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Analysis of Apparent Topography scheme for
the linear wave equation with Coriolis force

Emmanuel Audusse, Minh Hieu Do, Pascal Omnes, Yohan Penel

Abstract The shallow water equations can be used to model many phenomena in
geophysical fluid mechanics. For large scales, the Coriolis force plays an impor-
tant role and the geostrophic equilibrium which corresponds to the balance between
the pressure gradient and the Coriolis force is an important feature. In this com-
munication, we investigate the stability condition and the behavior of the so-called
Apparent Topography scheme which is capable of capturing a discrete version of
the geostrophic equilibrium.
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1 Introduction

In order to study the Shallow Water equations with Coriolis source term, we consider
the dimensionless formulation on the rotating frame which is given by

St∂th+∇ · (hū) = 0, (1a)

St∂t(hū)+∇ · (hū⊗ ū)+
1
Fr2

∇

(
h2

2

)
=− 1

Fr2
h∇b− 1

Ro
hū⊥, (1b)

where unknowns h and ū respectively denote the water depth and the average ve-
locity over the water column and function b(x) denotes the topography of the con-
sidered oceanic basin and is a given function. Dimensionless numbers St, Fr and
Ro respectively stand for the Strouhal, the Froude and the Rossby numbers defined
below. In the sequel, we shall focus on cases where

St :=
L

UT
= O

(
1
M

)
, Fr :=

U√
gH

= O(M), Ro :=
U

ΩL
= O(M),

with M a small parameter. The parameters g and Ω denote the gravity coefficient
and the angular velocity of the Earth. Constants U , H, L and T are some character-
istic velocity, vertical and horizontal lengths and time. These orders of magnitude
correspond to the study of short-time dynamics and standard conditions for large
scale oceanic flows.
For data independent of y and with a flat topography, the solution of System (1) then
satisfies at the leading order the quasi-1d linear wave equation with Coriolis source
term (see [2] for the derivation)

∂tr+a?∂xu = 0,
∂tu+a?∂xr = ωv,
∂tv =−ωu,

(2)

where a? and ω are constants of order O(1) – respectively related to the wave veloc-
ity and to the rotating velocity – r is the first order perturbation of the water depth h
and (u,v) is the leading order for the velocity field. The stationary state correspond-
ing to System (2) is the 1d version of the so-called geostrophic equilibrium and is
given by

u = 0, a?∂xr = ωv. (3)

A first study of the accuracy of numerical schemes applied to system (2) for initial
data that are close to the kernel (3) was performed in [2]. It was shown that the
standard Godunov scheme applied to the linear wave equation with Coriolis source
term is inaccurate at low Froude number and the numerical viscosity on the pressure
equation is the main reason for this inaccuracy. A modified low Froude Godunov
scheme was proposed to cure the problem. The scheme was shown to be L2 stable
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under a suitable CFL condition. The proofs extend the ideas introduced in [5] for
the study of the homogeneous wave equations in low Mach number regimes.
In this paper, our objective is to study in the same context the numerical scheme
introduced in [3] as a well-balanced (WB) scheme for the Shallow Water equations
with Coriolis source term (1). In particular we prove the L2 stability of the scheme
under suitable CFL conditions. Moreover we compare this scheme, called apparent
topography scheme in the following, and the low Froude one in terms of dispersion
relations and accuracy for some test cases. Note that a high order extension of the
apparent topography scheme for the non-linear SW equations with Coriolis source
term has been studied in [4], where the authors also paid attention to the linear
dispersion relation (hence related to (2)).

2 The numerical schemes

Both low Froude and apparent topography schemes are colocated finite volume
schemes and can be interpreted as a way to modify the numerical diffusion of the
classical Godunov scheme on the pressure equation. In the low Froude scheme pro-
posed in [2], the numerical diffusion on the pressure equation is simply deleted. In
the apparent topography scheme introduced in [3], the diffusion term of the clas-
sical Godunov scheme remains and an additional consistent term is introduced in
the pressure equation such that the numerical diffusion vanishes when applied to
an element of the linear kernel (3). The name apparent topography comes from the
fact that the scheme was first developed in the context of WB methods for the shal-
low water equation with topography, see [1]. The two aforementioned semi-discrete
schemes applied to (2) read

d
dt r j +a?

u j+1−u j−1
2∆x − κra?∆x

2
r j+1−2r j+r j−1

∆x2 + κrω

2
v j+1−v j−1

2 = 0,

d
dt u j +a?

r j+1−r j−1
2∆x − κua?∆x

2
u j+1−2u j+u j−1

∆x2 = ω f (v j−1,v j,v j+1),

d
dt v j =−ω f (u j−1,u j,u j+1).

(4)

where the low Froude scheme corresponds to the choice κr = 0, f (x,y,z) = y and
the apparent topography scheme to the choice κr = κu, f (x,y,z) = x+2y+z

4 .

2.1 Study of the semi-discrete scheme - Dispersion relations

We now study the stability of the semi-discrete Godunov type schemes by means of
Fourier modes:

r j(t) = ϕr(t)eikx j , u j(t) = ϕu(t)eikx j and v j(t) = ϕv(t)eikx j .
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Substituting these expressions into (4), we obtain the following linear system of
differential equations

ϕ ′r(t)

ϕ ′u(t)

ϕ ′v(t)

+


κra?

sin2( k∆x
2 )

∆x
2

ia?
sin(k∆x)

∆x i κrω∆x
2

sin(k∆x)
∆x

ia?
sin(k∆x)

∆x κua?
sin2(k∆x/2)

∆x/2 −ωζ

0 ωζ 0




ϕr(t)

ϕu(t)

ϕv(t)

=


0

0

0

 (5)

where ζ = 1 for the low Froude scheme and ζ = cos2( k∆x
2 ) for the apparent to-

pography scheme. The first eigenvalue of the amplification matrix is λ = 0, cor-
responding to the discrete stationary state (3). The other two, corresponding to the
inertia-gravity modes, are given in Table 1. Their real part ℜ(λ ) characterizes the
decay of Fourier modes k. Since ℜ(λ ) > 0, both low Froude and apparent topog-
raphy schemes are damping. The damping rate of the apparent topography scheme
is twice larger than that of the low Froude scheme. The imaginary part ℑ(λ ) char-
acterizes the propagation properties of the Fourier modes. Note that for the low
Froude scheme, the eigenvalues may be real for k∆x close to π which means the
corresponding modes do not propagate and are only damped. For small a∗k/ω , the
dispersion relation ℑ(λ )/ω of the low Froude scheme is closer to the exact one (for
the rotating wave equation (2)) whereas the converse holds for large a∗k/ω .

Wave equation ±i
√

a2
?k2 +ω2

Low Froude a? κu
2

sin2( k∆x
2 )

∆x
2
± i

√
a2
?

(
sin(k∆x/2)

∆x/2

)2 [
cos2( k∆x

2 )−
(

κu
2

)2 sin2( k∆x
2 )
]
+ω2

Apparent Topography a?κu
sin2( k∆x

2 )
∆x
2
± i

√
a2
?

(
sin(k∆x)

∆x

)2
+ω2

(
1+cos(k∆x)

2

)2

Table 1: The eigenvalues corresponding to the inertia-gravity modes for small k∆x.

2.2 Study of the fully discrete scheme: kernel and L2-stability

The fully discrete apparent topography scheme applied to (2) can be written as

rn+1
j −rn

j
∆ t +a?

un
j+1−un

j−1
2∆x − κra∗∆x

2
rn

j+1−2rn
j+rn

j−1
∆x2 + κrω

2
(vn

j+1−vn
j−1)

2 = 0,

un+1
j −un

j
∆ t +a?

rn
j+1−rn

j−1
2∆x − κua∗∆x

2
un

j+1−2un
j+un

j−1
∆x2

= ω

[
θ1

vn
j+1+2vn

j+vn
j−1

4 +(1−θ1)
vn+1

j+1+2vn+1
j +vn+1

j−1
4

]
,

vn+1
j −vn

j
∆ t =−ω

[
θ2

un
j+1+2un

j+un
j−1

4 +(1−θ2)
un+1

j+1+2un+1
j +un+1

j−1
4

]
(6)
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Fig. 1: Numerical properties of the semi-discrete schemes with the Rossby defor-
mation Rd := a?

ω
= ∆x and (κr,κu) = (0,1) for LF, (κr,κu) = (1,1) for AT.

for j ∈ {1, . . . ,N} and 0≤ θ1,θ2 ≤ 1. Setting q = (r,u,v), periodic boundary condi-
tions read qn+1

0 = qn+1
N , qn+1

N+1 = qn+1
1 . For practical reasons, we assume that the cell

number N is odd.

Lemma 1. The kernel of the Apparent Topography scheme (6) is given by

E h
ω 6=0 = kerLκ,h =

{
q = (r,u,v)

∣∣∣∣ u j = 0, a?
r j+1− r j

∆x
= ω

v j+1 + v j

2

}
. (7)

Proof. A stationary state has to satisfy relations (6) with qn+1 = qn. In particular,
the third equation, with an odd number of points and given periodic boundary con-
ditions, leads to

un
j = 0, ∀ j ∈ {0, . . . ,N +1}.

We then deduce from the first two relations that

a?
rn

j+1−2rn
j + rn

j−1

∆x
=ω

vn
j+1− vn

j−1

2
and a?

rn
j+1− rn

j−1

∆x
=ω

vn
j+1 +2vn

j + vn
j−1

2
.

Summing the two equations yields the discrete kernel (7). Conversely, any element
satisfying (7) is a stationary state of relations (6). This discrete kernel is a consistent
discretization, defined at the cell interfaces, of the continuous kernel (3).

Remark 1. Let us recall that the discrete kernel of the low Froude scheme is

u j = 0, a?
r j+1− r j−1

2∆x
= ωv j

(see [2]) which is another consistent discretization, defined at the cell centers, of the
continuous kernel (3).
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Remark 2. When the number of points is even, checkerboard modes for velocity u
may exist in the discrete kernel of the apparent topography scheme. Note that the
low Froude scheme suffers the same drawback, but for the pressure r.

We will now investigate the L2 stability of the apparent topography scheme. Let us
first mention that when 0 < θ1,θ2 < 1, the apparent topography scheme requires to
solve a linear system at each time step, which leads to an additional computational
cost. On the other hand, the case θ1 = θ2 = 1, that corresponds to a fully explicit
scheme, is known to be unstable – see [4]. Therefore, we restrict our study to the
two cases θ1 = 0,θ2 = 1 and θ1 = 1,θ2 = 0. Note that in [2], the L2 stability of the
low Froude scheme was studied for all values of (θ1,θ2) ∈ [0,1]2.

Lemma 2. Under the hypothesis

κrκu ≤ 1+
ω2∆x2

4a2
?

, (8)

the apparent topography scheme is L2 stable under the CFL condition

∆ t ≤min{∆ ta,∆ tb,∆ tc}

where

∆ ta :=


− |a? |

∆x +

√
a2
?

∆x2 +(κr+κu)κrω2

κrω2 if κr 6= 0,
κu
2

∆x
|a?| otherwise.

and

∆ tb := min
{

1
κr

,
1
κu

}
∆x
|a?|

, ∆ tc :=
2
ω

Remark 3. Note that the choice κr = 0 is similar to the low Froude scheme, but with
a discretization of the Coriolis term at the interfaces. We then retrieve the same CFL
condition as that of the cell-centered low Froude scheme, see [2].

Remark 4. Hypothesis (8) is not restrictive since the low Froude scheme always
satisfies this condition and the classical choice for the apparent topography scheme
is to take κr = κu = 1.

Remark 5. The bound ∆ tc is the classical CFL condition for the inertial oscillations
phenomenon.

Remark 6. The bound ∆ tb is one of the classical CFL conditions for the problem
without rotation. For ∆x� 1, the asymptotic expansion of the bound ∆ ta leads to
the other classical CFL condition for the problem without rotation

∆ ta =
κr +κu

2
∆x
|a?|

.
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Proof. We perform a Von Neumann analysis to investigate the stability condition.
Let us denote

σ =
∆ t
∆x

, γ = ω∆ t, s = sin
(

k∆x
2

)
, µ = cos2

(
k∆x

2

)
= 1− s2.

By substituting the discrete Fourier modes rn
j = ϕn

r eikx j , un
j = ϕn

u eikx j and vn
j =

ϕn
v eikx j into the fully discrete scheme (6), we obtain A ϕn+1 = Bϕn where the ma-

trices A and B are given by

A =

1 0 0
0 1 −(1−θ1)γµ

0 (1−θ2)γµ 1


and

B =

 1−2κr|a?|σs2 −a?σ isin(k∆x) −κrω∆ t
2 isin(k∆x)

−a?σ isin(k∆x) 1−2κu|a?|σs2 θ1γµ

0 −θ2γµ 1

 .

We then search for the eigenvalues of the amplification matrix C =A −1B, that are
the roots of the third order polynomial P(λ ) = det(B−λA ). Easy computations
lead to

P(λ ) = (1−λ )(Λλ
2 +ξ λ +ζ ) (9)

with

Λ = 1+ γ
2
µ

2(1−θ1)(1−θ2)> 0
ξ = −2+ γ

2
µ

2(θ1 +θ2−2θ1θ2)

+2(κr +κu)|a?|σs2 +2κr|a?|σs2
γ

2
µ

2(1−θ1)(1−θ2)

ζ = 1+ γ
2
µ

2
θ1θ2−2(κr +κu)|a?|σs2

+4a2
?σ

2s2(1− s2)+4κrκua2
?σ

2s4 +2κr|a?|σs2
γ

2
µ

2
θ2(1−θ1).

The eigenvalue λ0 = 1 corresponds to the discrete kernel (7). In order to ensure that
the other two roots of (9) are in the unit circle (|λ±| ≤ 1), the coefficients Λ , ξ and ζ

have to satisfy |ζ | ≤Λ and |ξ | ≤Λ +ζ . Computations are then similar to the ones
in [2] and lead to the results. More precisely, condition ζ ≤Λ leads to the condition
involving ∆ ta and condition |ξ | ≤Λ +ζ leads to conditions involving ∆ tb and ∆ tc.

3 Numerical results

Let us fix the parameters a? = 1, ω = 1, θ1 = 1,θ2 = 0 and consider the initial
condition on the domain (0,2π)
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q0
i = q̂0

i +M
q̃0

i

‖q̃0
i ‖

where

{
q̂0

h(x) =
(
sin(ωx),0,a? cos(ωx)

)
∈ E h

ω 6=0,

q̃0
h(x) =

(
a? cos(ωx),1,sin(ωx)

)
∈ E h,⊥

ω 6=0,

which is close to the kernel E h
ω 6=0 up to a perturbation of order M. We solve the 1D

linear wave equation (2) by means of the Apparent Topography scheme (6), the low
Froude scheme and the classical Godunov scheme. We observe on Figure 2 (left)
that the classical Godunov scheme is inaccurate since the deviation from the kernel
does not remain of order M, while the two schemes designed for the geostrophic
regime have the correct behavior as the Froude number goes to 0. We now inves-
tigate the accuracy with time at a fixed Froude number. As exhibited for the semi-
discrete scheme, we see on Figure 2 (right) that the Apparent Topography scheme is
more diffusive than the low Froude scheme for the part of the signal which is in the
orthogonal of the kernel.
In future works, the authors will apply the two schemes to linear 2D cases before
considering nonlinear applications in order to discriminate them.
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Fig. 2: Comparisons of classical and WB schemes
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