a simple possible operation would be to re-
run the inversion with a first inversion result to slightly improve the result. We would also
recommend the coupling of this inversion method to a multiscale method (Grimstadt et al.
2003) which consists in a re-run of the inversion starting from a previous result with a
refinement of the partitioning. It permits to lead several inversions with an initial model each

time more precise while saving time as we initially start with a coarsely partitioned model.

5. Conclusion

We present in this paper a novel deterministic inversion method that permits to characterize,
in a partitioned model, the karst conduits and fractures network geometry and their hydraulic
properties, including the transmissivity distribution of the matrices. The DNDI method let the
modeler choose the partitioning of the model for the inversion. This ‘cursor’ permits to define
either an inversion with a coarse partitioning for a quick approximation model, or with a fine
partitioning and a longer computation time for a better fitting model. The use of a discrete
network model permits to associate a specific behavior to the flows in the network and thus,
produces more realistic models than an equivalent porous media model. This method can be
easily adapted for channels or fractures network models by modifying the properties
associated to the discrete network (these properties can also be directly linked to an aperture
value, by choosing an adapted law). Therefore we believe that the DNDI method is an
interesting new imagery tool for the distributed modeling associated to a set of data from an

investigation in a karstic and/or fractured aquifer.
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We have realized different tests in three theoretical and simplified study cases with an
increasing complexity, and the DNDI could always produce satisfying results, both on the
reproduction of the generated data and on finding the network geometry and property values
from the true model. As we have seen in the first study case, the result of the structural
inversion is dependent on the positioning and the amount of observed data. This is true for
any inversion, but is especially important in the case of highly heterogeneous aquifers for
delineating the position of the heterogeneities. Therefore, the result of the inversion has to be
interpreted critically regarding the set of data used for it. A first critical analysis can be
performed from the maps of posterior uncertainties on the structure or on the property values
that can be produced by using the formulas we propose in this paper. The a priori information
on the geometry of the network and on the property values is also a way to constrain the
inversion in addition to the data. This information can be inferred from general field
knowledges (geological and geophysical information, conduits observation in wells through

video camera, other studies, etc.)

Because this method is deterministic, the choice of the initial model should be based on a
relatively coherent possibility and should not be too far from the real solution in order to
produce a good result. Therefore, we propose to couple the DNDI method to a multi-scale
method. This consists in a first inversion started from an initial model which is followed by a
new one that starts from the first inversion solution with a refined partitioning. This strategy
permits to start from a simple initial model and to progressively make the model more

complex and improve the solution.

An application of this method for mapping the conduits and fractures network with real data
from a karstic field is planned for future works. These works will be more specifically
focused on the sensitivity of the method to the spatial distribution of the measurement

boreholes and on delineating the preferential flow paths in the network.
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