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REGRESSION WITH NON COMPACTLY SUPPORTED BASES

F. COMTE AND V. GENON-CATALOT

ABSTRACT. This paper is about nonparametric regression function estimation, first in
the independent setting and in a second stage, in the context of an autoregressive model
or of discrete time observation of a diffusion process, both settings corresponding to
dependent variables. Our estimator is a one step projection estimator obtained by least-
squares contrast minimization. The specificity of our work is to consider a new model
selection procedure including a cutoff for the underlying matrix inversion, and to provide
theoretical risk bounds that apply to non compactly supported bases, a case which was
specifically excluded of all previous results.

January 23, 2018

1. INTRODUCTION

Consider observations (X;, Y;)1<i<n drawn from the regression model

(1) Y; = b(X;) +ei, E(g) =0, Var(e;) =02, i=1,...,n.

R

The random design variables (X;)i<i<, are real-valued, independent and identically dis-
tributed (i.i.d.) with common density denoted by f, the noise variables (&;)1<i<pn are
i.i.d. real-valued and the two sequences are independent. The problem is to estimate the
function b(.) : R — R from observations (X;,Y;)1<i<n.

Classical nonparametric estimation strategies are of two types. First, Nadaraya (1964)

—~

and Watson (1964) methods rely on quotient estimators of type b= 5}/ ]?, where bf and
fare projection or kernel estimators of bf and f. Those methods are popular, especially
in the kernel setting. However, they require the knowledge or the estimation of f (see
Efromovich (1999), Tsybakov (2009)) and in the latter case, the choice of two smoothing
parameters.

The second method, proposed by Birgé and Massart (1998), Barron et al. (1999), and
improved by Baraud (2000, 2002), for fixed and random design, is based on a least squares
contrast, analogous to the one used for parametric linear regression:

LY - xR,
i=1

minimized over functions ¢ that admit a finite development over some orthonormal A-
supported L?(A, dz) basis, A C R. In other words, this is a projection method where
the coefficients of the approximate function in the finite basis play the same role as the
regression parameters in the linear model. This strategy solves part of the drawbacks of
the first one. Indeed, it provides directly an estimator of b restricted to the set A, a unique
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2 F. COMTE AND V. GENON-CATALOT

model selection procedure is required and has been proved to realize an adequate squared
bias-variance compromise under weak moment conditions on the noise (see Baraud, 2000,
2002). Lastly, there is no quotient to make, and the rate only depends on the regularity
index of b, while in the quotient method it also generally depends on the one of f. All
these arguments are very favorable to the second strategy.

Noting that the least squares contrast can be rewritten

it can be seen that, for a given function t in a finite dimensional linear space included in
L?(A, dz), three norms must be compared: the integral L?(A, dz)-norm, [|t]|% = [, t*(z)dz,
associated with the basis, the empirical norm involved in the definition of the contrast,
It]2 = n~t 3% t3(X;), and its expectation, corresponding to a L?(A, f(z)dx)-norm,
||t||3£ = [,t*(x)f(x)dz. Due to this difficulty, only compactly supported bases have been
considered i.e. the set A on which estimation is done is generally assumed to be compact.
This allows to assume that f is lower bounded on A, a condition which would not hold on
non compact A. Then, if f is upper and lower bounded on A, the L?(A, f(x)dz) and the
L?(A, dxr) norms are equivalent and this makes the problem simpler.

Our aim in this work is to obtain theoretical results in regression function estimation by
a projection method in the case of non compact support A of the basis. Indeed, several
bases, such as the Laguerre (A = RT) or the Hermite (A = R) basis, are not compactly
supported. Nonparametric density estimation by a projection method on these bases has
been the subject of several recent contributions (see e.g. Comte et al. 2015, Comte and
Genon-Catalot, 2015, 2017, Belomestny et al. 2016), showing that theses bases are conve-
nient and easy to handle. In this paper, we propose a new definition of the model selection
procedure for regression function estimation on a set A whether compact or not and prove
that it reaches a bias-variance tradeoff in a way that generalizes part of Baraud’s (2002)
theorems to the non compact case. We also extend the method to dependent models,
namely autoregressive models in geometric S-mixing framework (extension of Baraud et
al. (2001a)) and discretely observed diffusion models (extension of Comte et al. (2007)).
The plan of the paper is the following. We first define the estimator and check that the
most elementary risk bound holds without any basis or support constraint. Then we pro-
pose a model selection strategy on a random collection of models taking into account a
possible inversion problem of the matrix allowing a unique definition of the estimator. A
risk bound for the adaptive estimator is provided: it generalizes existing results to non
compactly supported bases. In Section 3, we show how to recover previous results for com-
pactly supported bases, while the Hermite and Laguerre bases are considered in Section
4. Lastly, Section 5 is devoted to dependent contexts: discrete time autoregressive and
discrete observation of a diffusion process. Most proofs are gathered in Section 7 while
Section 8 gives theoretical tools used along the proofs. Section 6 gives some concluding
remarks. An appendix is devoted to numerical illustrations.
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2. REGRESSION MODEL

Recall that f denotes the density of X;. In the following, |.||2,, denotes the euclidean
norm in RP. For A C R, ||.||4 denotes the integral norm in L?(4,dz), ||.|s the integral
norm in L2(A, f(x)dr) and ||.||s the supremum norm on A.

2.1. Definition of the projection estimator. Consider model (1). Let A C R and let
(pj;j =0,...,m —1) be an orthonormal system of A-supported functions belonging to
L2(A, dx). Define S,, = span(y,...,Pm_1), the linear space spanned by (©g, ..., Pm_1)-
Note that the ¢;’s may depend on m but for simplicity, we omit this in the notation.
We assume that for all j, fcp?(x)f(:c)d:c < 400 so that Sy, C L2(A, f(x)dz) and define a
projection estimator of the regression function b on A, by

by = in v, (t
m = arg 1in 7, (t)

where 7,(t) is defined in (2). Clearly, v,(t) = =130 [V — ¢(X;)]2 —n~ 1 Y0, Y2, so
that we recognize a classical least squares contrast. For functions s, ¢, we set

n

1 1
[t =D (X)) and (s, th =~ s(X)H(Xo),
i=1 1=1

and write
1 n
1=

when 4 is the vector (ui,...,uy), @’ denotes the transpose of @ and ¢ is a function. We
introduce the classical matrices

o~

Dy = (0j(Xi))1<i<n,0<j<m—15

and
~ 1~ ~ ~
) T = (25200 hsnzns = 5B U = ([ ei@r@ ) —B(E)
n 0<j,k<m—1
We set Y = (Y3,...,Y,)’, and define a(™ = (&(()m), e d,f::l_)l)’ as the m-dimensional vector

such that Bm = 237:01 Agm) ¢j. Classical computations give, assuming that \Tlm is invertible,
that

(4) b= a™ep;,  with &0 = (8, 8,,)" '3
2.2. Risk bound on a fixed space. We now evaluate the risk of the estimator, without

any constraint on the basis support.

Proposition 2.1. Let (X;,Y;)1<i<n be observations drawn from model (1) and denote by
ba = bly. Assume that by € L2(A, f(z)dz) and that V., is invertible. Consider the least
squares estimator by, of b, given by (4). Then

) Bl balE) < inf | [0a - 0P flo)ts| 4022

where f denotes the common density of the X;’s.
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Proof of Proposition 2.1. Let us denote by II,, the orthogonal projection (for the
scalar product of R™) on the sub-space {{t(X1),... ,t(Xn))/te Sm} of R™ and by IL,,b the
projection of the vector (b(X1),...,b(X,))". The following equality holds,

(6)  Nlbm = ball? = b = balls + [|bm — b7 = nf 1t = bally + 16 — bl
By taking expectation, we obtain

(7) b~ ball] < jnf [ (6 bl (@) (@)do + B [~ b2

Now we have:

Lemma 2.1. Under the assumptions of Proposition 2.1,
- m
E [lbm — abl2] = 022

The result of the previous Lemma can be plugged in (7), thus we obtain Proposition 2.1. O

The result above is general in the sense that it holds for any basis support, whether com-
pact or not. Moreover, let us stress that Lemma 2.1 is an equality: the variance term is
exactly equal to 02m/n, and this does not depend on the basis.

It is not obvious from (5) that the bias term is small when m is large. The following
Lemma gives assumptions ensuring that the bias tends to zero when m grows to infinity.

Lemma 2.2. Assume that (p;)j>0 is an orthonormal basis of L?(A,dz) such that, for all
j >0, fgo?(a;)f(:r)dw < 400, that f is bounded on A and that for all x € A, f(x) > 0.

Then infies,, [[(ba —t)*(x) f(x)dz] tends to 0 when m tends to infinity.

The proof of Lemma 2.2 is elementary and relies on the following remarks. Note that
Ja—t)*(z) f(x)dx = |[ba—t|7 = Ibayv/f =t/ F|%. Under the assumptions of Lemma 2.2,
the system ¢; = p;v/f, j > 0 is a complete family of L?(A, dz). Indeed, if g € L*(A, dx),
J9¢; = 0, Vj > 0 means that [¢;j(g/f) = 0Vj > 0 and implies ¢ = 0 using our
assumptions.

As a consequence, the bias is getting small when m grows, but the variance increases: a
compromise has to be found, if m can be chosen.

Remark 2.1. e Note that the result of Proposition 2.1 holds for any sequence (X;)i<i<n
provided that it is independent of (€;)1<i<n with i.i.d. centered ;.
e Heteroskedastic regression. Consider the model

(8) Y; = b(X;) 4+ 0(X;)e;, Var(ey) =E(e2) =1

and the same contrast. Thus the estimator on Sy, is still given by (4). Then we can prove
that under the assumptions of Proposition 2.1,

Bllbn —0al2) < nf | [ (04 020 wde] + B[ max o20x0)

teSm 1<i<n

s|3

2m

(9) < inf [/(bA — t)%x)f(x)dx} + =,

tESm n
if for all x, 0?(x) < .
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2.3. Adaptive procedure and risk bound. We consider now a collection of nested
spaces Sy, (that is S, C S, for m < m') such that, for each m, the basis (o, ..., ©m—-1)
of S,, satisfies

m—1
(10) | Z ‘P?Hoo < Cim for ci >0 a constant.
=0

For M a matrix, we denote by || M ||, the operator norm defined as the square root of
the largest eigenvalue of MM'. If M is symmetric positive definite, it coincides with its
largest eigenvalue.

To select the most relevant space .S,,, we proceed by choosing

(11) i =arg min {62+ ro? }
meMy, n

where k is a numerical constant, and M\n is a collection of models defined by
(12)

— ~ 1 1

My =dme{1,2,... 0}, m([ T2 v1) <dc— b withe= (6A —— | ——.

o= {2, V) < e it = (64 ) 5

In practice, we set bl = by, if mH\TJ;lngp < 4en/log(n), and bT = 0 otherwise. A

theoretical counterpart of //\/\ln is useful:

- —12 n
(13) My = fme (1,20 ccondom (1 v D) < e T

where ¢ is defined in (12).

To justify (11), let us explain how each term is related to the bias or the variance obtained
in Proposition 2.1. The squared bias term is equal to ||bg — ban? = ”bAH? - ||bfn\|? where
b, is the L2(A, f(x)dz)-orthogonal projection of b on S,,. The first term ||bA||?c is unknown
but does not depend on m; on the other hand, Hb%”fc = E[||6},]|2]. Thus, the quantity

—|bm||2 approximates the squared bias, up to an additive constant, while o2m/n has the
variance order. The procedure aims at performing an automatic bias-variance tradeoff.

Theorem 2.1. Let (X;,Y;)1<i<n be observations from model (1). Assume that:

e for each m, the basis of Sy, satisfies (10).
o || flloc < o0,
e E(cf) < 00 and E[b*(X1)] < +o0.
Then, there exists a numerical constant ko such that for kK > kg, we have

Cl

E[|by — bal2] < C inf [ inf [|ba —]2 + 022 ) + =
[ AHn]—Cmg}wn(tle%mHA I o) +—

where C' is a numerical constant and C' is a constant depending on f, b, 0.

Remark 2.2. The constant ¢ in the definition of M,, depends on || flloo which is unknown.
In practice, this quantity has to be replaced by a rough estimator. Otherwise, we can replace
the bound 4cn/log(n) by n/log?(n) in the definitions of the sets My, M,,.
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The constant o2 is also generally unknown, and must be replaced by an estimator. We
simply propose to use the residual least-squares estimator:

— 1 & R
72 = i b (X))
1=
where m* is an arbitrarily chosen dimension, which must be neither too large, nor too

small; for instance m* = |\/n]. See e.g. Baraud (2000), section 6.
A bound for the more classical L?-risk can be deduced from Theorem 2.1.

Corollary 2.1. Under the assumptions of Theorem 2.1, there exists a numerical constant
ko such that for k > kg, we have
1

Elllbs — bal2] < €y inf [ inf |4 —t|2 + 022 ) + X1
i —ball) < €1 g, (nt loa = +0277 ) +

where C1 is a numerical constant and C] is a constant depending on f, b, o.

The key tool for proving Theorem 2.1 is Proposition 2.2 which relies on a matricial Bern-
stein deviation inequality proved in Tropp (2015). The result encompasses all possible
classical bases, whether compactly supported or not.

Proposition 2.2. Assume that X1,...,X, are i.i.d. with common density f such that
|flloo < oo. Let W,, be the m x m matriz defined by Equation (3). Assume that
(pj)o<j<m—1 satisfies (10). Then for all u >0

~ 2/2
P ”\Ilm_\l'mnop > U} < 2mexp< nu’/ > .

cgm ([ flloo +u/3)
3. CASE OF COMPACT A AND COMPACTLY SUPPORTED BASES

In this section, we show that Theorem 2.1 contains and improves classical results when
the bases are regular and compactly supported, a case considered by most authors.

Let us give first examples of such bases; for simplicity, we take A = [0, 1]. Classical com-
pactly supported bases are: histograms @;(z) = /m1; /m, (j+1)/m[(z), for j =0,...,m—1;
piecewise polynomials with degree r (rescaled Legendre basis up to degree r on each subin-
terval [j/my, (j41)/m,[, with m = (r41)m,); compactly supported wavelets; trigonomet-
ric basis with odd dimension m, ¢o(z) = 1jp,1)(z) and @g;—1(z) = ﬁcos(?wj:z:)l[(),l] (z),
and @o;(z) = \/isin(Qﬂjm)l[oyl](a:) forj=1,...,(m—1)/2.

All these collections satisfy (10) with ci = 1 for histograms and trigonometric basis,
CZ, = r 4+ 1 for piecewise polynomials with degree r. The trigonometric spaces are nested;
for histograms and piecewise polynomials, the models are nested if the subdivisions are
diadic (m = 2% for increasing values of k).

When the basis has compact support A, one can assume that f is lower bounded on A,
by say fo. This assumption is commonly used in papers on nonparametric regression.
It implies that, for @ = (ug, ..., um—1)" a vector of R™,
2 2

m—1 m—1
(14) @', il = /A S wigs(@) | f@)de > fo /A S wies(a) | de = folllE .
=0 =0
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Therefore |} |op < 1/fo and M,, = {m,m < ¢n/log(n)}. The unknown matrix ¥,, no
more appears in the definition of M,,. Therefore, there is no need to consider M\n and
m is chosen in M,, = {m,m < ¢n/log(n)}. The results of Theorem 2.1 and Corollary
2.1 in this case correspond to case (K1) of Theorem 1.1 (see also inequality (15)) in Ba-
raud (2002, p.132), under similar moment condition on the noise. Note that our constraint
m < ¢'n/log(n) is better than the one imposed in Baraud (the constraint in Baraud (2002)

for a non localized basis such as the trigonometric basis is m < ¢y/n/log®(n) and thus
stronger).

Remark 3.1. If by € L2(A,dx) and f is upper bounded by fi, ¥Vt € Sy, ||ba — t”% <
fillba — t|} and thus

(15) tggn 1ba = tF < fillba — bml%

where by, is the L?(dz)-orthogonal projection of by on Sy,. Now, if ba belongs to a Besov

ball Ba,2,00(A, R) (see De Vore and Lorentz (1993), or Baraud (2002, section 2)), then we

—2a 1/2a+1

get that infieg, ||ba — t||?c S m™**. So, choosing mepy = n , we recover the optimal
classical rate of convergence (namely a rate of order n_%‘/@a“)) for the risk bound of the

adaptive estimator.

4. CASE OF NON COMPACT A AND NON COMPACTLY SUPPORTED BASES

In the case of non compact A, we can not assume that f is lower bounded on A, and
therefore we can not get rid of the matrix ¥,,. Our contribution is to take into account
and enlight the role of ¥,, and to introduce a new selection procedure involving M\n

We illustrate our general result through two concrete examples of non compactly sup-
ported bases: the Laguerre basis on A = Rt and the Hermite basis on A = R. See e.g.
Comte and Genon-Catalot (2017) for density estimation by projection using these bases.
We assume in this section that by € L2(A, f(x)dr) and that f is A-supported, with
f(z) >0, Vz € A, and upper bounded. This means that E(b%(X1)) < +o0, which is not a
strong assumption. We do not want to assume that by € LL2(A, dz), which would exclude
for instance linear or polynomial functions.

e Laguerre basis, A = R™. Consider the Laguerre polynomials (L;) and the Laguerre
functions (¢;) given by

J ] ok
(16) Lj(z) = Z(_l)k(k)k" 0j(z) = V2L;(2x)e 1450, j > 0.
k= )

0
The collection (¢;);>0 constitutes a complete orthonormal system on L*(R™), and is such
that (see Abramowitz and Stegun (1964)):
(17) Vi >0, Vo € R, |¢(x)] < V2.

Clearly, the collection of models (S,, = span{fo,...,ln_1}) is nested, and (17) implies
that this basis satisfies the general assumption (10) with 0520 = 2. For a function 6 €
L2(R*,dz), we can develop # on the Laguerre basis with: 6 = >is0ai(0)¢5, a;(0) =
(0,45) = [ 0(x)¢;(x)d.
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e Hermite basis, A = R. The Hermite polynomial and the Hermite function of order j are
given, for j > 0, by:

2 dl a2 a2 . —1/2
18)  H@)= (10 ) hyw) = @ e = (20F)
The sequence (hj,j > 0) is an orthonormal basis of L*(R,dz). When a function 6 be-
longs to L2(R,dz), it can be developed in the Hermite basis § = > j>0a;j(0)h; where
aj(0) = [z 0(x)h;j(x)dz = (0, h;). The infinite norm of h; satisfies (see Abramowitz and
Stegun (1964), Szegd (1959) p.242):

(19) [hjllo < ®o, B = 1,086435/7/* ~ 0.8160,

so that the Hermite basis satisfies the general assumption (10) with ci = ®2. The collec-
tion of models is also clearly nested.

Hereafter, we use the notation ¢; to denote ¢; in the Laguerre case and h; in the Hermite
case and denote by S, = span(yo, ¢1,...,em—1) the linear space generated by the m
functions g, ..., ©m_1 and by f,, = Z;”:_Ol a;(f)p; the orthogonal projection of f on Sp,.
Then a;(f) = (f, p;) will mean the integral of f ¢; either on R or on R.

As the bases functions are bounded, the terms [ go? f are finite. Moreover, the assumptions
of Lemma 2.2 hold, so that the bias term in Proposition 2.1 tends to zero as m grows to
infinity.

The matrices ¥,, and \T/m in these bases have specific properties.

Lemma 4.1. For all m € N, U,,, is invertible, and for all m < n, (I\lm is invertible.

Proof ol Lemma 4.1. Using (14), for all @ = (ug,...,um_1)" € R™\ {0}, for t(z) =
Z?;Bl ujj(w), @' Wi = ||t|%4 > 0. Moreover @' Uit = ||t|2 > 0. Thus ||t|l, = 0=
t(X;) =0fori=1,...,n. Ast(z)w(z) is a polynomial with degree m —1 where w(x) = €*
in the Laguerre case and w(z) = ¢**/2 in the Hermite case, for m < n, we obtain that
t = 0. This implies @ = 0. O

Proposition 4.1. Assume that inf,<z<p, f(x) > 0 for some interval [a,b] in the Hermite
case and with 0 < a < b in the Laguerre case. Then there exists a constant ¢* such that,
for all m,

(20) 197 15, > ¢*m.

In the Laguerre and Hermite cases, Inequality (20) clearly implies that ||¥; (|, cannot
be uniformly bounded in m contrary to the case of compactly supported bases. This
means that the constraint in the definition (13) of M,, leads to restrictions on the values
m that can be considered in the upper risk bound of Theorem 2.1. This is illustrated by
the next proposition.

Proposition 4.2. Consider the Laguerre or the Hermite basis. Assume that f(z) >
c/(1+x)* for x > 0 in the Laguerre case; or f(x) > c¢/(1+x2)* for x € R in the Hermite
case. Then for m large enough, ||V }op < Cmt.

Discussion. e The inequality given in Proposition 4.2 seems to give the precise order
of [|[ W, |op- We illustrate it for the Laguerre basis. Indeed, for the density fx(z) =
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FIGURE 1. Laguerre basis. Left: log(m) — log(]|¥;,!|lop) and density of
X given by fi.(z) = (k—1)/(1 4+ 2)*1,>0 . Right: m — log(||¥;.!|op), and
density of X given by fix(z) = (k — 1)e™*/*=D1,54. In both cases: k = 2
(blue x marks), k& = 3 (red solid), k& = 4 (yellow dashdots) and k = 5
(purple dashed).

k |2 3 4 5
by 2.09 3.16 4.21 5.58
b 0.68 1.44 2.05 2.67

ba(k)/b2(2) | 1.00 2.11 3.02 3.92

TABLE 1. Estimated slope regression coeflicients, by for left curves and by
for right curves, of Figure 1.

(k—1)/(1+2)*¥1,>0, we have computed a Monte-Carlo approximation of ||¥. 1||o, via 500
samples of size n = 1000 and plot in Figure 1 log(m) — log(||¥;!]|op) for m =1,...,16.
Then we observe that these curves are linear and with slope approximately equal to k
(see Table 1). For the density (k —1)e=*/(*=1D1,50, from the proof of Proposition 4.2, we
conjecture that m + log(||¥;!{|op) is linear with slope proportional to 1/k; this is con-
firmed by Figure 1 and the last two lines of Table 1.Figure 1 also shows that the numerical

—1
values of || ¥, ||op and thus of | ¥,, |[|op are very quickly increasing and thus few elements

are considered in M,,. Nevertheless, the selected m among these values provides a very
satisfactory estimator of b. The procedure is quick and easy. All this is more detailed in
a supplementary material.

e If f is as in Proposition 4.2, the values m in the set M,, are restricted by the constraint
m?+1 < n/log(n). This has consequences. Consider the case A = R and the Laguerre
basis. Assume that b4 belongs to the Sobolev-Laguerre ball with regularity index s:

W*(R) = {h € LX(R",dx), > a;(h)j* < R},
j=0
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with aj(h) = (h,¢;), and that f is upper bounded and as in Proposition 4.2. Then,
inficg,, [|ba — tHff < m™° (see (15) and Remark 3.1 for the analogous computation on a
Besov ball). The best compromise between the bias term m™* and the variance term m/n
is obtained for mgp; = nt/(tY . However, the resulting optimal rate of order ns/(s+1)
cannot be reached by the adaptive estimator unless mggj 1 < n/log(n). This imposes
s > 2k. In a Sobolev-Laguerre ball, the index s is linked with regularity properties of
functions (see Section 7 of Comte and Genon-Catalot (2015) and Section 7.2 of Belomestny
et al. (2016). Thus, the optimal rate cannot be attained by the adaptive estimator unless
the function b4 has regularity s > 2k.

If by is a combination of " functions, then the bias term infycg  ||ba — tH?c is much smaller
and the rate log(n)/n can be reached by the adaptive estimator.

In density estimation using projection methods on Laguerre or Hermite bases, the variance
term in the risk bound of projection estimators has order /m/n so that the optimal rate
on a Sobolev-Laguerre or Sobolev-Hermite ball for the estimators risk is n=2%/2+D_ Tt
seems that, in the regression setting, we cannot have such a gain.

Analogous considerations hold with the Hermite basis.

5. DEPENDENT MODELS.

In this section, we extend the previous results to dependent models, such as autore-
gressive or diffusion models. The general method is the same as in the proof of Theorem
3.1 in Baraud et al. (2001b) for autoregressive models and in the proof of Theorem 1
in Comte et al. (2007), both relying in a martingale deviation inequality and a chaining
method. The main difficulty here concerns the extension of the deviation inequality stated
in Proposition 2.2.

5.1. Mixing deviation inequality. The deviation inequality of Proposition 2.2 can be
extended to the mixing case in the specific case of Laguerre and Hermite bases as follows.

Proposition 5.1. Assume that (X;); is a strictly stationary and geometrically B-mizing
process (i.e. the B-mizing coefficients (By)r satisfy Bx < ce™ % for some constants ¢ >
0,6 > 0), with marginal density f and that

o E(Xf/s) < 400 in the Hermite basis,

e E(1/X?) < +o0 in the Laguerre basis.

For U,, defined by Equation (3), then for all u >0
2
~ nu®/2 c
P[ U, — Uy llon > ] <9 - <.
¥ mllop = ] < 2m exp < am(1 —i—log(n)u)) * n4
where a is a constant depending on the mixing coefficients and the moments of the as-
sumptions.

5.2. Autoregressive model. Let us consider the autoregression model:
(21) Xit1 =0(X;) +eit1,  (&)izo ii.d., centered with variance O‘?.

We assume that X is independent of the sequence (g;);>0.

Conditions on b(.) and the noise density ensuring that the model (21) admits a strictly
stationary and geometrically S-mixing solution are given in e.g. Doukhan (1994) (Th. 7
p.102), and recalled in Baraud et al. (2001b), section 5.2.
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The contrast and the collection of estimators are then defined by

) - L 1 ¢
b = arg min 7, (t),  with u(t) = - Z; t2(Xi) — 2Xi1t(X,).
1=
The elementary computation of Proposition 2.1 can not be generalized here, but the
general strategy for selecting m given by (11) can be extended. The sets M,,, M,, are
now given by

(22) M, = {me{1,2,...,n},m(y@mlugpw) gcij},
log®(n)

(23) an{me{1,2,...,n},m(H\Ifmlugp\/m)gc’;l}7
log“(n)

with ¢,¢ constants depending on a (the constant appearing in the bound of Proposition
5.1). Then we can generalize to the result of Theorem 2.1, thanks to Proposition 5.1.

Theorem 5.1. Let (X;)i<i<n+1 be n+1 observations extracted from a strictly stationary
and geometrically B-mixing process obtained from model (21), with marginal density f.
We consider the Hermite basis if the X; are real-valued and E(Xf/3) < 400, and the
Laguerre basis if the (X;) are nonnegative and E(1/X?) < +o0o. We also assume that the
(g:)i are i.i.d. centred random variables with E(e%) < +00). Then, there exists a numerical
constant kg such that for kK > kg, we have
7 2 . - 2 2 ¢’
Ellbn—bal2) <€ int (inf foa— el + o2 ) + <

me n n

where C' is a numerical constant and C' is a constant depending on f, b, 0.

5.3. Diffusion processes. Consider now the framework of observations with sampling
interval A, (X;A)1<i<n, from the diffusion process
dX; = b(Xt)dt + U(Xt)th, Xo ~n.

Assumptions ensuring that the process (X;a)i>o is strictly stationary (with stationary

density f) and geometrically S-mixing are given in e.g. Comte et al. (2007), Section 2.1

p-516. Defining

Xi+1a — Xia
A

the approximate regression equation holds:
Yia = b(Xin) + Zia + Ria,

where Z;a plays the role of the noise and R;a is an additional residual term to take into
account. We set

1 [G+DA 1 DA
YA = , LN = A /A o(Xs)dWs and Ria = A /A o(Xs)dWs,

. 1 &
by = arg min [n Z; ?(Xin) — 2Yiat(X; )]
1=
and obtain an estimator of b in the model.
Assuming that A = A,, tends to zero while nA,, tends to infinity, we can generalize the
result of Theorem 1 in Comte et al. (2007) into a formulation similar to Theorem 5.1 with
nA replacing n.



12 F. COMTE AND V. GENON-CATALOT

6. CONCLUDING REMARKS

In this paper, we study nonparametric regression function estimation by a projection
method which was first proposed by Birgé and Massart (1998) and Barron et al. (1999).
Compared with the popular Nadaraya-Watson approach, the projection method has sev-
eral advantages.

In the Nadaraya-Watson method, one estimates b by a quotient of estimators, namely
b= 5}/ f Dividing by f requires a cutoff or a threshold to avoid too small values in
the denominator; determining its level is difficult. It is not clear if bandwidth or model
selection must be performed separately or simultaneously for the numerator and the de-
nominator. The rate of the final estimator of b corresponds to the worst rate of the two
estimators; in particular, it depends on the regularity index of b, but also on the one of f.
Therefore, the rate can correspond to the one associated to the regularity index of b, if f
is more regular than b, but it is deteriorated if f is less regular than b.

On the other hand, there is no support constraint for this estimation method.

In the projection method used here, the drawbacks listed above do not perturb the es-
timation except that the unknown function b is estimated in a restricted domain A. Up
to now, this set was always assumed to be compact. In the present paper, we show how
to eliminate the support constraint by introducing a new selection procedure where the
dimension of the projection space is chosen in a random set. The procedure can be applied
to non compactly supported bases such as the Laguerre or Hermite bases.

Our method can be readily extended to the case where the Y; are not observed but sub-
ject to multiplicative noise. More precisely, suppose that the observations are (Z;, X;)1<i<n
with

Z; =Y;U;, E(U;) =1, and (Y;, X;) following model (1).
Assume also that the U; are i.i.d, and the sequences (£;)1<i<n, (Xi)i<i<n and (U;)i<i<n
are independent. In this case, if the matrix \T!m is invertible, we define

. 2
_ : 2 . .
b, = arg min [Ht”n - z; Zit(Xi) | -
1=
Note that the model can be written Z; = b(X;) + n; with n; = b(X;)(U; — 1) + &;U; and is
thus of the same type as (8). Thus, we can prove

E[llbm —bllz) < / (b — b)? (&) f () + 2{Var(U1)E( max 1(X:)) + o?E(UD)]

b||? m

< [ -t @+ 5
if b(.) is bounded.

Note that similar regression strategies have been used in other problems, for instance
survival function estimation for interval censored data (see Brunel and Comte (2009)), haz-
ard rate estimation in presence of censoring (see Plancade (2011)): our proposal for clas-
sical regression may extend to these contexts, for which it is natural to use R*-supported
bases. Indeed, the variables are lifetimes and thus nonnegative, and censoring implies that
the right-hand bound of the support is unknown and difficult to estimate; it is thus most
convenient that the Laguerre basis does not require to choose it.

n
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7. PROOFS
7.1. Proofs of Section 2.

7.1.1. Proof of Lemma 2.1. Denote by b(X) = (b(X1),...,b(X,)) and ba(X) = (ba(X1),...,ba(Xyn))".

We can write
by (X) = (b (X1), -, (X)) = Ppa™,
where a(™ is given by (4), and
b = &,,a™, @™ = (9, ®,,) 1d b(X).
Now, denoting by P(X) := ®,,(®/, &,,) 1@ . we get
(24) b — Thbll2 = [P(OE]S = ~€P(X)P(X)e= &P(X)e

as P(X) is the n x n-matrix of the euclidean orthogonal projection on the subspace of
R"™ generated by the vectors po(X),. .., em—1(X), where p;(X) = (¢;(X1),...,9;(Xn))".
Note that

E(|P(X)el3,) < E(IE13,) < +oc.
Next, we have to compute, using that P(X) has coefficients depending on the X;’s only,

E[e'P(X))e] = Y Eleie;Piy(X)] = 02 Y E[Pii(X)] = o2E[Tx(P(X))],
12 i=1

where Tr(.) is the trace of the matrix. So, we find
Tr(P(X)) = Tr((@ﬁng[gm)*l&);n;ﬁm) =Tr(I,) =m

where 1, is the m X m identity matrix. Finally, we get
. m
Ellbn — Tpb|2] = 022,
n
This is the result of Lemma 2.1. O

7.1.2. Proof of Inequality (9). Let ¢ denotes the n x 1-vector with coordinates o(X;)e;,
i =1,...,n. Equality (24) now writes

5

1o — nbll2 = |P(X)TZ]7 = %HP(X)U?H%,n = —(58)'P(X)(d%),

as P(X)P(X) = P(X). Thus, we have to bound

E[@)'POO@)] = Y Elae,0(X)o(X)P(OL,] = Y E[*(X)PX)):]

< E[lfgﬁgn o (X)) Tr(P(X))] < mE[gﬁé};ﬁ(Xi)],

where P(X) is defined in the proof of Lemma 2.1. Finally, we obtain (9). O
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7.1.3. Proof of Proposition 2.2. To get the announced result, we apply a Bernstein matrix
inequality (see Theorem 8.2). Thus we write ¥,,, as a sum of a sequence of independent
matrices

U, = %ZKm(XZ-), K, (X3) = (¢ (Xi)on(Xi))o<jk<m—1-
=1
We put
(25) S = > Kon(X0) — E[Kon(X0)].
=1

e Bound on [|K,,(X1) — E [K,,(X1)] |lop/7-
We have that

K (X1) — E [Kin(X1)] lop = ”ﬁ”SUP . Z LjTk ([Km(Xl)]j,k —E [Km(Xl)]j,k)
Zl2,m=1 0<j k<m—1

= o 30 (e (e Bl (X)pn(X0))
Tlz,m=1 0<j k<m—1

2 2
m—
= sup Z zjpi(X1) | — Z (pj(X1)) < c?pm.
lIZll2,m=1 j=0 j=
So we get that
cim
(26) K (X1) = E [Km (X1)] llop/n < ==

e Bound on v(Syn) = || X7 E[(Kin(X;) — E [Kin (X5)])’ (K (Xi) — E [Kin (X)])] [lop/n?.
By definition of the operator norm we have

v(Sm)=— sup & ZE — E[Kn(X))]) (K (Xi) — E [Kn (X)])] 7

n’ IZll2,m=1" =5

- % H~||SuP:15/ E [(Km(X1) — E [Kn(X1)]) (Kn(X1) — E [Kn(X1)])] 2
_1 sup  E[(Kn(X1) — E[Kn(X1)]) 7

|2 2,m=1

It yields that, for # = (zg, ..., Tm-1),

m—1
E; = E || (Kn(X1) — E K (X)) #)° = 3 Var
j=0

m—1
> (@j(Xl)wk(Xl))xk]
k=0

m—1 m—1 2 m—1 m—1 2
<) E <Z (‘Pj(Xl)SOk(Xl))l"k) => / > (@j(u)@k(u))$k> f(u)du
=0 k=0

j=0 k=0
Therefore as f is bounded,

2 m—1
E < anooz / ( w)gn(u >>xk> du < || floccim 3 a3 = | floccim.

k=0
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c? m
Then we get that v(S,,) < &
tion 2.2. O

7.1.4. Proof of Theorem 2.1. Let
. . 5 m
(27) it = arg min { b} + o2 }

. Applying Theorem 8.2 gives the result of Proposi-

the theoretical counterpart of m, where M,, is defined by (13). We first prove the following
result.

Theorem 7.1. Under the assumptions of Theorem 2.1, there exists kg such that for
K > Ko, we have

E[[|bsm — b)2] < C inf [t = ball2 + o2 +Q’
m T meMn \Ujes,, f ‘n n
where C is a numerical constant and C' is a constant depending on f, b, o..
Proof of Theorem 7.1. To begin with, we note that v, (a1, . . ., dm) = —||bm||2. Indeed,
using formula (4) and @] ®,, = nV¥,,, we have
> = 2m)|(2 > = 2 = o = 20m) 12
0 G) = [l 2 26 B, F = (G F F = i

Consequently, we can write

m = arg m@}\r}( {¥n(bm) + pen(m)},  with pen(m) = HU?%.

Now, using the definition of the contrast, we have, for any m € M,,, and any b,, € Sp,,
Y (b ) + pen(m™) < (b)) + pen(m)
and, with decomposition (6), it yields
1 = Bl < (b = bll7 + 200 (b — b) + pen(m) — pen(r'™),
where v, (t) = (€,t),,. We introduce, for Ht”% = [t*(u) f(u)du, the unit ball
Bf (0,1) = {t € Sy + S, |1ty = 1}
and the set
t|2 1
(28) Qn:{ | H’;—llg, vee | (sm+5m,)\{0}}.
||t||f 2 m,m'eM,

We start by studying the expectation on €2,,. On this set, the following inequality holds:
1£]17 < 2[[¢]|7. We get

. 1 .
1ben — bl[7 10, <[bm — bIIZ + b = bml71la, +8  sup  vi(t) + pen(m) — pen(rh'™)
teBﬁ’:th (01

1 1, - R
(14 3) Mom = bl2 + Slbgn = bl210, +8( sup  v2(t) = p(m, ™))
teB , (0,1) +

(29) + pen(m) + 8p(m, fnth) — pen(mth),

Here we state the following Lemma:
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Lemma 7.1. Let (X;,Yi)1<i<n be observations from model (1), m™ defined by (27) in /\/l
deﬁned by (13). Assume that for each m, the basis of Sm satisfies || 3272, <,0]||OO < c m
for % > 0 a constant and that E(e$) < +oo. Then v, (t) = (&,t),, satisfies
C
E( - sw 20— p(m™) <=
teB! . (0,1) + n

where p(m,m’) = 82 max(m,m’)/n.

We see that, for k > kg = 32, we have 8p(m, ™) — pen(m™) < pen(m). Thus, by
taking expectation in (29) and applylng Lemma 7.1, it comes that, for all m in M, and
by, in Sy,

(30) E[||ben — ballnle,] < 3E[|bm = ball2] + 2pen(m) + -

The complement of §2,, satisfies the following Lemma:

Lemma 7.2. Assume that X1, ..., X, are i.i.d. with common density f such that || f|leo <
00. Assume also that the (S0])0<]<m 1 are such that || ZJ = 90]||oo < c m. Then, for all

m € M, (see (13)) and Q,, defined by (28), P() < ¢/n* where c is a posztwe constant.

projection (for the scalar product of R™) on the sub-space {{t(X1), ... ,t(Xn))/tE Sy} of R™.
We have (l;m(Xl), e ,Em(Xn))/ = II,,Y. By using the same notation for the function ¢
and the vector (¢(X1),... ,t(Xn))/, we can see that

We prove now that E[ngmm —b|21a¢] < £. Recall that II, denotes the orthogonal

n
(31) 16— el = [1b = Tzmbl2 + [Mpmell2 < 012 +n7 ") e
k=1
Thus

E[||b - b ||210: ] < E[|Ib]210:] + Z [e71q ]

< (Ve + E[eﬂ) HGA)

Under the assumptions of theorem 7.1, we deduce that

c
[Hb bmtthlQ%] < e

This result, together with (30) ends the proof of Theorem 7.1. O

Proof of Lemma 7.1. We can not apply Talagrand’s Inequality to the process v,

itself, unless we add an assumption imposing that the noise is bounded. This is why we
decompose the variables ¢; as follows:

&0 =1 + & i = Eilleyj<k, — Bl <n,]
Then we have

vn(t) = Vn,l(t) + Vn,2(t)’ Vn,l(t) = (", t)n, Vn,Z(t) = (&, t)n,
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(s 2@ -pm™) < (s 22,0 - pm™)
+ teB! \ (0,1) +

(32) +2 sup Vg’2(t).

We successively bound the two terms.

Let (¢5)jeq1,.... max(m,m’)} be an orthonormal basis of Sy, + Sy, for the weighted scalar
product (-, -) .

It is easy to see that:

1 1 2
Bl s 20)s X a(wptw)s X ie|(neen) ]
teBTr{/‘m(O’l) j<max(m,m’) j<max(m,m’)
< 1E[62] Y. ElgX)] = ge max(mn') _
—p Ul J n ’

j<max(m,m’)
since the definition of ¢; implies that [ @%(x)f(x)dz = 1. Next

sup  Var(mt(X1)) <E[ni] sup E[f(X1)] <ol:=v
tEBj,’m(OJ) tEBWJ:,Ym(O,l)

since E[t?(X1)] = ||t||?¢ Lastly

sup  sup (|ully<p, [t(@)]) < kn  sup  supli(z)].
teB’, (0,1) (w.x) teBW{, (01) *

For t = Z;-”:_Ol ajp;, we have HtHf = @'V i = ||V¥ndll3,,. Thus, for any m,

sup suplt(@) < covim  swp @
teBl,(01) * VT méll2,m=1
< v s IV Tl = cor/my/ 1% op.
ugm—l

Under condition (13), we have

1/4
U, < N 14 1/4 o n 1/4
VI I oy < (ml 5 12) " i < (e s )

We can take

1/4
— n N1/4
(33) My = coky <clog(n)> (mVvm')=.

803 max(m,m’)
n )

Consequently, Talagrand Inequality (see Theorem 8.3) implies, for p(m,m’) =
and denoting by m* := max(m,m’),

IE( sup  [vn1)2(t) — %p(m,m’))Jr <

— €
n
teB:;’m,(O,l)

01<602m* knv/n < N - “’"”)
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So, we choose k, = n'/* and we get,
/

1 C * * *
E( swp a2 = gpimom)) < =2 (exp(—Com”) + (m*)2 exp(~Ca(m) /1))
teB!, (01) + n

By summing up all terms over m’ € M,,, we deduce

IE( sup  [vna)3(t) — p(m, mth)) < ZE sup  [vn1)3(t) —p(m,m’))
teBly, (0,1) + m teBl, (1) +

(34) < 2

Let us now study the second term in (32). Denote by N,, < n the dimension of the
largest space of the collection. Then we have

B[( s 2a0) ] < DBl ] - 3over(E S emix)

teBl, (0.1) j=1 j=1 i=1
Ny,
=- ZE GIE[g5(X1)] < YE[€11|51|>knj|
_ MEllapv] _ EL)
n kP n

where the last line follows from the Markov inequality and the choices k, = n'/* and
p = 4. This bound together with (34) plugged in (32) gives the result of Lemma 7.1. O

Proof of Lemma 7.2. As the collection of models is nested, we have

I£1]7 1
€y < § P{3te S, |+12—1>=].
P(Q) < ( €S Htch >3

meMy

Then

P|3teS,, ”t”§—1‘>1 =P sup ZtQ IEtQX)]>1 .

[tl1% 2 teSmlitly=1 | = 2
Moreover we have
1 & ~

sup = > [(Xi) —E£(X)]| = sup ‘:E’\IJm:Y: . f’q/m:z)

tESm,”tHf:l n i=1 fERm,||me27m:1
= sup ‘:E"(\T/m —U,,)T

FER™, ||V U m & 2,m=1
= sup

1 ~ -1,
WUy (U — U)Wy U
TER™,||U]|2,m=1

-1, ~ —1
V¥ (Um = V)V ¥ lop

-1 =~ -1
V¥ lopll¥m = Tanllopll v/ ¥ lop

197 lop Wi = W [op-

IN
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As a consequence,

t)|2 1 ~ 1

P(3te s, I ”g —1 > < P oplm — Upnllop > =

il 2 2
(35) — P(H\Tf U llop > ! >
T T g w gy

We apply Proposition 2.2 and we get

|1 R 1
1 < 2mexp 5 — 1 -
[l 2 e ml[ Wi llop [1f loo % llop + 5

Now using a + b < 2max(a,b) and the condition in the definition of M,, in (13) imply
t)|2 1
P 3teSn, | ”’2‘ — 1‘ > — | <2¢/n°,
1215 2

and summing up the terms over M,,, with the bound on the cardinality implied by (13),
gives the result of Lemma 7.2. O.

P <3t € S,

Proof of Theorem 2.1. We first write that
bi—b = (bs — b)lmeMn + (b = b)Lingm,,

= (b — D) Linert, + (i = bn) Lingt,, + (bn — D) Lingera,,
(bmth — b) (b — bmth) g M
(

b — b) + (b, — by )1

m &M, g M,
Thus
(36) E([1ba = bl17) < 2E(|[bgen = bl17) + 2E(|(bis = b )2 L en e 57, )-
Now mth € M, and mh ¢ M, means mthH\I/mthHOp < ¢en/log(n) and mthH\IlmmH >
4cn/log(n). This implies, as
n . _
Ae5ogt) < PO 2, < 2O — UL 2 4+ 2o )12
A thi) e —
< 2m H\pm _\Ilmth||op+2clog( )

that mthH\flT_n — WL |12, > en/log(n). Let us denote by
A = {m|[ T, = U112, > en/log(n)}.
Thus

E(llbs = b7l pmgrr,) < E(lba —buollila, )

<\/IE [B4(X0)] + /E[1] ) VEA ),

(37)

IN
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by proceeding similarly to (31). Now we have
n
P(Apm) < Y P(AR) <> P(IT, =T R, > 119,112,)-
meMy, m=1
Now, we write the decomposition

PIT5 = 0 lop > 195, oo

~_ _ _ RS 1
=2 {15 = 0l > 195 oo 0 {195 B = Bl < 5}

~_ _ _ 1,5 1
# 2 ({10 = Wl > 193 o } 0 {195 @ = Bl > 5
=~ _ _ 1,2 1
<P {180~ 0o > 195 o} 0 {195 B = )l < 3}
1,2 1
(39) 10, W)l > 3]

To control the second term of the right hand side of (38), we write

~ 1 ~ 1
3) P10 Ol > 5| <P 10 el il > ]

and we recognize (35) for which we already proved a bound.

Next to control the first term on the right hand side of (38), we apply Theorem 8.1 (with
A=Y, and B=Y,, —¥,,), which yields

~_ _ _ 1,2 1
P {180 = Wl > 195 o} 0 {192 = W)l < 5]

1B — oo | 9512 _ g .
<P{ m ~ ZmloplTm Nop g1y A ||\Ifm1<\lfm—%>|'op<2}

L= 1% (T = Tn)lfop

~ 1 L
I I L

which corresponds to (35) again and is thus bounded by a term of order 1/n*. So starting
from (38) and gathering (39) and (40) gives

n

P(Am) < Z P(Am) <

m=1

C

n?’

by applying Proposition 2.2 as previously. Plugging this in (37) and the result in (36),
together with the result of Theorem 7.1, gives the result of Theorem 2.1. O
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7.1.5. Proof of Corollary 2.1. We have the following sequence of inequalities, for any
m € M, and t any element of .S,,,

b — ballF = b — ballfla, + b — ballFlo;
< 2||bs — t|31q, + 2/t — ballFLa, + b — ballFlos
< A|bp — tl2 10, + 2]t — ballF1a, + [[bs — balF1lag
< 8lbs — ballZ1lq, + 8|t — ball21q, + 2|/t — ballFla, + lbs — balFlag

where €2, is defined by (28). Therefore, using the result of Theorem 2.1 and E(||t—bal|2) =
It — bAH?, we get that for all m € M,, and for any t € Sy,

. C .
(@) (b = bal3) < C1 (It = ball + 022 ) + 22+ E (b — ballF10;)

so only the last term is to be studied. First, recall that Lemma 7.2 implies that P(Q¢) <
¢/n*. Next, write that ||bs, — bAH?c < Q(Hbmec + HbAH?c) and

2

m—1
1biall? = / S ai05(@) | F@)da = @)D 8 < [ B opllE 2
=0

First, under || 3°7% PFlloo < chm, we get

ol = swp F¥ar= s [ ij £ (u)du
|Z]|2,m=1 |Z]|2,m=1
m—1 m—1
< s [ XY B ) swde < i
lalbm=1/ \ 5 =

—

Next, [d00)[3,,, = (1/n?)]|¥; 8,

m < (/)WL 21V )13,, and

~

= A (@;}@;n?ﬁ 3 q/il) = A (T21) = 0T op

m

19 05

Therefore, for m € M\n, we get

j 2<2m||\p;nl||0p nyz <C nY2
fhaly < M1 ¥aln (5732} <o (3ov2).

i=1 i=1

Then as E[(}7, Y}2)?] < n?E(Y}}), we get

E(lbal310;) < /E(lba | HPQ5) < CEVA(VHnP2(95) < ¢ /n.

On the other hand E(|[ba[?1q:) < [[bal2B(Q5) < ¢"/n®. Thus E (||13m —bA||}1Q%) <
c¢1/n and plugging this in (41) ends the proof of Corollary 2.1. O
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7.2. Proofs of Section 4. We need results on Laguerre functions with index § > —1.
The Laguerre polynomial with index §, > —1, and degree k is given by

5 1, _sdt _
Ll(c)(“r) — Heccx 6@ <:E§+ke a:) )
We consider the Laguerre functions with index §, given by

3 k! 12 9 —x
(12) 60w) =20 (i) B e

and E,(CO) = l. The family (Z,(f)) k>0 is an orthonormal basis of L?(R").
In the following, we use the result of Askey and Wainger (1965) which gives bounds on
Ly, depending on k: for v = 4k + 2§ 4+ 2, and k large enough, it holds

(a) (zv)%/? if0<z<1l/v
b) (av)” VA ifl/v<z<v/2
¢) v Vv —z)" /4 ifv/2<z<v-—vt/3
6 @/2) < C L e
d) v /3 ifv—vB3<z<v+4+/3
e) v Y4z — 1/)_1/46_71”_1/2(’E_”)S/2 if v+ Y% <2 <3v/2
f) e m* if x > 3v/2

where 1 and 7, are positive and fixed constants.
We need similar results for Hermite functions. These can be deduced from the following
link between Hermite and Laguerre functions, proved in Comte and Genon-Catalot (2017):

Lemma 7.3. Forx >0,

hon(z) = (=1)"Va/2 67D (@%/2),  hoara(2) = (-1)"Vz/2 ]2 (/2).

This is completed by the fact that Hermite functions are even for even n and odd for odd
n.

7.2.1. Proof of Proposition 4.1. Under the assumption of the Proposition, for j large
enough,

4 2(2) f(z)de > L
(43) [ e@raan=
where ¢; is a constant. The proof of Inequality (43) in the Hermite case is given in
Belomestny et al. (2017), Proposition 2.2. and in Comte and Genon-Catalot (2017) in the
Laguerre case.

Now we prove (20). As ¥, is a symmetric positive definite matrix, || ¥, !op = 1/Amin(¥im),
where Apin(¥,,) denotes the smallest eigenvalue of ¥,,. By (14), we get that for all
j € {1,...,m}, denoting by €} the jth canonical vector (all coordinates are 0 except the
jth which is equal to 1), €;'U,,¢; = [ cp?f, and

Cc

Jm

min @'V, 7 < min e_J"’\I/me_]'-: min /<pj2-f§
j j=1,...m

HﬁHlm:l j=1,...m

As a consequence, Apin(Vy,) < ¢/y/m which implies the result. O
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7.2.2. Proof of Proposition 4.2. We treat the Laguerre basis first. The result of Askey

and Wainger (1965) recalled above states that, for k large enough, ¢x(z) < ce 2% for
2z > 3(2k + 1), where 72 is a constant. Thus for & € R™, ||Z]|2,m = 1, we have

400 [m—1 2
7V, 7 = /0 (kzzomkﬁk(u)) f(u)du

3(2m+1) /m—1 2
/0 (Zxkfk(v/2)> f(v/2)dv/2

>
k=0
3(2m4+1)/2 [m—1 2
> inf v/2 / Tl (u du
olnt 1) [ > el
>

oo [m—1 2 2
inf U / Tl (u du —/ Tl ( du
ue[0,3(m+1/2)}f( ) 0 (kz% il )> 3(m+1/2) (Z bl >

2
Then inf ,co 3(m41/2)) f(u) > Cm~* and f0+°° (Z};”;Ol xkﬁk(u)> du = Hi“H%m =1 and, for

m large enough,
4 m—1 2
o0 1
/ <Z xkfk(u)> du < C'me™ 1" < .
3(m+1/2) \ i 2

It follows that, for m large enough, Z/V,,# > Cm~"/2.

For the Hermite basis, we proceed analogously using that |hg(x)| < c|x\e_725‘2 for 22 >
(3/2)(4k +3). O

7.3. Proofs of Section 5.

7.3.1. Proof of Proposition 5.1. Consider the coupling method and the associated vari-
ables (X7) with Berbee’s Lemma, see Berbee (1979), with the method described in Vien-
net (1997, Prop.5.1 and its proof p.484) .

Assume for simplicity that n = 2p,q, for integers p,,q,. Then there exist random
variables X, i = 1, ..., n satisfying the following properties:

e For { =0,...,p, — 1, the random vectors

— ’ Sy /
Xo1 = (Xotgut1, - X(2041)q,) and X7; = (Xi}qnﬂ, -~-7X(*25+1)qn>

have the same distribution, and so have the random vectors
va ! ok * * !
Xpa = (X(2€+1)qn+1, --'7X(2£+2)qn) and Xm = (X(25+1)qn+17 ""X(2€+2)qn> .
e For {=0,....pn — 1,
(44) P01 # Xi1| < By andP [ Zop # Xy < B,

e For each ¢ € {1,2}, the random vectors X’S‘ﬁ, e X;n—l,é are independent.
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Then let Q* = {X; = X/,i=1,...,n} and write that
P (119 = Frmllop = u] <P [{I1¥m — Tmllop = u} 0] +P(@7)°)
Then using the definition of the variables X, we get
P[(2%)°] < 2ppfy, < cne 9,

Then choosing g, = 5log(n)/6 yields P[(2*)¢] < ¢/n*.
Now, we have to apply Tropp’s result. To that aim, we write S,, = (1/2)(Sy,1 + Sim,2)
where S, is given by (25), S, 1 is built with the Xg’ll

pn—1 qn
m,1 Z ZK (X2egn++) — E(Kimn(Xaeg, ++))
(et

and S,, 2 is analogously defined with with the Xg’g. We have

P {1 — Trnllop = u} N Q} = PHlISm1+Smallop = 2u} N Q]

P{l[Sm,illop = u} N Q]+ P[{[ISm2llop > u} N Q7]
[”S 1H0p > “] +P [”S 2Hop = “]

VARV

where S} 5, for 6 = 1,2 are built on the X /s- The two terms are similar, and we treat
only the first one. 7

We can apply Tropp’s result as S,*ml is a sum of p, independent matrices. It follows
from (26) that

1 & m 10 , mlog(n)
K,, (X —E(K,, (X <2 _ 2 2mosn)
pnqn”; m(X3eg,+r) — E(Kom( zeqw))llop_c@pn 0%,

Next, we must bound the variance of S7, ;. We have

2
. 1 1| [& . o | =
v(Sp1) = — sup E 2| [Z(Km(Xr)—E(Km(Xr)))lx
Pr |2 2,m=1 I || 71 2,m
Next
1 dn 2 1 m— gn Mm—
7 || Lr=1 2,m In =0 r=1 k=0

Using the S-mixing variance inequality (see Viennet (1997), Theorem 2.1 p.472 and Lemma
4.2 p.481), there exists a nonnegative measurable function by, such that for p > 1,

(45) B (X1) < S (k+ 1714,
k>0

Xr)z
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and

,_n

m—1 2
B < / [z% ] by, (1) ()
k=0

.
I|
_.o

3

< / 2 () g2 (1) by () f ()l

Qn e

Lemma 7.4. If E(X%3) < +oo for the Hermite basis and if E(1/X?) < +oo for the
)Br <

<.
Il
o

Laguerre basis, and ) ;. (k + 1 +o0, then
m—1m—1
2.2 /‘PJQ( )¢k (u) by, (w) f (w)du < Cm
J=0 k=0

where C' depends on E(X®/3) or E(1/X?) and 3, kBy.

Then Lemma 7.4 implies that v(S,,) < Cm/n and applying Theorem 8.2 gives the
announced result. O

7.3.2. Proof of Lemma 7.4. We use the result of Askey and Wainger (1965) as recalled
above. We set v; = 45 + 2, v, = 4k + 2.
We assume j < k, and for instance

0<1/vp, <1/v; <v;/2<y/2 < I/j—lj;/?) < I/k—U]i/?’ < Vj—i-l/;/?’ < Vk—l—yli/g’ < 3v;/2 < 3u/2,

and we integrate K?Ei on each subintervals.
1/vk 1/vk 1 1 C
o [ B b, (s s [ b 0 fdn S o [ b e <
0 0 Vi u k -+ 1
where C' = (E(1/X?) Y, (k + 1)81) /2, see (45). Now S z;;ou/(k; +1)) =m.

v v; 4
. /Wk ()G (u) bqn(u)f(u)dug/l/yk \/ﬁbqn( w) f(u)du < W (u)du <
(.7 + 1)(]{7 4 1) Therefore ZZL:_OI Zf:o(l/\/m 5 m.
) " )0 by 0 01 L s s —C
T ' \/T VA DE+T)
v /2 I/k/2
. /yj/z G )R () by, (u) f(u)du 5 W gt (0 )
1 ve/2 q
5 \/m(] + 1)1/2+1/6 l/j/2 ﬁbqn (U)f(U)du
m—1 k
m5/6
Herekzojzt)\/m]+ll/2+l/6w .
Ehc 1 vi—v;?
° /l/k/2 E?(U)E%:(u) bqn (U)f(u)du < W /l/k/2 ﬁbqn (u)f(u)du and the sum

over j, k is also of order m?/S.
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The other terms are of lower order.
In the Hermite case, we proceed analogously using Lemma 7.3. O

7.3.3. Proof of Theorem 5.1. We follow the line of the proof of Theorem 2.1, and we have
to extend Lemma 7.1 and Lemma 7.2 to the dependent case.

For Lemma 7.2, the extension is the following. Note that we consider specifically La-
guerre or Hermite bases but no longer require that || f||ec < +00.

Lemma 7.5. Assume that (X;);>1 is strictly stationary geometrically B-mizing, with com-
mon density f and consider the Laguerre or Hermite basis. Then, for all m € M, (see
(23) and S, defined by (28), P(QS) < ¢/n* where ¢ is a positive constant.

Proof of Lemma 7.5. We start from (35) and apply Proposition 5.1. We get

HtH?1 1‘> 1 <9 ( 1 n 1 >+ c
— = | <2mexp | —— — — -
I3 2 2 m || Wi lop 2[ Wit [lop + 2log(n) )~ n?

Using the definition of M}, we obtain the result. O

P (31& € Sm,

Now we can extend Lemma 7.1 as follows.

Lemma 7.6. Let (X;,i = 1,...,n) be observations from model (21) with E(c§) < +oo,
let ™ be defined by (27) using M,, and consider the Laguerre or Hermite bases. Then
Un(t) =n Y0 ei1t(X;) satisfies

E( sup 17,21(25) —p(m, mth)) <
teB! . (01) +

2

Zmax(m,m')/n for ¢ a numerical constant.

where p(m, m') = co

Proof of Lemma 7.6. We start with the same decomposition as in the proof of Lemma
7.1 and split ,(t) into the sum 7, 1 + 7, 2 as previously. The treatment of 7, 5 is identical
as it relies on a non-correlation property which is still true. We obtain the same bound
with k, = (n/log?(n))'/* and the maximal dimension N,, < n/log?(n).

For 7, 1 we proceed by the coupling strategy used in the proof of Proposition 5.1,
applied to u; = (€41, X;) which is also a S-mixing sequence with mixing coefficient such
that B < ce™%, as in Baraud et al. (2001a). We denote by O* = {u; = uf, i=1,...,n}.
We still have P((2*)¢) < pnf,, < ¢/n* for ¢, = 5log(n)/b.

On O, we replace the u; by the w; and split the term between odd and even blocks.
We have to bound, say

E( s (D) - plm, ™))
teB! . (01) *

by using Talagrand inequality applied to mean of p,, independent random variables

n—1 dn
1 1
51
l/:;l(t) = E ( E ngéqn+rt(X§€qn+r)> .

Pn —0 qn —1
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Clearly,

E sup (DZ%)Z(t)> <ot/ .=—q?
teB! (0,1)

m/!

still holds. We have

qn qn
sup  Var (1 Z n;ft(X:)> = sup  Var (1 Z nrt(XT)>
) = (0.1)

teBf (0,1 teBf In
1 E(e?
- L s E@REX) < 2y,
n yep! (0,1) n

Lastly

1 qn n 1/4
sup _sup (Z |ur|1|u7|gkn|t<xr>r> < chy (12) (m v )= M,
tGBfn/ (01 @R\ In r=1 08 (n)

where M7 is computed analogously to M; given by (33), except that m € M,, increases
the power of the log. Therefore, by applying Theorem 8.3, we obtain

E( sup (’7;:%)2(15)—2['13 <Cy (1602(7”\/’”,) + l(m v m') 2 exp(—Cs(m Vv m’)1/4)) ,
teB! (0,1 + n n

and
E( sup (;;;v%)?(t)—p(m,mth)) <¢/n.
) +

It remains to bound

E{( s @)@ —Bm,m™) )1
tij;th _(0.1) .

We use the infinite norm computed to evaluate M7 together with the bound on P[(£2*)€]
to obtain the result. O

8. THEORETICAL TOOLS

A proof of the following theorem can be found in [Stewart and Sun, 1990].
Theorem 8.1. Let A, B be (m x m) matrices. If A is invertible and ||[A™'B|lop < 1,
then A := A + B s invertible and it holds
X B lop |- A"I3
A—l _ A—l < op
| low = 1A Bl

Theorem 8.2 (Bernstein Matrix inequality). Consider a finite sequence {Sy} of indepen-
dent, random matrices with common dimension di X dy. Assume that

ES, =0 and ||Sillop <L for each index k.
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Introduce the random matriz Z =), Sy. Let v(Z) be the the variance statistic of the sum.:
v(Z) = max{A\max (E[Z'Z)), Amax (E[ZZ'))}. Then

1
E||Z]|op < \/QI/(Z) log(dy + da) + ngog(dl + do).

Furthermore, for all t > 0
22
Pl|Z|op > t] < —_ .
12l > 1] < (as + ) (7 )
A proof can be found in [Tropp, 2012] or [Tropp, 2015].

We recall the Talagrand concentration inequality given in Klein and Rio (2005).

Theorem 8.3. Considern € N*, F a class at most countable of measurable functions, and

(Xi)ieq1,...n} @ family of real independent random variables. Define, for f € F, vy(f) =

(1/n) >0 (f(Xs) — E[f(X;)]), and assume that there are three positive constants M, H

and v such that sup||fllec < M, E[sup|v,(f)|] < H, and sup(1/n)> ", Var(f(X;)) < v.
feF feFr feF

Then for all o > 0,

—e v +——¢€ M

2 2
_ <
E || sup|vn(f)]” —2(1 4+ 20)H - bC2 ()2

ferFr n
with C(a) = (VI+a—1)A1l, and b= 3.

By density arguments, this result can be extended to the case where F is a unit ball of
a linear normed space, after checking that f — v,(f) is continuous and F contains a
countable dense family.

4 (1) _pant> | 49M? v6m2g0¢anfz>
b
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APPENDIX A. NUMERICAL ILLUSTRATIONS

In this section, numerical illustrations of how our method works are presented. The
estimation procedure is implemented for the Laguerre (Figures 2 to 5) and the Hermite
basis (Figure 6). The (g;)1<i<, are generated as an i.i.d. sample of Gaussian N(0,0?)
with ¢ = 0.5. Then, we choose different functions b(.) (bounded or not) and different
types of distribution of the design (X;)i<i<n. Typically, a linear function = — 2z + 1
is experimented without the information of its linearity, which allows to test moment
conditions; on the contrary, z + 4x/(1+22) is bounded and should be easier to reconstruct.
For the design density, we consider standard uniform or Gaussian cases, and also different
heavy tailed distributions.

3 14 5
28r 1 4.5 |
12 / 4
26 1 ) al
2.4 1 wor 1
3.5
22 F 1 L ]

8 /

2t — // ?
Lal | sl // , 2.5
16 — al g ] 20
14t p 15

st ]

12f 1 iy

1 o 05

o 02 04 06 08 1 o 2 4 6 o 05 1 15 2

FIGURE 2. First line: beam of the proposals fm for m = 1 to mpax in the
Laguerre basis. Second line: the estimator as selected by the procedure,
fi. Function b(z) = 2x+1, n = 1000, density fi(z) = (k—1)/(1+x)*1,>0.

In Figure 2, we plot in the first line the collection of estimators in the Laguerre basis,
among which the algorithm makes the selection. The number of computed estimators
is different from one example to another, as the collection of models /T/l\n is random and
depends on ||\If Ylop. In the practical implementation, we consider the (random) maximum
value mpax such that ||\I/ 1Hop < n, since inversion of the matrix ‘Iim remains possible
in such cases. Surprisingly, we can see that very few estimators are sometimes computed
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(see the example of uniform distribution on the right). They are also very different from
one dimension to another. The second line presents the final estimator, selected by the
procedure. In the example of Figure 1, the curve is linear, and is perfectly estimated,

although its particular form is unknown and was not a priori easy to obtain with the
Laguerre basis.

L L L L L L L L L 0 L L L L L 0
5 1 15 2 25 3 35 4 45 5 55 0 05 1 15 2 25 3

5 L L L L L L L L L
0 02 04 06 08 1 12 14 16 18 2

. N(3,1) i fr with k = 4 i fr with k=5
i =7.7(0.5),m,, = 88(0.4) m=099(19),m, =104(17) & =6.7(1.1),m,, = 7.6(1.0)

FIGURE 3. 25 estimated curves in Laguerre basis (dotted -green/grey), the
true in bold (red), n = 1000, b(z) = 2x+1 and different laws for the design,
file) = (k= 1)/(1 + 2)* 1oz,

i k=3 ) k=4 . k=5
= 5.6(1.0),m,, = 15.6(0.7) m=4.6(1.1),m,_,=10,1(1.6) m =3.5(1.3),m

max_

= 7.2(1.0)

max_

FIGURE 4. 25 estimated curves in the Laguerre basis (dotted -green/grey),
the true in bold (red), n = 1000, density f(z) = (k — 1)/(1 + z)¥1,>¢ for
k=3,4and 5, b(z) = 4z /(1 + 2%)1,>0.

In Figures 3, 4 and 5, we present beams of 25 estimators computed in the Laguerre basis,
they give information about the variability of the procedure. Figure 3 is complementary
of Figure 2 and considers the same linear regression function with similar distributions for



32 F. COMTE AND V. GENON-CATALOT

0 L L L L L L L L L L L L L L L L L L L L
0 02 04 06 08 1 12 14 16 18 2 0 0.5 1 15 2 25 3 35 4 0 1 2 3 4 5 6

) X ~U([0,2]) B X ~E&(1) B X ~N(3,1)
i =2.5(0.8),m,_=500) 7 =51(0.8),m, =94(0.6) 7 =5.1(0.7),m,_ = 8.9(0.3)
FIGURE 5. 25 estimated curves in Laguerre basis (dotted -green/grey), the
true in bold (red), n = 1000, b(z) = 4x/(1 + 2%)1,>0 and different laws for
the design.

X, and Figure 4 presents the results for the function b(z) = 4z /(1 + 2%)1,>0 and different
heavy tailed distributions for X. The beams illustrate the stability of the algorithm,
with some design distributions leading to better results, probably due to higher signal-
to-noise ratio. The interest of the linear case is also to illustrate the sharpness of the
moment conditions: indeed the condition E[b?(X1)] < 4+oo for X with density f(z) =
(k —1)/(1 + x)*1,>0 is satisfied for & > 3 and the condition E[b*(X;)] < 4oc holds for
k > 5. We checked that the method does not work for k = 2,3, but the last two plots of
Figure 3 show that it works rather well for £ = 4,5. The minimal theoretical condition
may thus be weakened from E[b*(X1)] < +o00 to E[b*(X1)] < +0o. The Hermite basis has
similar behaviour and an example is provided in Figure 6.
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FIGURE 6. 25 estimated curves in Hermite basis (dotted -green/grey), the
true in bold (red), n = 1000, b(z) = 222 and different laws for the design.
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Below each plot, we give the density of the design and the value of 72 which is the mean
of the selected dimensions for the 25 estimators represented on the figure, with standard
deviation in parenthesis. It is associated with the value of M. which is the mean of
the maximal dimension for which the estimator is computed, with standard deviation in
parenthesis. We can see that the maximal dimension is rather small (less than ten models
are compared for selection, in general) but an adequate choice seems always to exist in this
small collection. This means that the squared-bias variance compromise in the restricted
set M,, has good performance and that the non compact Laguerre and Hermite bases are
very interesting and simple estimation tools. Indeed, the method is very fast and this
low complexity, already argued in Belomestny et al. (2017), has an important practical
interest.



