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Analysis of Apparent Topography scheme for
the linear wave equation with Coriolis force

Emmanuel Audusse, Minh Hieu Do, Pascal Omnes, Yohan Penel

Abstract The shallow water equations can be used to model many phenomena in
geophysical fluid mechanics. For large scales, the Coriolis force plays an impor-
tant role and the geostrophic equilibrium which corresponds to the balance between
the pressure gradient and the Coriolis force is an important feature. In this com-
munication, we investigate the stability condition and the behavior of the so-called
Apparent Topography scheme which is capable of capturing a discrete version of
the geostrophic equilibrium.
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1 Introduction

In order to study the Shallow Water equations with Coriolis source term, we consider
the dimensionless formulation on the rotating frame which is given by

Stoh+V - (hid) =0, (1a)

1 n? 1 1
_ . _ _
Sto, (ki) +V (hu®u)+Fr2V<2> ——Frthb——Rohu , (1b)

where unknowns / and i respectively denote the water depth and the average ve-
locity over the water column and function b(x) denotes the topography of the con-
sidered oceanic basin and is a given function. Dimensionless numbers St, Fr and

Ro respectively stand for the Strouhal, the Froude and the Rossby numbers defined
below. In the sequel, we shall focus on cases where

L 1 U U

with M a small parameter. The parameters g and Q denote the gravity coefficient
and the angular velocity of the Earth. Constants U, H, L and T are some character-
istic velocity, vertical and horizontal lengths and time. These orders of magnitude
correspond to the study of short-time dynamics and standard conditions for large
scale oceanic flows.

For data independent of y and with a flat topography, the solution of System (1) then
satisfies at the leading order the quasi-1d linear wave equation with Coriolis source
term (see [2] for the derivation)

or+a,du=0,
i+ a, o = v, (2)
ov=—ou,

where a, and o are constants of order &'(1) —respectively related to the wave veloc-
ity and to the rotating velocity — r is the first order perturbation of the water depth A
and (u,v) is the leading order for the velocity field. The stationary state correspond-
ing to System (2) is the 1d version of the so-called geostrophic equilibrium and is
given by

u=0, a.dr=ov. 3)

A first study of the accuracy of numerical schemes applied to system (2) for initial
data that are close to the kernel (3) was performed in [2]. It was shown that the
standard Godunov scheme applied to the linear wave equation with Coriolis source
term is inaccurate at low Froude number and the numerical viscosity on the pressure
equation is the main reason for this inaccuracy. A modified low Froude Godunov
scheme was proposed to cure the problem. The scheme was shown to be L? stable
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under a suitable CFL condition. The proofs extend the ideas introduced in [5] for
the study of the homogeneous wave equations in low Mach number regimes.

In this paper, our objective is to study in the same context the numerical scheme
introduced in [3] as a well-balanced (WB) scheme for the Shallow Water equations
with Coriolis source term (1). In particular we prove the L? stability of the scheme
under suitable CFL conditions. Moreover we compare this scheme, called apparent
topography scheme in the following, and the low Froude one in terms of dispersion
relations and accuracy for some test cases. Note that a high order extension of the
apparent topography scheme for the non-linear SW equations with Coriolis source
term has been studied in [4], where the authors also paid attention to the linear
dispersion relation (hence related to (2)).

2 The numerical schemes

Both low Froude and apparent topography schemes are colocated finite volume
schemes and can be interpreted as a way to modify the numerical diffusion of the
classical Godunov scheme on the pressure equation. In the low Froude scheme pro-
posed in [2], the numerical diffusion on the pressure equation is simply deleted. In
the apparent topography scheme introduced in [3], the diffusion term of the clas-
sical Godunov scheme remains and an additional consistent term is introduced in
the pressure equation such that the numerical diffusion vanishes when applied to
an element of the linear kernel (3). The name apparent topography comes from the
fact that the scheme was first developed in the context of WB methods for the shal-
low water equation with topography, see [1]. The two aforementioned semi-discrete
schemes applied to (2) read

d... Ujr1—Uj—1  Ka Ax Tjr1—2r+ri—1 | o Vil —Vji-1 _

i TG0 — % Axl +73 2 =0,

d Tip1—Tj—1 KyagAx Wjrl —2uj+u; |

qujtaton— g = 0f(vie,v i), 4)
d —_— . . .

avVi— —of(uj-1,ujuj1).

where the low Froude scheme corresponds to the choice x, = 0, f(x,y,z) =y and
. 2
the apparent topography scheme to the choice k, = k;, f(x,y,z) = =2+

2.1 Study of the semi-discrete scheme - Dispersion relations

We now study the stability of the semi-discrete Godunov type schemes by means of
Fourier modes:

ri(t) = (Pr(t)eikxja uj(t) = (Pu(l)eikxf and v;(r) = (pv(t)eikxj.
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Substituting these expressions into (4), we obtain the following linear system of
differential equations

: kAx . .
(P; (1) K.a, SIHZ%XT) ia, sm(Akfx) i Kraz)Ax sz;Ax) @ (1) 0
00 |+ | ia, Sn(kAy)  a, 7““2(@;/ I eu(t) [=10[ &
@y(t) 0 ol 0 oy (1) 0

where { = 1 for the low Froude scheme and { = cosz(kATx) for the apparent to-

pography scheme. The first eigenvalue of the amplification matrix is A = 0, cor-
responding to the discrete stationary state (3). The other two, corresponding to the
inertia-gravity modes, are given in Table 1. Their real part R(A) characterizes the
decay of Fourier modes k. Since R(A) > 0, both low Froude and apparent topog-
raphy schemes are damping. The damping rate of the apparent topography scheme
is twice larger than that of the low Froude scheme. The imaginary part 3(1) char-
acterizes the propagation properties of the Fourier modes. Note that for the low
Froude scheme, the eigenvalues may be real for kAx close to # which means the
corresponding modes do not propagate and are only damped. For small a.k/®, the
dispersion relation 3(A)/® of the low Froude scheme is closer to the exact one (for
the rotating wave equation (2)) whereas the converse holds for large a.k/®.

Wave equation +iy/aZk? + &?

- 20 kAx . 2 .
Low Froude a*%% :ti\/a% <%) [COSQ(kATA)_ (%)ZSinz(%)] + 0?2

. 20 kAx - N\ 2 (1 2
Apparent Topography a2t %2 ) +i \/ a2 (L(Ak)(m)) + ? (71 +COZ(MX)>

Table 1: The eigenvalues corresponding to the inertia-gravity modes for small kAx.

2.2 Study of the fully discrete scheme: kernel and L>-stability

The fully discrete apparent topography scheme applied to (2) can be written as

+1
rt = +a Wi —Wi oy a,Ax T 20 ) Vi =vin) -0

At * 2Ax Ax2 2 2 ’

n+l_ . n no__.n no_any g n
G g T T ke M T2

= ro2Ax 2 Ax? +1 +1 +1 (6)

Vi 2V VI 2V
1 -1 1 ~1
:w|:61 Jt 4/ J —|—(1—9]) Jt 2 J ,

Yl _yn " +2u Hu" W oyt gt ]

J J J+1 J 'l J+1 J j—1

—L=-0|6 +(1-6,) T
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Fig. 1: Numerical properties of the semi-discrete schemes with the Rossby defor-
mation R; := 2 = Ax and (&, &,) = (0,1) for LF, (k;, k) = (1,1) for AT.

for je{l,...,N}and 0 < 0;,6, < 1. Setting g = (r,u,v), periodic boundary condi-
tions read qg+1 = q"N+1 , q}'vfrll = q’f“. For practical reasons, we assume that the cell

number N is odd.

Lemma 1. The kernel of the Apparent Topography scheme (6) is given by

éaa};#o =kerLy), = {q = (ru,v)

=0
Ui BT 2

Pjel =T _ Vit +Vj} o

Proof. A stationary state has to satisfy relations (6) with ¢"*! = ¢". In particular,
the third equation, with an odd number of points and given periodic boundary con-
ditions, leads to

ui=0, vje{o,....N+1}.

We then deduce from the first two relations that

o, =2rt+r" Vi =Vt = Vi 2V V!
+1 -1 +1 —1 +1 -1 +1 —1
a, -t J N J and a,-L =1 _ ot J

Ax 2 Ax 2

Summing the two equations yields the discrete kernel (7). Conversely, any element
satisfying (7) is a stationary state of relations (6). This discrete kernel is a consistent
discretization, defined at the cell interfaces, of the continuous kernel (3).

Remark 1. Let us recall that the discrete kernel of the low Froude scheme is

uj =0, Ay———

(see [2]) which is another consistent discretization, defined at the cell centers, of the
continuous kernel (3).
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Remark 2. When the number of points is even, checkerboard modes for velocity u
may exist in the discrete kernel of the apparent topography scheme. Note that the
low Froude scheme suffers the same drawback, but for the pressure r.

We will now investigate the L stability of the apparent topography scheme. Let us
first mention that when 0 < 01, 6, < 1, the apparent topography scheme requires to
solve a linear system at each time step, which leads to an additional computational
cost. On the other hand, the case 6; = 6, = 1, that corresponds to a fully explicit
scheme, is known to be unstable — see [4]. Therefore, we restrict our study to the
two cases 0 = 0,6, =1 and 8; = 1,0, = 0. Note that in [2], the I? stability of the
low Froude scheme was studied for all values of (8;,6,) € [0,1]>.

Lemma 2. Under the hypothesis

2 2
W°Ax
ok < 1+ 2 ®)

*

the apparent topography scheme is L* stable under the CFL condition

At S min{Ala,AfbaAtc}

where
2
J’A‘—ﬂJr A‘%Jr(xrﬂq,)xrwz )
Aty = o7 if & #0,
Ku Ax otherwise.
2 |a
and
. 1 1) Ax
Atb:—mm{, —_— At = —
K Ku |Cl*|

Remark 3. Note that the choice kx, = 0 is similar to the low Froude scheme, but with
a discretization of the Coriolis term at the interfaces. We then retrieve the same CFL
condition as that of the cell-centered low Froude scheme, see [2].

Remark 4. Hypothesis (8) is not restrictive since the low Froude scheme always
satisfies this condition and the classical choice for the apparent topography scheme
is to take k, =k, = 1.

Remark 5. The bound At,. is the classical CFL condition for the inertial oscillations
phenomenon.

Remark 6. The bound At is one of the classical CFL conditions for the problem
without rotation. For Ax < 1, the asymptotic expansion of the bound Af¢, leads to
the other classical CFL condition for the problem without rotation

K+ K, Ax
At, = —.
“ 2 ay
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Proof. We perform a Von Neumann analysis to investigate the stability condition.
Let us denote

At kA kA
G:B’ Y= wAt, s:sin<2x)7 u:cos2(2x>:1—s2.

By substituting the discrete Fourier modes r}j = Qe uj = @e®i and Vi =
@!e'™i into the fully discrete scheme (6), we obtain o7 ¢! = Z¢" where the ma-
trices ./ and A are given by

1 0 0
o = |0 1 —(1—=61)yu
0 (1—6)yu 1
and
1 -2k |a.|0s? —a,cisin(kAx) — 594 jsin(kAx)
B = | —a.cisin(kAx) 1—2k,|a.|os? 01 yu
0 —tyu 1

We then search for the eigenvalues of the amplification matrix ¢’ = .7 ~! %, that are
the roots of the third order polynomial (1) = det(% — A.<7). Easy computations
lead to

PA)=(1—=M)(AA>+EAL+0) )

with

A=1+7u21-6)(1-6,)>0
E=—24+7u’6,+6,-266,)
+2(k + &) |ax|o5* + 2K, |a|os* P u* (1 — 61)(1 — 6,)
¢ =14+7u%6,6, —2(x + K,)|a.| o5
+4a26%5% (1 — 5%) + 4K, K,a2 025  + 2K, |a, | 052 U6, (1 — 6y).

The eigenvalue Ay = 1 corresponds to the discrete kernel (7). In order to ensure that
the other two roots of (9) are in the unit circle (|4 | < 1), the coefficients A, & and §
have to satisfy || < A and |&| < A + {. Computations are then similar to the ones
in [2] and lead to the results. More precisely, condition { < A leads to the condition
involving At, and condition |£| < A + { leads to conditions involving Af;, and Af,.

3 Numerical results

Let us fix the parameters a, =1, @ = 1, 6; = 1,6, = 0 and consider the initial
condition on the domain (0,27)
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70 49(x) = (sin(wx),0,a,cos(wx)) € &,
@ =+M 6{6 where czg() (sin(@x), 0, . () @70
139 gp(x) = (ascos(wx), 1,sin(@x)) € &,

which is close to the kernel g(f') souptoa perturbation of order M. We solve the 1D
linear wave equation (2) by means of the Apparent Topography scheme (6), the low
Froude scheme and the classical Godunov scheme. We observe on Figure 2 (left)
that the classical Godunov scheme is inaccurate since the deviation from the kernel
does not remain of order M, while the two schemes designed for the geostrophic
regime have the correct behavior as the Froude number goes to 0. We now inves-
tigate the accuracy with time at a fixed Froude number. As exhibited for the semi-
discrete scheme, we see on Figure 2 (right) that the Apparent Topography scheme is
more diffusive than the low Froude scheme for the part of the signal which is in the
orthogonal of the kernel.

In future works, the authors will apply the two schemes to linear 2D cases before
considering nonlinear applications in order to discriminate them.

Low Froude scheme
= = = Apparent Topography scheme|

12 Classical Godunov scheme || 10
—=&— Low Froude scheme

~ b — Apparent Topography scheme|
1 1 98

08 4 96
06 4 94
04 1 92 *~
02 1 9 ~

N
’\.__ s
0 B 8.8 a

0.1 0.08 0.06 0.04 0.02 0 2 4 6 8 10 12
Froude number t

(2) Maximum in time of the deviation ||g;, — g% (b) Evolution of the deviation g, — 42| for
depending on the Froude number M =103

Fig. 2: Comparisons of classical and WB schemes
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