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MAXIMIZATION OF THE SECOND NON-TRIVIAL NEUMANN
EIGENVALUE

DORIN BUCUR, ANTOINE HENROT

ABSTRACT. In this paper we prove that the second (non-trivial) Neumann eigenvalue of
the Laplace operator on smooth domains of RY with prescribed measure m attains its

maximum on the union of two disjoint balls of measure 4. As a consequence, the Pélya

conjecture for the Neumann eigenvalues holds for the second eigenvalue and for arbitrary
domains. We moreover prove that a relaxed form of the same inequality holds in the
context of non-smooth domains and densities.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let N > 2 and Q C R¥ be a bounded open set such that the Sobolev space H'(Q) is
compactly embedded in L?(2) (for instance 2 Lipschitz). Those sets are called regular
throughout the paper. On such domains, the spectrum of the Laplace operator with
Neumann boundary conditions consists only on eigenvalues that we denote (counting their
multiplicities)

For every k > 1, we have

) fQ\Vu|2dx
0) = JQbU- 78 7
#r(S) = i e =

where Sy, is the family of all subspaces of dimension k in
H Q) g :={ue HY(Q) : / udz = 0}.
Q

If Q is connected, then p;(€2) > 0.
In 1954 Szeg6 proved that among simply connected, two dimensional, smooth sets
Q) C R? the ball maximizes u1 (see [20] and [4 {])), i.eE|

Q[p1(2) < |Blua(B).

Two years later, Weinberger [2I] removed the topological constraint and the dimension
restriction and he proved that for every N > 2 and © C RY regular, the following
inequality holds

2 *
QI 111(Q) < i,

where yif = |B|¥ i1 (B).
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Maximizing the Neumann eigenvalues under volume constraint is also related to the
celebrated conjecture of Pélya [I8] asserting that the principal term of the Weyl law
provides in fact a bound for the eigenvalues. This conjecture reads, in N dimensions,

2 k )1%
Vk>1, u(Q) <4 <wN|Q|) ,
where wy is the volume of the unit ball in RYV. The conjecture was proved to hold only
for particular classes of domains, for instance tiling domains in R? (see [16]). For general
regular domains, the conjecture holds true in the case k = 1, as a consequence of the
Szego-Weinberger inequality, but continues to remain open for arbitrary k. Kroger found
in [I5] a series of bounds, which are larger than the conjectured ones. For instance, if
k = 2 he proved pus(2) < 1|6ﬁ7|r for two dimensional domains. The value % is the double
of the conjectured one. A natural, related, question is to find the geometry of the domain
which maximizes the k-th Neumann eigenvalue. This question turns out to be difficult
for k = 2 and probably impossible to answer analytically for k£ > 3. We refer to [2] [1} [6]
for numerical approximations of the (presumably) optimal sets for k£ < 10, but there is no
proof of the existence of those sets.

We refer the reader to the result of Girouard, Nadirashvili and Polterovich [11] where the
authors prove that in R? the union of two equal (and disjoint) disks gives a larger second
eigenvalue than any smooth simply connected open set of the same measure. Moreover,
this value is asymptotically attained by two disks with vanishing intersection. Their proof
is based on a combination of topological and analytical arguments and relies on a folding
and rearrangement technique introduced by Nadirashvili in [I7], taking advantage on the
use of conformal mappings. This method can not be adapted to non simply connected
sets. The authors left the case of arbitrary (regular) domains of R? as an open problem.

Several independent numerical computations [2, [I, 6] in R?, R? brought support in favor
of the maximality of the union of the two discs without the simply connectedness constraint
in R? and, moreover, lead to a similar conjecture in three dimensions of the space.

The purpose of this paper is to prove that, in general, the second Neumann eigenvalue
attains its maximum on a union of two disjoint, equal balls in the class of arbitrary domains
of prescribed measure of RY. As a consequence, we prove that the Pélya conjecture for
Neumann eigenvalues holds for k = 2, without any restriction on the dimension, geometry
or topology of the domains.

Let us denote the scale invariant quantity s = 2N ]B|%u1(B), where B is any ball. On
the union of two disjoint balls By, Bo, each of mass %, we have 1o(B; U Bg) = 0, u1 (B U
By) =0, p2(B1 U By) = ps. The main result of the paper is the following.

Theorem 1. Let Q C RV be a reqular set. Then
2 .
UV p2(Q2) < 5.
If equality occurs, then € coincides a.e. with the union of two disjoint, equal balls.
As a consequence, we get the following.

Corollary 2. The Pdélya conjecture for the Neumann eigenvalues, holds for k = 2 in any
dimension of the space.

In fact, we shall prove a more general result than Theorem Specifically, we shall
prove that the result of Theorem [I| holds true on arbitrary open sets (even non regular)
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and, moreover, on L' N L>®-densities in RY, provided the classical eigenvalues, seen as
variational quotients, receive a suitable relazed definition (see [10, Chapter 7] and [7]).
Precisely, let p € L'(RY,[0,1]). For every k > 1, we define

. fRN p|Vu\2dx
= f —_—mm
Fik(p) SeLy ues Jpw putda

9

where L, is the family of all subspaces of dimension k in

(1)

0 Lapo0p s u € CXRY), [ puda =0},

We have the following.

Theorem 3. Let p € LY(RY,[0,1]) be non identically zero. Then

(2)

o (k =1, extension of the Szegi- Weinberger inequality)

2
N
</RN pdw) f1(p) < pi,

with equality if and only if p = 1p a.e., for some ball B of RN.

. (k=2)
(/. pdx>12va2<p> < s,

with equality if and only if p = 1gs +1p« a.e., where B¥, B* are two disjoint (open)
balls of equal measure.

For k = 1, Theorem [3| above is a generalization of the Szeg6-Weinberger inequality, and
for k = 2 is a generalization of Theorem
We notice the following.

e If Q is a bounded, open Lipschitz set, then taking p = 1g, one gets fix(p) = pur().

e Let us remove a smooth manifold T' from €, such that H'(Q \ ') is compactly
embedded in L?(Q \ T'). This is for example the case when Q is Lipschitz and
the crack T is itself Lipschitz. Then for p = 1 one has fip(p) > prp(Q2\ T') since
CX (RN Nowr € H L(Q\T). From this perspective, Theoremcovers the inequality
proved in Theorem [I| even in this less regular case.

o If the set Q = {p > 0} is smooth and there exists o > 0 such that p > aly,~q)
(i.e. p is not degenerating on its support and preserves ellipticity), then fix(p) are
the eigenvalues associated to the well posed problem

—div(pVu) = pgpu in £, g—z =0 on 9.

o If Q is just a bounded open set, without any smoothness, the spectrum of the
Neumann Laplacian on 2 may be continuous. Theorem [3| still applies to p = 1q,
but we do not have any spectral interpretation of fix(1lg). The same occurs if
either p is degenerating loosing ellipticity on its support, and/or if its support is
not smooth enough.

Concerning the ideas of the proof, it is worth to recall what happens for the Dirichlet
Laplacian. The Faber-Krahn inequality for the first Dirichlet eigenvalue of the Laplacian

A1(Q) asserts that the minimum of \Q|%)\1(Q) is attained on balls. A simple argument
analysing the positive and negative parts of a second eigenfunction, leads to the conclusion
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that the minimum of |Q\%)\2(Q) is achieved on a set consisting on two equal and disjoint
balls. We refer to [§] for a detailed description of the history of the result, which is
attributed to Krahn [14], Hong [13] and Szegé [19].

A similar argument for the Neumann Laplacian is not valid. The proof of Theorem
(and of Theorem [3|) is based on a suitable construction of a set of N test functions
which are simultaneously orthogonal to the constant function and to the first Neumann
eigenfunction on a regular set (2. The structure of these N-functions is inspired by the
functions built by Weinberger, that we briefly describe below (see, for instance, [12], [21]
for more details).

We denote throughout the paper Rq the radius of a ball of the same volume as €, by
rq the radius of a ball of volume %, by Bgr a ball centered at the origin of radius R,
and by B r the ball centered at point A of radius R. We denote by g a non negative,
strictly increasing solutionﬂ of the following differential equation on (0, R) (see the paper
of Weinberger [21], or [12, Section 7.1.2] for details)

@) 0+ )+ (B S5 )e(r) = 0,9(0) = 0,4/(R) = .

Given a point A € RY and a value R > 0, Weinberger introduced the function
d
5) g1 RY SRV g (n) = 29 7
da(z)

where G : [0,+00) — R,

(6) GRr(r) == g(r)1jo,r) + 9(R) 1R, +00)-
By da(x) we denoted the distance from z to A.

Using Brouwer’s fixed point theorem, Weinberger proved for R = Rq the existence of a
point A such that the set of functions

> ga(z)-e, i=1,...,N

are orthogonal to the constants in L?(€). Here (e;); are the vectors of an orthonormal
basis. As a consequence, those functions can be taken as tests in the Rayleigh quotient
for 141(£2). By summation this lead to

G, (da(@))
Jo G, (da(@) + (N — 1) 7% =da

Jo G%ﬂ (da(x))dz
The function r — Gp,,(r) is strictly increasing on [0, Ro| (and then constant), while

2

G
P G () + (V = 1) =5

(7) () <

is decreasing. Consequently, the right hand side of is not larger than

G%, (da(x))
S, CRo(dae)) + (N — 1) T gy

fBA,RQ G%aﬂ (da(z))dx

In order to observe that () < ,ul(BA,RQ), one has formally to move, one to one, the
points of  \ By r, toward the points of the By g, \ {2 pushing forward the measure

(8) p1(Ba,rg) =

2The function g is explicitly given by g(r) = rlfN/ZJN/Q(kr/R) where k = /1 (Br) is the first positive
zero of r — [TI_N/QJN/Q(’I")]/ sometimes denoted pyny2,1 as in [3] and Jy /2 is the standard Bessel function.
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lo\B, Rq dr to1p, R \odz. Throughout the paper, we call this procedure a mass displace-
ment arqument.

In order to prove Theorem (1 we shall use a somehow similar strategy, searching a
set of N suitable test functions. The new difficulty is that the set of functions that we
have to build, should be orthogonal to both the constant function and to a first Neumann
eigenfunction on 2 (which is unknown). In the same time, the associated Rayleigh quotient
should not exceed u3.

Given two different points A, B € RY, we introduce the linear part of the symmetry
operator with respect to the mediator hyperplane H ap of the segment AB

Tap :RY = RY, Tyup(v)=v— 2(% . V)%,

where c% = %. Denoting H4, Hp the half spaces determined by Hap and containing
A and B, respectively, we build the function

(9) g’ :RY = RY, g%%(x) = 1n, (2)ga(2) + 1u, (¢)Tap(g5(2)).

The functions g4, gp are the functions of Weinberger introduced in , associated to
Grq,. Roughly speaking, g8 is a suitable gluing along H4p of two Weinberger functions
corresponding to different points.

Hy Hp

Has

FIGURE 1. The geometry of the test functions g4%.

Our main purpose will be to justify the existence of two points A, B such that the set
of N scalar functions

ngAB(x)-ei,izl,...,N,

are simultaneously orthogonal in L?(£2) on the constant function and on a first eigenfunc-
tion u; of the Neumann Laplacian on 2, i.e.

(10) Vi=1,---,N, /gAB-eidx:/gAB-eiuldxzo.
Q Q
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The proof of existence of A and B with such properties relies on a topological degree
argument and requires the most of the attention (it is worth mentioning that every result
on maximization for Neumann eigenvalues in the literature relies on a strong topological
argument).

Once the points A and B are found, the proof of Theorem [1| follows in its main lines the
one of Weinberger, being based on the mass displacement argument. In fact, on each of the
half spaces H4, Hp, the restriction of gA? acts like a Weinberger function associated
to a ball of half measure.

Structure of the paper.

e In the next section we prove Theorem [I] for regular sets. We give the detailed
construction of the function g4, prove the existence of a couple of points A and
B making gP - e; suitable as test functions for us(Q), and prove the inequality.
The equality case will be a direct consequence.

e In section we give the proof of Theorem We start by proving that the
classical Szeg6-Weinberger inequality holds true as well for densities and arbitrary
domains. Concerning the second eigenvalue, we rely on the main ideas introduced
in Section [2] and focus on the new difficulties raised by the possible absence of a
first eigenfunction and by the possible unboundedness of the support.

Although it would have been more natural to prove first the general case and deduce the in-
equality for regular domains as a consequence, we have chosen to start by giving a detailed
proof of Theorem|[I]in the classical framework, as most of readers are presumably interested
in this case. The new difficulties raised by the proof of Theorem [3] are exclusively related
to the ill-posedness of the eigenvalue problem in the non-smooth/degenerate/unbounded
setting. The fact that we deal with a density instead of a geometric domain does not raise
any supplementary difficulty, being handled by mass displacement.

2. PROOF OF THEOREM [

In this section we prove Theorem Let © C RY be regular. We split the proof in
several parts.

The validity of the test functions. Recall that rq is the radius of the ball of volume
@. A set of eigenfunctions associated to the first non-zero eigenvalue p;(By,) on the ball
B, are {@xZ :i1=1,...,N}, where g solves the differential equation for R = rq.

Let A, B be two distinct points in RY. We recall the function g# introduced in @,

g8 (2) = 1y, (2)ga(2) + L, (2)gp(@) — 2 1a, (2) (g5 () - ab)ab.

The function g4? is well defined, and continuous across Hap. Indeed, it is enough to
observe that for xg € 0H4 N OHRE = Hap we have

ga(zo) = Tan(gn(20)),

which comes from direct computation.
We notice that Vo € RY,

(11) IVt (2)] < 2N*( sup
re(0,400) r r€(0,+00)
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As a conclusion, we get g48 € WHo(RN RY), with a uniform bound on their norm,
independent on A and B. The functions g4% - e; are therefore admissible as test functions

on .

The use of the test functions. Assume for a moment that we have found two different
points A, B € RY such that the orthogonality relations hold. Let us show that we
can prove Theorem

For some i € {1,...,N}, let us take in the definition of us(€2) the subspace S =
span{ui, g4 - e;}. We can write

: Jo IV (g7 - ei)Pdz
Vi=1,...,N 0) <
7 9 ) 9 /‘1’2( ) =~ fQ ’gABeZ|2dx

As a consequence,

Zi]\il fQ ’V(gAB : ei)|2dx
SN folgAB - ei2dx

Decomposing the sums over QN Hy and QN Hp, we get using @ (the computation is
similar with the one in Weinberger’s proof, see [12]))

<meG;a<dA<x>>+<N—1>“‘i*‘§”d + e G2 (ds(2) + (N — 1)

p2(2) <

G2, (dp ()

dj ()

dx

p2(2) < S im0 G2 (da())dz + [ o G3,(dp(x))dx

We displace the mass as follows: we split Q\ (B4, UBB ) in two sets 4 and Qp, such
that |Qa| + QN Bar,| = % By monotonicity of r — Gy (r) and of r — G2, () + (N —

2 '
I)LTQQ( ), for any couple of points x € Q4 and y € Ba,, \ 2 the following inequalities hold
(da(z)) G, (da(y))
G;?Q(dA(l’)) + (N — 1)ﬁ G;?Q(dA(y)) + (N = 1)(53‘7{;)
<

@ (x) 4 (y)

We then formally displace the mass from Q4 to Ba,, \ €2, and increase the Rayleigh
quotient. We use the same argument for Qp and Bp ., \ 2, finally getting that

(da(z)) G2 _(dg(z))
S im0 G2 (da(z)) + (N — 1)d27()d 2+ [yn0 G (dp(@) + (N - 1)%@

fHAﬂQ GT’Q (dA( d.ﬂU + fHBﬂQ %Q (dB(ZL'))dZU

G2

2]BT (G2 (r) 4+ (N —1)—
- Qme L (r)dr

12

Since p1(Br,) is the second eigenvalue of the union of two disjoint balls of mass =, the
inequality in Theorem [I] follows.

dx
) = M1 (BT'Q)

If equality occurs, then H4 N and Hp N2 have to be balls of mass % up to a set of

zero Lebesgue measure. Indeed, if there is mass displacement on a set of positive measure,
the inequality has to be strict. So, if equality occurs, €} is a.e. identical to the union of

12|

two disjoint balls of mass 5.
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Remark 4. If, for instance € is Lipschitz and equality occurs, then 2 has to coincide with
the union of the two balls. If we work only with regular sets without further geometric
assumption, it might be possible that one removes from one ball a set of capacity zero and,
from the other ball, a (small) set of positive capacity but of zero measure (say a piece of a
smooth manifold of dimension NV —1). The removed set, should be small enough such that
the second non-trivial eigenvalue of the slitted ball is not smaller than the first eigenvalue
of the genuine ball. In R2, this situation could occur if one removes a small segment from
a diameter.

Existence of the family of test functions. In order to complete the proof, it remains
to justify the existence of two points A, B such that the orthogonality relations hold
true. We shall do this below, but we point out from the beginning that the proof works
in an identical way provided 1q is replaced by a measurable function p : RY — [0, 1] with
bounded support, and the first eigenfunction u; is replaced by any measurable function u
such that ulg,_gy = 0 and [px pu’dz < 400 and [p pudz = 0.

We give the following.

Lemma 5. Let A # B two points of R™. Then, for all x € RN
ga(x) - ab > gp(z) - ab.

Proof. The proof is immediate, by direct comparison.

Lemma 6. Assume that A, B are two points of RN such that

Vi=1,...,N, /gA(x)-eidx:/gB(x)-eida:.
Q Q

Then for all v € RN we have

/Q ga(x) - vz = /Q gp(x) - vz,

%’oof. The first assertion is trivial and the second is a consequence of Lemma [f] for v =
ab. ]

and A = B.

In the sequel, we shall use a deformation argument in the framework of the topological
degree theory (see for instance [9, Theorem 1]), in order to prove the following.

Proposition 7. There exist two different points A, B such that the orthogonality relations

hold true.

Proof. By rescaling, we may assume that 2 C By, the ball centered at the origin of radius
equal to 1. Let M > 20 be fixed (the value 20 is chosen to be large enough with respect
to the radius of Bj). Denote

D={(X,Y): X, Y eRY X =Y} C R,
We introduce the function
F:[-M,M*\ D - R¥,
by
F(A,B) := (/QgAB-eid:z:,/QgAB -ejurdz).
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We want to prove that there exists a couple of points (A4, B) € [-M, M]?N \ D which make
F vanish. So we assume for contradiction that F’ does not vanish on its definition domain.
We first observe that there exists § > 0 such that if (A, B) € [-M, M]?" \ D and

dgan (A, B), D) < 6,

then F' can not vanish at (A, B). Indeed, assume for contradiction that (A, B,) €
[—M, M)*N \ D is such that

Vi=1,...,N /gA"B"-eidac:O,
Q

and dpan ((An, Br),D) — 0. Extracting a subsequence, we can assume that A, — A,
—

B, — A, Hﬁnig"“ — v € SN¥=1 Then the a.e. limit of the sequence of functions (g
Vn)n, denoted for convenience g4 - v, has a constant sign, vanishing only on a zero
measure set. This contradicts fQ ginBn v, dxr = 0.

So, let us denote
V ={(A,B) e RY x RY : dgon((A4, B), D) < 6},
and restrict the function F to [—~M, M]*N \ V.
Let Bx+ r be a ball of some radius 0 < R < 1 (the choice is free, but we should have

in mind rq), with a center X* carefully chosen, that will be specified in the proof. For
simplicity of the notation, we denote this ball B*.

First deformation. We introduce for ¢ € [0, 1] the following family of functions
o [=M,MPPY\V — RN,
by

F,(A,B) = (/ g8 . e;dz, (1 — t)/ g8 . ey dx —l—t/ ghb. e;dz).
Q Q *

Clearly, this family is continuous in ¢, and Fy = F. We shall prove that for a specific
position of the center X* of the ball B*, for every t € [0, 1] the function F; can not vanish
on O([-M, M2V \ V).

Assume that for some (A4, B) € 9([—-M, M]*N\V) and some t € (0, 1] we have Fy(A, B) =
0. We shall focus first only on the first N coordinates of F;(A, B) which depend neither on
t nor on B*. This will give important information on the possible positions of the points
(A, B).

Indeed, we start observing that (A, B) ¢ V. This is a consequence of the choice of 9,
above. It remains that (A, B) € 9([—M, M]?"). In other words, at least one of the points
A or B is at distance at least M from the origin (hence at least M — 1 from ().

Case 1. Assume the point B is at distance at least M — 1 from (). Let C be the
cone with vertex B, tangent to the ball B;. If the point A does not belong to the cone C,
then denoting O the projection of O on the line AB, we can not have

—
/gAB-O'de =0
Q

-
since the function g4® - 0’0 has constant sign on €. So A has to belong to the cone.
Moreover, in this situation, the point A has to belong as well to the annulus Bp 41 \
Bp a—1- Indeed, if A does not belong to this annulus we can not have

/gAB.ﬁdxzo
Q
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since, this time, the function g4% - l@ has constant sign on  (positive if A is between
the ball By and B, negative if the ball By is between A and B. This means that A €
CN (Bp,m+1 \ Bp,m—1), which by simple computation leads to A € B .

The main consequence is that the distance from A to O is not larger than /2 hence,
by the construction of the function g%, its action on the domain € is entirely given by A
since {2 is covered by H 4 only. In other words, the point B does not influence the integrals
in and g% = g4 on Q. Moreover, from Lemma @ we get that the position of A
satisfying F;(A, B) = 0 is uniquely determined, for every B far away from (2.

For B far away and A fixed as above, let us look now to the linear form

L
V= / gAB-vuld:v.
Q

This form is not identically vanishing, otherwise for the couple (A4, B) the function F
vanishes. Consequently, the kernel of this form is an hyperplane, denoted K. Let £ € SVN—1
be orthogonal to I such that fQ g4 - furdr > 0. We choose the center of the ball X* to
be given by A + 3v/2¢. With this choice, the ball B* does not intersect By and is fully
covered by H,4 (recall that M > 20). Consequently,

Gr(da(z)) =

Vi —— " 2 Ax -vdx
g da(z)

has the same kernel K and has the same sign as L. In other words, for every ¢ € [0, 1]

vH(l—t)/gAB-vuldx%—t/ Mﬂ-vdm

vanishes only for v € K.

At least one of the vectors e, ..., ey does not belong to . Consequently, among the
N terms
Gr(d —
i=1,...,N, (1—t)/ gAB-eiulda:—Ft/ MA:c-eida:,
Q « da(w)

at least one is not vanishing.
The conclusion is that for every ¢ € [0, 1] the function F; can not vanish on 0([—M, M]
V).

2N\

Case 2. Assume the point A is at distance at least M — 1 from (). In this case,
only the point B acts on €2, as in the previous case, and B € B va- The only thing which
differs, is the expression of the function F}, which becomes

F,(A,B) = (/QgB -e; —2(gp - %)(c@ - e;)dx,

(1—t)/QgB'ez'U1—Q(gB'J)(C%'ei)Uldﬂﬁ—i-t/ gB'ei_2(gB'£)(£'ei))'

*

In other words, we have

Fi(A B) = (/

gp - Tap(e;)dz, (1 - 75)/ gp - Tap(ei)uidr + t/ g - Tap(ei)).
Q Q

*

Again, as in Case 1, if F}(A, B) = 0, then B has to coincide with the same point A, in the
preceding case.
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For the point X™* introduced in Case 1, we can not have for all e;

(1—1) / gn - Tap(e;)uide + t/ gn-Tap(e;)) =0
Q

*

since the range of T4p is of dimension N. O

At that stage, we have proved that the topological degrees of Fy and F} coincide:
d(Fy, [-M, M)?N\V,0) = d(Fy,[-M, M]*N\ V,0). We are now going to consider a second
continuous deformation which will further simplify the functional.

Second deformation. Let B? the ball obtained by symmetry of B* with respect to the
origin. We define the following continuous deformation

G:[0,1] x R?N — RV,

Gi(A,B) = ((1 —t)/ gAB-eZ-dx—i—t/ gAB-eidx,/ gAB-eidac).
Q Bt *

Similarly to Case 1, we do not vary the last N coordinates of Gy, which are of the same
nature as the first N coordinates of F;. Consequently, if G¢(A, B) = 0 for some t and
one of the point (A, B) € 9(]—M, M]*¥ \ V) then the other one has to be the center of
B* which is the only point which satisfies Vv, [ B g48 . vdz = 0. Note that we possibly
decrease the value § in the computation of V', such that V is also suitable for B*. Taking
v a unit vector parallel with the line X*O, one can notice that

(1—t)/gX*-vdﬂc+t/ gx~ - vdx
Q Bt

can not vanish since both integrals have the same sign.

As Gy = Fy, we can glue the two continuous deformations and notice that they do not
vanish on 9([—M, M]*¥ \ V), so in view of [9, Theorem 1] they have the same topological
degree:

A(F, [=M, MJ*M \ V,0) = d(Fy, [-M, M"Y \ V,0) = d(G1, [- M, M]*M \ V,0).
We shall compute in the sequel the topological degree of G1 and we shall prove that it
equals to 2. As a consequence F' has at least one zero, so we conclude the proof.

Computation of the topological degree of G; at 0. There are two steps.

Step 1.The zeros of the function GG;. We can assume without loosing generality that
the center of B* is X* = (3v/2,0,...,0) and the center of Bf is X! = (—3v/2,0,...,0).
We claim that the only zeros of the function Gy are the couples (X*, X*) and (X, X*).
Assume A and B are such that G1(A, B) = 0. Then

Vv € RY / gAB~vd:1::/ g? . vdz = 0.
Bt *

Assume for contradiction that X* ¢ AB. Denoting X’ the projection of X* on the line
AB, and taking v = X'X* then

/ g8 . vdx +0,

as a consequence of the structure of the function g#” and the symmetry of the ball.
Indeed, the function g? - v is odd with respect to the hyperplane containing the line AB
and orthogonal to v and has constant sign on each half space defined by this hyperplane.
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As this hyperplane does not cut the ball into two half balls, the integral |’ B g48 . vdx can
not vanish. Consequently X* € AB, and similarly X* € AB.

Let us denote by x4 and xp the abscissa of points A and B and xp; = (x4 +xp)/2 the
abscissa of the middle. We discuss with respect to the possible values of xj;.

e If 25 € [-3v/2 + R, 3v/2 — R] each ball is completely contained in one of the two
half-spaces, consequently using the uniqueness given by Lemma [6] we get that the
two points have to coincide with the two centres of the balls.

e Let us prove that it is not possible that x; €] — inf, —3v/2 + R[U]3v/2 — R, +o<.
Indeed, in that case the two balls would be in the same half-space and the unique-
ness result of Lemma [6] would imply that the same point A or B should be the
center of each ball.

o At last if 2); € [-3v2 — R, —3v2+ R]U[3v2 — R, 32 + R], one of the two balls
is completely contained in the half-space H or Hp which fixes its center at A or
B. Taking now v = AB, and since the other ball is between A and B, we see that
the function g% - AB has a constant sign on this ball which prevents the integral
to be zero and make this case impossible.

Thus, we are always in the first case: this gives the conclusion.

Computation of the sign of the Jacobian of G at its zeros. The partial derivatives
of the function G1, as function of A, B, can be computed explicitly.

We have the following general formula. Let A : [0, +00) — R% be of class C! and Bo r
the ball centred at O of radius R. For every i = 1,..., N we denote

fOR(A) = / W(dA(Y))(y: — x:)dy,
Bo,r

where A = (z;); and Y = (y;);- Then, we compute the derivatives at the center of the ball
A=0,

ot : (25— 93) (s — 1)
e W) I S oY) (i)

aOR

For i # j, we get QIJ (O) =0. For i = j, we get

afoH

awi‘A:O

= [ W) Iy o
 JBon © do(Y) ° Y

= [ ot~y == [ hldo(V)y: ~ oy

OBRr

= —Rh(R) /88 n2doy = —Rh(R)P]E[B(O’R)) = —wyRYRh(R).

In a similar manner, for a fixed point A = (z#

#), and for variable points B = (z;);, we
consider the generic function

AOR (x: — 2{)(AB - BY)
OB = [ nas) i
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We assume that A and O are both on the first axis, so that E = Peq, for some § € R*.

Denoting O, = (2§ +¢,25,...,25), we have
5" d (B+ ) (8 +2)er - OY) R
= h(do, (Y dy = — - h(do(Y))doy .
8x1 ‘B:O de le=0 /BO,R ( OE( )) (ﬁ_}_g)Z Y N OBo.n ( O( )) gy

. .
For i > 2, we have AO, = AO + ce;, and plugging in the definition of f, we get

8fi4’O’R‘ / , (—v1) 0 yi
—_— = h (do(Y Y1 — dy+/ h(do(Y))=dy = 0.
axi B=0O Bon ( ( ))dO(Y)( 1) Bon ( ( )) /8
of37 " ~ . o) 0 0
In order to compute —2 we consider the perturbation O, = (Y +¢,25,...,2%),
ox1 -0 1 2 N
and notice that Do
f2 o (OE) = 0.
ofh " - : 0 0 0
In order to compute —2 , we consider the perturbation O, = (27,25 +¢,...,z%)
Oxo _ 1 2 N
and notice that
AO,R e(B(y1 — 2f) +e(y2 — 2))
N 0:) = h(do. (Y ,
£0%00) = [ o) T
and
ofy " | / , —1 y — af
= h'(do(Y ~0dy+/ h(do(Y dy = 0.
S o™ ], W0 oY)
afsn O , : Yy
In order to compute —2—— , © > 3 we consider the perturbation AO. = fBe; + ce;,
9zi =0

and notice that AOR

f5777(0¢) = 0.
For the computation of the Jacobian of G at the points (X*, X*) and (X*, X*) we recall
that

Gl(A,B):(/ gAB'eidx,/ gAB-eida:),izl,...,N.
Bt

*

Around the zero (X*, X*), the expression of Gy is

(/BugA'eidx,/B*gB-eidx—QgB-ﬁm),i—1,...,N,

IAB|I?

or, in terms of our notations

Gi(A, B) = (fR(4), ;A R(B)),i=1,...,N,

)

with h(r) = GRT(T). Then, the Jacobian matrix at (X* X*) is diagonal, with all elements
on the diagonal equal to —wy RN h(R), except the one on position (N + 1, N + 1) which
equals wy RVA(R). Its determinant equals

~(wnRVh(R))

which is a negative number.

The same value is obtained at the point (X*, X jj) as the sign of 8 does not influence
the value of the derivatives.

As conclusion, the topological degree of F' at 0 is equal to 2 which leads to the existence
of (at least) two solutions of F(A, B) =0 in [-M, M]*N \ V.
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3. PROOF OF THEOREM [3]

In this section we shall prove Theorem [3| We start with the following observation. In
(1), one can replace C°(RY) with W1H>°(RY). Indeed, for a function u € WH*(RY) such
that fRN pudx = 0, both terms fRN pu?dx and fRN p|Vu|?dz are well defined. Moreover,
there exists a sequence of functions ¢, € C°(RY) such that

/ pondr =0, lim p(]chn — Vul® + |pn — u\2)daﬁ =0.
RN n——+0oo RN

The construction is standard by cut-off and convolution, one has to be careful only to the
orthogonality on p. Let ¢ € C°(RY,[0,1]) such that ¢ = 1 on By and ¢ = 0 on RV \ B.
We introduce for every § > 0, ¢s5(x) := p(dx) and the constant cs such that

/ pps(u — cs)dx = 0.
RN

Cs / ppsdr = / ppsud,
RN RN
and for § — 0 we get c¢s — 0. This is a consequence of

We observe that

lim p(\V((pgu) — Vaul? + |psu — u|2>d;1: =0.
0—0 JrN

Now, for fixed 6 > 0, we consider a convolution kernel (&.). and a constant ¢;. such that

/ pée * (@6(“ - C&,e))dx =0.
RN
On the one hand
Co,e / pée * psdr = / pée * (psu)dz,
RN RN

hence for € — 0 we get ¢s. — ¢5. On the other hand

lim | p(IV(& + (5u)) = Vi(psu) 2 + I * (pou) = wsul? ) dz = 0,

e—0 RN
which concludes the proof by a diagonal argument.

The case k = 1 (extension of the Szeg6-Weinberger result). Since inequality
that we want to prove is scale invariant, we can assume that fRN pdx = 1. Let r1 be the
radius of the ball of volume equal to 1.

If p has bounded support, the proof follows step by step the geometric case. The
existence of a point A such that

(12) Vi=1,...,N / pga(z) - e;dr =0
RN

is done using the same fixed point argument used by Weinberger (see [12, Lemma 6.2.2]).
The function G = G,,, which enters in the definition of g4 above, is associated to ;.

Then, the proof follows step by step, the final argument being the displacement of the
mass of p towards 1p, .

If p has unbounded support, the existence of a point A satisfying can be done
by approximation. Note that for every i the function ga(z) - €; belongs to W1H°(RN).
Let R,, — +00 and consider A,, a point satisfying the orthogonality relations for the
density plp, (which has bounded support) and for the g-functions defined with rq. If,
for a sub-sequence, (A;), remains bounded, then by compactness we find a limit A such
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that A, — A. It can be easily observed that the orthogonality relations pass to the
limit, since ||ga4,, - €il|co < G(r1). Hence A satisfies for p. B
Assume for contradiction that do(Ay) — +00. We fix a radius R such that

2
/ pdx = —.
Br 3

For n large enough such that 7, > R, we denote v,, = HAl HAn& By the choice of A,,

/ g4, - Vpdr =0,
Bg,,

we have

which gets in contradiction with

1
84, Vnldo < G (r1).

\Br

2
lim g4, - vpdr = -G(ry), and /
n——+o00 Bx 3 Br, \B
Hence, (Ay), remains bounded and we can build the functions of (I2)). The proof ends
using a mass displacement argument, pushing forward the measure pdz on 1p, dz.

The case k = 2. Assume that [px pdz = 1 and that fiz(p) > 3. Let us denote r1 the

radius of the ball of volume %

There are two difficulties. Along with the fact that the support of p may be unbounded,
there is a new difficulty: there is no necessarily existence of an eigenfunction associated to
fi1(p), by eigenfunction understanding a function for which the infimum is attained in the
definition of ji1(p). The orthogonality on the first eigenfunction, both in L? and H', was
an important point of the proof in the geometric case. Indeed, in the Rayleigh quotient
estimating the second eigenfunction, the scalar product fRN pVui1Vg;dx was not present,
being equal to 0.

Let us fix € > 0 and consider u; € WH°(RY) such that [pn purdz =0, [pn puide =1
and

(13) () < [ pIVuiPde < (o) +

Let us prove the existence of two points A # B (one of them being possibly at infinite
distance from the origin) such that

(14) Vi=1,---,N, pgiB . ejdr = / pgiB - ejurde = 0.
RN RN

Above, we abuse of the notation g4 even if one of the points A and B is formally at
infinite distance from the origin. The exact meaning is given below.
Let R, — +00. We apply step by step the method of Section |2 to the functions

1Bg, Py 1B, pul,
and find a couple of points (A,,, By,) such that

(15) Vi=1,---,N, pgA"B” ce;dr = / pgA”B” -e;urdr = 0.
B

Bg,, Rn

If both sequences (Ay)n, (Bp)n stay bounded, we can assume (up to extracting a sub-
sequence) that A, — A, B, — B. If A # B, then all equalities in pass to the limit
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to . If A= B, then taking a further sub-sequence such that
—
A, By,

v e N
[ An Bn |

we would get in the limit that
/ pgAA -vdx =0,
RN

where g4 is the pointwise limit of the sequence g»5». This is is not possible since g44 . v
is a negative function.

If (A,,), stays bounded, and dp(B;,,) — 400, we can assume that A, — A and obtain
that the limit of g4»B» equals g4 := g*°°. Then, the flﬂ(iions (g4 - €;); satisfy . A

AnBn

n N_l . .
TAB ~VE S , in which case

similar assertion holds if B,, — B, dp(A,) — +o00 and
the limit is described by

gp-e —2gp-v(v-e) =g>P.ei=1,...,N

satisfy the orthogonality relations .

We prove now that both sequences (A4,,)n, (Bn)n can not go unbounded simultaneously,
since the orthogonality on constants (in relations (15])) would be contradicted. Indeed,
denote O,, the projection of O on the line A, B,. Fix R large enough such that

/ pdx = §
By 4

We can assume (possibly exchanging the notations and extracting further sub-sequences)
that [|4,0,| < || BnOnl|-

If for an infinite number of indices we have
0,04, < 7.
0.0

ono]> Ve get

then taking v, =
13 1
contradicting the hypotheses , as it is not possible that fBR pgnBr v, dx = 0.
If for an infinite number of indices we have

—

0,04, > % o 04,0, <

=1

—
we take v, = uﬁZiﬁZﬂ and arrive to the same conclusion.

We finally conclude with the validity of . By abuse of notation, we continue to
denote the set of such functions (g4 - e;);, even though, one of the points is at oo (i.e.
the functions g4 -e; = g4 -e; and g8 - e; = gp-e; — 2gp - v(v - €;)). Let us denote by

g1B . g,
G ={(gi)i=1,..xv : JA, B, g; = L Vi = 1,._.,N,/ pgB.e;dx = 0}.
(Jen p(g4P - €;)2dx)> RY
The family G is not empty, and moreover there exist at least one package of N functions
(gi)i such that fRN pgiu1 = 0, as we have proved above. We have, in particular,

Vi=1,...,N, / pgfda:zl.
RN
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We observe that the set G is sequentially compact as if (gA"B”

the sequences (A,,), or (B,), has to stay bounded.
We split the discussion in two cases.

Case 1. Assume that there exists some function u; € W (R™) such that Jen purdz =0,
fRN putdr =1 and

(16) jrlo) = [ oI,

Since we get

- €;); € G, at least one of

/ sz'diU:/ sz‘u1div=/ pVgiVurdx = 0,
RN RN RN

the proof follows step by step the geometric case, by the mass displacement argument.

Case 2. Assume that there does not exists a function u; € W1°(R¥) such that
holds. In this case, u; will satisfy only inequality . We introduce the following numbers
independent on the choice of u;.

Jew 0| Vgrde

m := inf =1,....,N, (g:); € G}
Jen plgil?dz (oi)i € 6}

Jan PIVg*dz
M:=sup{—F+—F—:k=1,...,N, (9:); € G}.
(e (90 € G)

The values m and M are attained as a consequence of the same compactness argument
described above. Therefore, we have the strict inequality

fir(p) < m.
We give the following.

Lemma 8. There exists C' > 0 such that Ve € (0,%1(”)) and for every (gi)i € G
satisfying flRN pgiurdr = 0 we have
(17) Vi=1,...,N, [2p) < / p|Vgi|*dx + Ce.

RN

Proof. Assume the set of functions (g;); satisfies . We write, for some i € {1,...,N},

Jaw pIVur +tVgilPdz [on plVur + Vg da
Jpn plut + tgi|?da 1+t '

Vi €R, ju(p) <

Direct computations and the knowledge of fRN p|Vui|?dx < fir1(p) + €, give

VteR, 0<e+ 2t/ pVu1Vgdr + t2(/ p|Vgi|2dx — i1 (p)).
RN RN

For
P Jrv PVu1Vgida
Jen £V gil?da — fir (p)’
we get
0<c_ (fgn PVu1Vgidz)?
T Jew pIVailPd — i (p)’
or

a9 ([ oVuVadn? <e(| pValde—i(p) < O~ (o)
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where the uniform bound on the gradient of g; has been obtained at . This inequality
gives a control of the scalar product fRN pVu1Vg;dx by +/e.
By definition, we have

i Jan p|Vur + tVgi|2dx
< su RY .
f2(p) < Sup e

For t — Fo0, the right hand side converges to the same value [py p|Vgi|?dx. If this is the
supremum, the lemma is proved. Otherwise, we search the values of ¢ which are critical
for the right hand side above. Performing the derivative in ¢, those critical values have to
satisfy

—t2(/ pVu1Vydr) +t(/ p|Vgi|2da —/ p|Vuy [*dx) +/ pVu1Vgdr = 0.
RN RN RN RN

If fRN pVu1Vg;dr = 0, then the only critical point is ¢ = 0 and in this case, this corre-
sponds to a minimum for the Rayleigh quotient, the maximum being achieved for t — +o0c.
If fRN pVui1Vg;dx # 0, then the two real roots t1, to satisfy

_ fRN 0| Vgil?dx — fRN p|Vui|?dx

tity = —1, t; +t
1 L fRN pVuVg;dx

In particular, the second equality leads to
m—(lp)+e) (1 m—plp) m—jlp
| Jov PV Vgidz| = 2| [pn pVuiVgidz] = 2/e(M — fi1(p))

We conclude that for some constant C, independent on €, we have (possibly switching the
indices)

|t1 + to] >

1
1] < OVe, o = 5Ve
Evaluating the Rayleigh quotient in ¢1,to and taking into account that ¢ is small and

fia(p) > 2%]3\%/“(3) - ]B|%u1(B), we observe that the maximum is attained in ¢,
which leads to

o) < [ oIVl + C%[BIF (B + 202000 = ),
R
concluding the proof of the lemma. O

Going back to the proof of Theorem |3} we can use inequalities as in the geometric
case (see the subsection The use of test functions), to obtain

fiz(p) < pa + Ce.
Making € — 0, the inequality is proved.
If equality occurs, then the mass displacement should involve only a set of zero measure,
otherwise the inequality is strict, independent on e.
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very nice alternative which, for the moment, faces the difficulty of handling the unknown
function u; and the interpretation of the test function g4Z across the diagonal set.
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