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Abstract

Let (X, g) be a closed Riemmanian manifold of dimension n > 0. Let A be the Lapla-
cian on X, and let (ex,)), be an L2-orthonormal and dense family of Laplace eigenfunctions
with respective eigenvalues (\g)r. We assume that (A;)x is non-decreasing and that the
er, are real-valued. Let (§)r be a sequence of iid AM(0,1) random variables. For each
L > 0 and s € R, possibly negative, set

fi= D2 N7gGe
0<X\;<L
Then, f; is almost surely regular on its zero set. Let N be the number of connected
components of its zero set. If s < %, then we deduce that there exists v = v(n,s) > 0
such that Nz ~ vVol,(X)L"/? in L' and almost surely. In particular, E[Nz] < L"/2. On
n

the other hand, we prove that if s = & then

Ln/2
E[Ny] = —— .
In (L1/2)

In the latter case, we also obtain an upper bound for the expected Euler characteristic of
the zero set of f7 and for its Betti numbers. In the case s > n/2, the pointwise variance
of fi converges so it is not expected to have universal behavior as L — +o0.
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1 Introduction

1.1 Setting and main results

In this manuscript we study the number of nodal components of random linear combinations
of eigenfunctions of the Laplacian on a closed Riemmanian manifold, that is, the number of
connected components of the zero set of such random functions. The study of such components
goes back to [NS09] where the authors consider random eigenfunctions with eigenvalue L of
the Laplacian on the sphere S? and prove that the number of components concentrates around
cL for some ¢ €]0,400[ as L — +oco. Later, in [NS16], a similar resuhﬂ was proved regarding
the number of components of general Gaussian fields on Riemmanian manifolds. Meanwhile,
using different methods, in [GWT16], the authors determined the rate of growth of
the Betti numbers of the nodal set for a particular model of random linear combination of
eigenfunctions on a Riemmanian manifold. Most of the arguments in these two papers were
quite general but required inputs from spectral analysis at a few key steps in the proof.
More precisely, the authors relied on a result from semi-classical analysis (see Theorem 2.3
of in which the authors extend a result from [HorG8|). Other works in this field

are [SWI6, BWT7, [KWTS| [CS16]. All of the aforementioned works study parametric families

of smooth functions (fz)r>0 on a manifold of dimension n that vary at a natural scale L~/
and that posess ’local limits’. In the case of [NS16] this is an explicit assumption while in

!Note however that the concentration rate is much weaker than in the former setting [NS09.



the other cases, it follows from results about spectral asymptotics. As a result, the number of
connected components in a fixed compact set is of order L™/2. In contrast, the recent
introduced a model of random linear combinations of eigenfunctions of the Laplacian on a
closed surface that did not have ’local limits’. A natural problem is to determine the rate of
growth of the number of nodal domains for this new model. The present work is set in the
continuation of the articles mentioned above and provides an answer to this question.

We consider a smooth compact Riemmanian manifold (X, ¢g) of dimension n > 0 with no
boundary. Let |dV;| be the Riemmanian density and A the Laplacian operator induced by
g on X. Let g~ be the metric induced on T*X by ¢. Since X is closed, the spectrum of
A is discrete and made up of a sequence of non-negative eigenvalues (A;)r>0. Moreover, on
can find a sequence of corresponding eigenfunctions (ex)gen (i.e., Aer = Agey for all k) that
are real valued, smooth and normalized so as to form a Hilbert basis for L?(X, |dVg|). Let
(&k)k>0 be a sequence of independent centered Gaussians of unit variance and, for each s € R
(possibly negative) and L > 0, set

=) Age (1)
0<X; <L
This formula defines a smooth Gaussian field on X which we call cut-off fractional Gaus-
sian field because of the cut-off \; < L and the fractional power —3. A simple calculation
shows that the covariance function for f; is

Elfi()fi(y)] == Ki(z,y) = > A ej(@)e;(y).
0<\,; <L
The behavior of K7 near the diagonal as L — +o0o was studied in for s <n/2. It
is well known, at least for s = 0, that for L large enough, the nodal set Zp, = {z € X' | fi(z) =
0} is almost surely smooth (see Lemma below). We are interested in Nz, the number

of connected components of the nodal set. In the case where s < n/2, combining results
from and [NSI6|, we deduce the following result:

Theorem 1.1. Suppose that s < n/2. Then, there exists a (deterministic) constant vy, s > 0
depending only on s and n such that L~™/2Ny, converges to Up,sVolg(X) in L' as L — 4o00.

On the other hand, in the case where s = n/2, the asymptotic behavior of the field is
quite different (see Theorem 1.2 of [RivI7b| or Theorem [[4). In particular, it does not have
non-trivial local limits. In this case, we prove the following result:

Theorem 1.2. Suppose that s =n/2. Then, there exist constants 0 < ¢ < C < 400 where C
depends only on n such that for L large enough,

Ln/2 Ln/2
Vol (X)——2— < E[N,] < CVoly(X) =
o (LV2) o (L12)



Moreover, there exists p = p(X) < +o0 such that if N1,(p) is the number of connected compo-
nents with diameter at most pL=/2 then

/2

Jin (£72)

Remark 1. We choose to keep the LY/? inside the logarithm in the statement ot Theorem L2
and below because L™/2 is the correct scaling for the typical variation length of the field. Thus,
L~Y2 is a more natural quantity for our results than L.

E[NL(p)] > cVol,(X)

Remark 2. The upper constant is explicit, as explained in Theorem [L.3 below.

Remark 3. In the case where s =1, the field f} is the cut-off Gaussian Free Field introduced
in [Riwl7d]. By construction, this field converges in distribution to the Gaussian Free Field

(see [ShelTd]). In this case, Theorem [LZ implies that in dimension n = 2, E[NL] < ﬁ
n

while in dimension n >3, E[Ny] =< L2,

Remark 4. In the case where s > n/2, the results of [RivI7l] do not give asymptotic results
for the pointwise variance of the field. This is because, by Weyl’s law, A\ = k?/™ so the
variance of fi(x), which is, ZO<>\j§L )\j_s, converges as L — +oo. In particular, it depends
on the geometry of X.

For the lower bound, the most common strategy is to construct a 'barrier’ (see for instance
Claim 3.2 of [NS09] or Corollary 1.11 of [GWI6]). This amounts to constructing a model
function with a nodal component inside a given ball and proving that the field does not
deviate too much from this model with positive probability. In this case, the barrier cannot
hold with probability bounded from below without contradicting the upper bound. However,
by pinning the field near zero at a given point, we manage to construct such a barrier losing
only a factor of y/In (Ll/z). For the upper bound, we follow the approach of [GW14]. Indeed,
although their main result doesn’t apply, their strategy still does. The strategy of [GW14] is
to count the critical points of a Morse function on the nodal set Z;, = {z € X : fi(z) = 0}.
This provides not only an upper bound on the number of nodal components but also the
following result:

Theorem 1.3. Assume that s = n/2. For each L > 1 let x(Zr) be the Euler characteristic
of Zr, and for each i € {0,...,n — 1} let b;(Z1) be the i-th Betti number of Z. As L — +0o0,
/2

Elx(Z1)] = o W



Moreover, for each i € {0,...,n— 1}, if b;(Z1) = ranky H;(Z1;Z) is the i-th Betti number of

ZL;
\/In (L1/2) '
limsup ————E[b;(Z1)] < A}, Voly(X)

L—+00 Ln/?
where A' is defined as follows. Let M be a centered Gaussian vector with values in the space
of symmetric matices Sym,,_;(R) satisfying for any i, j,k,1 € {1,...,n — 1} such that i < j,
k <k and (i,5) # (k,1), E[MuM,;] = E [M%] =1, E[M2] =3 and E [Mi;My] = 0. Then,

i - Elldet(M)[L[sgn(M) = 4]
n \/ﬂ.n—l—122n—1n(n+2)n—1 )

Here sgn denotes the number of negative eigenvalues of the symmetric matriz M.

In particular, for the upper bound in Theorem one can set C' = A%,

1.2 Proof strategy
The crucial tool for the proof of Theorems [T and [[L2lis the following result from [Riv17h]. It

provides an estimate for the covariance of Kj. Recall that g~ ! is the metric induced on T*X
by g. Given (w,§) € T*X, we write [£]2, := g, (£,€).

Theorem 1.4 (Corollaries 1.4 and 1.5 of [RivI7h]).

1. Assume that s < n/2. Fiz xo € X and consider local coordinates v = (x1,...,Tp)
centered at x such that |dV,| agrees the Lebesque measure in these coordinates. Then,
there exists U C R™ a neighborhood of 0 such that for each o, € N", uniformly for
w € U and x,y in compact subsets of R",

. _ _ - 1 ey (18) (=i6)°
lim L2000 K (w+ L™ 22, w+ L7%) = / Mer S o d
L—+00 y L( y) (271')” €12, <1 ’6‘28 €

where for any v € N™ we set [y =v1 +v2++ Vn-

2. Assume that s =n/2. Fiz xg and a set of local coordinates centered at xq such that the
density |dVy| in these coordinates agreees with the Lebesque measure. Then, there exists
U C R" a neighborhood of 0 such that uniformly for x,y € U and L > 1

K3 (2,y) = ’(52:);’ (1n (£12) =, (21212 = y1) ) + 0(1).

Here |S™"71| is the area of the Buclidean unit sphere in R™ and In () := In(t) V 0.



3. Assume that s = n/2. Fiz xog € X and consider local coordinates v = (x1,...,y)
centered at x such that |dV,| agrees the Lebesque measure in these coordinates. Then,
there exists U C R™ a neighborhood of 0 such that for each o, B € N™ such that (o, ) # 0,
uniformly for w € U and L > 1,

L—+00 (2m)m |€|™

This estimate is the same as 1. restricted to the diagonal as long as («, 3) # 0.

1 i€) (—i€)P
lim L_(‘alﬂﬁl)ﬂagayBKz(%y)‘xzy:w - /|§|2 <1 Mdf

The original result is somewhat more general and in particular provides an estimate of the
error terms in each case but since our results are bounds up to a constant factor, these will
not be of use to us.

As we shall see in Section [2] this result implies that for s < n/2, the family (f})r>1 satisfies
the assumptions for the main result of [NS16] which directly implies Theorem [IT] .

We prove the upper and lower bounds Theorem in two separate sections. For the upper
bound, we follow the strategy of [GW14]. More explicitely, we fix a function p € C*°(X) with
at most a countable number of critical pointﬂ. For each ¢ € {0,...,n — 1}, each L > 1 and
each Borel subset B C X, let m;(p, fr, B) be the number of critical points of p|z, of indexd i.
In Section [ we prove the following theorem.

Theorem 1.5. Let M be a centered Gaussian vector with values in the space of symmetric
matices Sym,,_;(R) satisfying for any i,j,k,l € {1,...,n — 1} such that i < j, k <1 and
(3,5) # (k,1), E[MyM;;] = E [Mﬂ =1, E[M2] =3 and E [Mi;My] = 0. Then, for L large
enough, Zp, is almost surely smooth, p|z, is almost surely Morse and for any Borel subset
BcCcX,as L — +o0,

E [mi(p, f1, B)] ~ CnNoly(B)E [|det (M)[ L[sgn (M) = ] S - (2)

In (L1/2)

where

1
\/wn+122n—1n(n + 2)n—1

and where sgn(M) is the number of negative eigenvalues of the matriz M.

C, =

Theorem as well as Theorem will then follow from the Morse inequalities. For
the lower bound, we prove that given a ball of radius =< L~/2, the probability that this ball

2Such functions always exist since for instance Morse functions are dense in C°°(X).
3Recall that the index of a critical point of a given function is the number of negative eigenvalues of the
Hessian of this function at the critical point.



contains a nodal component is bounded from below by a constant multiple of (ln (Ll/ 2))_1/ 2,
This result actually holds for log-correlated Gaussian fields with only Holder regularity. More
precisely, in Section [§] we prove the following result.

Theorem 1.6. Fizn € N and U C R™ an open subset containing B(0,1). Let (fy)x>1 be a
family of continuous centered Gaussian fields on U satisfying the following properties.

1. There exists a < +oo for each x,y € U and A > 1,

[E [fa(@)fA@)] = In(A) + Iny (Alz —y[)] < a.

2. There exists a €]0,2] and b < 400 such that for each x,y € U and each A > 1 satisfying
E [(fa(@) = fa(®)’] < 0*A%z —y[*.

There exist p = p(a,b,a,n) > 0, K = K(a,b,a,n) > 0 and Ay = Ao(a,b,a,n) € [1,+00[
such that the following holds. Let C* be the event that f;l(O) has a connected component
included in the ball B(0,p/X). Then, for each X > Ag.

P [CA} > kIn(\)"V2.

Theorem [ plays the same role as the ’barrier lemma’ (Claim 3.2) of [NS09| or as Theorem
0.3 of [GW16]. However, in this setting, we do not (and cannot!) obtain a uniform lower
bound on the probability of having a nodal component inside a given small ball. Moreover,
the behavior of log-correlated random fields is quite different from that of locally-translation-
invariant random fields. Indeed, just as the aforementioned results were used to obtain lower
bounds on the expected number (and topology) of connected components of the nodal set,
Theorem will follow by packing X with disjoint small balls of radius < A\~ = L=/2 and
adding up the expected nodal components contained in each ball. The proof of Theorem
combines tools (see Lemma [B.]) from the theory of smooth Gaussian fields with the FKG
inequality (see Lemma [5.2)) from statistical mechanics.
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2 Proof of the main results

The object of this section is to prove Theorems [I1] and using the results presented
in Subsection as well as Theorem 3 of [NS16]. We start with the proof of Theorem [[]

As explained above, we simply check that Theorem [[4] implies that the field satisfies the
assumptions of Theorem 3 of [NS16].

Proof of Theorem[I 1. Fix 2s < n. By the first point of Theorem [[.4] for any xg € X and any
set of local coordinates on a chart U C & centered at xp and pushing |dV;| to the Lebesgue
measure, there exists a neighborhood V' of 0 in U such that we have

1 .
. s—n/2 775 —1/2 -1/2,\ ._ i{§x—y) || —2s
lim L KL(w—i-L r,w+ L y) = 2 /E?USIe [§172dg

L—+o00

where the convergence takes place in C*° with respect to (z,y) € V x V, uniformly with
respect to w € V. This shows that the kernels Kj have, in the terminology of [NSI6],
translation-invariant limits on V' (see Definition 2 of ME and that it satisfies the norm
estimates required for the parametric Gaussian ensemble (see Definition 1 of [NS16]) to be
locally uniformly controllable (see Definition 4 of [NS16]) on V. The spectral measure at w
equals

puw(€) = €[> 1 [|€]7 < 1] d¢

so it has no atoms and for each i,7 € {1,--- ,n}, by parity,
1
lim 8,,0,,L° "2 K} — / &5l 2d
L—1>I-Eooa @ayg L(‘Tay)’y— = (27‘(’)" Iglgjglé-&]’é‘w €

Oij / 9-2
_ €2725de > 0.
n(2m)" Jigz <1 d

In particular, the ensemble is locally uniformly non-degenerate (see Definition 3 of [NS16])
and, together with the previous estimate on K7, it is locally uniformly controllable. Since,
finally, the spectral measure has no atoms, the Gaussian ensemble (Ls/ 2-n/4 fL) L>0’ in local
coordinates, defines a tame ensemble (see Definition 5 of [NS16]). Moreover, since such charts
exist around each xg € X, by the criterion given in Subsection 1.4.1 of [NS16|, the sequence
(LS/Q_"/4fL)L>O forms a tame parametric Gaussian ensemble on X" (see Definition 6 of [NS16]).
Thus, by Theorem 3 of [NSI6] and the remark 1.5.2 that follows it, there exists a locally finite
(and therefore finite since X’ is compact) Borel measure ny, on X such that the sequence

(L"/QNL)L converges in L' to ne(X) < +o0o. Recall that the parameter L in Nazarov and
Sodin’s theorem corresponds to L'/2 of the present work. All that remains is to show that
this quantity is positive. Moreover, according to the third item of Theorem 3 of [NS16], the
density of n,, with respect to |dV,| at a point € X is given by the constant v given by

4The parameter L used in corresponds to the quantity L'/? of the present work.



item (p3) of Theorem [NSI6] for the limiting ensemble at the point z. Note that we may
always require that the measure-preserving coordinates around zy be isometric at xg (i.e.,
we assume that the differential at xg of the diffeomorphism defining the local coordinates
is an isometry from (7T,,X, gz,) to R™ equipped with the Euclidean scalar product). If so,
the limiting spectral measure depends only on n and s. Thus, v = v, is constant that
depends only on n, s and n = v, 5|dV,|. Moreover, since the support of the spectral measure
contains 0, it satisfies Pjetro Majer’s interior point criterion (see Appendix C.2 of [NSI6])
which in turn implies condition (p4) for Theorem 1 of [NS16]. This shows that 1, s > 0 and
S0 Moo (X) = vy, s Volg(X) > 0. O

Next we check Theorem

Proof of Theorem[I.3. Fix p € C*(X). By Theorem [[5 p|z, is almost surely a Morse
function. By the (weak) Morse inequalities (see Theorem 5.2 of [Mil63]), we have first for each
ied{0,...,n—1},

bi (Zr) < mi(p, fr, X)
where the m; are as in Theorem Taking expectations, by Equation (2I), we obtain the
upper bound on E [b;(Z)] announced in Theorem [[31 Theorem 5.2 of [Mil63] also implies
that

n—1
X(ZL) - Z ml(pu fL7 X) .
=0

Taking expectations and using Equation (2)) on the right-hand side, we get, as L — +o0:

n—1
) L L
E [x(ZL)] = CVolg(X) x > Rl det(M)|L[sgn(M) = i|] ———+0 [ ———— | (3)
i=0 In (L1/?) In (L'/2)
where C),, = L and M is as described in the statement of Theorem [I.3]

\/ﬂ-n+122n71n(n+2)n71
Observe now that since M is a symmetric matrix, then

n—1
> (—1)| det(M)[L[sgn(M) = i] = det(M).
=1

Therefore,
n—1

> Elldet(M)[Llsgn(M) = i) = E[det(M)]. (4)
=0
Let us compute E[det(M)]. We claim the following:



Claim 1. Let M be a centered Gaussian vector in Sym,,(R) the space of m x m symmetric
matrices, with the following covariance structure: for anyi,j,k,l € {1,...,m} such thati < j,

k<l and (i,j) # (k,1), E[M;;M;;] = E[Mf]] =1, E[M2] = a > 1 and E[M;; My = 0. Then,
E[det(M)] = 0.

Proof. Since M is centered, M has the same law as —M. If m is odd, this implies that det(M)
has the same law as — det(M) so E[det(M)] = 0. Let us now assume that m = 2¢ with ¢ € N.

‘We have
II Mwa)] (5)
i=1

where G,,, is the set of permutations of {1,...,m} and sgn(o) is the signature of the per-
mutation o. Let us fix 0 € &,, and compute its corresponding term in the sum (). Let
i € {1,...,m} be such that o(i) # i. Then, M;,(; is independent from all the other factors
in the product except if the factor M, ;); appears. In other words, o(o(i)) = 4. Thus, if o has
cycles of order greater than two, its corresponding term in () vanishes. Let us assume that
o only has cycles of order either one or two and let k € {0,..., ¢} be the number of cycles of
order two of o. Then, o is conjugated to the product of transpositions (12)...(2k — 1)(2k)
(with the convention that o = id if & = 0. Moreover, since the law of M is invariant under
conjugation by permutation matrices, we have, by independence of the off-diagonal coefficients

E[det(M)] = Y sgn(o)E

og€EG,

m q k 2(q—k)
2
e | [Tatwo| - 2| 1T a6 <12 [ws] -2 | 1T a0
i=1 i=k+1 i=1 i=1
To compute the expectation of the product, we introduce Y1, ..., Y5(,_y) i.i.d centered normals

with variance ¢ — 1 and Y an independent centered normal with unit variance. Then, the
vectors (Mii)1<i<a(g—k) and (Y; +Y)i<i<a(q—r) have the same law so

2(q—k) 2(q—Fk)
E H M;; | =E H (Y +Y5)
=1 i=1

Developing the sum, by independence of the Y;, the only term with non-vanishing expectation
is B [Y2(q_k)] = (2(q — k))!I. Here, (2(¢ — k))!! denotes the product of all the odd integers
between 0 and 2(q — k). Thus,

E [H Mia(i)] = (2(g — k). (6)
i=1

Now, the number of permutations with k& cycles of order two and no cycles of higher order is

@Z) (2k)1. (1)

10



Indeed, the factor (gg) encodes the choice of the support of . Having fixed the support of
o, there are 2k — 1 choices for the image of the first element. Extracting the resulting two-
cycle from the support leaves 2k — 2 elements. Equation (7)) is then established by induction.
Combining ([B) with (@) and (@), we get

0
g 1
— ! —1)k
(20) kz_o( Y 2 =)
(29)! Z k(4
- (1)
|
24q — k
O
Using Claim [I (3)) yields
L
Ex(ZL)] =0 | ————
In (L1/2)
as announced. O

Finally, we check Theorem

Proof of Theorem L4 The upper bound follows with C' = A% by Theorem For the lower
bound, first, by the second point of Theorem [[.4] together with the compactness of X'; there
exist a constant a = a(X’) < +o0o such that the first assumption of Theorem is satisfied by

(fa)as1 = < f ﬁ> Lot in local charts of some atlas. Let us check that the second assumption of

Theorem [[.G]is also satisfied by this family of fields with a@ = 2. Consider U a local chart given
by Theorem [[4l Let V' C U a convex neighborhood of 0. Fix x,y € U. For each t € [0, 1] we

have x + t(y — z) € U. For such t, let u(t) = E [(f\/f(x) — fyp(z+ty - ;p)))? . Then, u is

11



twice continuously differentiable and we have w(0) = «/(0) = 0. Moreover, for each ¢ € [0, 1],
" 2
u(t) =2 | (du g1y fyry — 7))

+2E [ (fypla+ ty —2) = Fur@)) By fyrly — 2,y — o)

S2azawKL(Zyw) (y - T,y _‘T)

z=w=z+t(y—x)

1/2
2 (u(t)aiaim(z,w) =2y — 2y — vy — x)) .

z=w=z+t(y—x)
Here we used the definition of K as well as the Cauchy-Schwarz inequality. Applying the
third point of Theorem [[.4] to the derivatives of K in the right hand side of the last line of
the above computation, we have the following estimate: There exists C' = C'(n) < +oo such
that for each L > 1, and for any choice of z,y € V,

W(t) < CLw =y (1+ V(D)) -

Now, applying Taylor’s inequality up to order 2 to u from 0 to any t € [0, 1], we get

C
u(t) < —Llz —y|* (1 + [ sup u(s)) .
2 0<s<t
Assume now that v/L|z —y| < 1. For each t € [0,1], let v(t) = SUPp<s<¢ u(s). We have shown

that for each ¢ € [0, 1],
u(t) C’L 5 C

——<Llz—yl <
Trvem 2T
Comparing the first and third term, we get that v(¢) is uniformly bounded. Then, with this
information, the first inequality shows that there exists b < 400 depending only on C' such
that v(t) < bL|z—y|?. In particular, for each L > 1 and each z,y € V such that v L|z—y| < 1,

B | (fur(o) ~ £r)| = u(t) <o) < P le = o

Hence, Theorem does apply. Let p > 0, k > 0 and A\g < +o0 be as in Theorem Then,
there exists ¢ > 0 independent of X and A\; = A;(X) such that for each L > A3V A2, we can
find [¢/L™2Vol,(X)| disjoint balls of radius pL~'/? in X. By Theorem [LT, for such L, each

ball contains a nodal component with probability at least s (ln (Ll/ 2))_1/ ? and
—-1/2
E[Nz] > sl L"?Vol, (X)) <ln (LW)) .

This proves the lower bound with for instance ¢ = ¢’x/2. Finally, since X is compact, the
Fuclidean diameter of balls in local charts such as the one used above and the Riemmanian
diameter are comparable. Since the connected components constructed using Theorem
have Euclidean diamter less than p/A then we also have the second part of Theorem g

12



3 Differential geometry of smooth Gaussian fields

The object of this section is to apply classical results from the theory of smooth Gaussian
fields to our setting. These results will be used in Section @l Throughout this section X will
be a smooth manifold of dimension n > 0 and f be a real-valued Gaussian field on X with
covariance K. We will assume throughout that f is almost surely of class C?.

Condition 1. For each x € X, the Gaussian vector (f(x),dyf) is non-degenerate.

Condition 2. Let p € C*>°(X). For each x € X such that dyp # 0 and for any connection VP
on p~1(0) defined near x, the Gaussian vector (f(x),d,f, (VPdf|,-1(0))x) is non-degenerate.

Remark 5. Condition[2 is satisfied for any connection VP as soon as it is satisfied for one
particular connection.

Remark 6. Conditions[1l and[2 are diffeomorphism invariant.

Remark 7. As we shall see in Lemma[{.1] below, for any p € C>(X) the field (f}) satisfies
Condition[2 for s = n/2 and large enough values of L.

3.1 Manifold versions of classical lemmas for smooth Gaussian fields

In this subsection we state two general lemmas for smooth Gaussian fields. The statements
are slightly altered to fit the case of section-valued fields. We simply check that the Euclidean
case adapts well to this setting. First, let us introduce the following notation.

Definition 3.1. Let V,W be two n-dimensional vector spaces each equipped with a non-zero
n-form wy andwy. Let A:V — W be a linear map. We define the determinant dety,, oy, (A)
of A from (V,wy) to (W,ww) by the following equation
Afwy = det (A)wy .
wy ,Ww
Note that changing the sign of wy or wyy only affects the sign of the determinant so we
can speak of [ det|,, | w,|(A)] even when |wy | and |wy| are given only up to a sign.

The following lemma is an adaptation of the classical Kac-Rice formula to crossings of
sections of vector bundles. It is the main tool used in the proof of Theorem Before we
state the lemma, we introduce the following terminology.

Definition 3.2. Let X be a smooth n-dimensional manifold and let & — X be a vector bundle
on X. For each v € X, we denote by E, the fiber of £ at x. A random E-valued field on
X will be a collection of random variables (Fy)zex defined on the same probability space such
that for each © € X, the random wvariable F, takes values in E,. A Gaussian E-valued field
on X is a random E-valued field (Fy)zex on X such that for each x1,...,x, € X, the random
variable (Fy,, ..., Fy,) is a Gaussian vector in E, x -+ x Eg, .
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We have the following result, which is a variant of Theorem 6.4 of [AW09].

Lemma 3.3. Let X be a smooth n-dimensional manifold equipped with a smooth positive
density du and let E — X be a vector bundle on X of rank n. We equip E with positive
smooth density dv. Let ' be a Gaussian FE-valued field on X that is almost surely of class
C' and such that for each x € X, F, is a non-degenerate E,-valued Gaussian vector. For
each x € X, let vy, F, be the density of F, with respect to dv. Then, for any connection vE
on E, any Borel subset B C X, any section o of E defined in a neighborhood of B and any
peCX(T*XRE),

E Z © (:17, (VEF):B) =

z€B| Fr=0,
/BIE [90 (z,(VFF),)

Here, both quantities may be infinite.

Mz Vx

det ((VEF)m - (VEU)QD)‘ ‘ F, = am] Yo, (0z)dp(x) .

Note that (VEF)m — (VEU):B does not depend on V¥ at the points « where F, = 0.

Proof of Lemmal3.3. Since both sides of the equality are additive in B, we may restrict our-
selves to the case where £ — X is the trivial bundle U x R™ — U over some open subset
U C R™. Moreover, by considering F = F — ¢, and @(z,¢) = ¢(x,( — (dy0)) it is enough to
treat the case where o = 0. In this case, F' is just an R™ valued Gaussian field on U, and the
Rice formula (see Theorem 6.4 of [AWQ9]) applies. Therefore,

E Z o(r,d, I) Z/E[Cﬁ(ﬂfadxF)\det (do F)| | Fy = 0] v, (0)dz . (8)
2€B | Fy=0 B

Here, first, g, is the density of the measure of F'(x) with respect to the Lebesgue measure
dz. Second, we endowed TU with the Lebesgue density and det is the usual determinant,
ie., |det| = |detgy 4y | Let g,h € C°(U) be such that

du(z) = g(x)dz; dv,(v) = h(x)dv .

Then, for any L € Hom(7T,U,R"™), |det(L)|g(x) = |det,, ., (L)|h(z) and vr, = v, r,h(z).
Applying these identities to the right hand side of equation (8]), we get

Bl S plad)| = [ E[w(x,dm

zEB| Fr=0

det <dxF>' |72 =0 ). 9)

Vg,
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Finally, let V be a connection on E. Then, there is exists smooth family (A,)ecr of linear
maps A, : R” — Hom(7, U, R™) such that for any function f: U — R" and any z € U,

vfm = dmf+ (A:B o f)(:E) .

In particular,

E [go(:z:,dwF) det (dxF)‘ | F, = 0] =E [gp(x, (VE)) | det (VF),)| | Fp = 0}
Vg, M M,V
and in view of equation (@) we are done. O

In Subsection we will use the following lemma to prove basic facts about the regularity
of Zy ={r € X : f(x) =0} and functions defined on it. It is an easy application of Lemma

11.2.10 [ATQ7.

Lemma 3.4. Let X be a smooth manifold of dimension n equipped with a rank n + 1 vector
bundle E — X. Let v be an arbitrary positive smooth density on E. Let F' be a random field
on X with values in E. Assume that F is almost surely C* on X and that the random vector
F(x) has a density with respect to v, which is uniformly bounded for x in compact subsets of
X. Then, almost surely, for all x € X, F(x) # 0.

Proof. Firstly, since X is paracompact we may assume that £ — X is the trivial bundle
over some open subset U C R" so that F is an R"*! valued Gaussian field on U. Next, the
assumption on the density of F, does not depend on the choice of v so we may assume that
it is the Lebesgue measure. Since U is covered by a countable union of closed balls, it suffices
to check the conclusion of the lemma for T" a compact subset of U of Hausdorff dimension n.
The fact that F is almost surely C'! implies that its covariance is continuous. Since for each
xeT, F(x)=(Fi(z),---, F,(x)) has locally bounded density and 7" is compact, its density is
bounded on T'. Finally, since T is compact and the partial derivatives of F' are almost surely
continuous, they are almost surely bounded on 7. Hence we can apply Lemma 11.2.10 of

[ATO07] with u = 0 € R**L, O
3.2 Almost-sure properties of Z;

In this subsection, we use Lemma 34 to prove that Zy = {x € X : f(z) = 0} is almost surely
smooth and that if we restrict an adequate deterministic function to Z then it is almost surely
Morse. We begin by treating smoothness.

Lemma 3.5. Assume that f satisfies Condition[d. Then, Zy is almost surely a C? hypersurface
of X.

Proof. The random field F' = (f, df) is a Gaussian random field on X’ with values in R x T*X'.
Moreover, it is almost surely C' since f is almost surely C?. In addition, since f satisfies
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Condition [l the components of F' have positive variances. Therefore, by Lemma [34], almost
surely, there is no € X such that F(x) = 0. Therefore, f is almost surely regular on Zy.
Since f is of class C2, Z ¢ is almost surely a smooth hypersurface of X" of class C?. O

We now briefly recall the definition of the Hessian of a function at its critical point.

Definition 3.6. Let X be a smooth manifold. We equip T*X with a connection V. Let
f € C*(X) and x € X be such that d.f = 0. Then, (Vdf) : TfX x TfX — R defines a
symmetric bilinear form that does not depend on the choice of connection V. We call this
map the Hessian of f at x and denote it by Hess(f)(x). In particular, for any local chart
v:UCX = yU) CR”, any x € U such that dy f =0 and any v,w € T, X,

A0y (f 0 71 (v, w) = Hess(f)(2)((dot) " 0, (dotp) " w)) - (10)

The following lemma will be useful first to prove the next almost sure result about Z; and
to characterize the signature of the Hessian of a function restricted to Z; in terms of f near
this point.

Lemma 3.7 (Lemma A.3 [GW14]). Let X be an n-dimensional smooth manifold. Let f,p €
C%(X) and fix g € X. Assume that dy, f,dp,p # 0 and that dy,p = Ady, f for some A € R\{0}.
Then Ly = f~Y(f(z0)) and L, = p~*(p(x0)) are both smooth in a neighborhood of xo and

Hess(pl., ) (o) = —AHess(f]z, ) (xo)

Here, note that the condition dy,p = Ad,, f implies that both f|r, and p| ; are singular
at o so their Hessian at x¢ are well defined bilinear forms on T},L, and T, Ly respectively.
But these two tangent spaces are naturally isomorphic to the same subspace of T, R" so it
makes sense to compare the two Hessians. Gayet and Welschinger state and show this lemma
in a coordinate free language. Here we provide a proof in local coordinates.

Proof of Lemma[37]. Without loss of generality, we may replace (X, xg) by (U,0) where U is
an open neighborhood of 0 in R”. We may also assume dyf = dop = dx,, f(0) = p(0) = 0.
Since dof = dx,, the following map is a local diffeomorphism at 0:

€r = ($17"'7$n) = (xlv"' ,ﬂj‘n_l,f(ﬂf))-

Moreover, its inverse I’ satisfies doF = Id,,. The map F' is a local diffeomorphism at 0, say
from 0 € W C R™ to 9 € V C U. Let h € C?(U) be such that doh = dx,,. Then,

di(ho F) =d3ho (dgF)** + doh o (d3F)
=d3h + diF, .

Take first h = f. Then, the left hand side vanishes since f o F(z) = x,, and
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0=dif +diF,.
Next, take h = p. Then,

d3(po F) =dip+ d3F, .

Hence,

dpo F)=dip—dif. (11)

By symmetry of the initial assumptions, if P is the local inverse at xy of the map

z=(z1,...,25) = (1, ,xn_1,p(x)).

Then,

dg(f o P)=dyf —dgp. (12)
Therefore, it H =Ty Ly = TyL,, we have

Hess(p|r,)(0) = dj(p o F)|n = —dg(f o P)|g = —Hess(f]z,)(0)

where the middle equality follows from (I and (2] while the two others follow from
equation (I0). O

Finally, we prove the following result.

Lemma 3.8. Assume that f satisfies Condition[d. Let p € C*°(X) with an at most countable
set of critical points. Let X' C X be the regular set of p. Then, almost surely, Zy C X' and
plz, is a Morse function.

Proof. Firstly, for any critical point x of p, by Condition[2] f(x) is non-degenerate and therefore
almost surely non-zero. Since p has at most countably many critical points, almost surely, Z
stays in X”. By Lemma .7, for p[z,nxv, not to be Morse, there must be (z,v) € TA such that
f(z) =0, d,.f vanishes on the kernel of d;p, d,p(v) = 0 and Hess(f|,-1(p(2)))(2)(v,) = 0. Let
us prove that this is almost surely never the case. On the manifold X”, the kernel of dp defines
a smooth rank n — 1 vector bundle K on X. Let S(K) be the unit sphere bundle of K for some
auxiliary metric on K. Let VP be an auxiliary connection on T*p~!(p(x)). For each x € X’
and v € S;(K), let F(x,v) = (f(z),dsflk,, (VP(df|k)) (z)(v,-)). Let 7 denote the projection
map S(K) — &’. Then, (F(z,v))zvesk) defines a 7* (R ® K£* @ K*) valued Gaussian field
on S(K). But S(K) is a smooth manifold of dimension 2n — 2 while the image vector bundle
has dimension 2n — 1. By Condition ] Lemma B4l applies so, with probability one, the field
F does not vanish and p|z s is a Morse function. O
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4 The upper bound in the critical case

In this section we apply the results of Section Bl to prove Theorem First, in Subsection
4T we use Theorem [[.4] to compute the asymptotic covariance of the two-jet of fr at a given
point. Then, in Subsection we prove Theorem using this computation on the integral
formula provided by Lemma[B.3l In this subsection, we consider a closed Riemmanian manifold
(X, g) of positive dimension n and consider the family of fields (f})r>1 defined in Section [
for s = n/2. Since we have fixed s, we write fr, instead of f; and K, instead of K3 for the
rest of the subsection. Moreover, set Zp = Zy, = {x € X : fr(xz) = 0}. Recall that |dV}] is
the Riemmanian density induced by g on X.

4.1 Covariance computations

The object of this subsection is to prove the following Lemma.

Lemma 4.1. Let p € C®°(X) be a Morse function on X. Let IC be the vector bundle on
X' ={x € X, dyp # 0} whose fiber above x is Ker(d,p) C TpX. Fix xg € X. There exist VP
a connection on IC and local coordinates x = (x1,...,xy) defined on 0 € U C R™ centered at
such that the density |dV,| agrees with the Lebesgue measure in these coordinates and the follow-
ing holds. Let U’ be the regular set of p in these coordinates. For each x € U’ and L > 1, define
the centered Gaussian vector (X% (z), Y (x), Z*(x)) with values in R x R™ x Sym,,_;(R) as fol-
lows. Let X*(x) = \/ﬁfﬂx) Next, let Y (z) = (YE(x),--- YV E(2)) be L™Y/2d, f1, seen
as a n-uple in the local coordinates. Finally, let Z*(z) be L= VP (dfL|xc) ()|, seen as a sym-
metric (n — 1)-matriz in the local coordinates Then, for any i,j,k,l € {1,...,n— 1} such that
i # j§ and (i,7) # (k,1), uniformly for x € U’, the covariance matriz of (X*(z), Y (x), Z*(x))
converges as L — 400 to the following matriz.

n 0 0

x| 0 imd, 0
1 =
0 0 mg=

where ¢, is the (positive) constant defined in Lemmal].3 Moreover, E is the symmetric matriz
indexed by the pairs ((i,7), (k,1)) € {1,...,n—1}2 x{1,...,n—1}? such thati < j and k <
defined as WEW@I = E[Z%(2)ij Z%(2)ki]. We have for any i,j,k,l € {1,...,n — 1} such
that i < j, k <1 and (i,5) # (k,1), Ziijj = Zijij = 1, i = 3 and Z;5 5 = 0. In particular,
for L large enough, the field fr, satisfies Condition[2 on U’.

Proof of Lemma[f.1} We start with V} a connection on K. Fix zp € X and consider a local
coordinate patch U at xg given by Theorem [ 4] that is also isometric at zo (i.e., we assume that
the differential at x( of the diffeomorphism defining the local coordinates is an isometry from
(To X, gz,) to R™ equipped with the Euclidean scalar product). We have, in this set of local
coordinates, V1 (dfL|x)(2) |, = d2fLlx, + (Ax(dzfLlk,)) |k, where A € D(U; T*U @ K* ® K).
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Let x € C°(U) be equal to one in a neighborhood U of 0 and let V? = V¥ — yA. Then, V?
defines a connection on K. Let 4,5, k,l € {1,...,n — 1} such that ¢ # j and (i,j) # (k,1).
Moreover, with this choice of V?, we have, for each z € U’, Zp(z) = L™1d2 f|k,. Therefore,
the joint covariance of (X(x), Yt (z), ZL(x)) is equal to

L g L ) ,
n(L1/?) L@ ) mdyl&(ww) mdy L(@e)
1 | )
m Kp(z,x) T dy Ky (x,x) L3/2d dy K ()

1 2 72
L\/TTQ)d (33 IIJ‘) L3/2d d KL(II? IIJ‘) ﬁdxdyKL(IE,IE)

for any x € U. By applying the estimates of the second and third of Theorem [[.4] and since,
by parity, the integrals f| ¢2<1 1|77 (i€) ™ (—i€)P d¢ vanish whenever v+ 3 € N” has at least one
odd component, we get, for any 4,7, k,l € {1,...,n} such that i < j, k <l and (3,j) # (k,1),
uniformly for z € U’:

2
lim E[Vi(2)?] = 2;)71/5 3

el2<1 1§]™

. ) 1 6262
fhil<n—1, lim EI[ZLk(x)Zk = lim E[Z = kol
ifk,l<n  Hm [ Zie () Zyj ()] im [ f(x)?] SESTD /|£|2<1 \ﬂnd

The first statement then follows by the computations carried out in Lemmald2l To check Con-
dition 2] we check that the limit law is non-degenerate. Aside from the diagonal coefficients of
the symmetric matrix component, all the components are independent with positive variance.
As for the diagonal components of the symmetric matrix, their covariance is a positive multiple
of 2Id,—1 + J,—1 where J,_1 is the (n — 1) x (n — 1) matrix whose coefficients are all equal
to 1. But J,_1 is the covariance of the constant Gaussian vector with unit variance so it is
non-negative. Therefore, 21d,,_1 + J,_1 is positive definite. [l

The following lemma contains the integral calculations needed for the proof of Lemma [4]]
above.
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Lemma 4.2. Fizn > 2. We define the universal constant ¢, as follows.

2(n+1)/2 n/2)n /2 1
Cp = (n(ffl_;' )/2) — if n is odd and W if n is even.
Let B™ denote the Euclidean unit ball in R™. Then, for any i,j € {1,...,n} distinct,
‘5%—1’ B
@mm

1 £2 1
g = = »
@n)" /B e = a°
1 ¢ 1
ds = .
@n)" /B ORI

1 4 3
AR S
(2m)™ Jpn [€]" 4n+2)
Proof of Lemmal[{.3 First, by a polar change of coordinates we get

2 1 )
L d¢ = —/ w; dw
/B” 9K 2 Jgn—
& 1 /
e = - wiw? dw
/Bn 19 *7 1 g1

& 1/ 1
df = — w;dw .
/B" & 4 Jgn—

Here dw is the surface area for the unit sphere in R”. Moreover |S"™1| = |, gn-1 dw. To compute
the integrals over the sphere, we compare them to moments of Gaussian random variables.
Let X be a centered Gaussian vector in R™ with covariance Id,. Another polar change of
coordinates yields, for 1 <i < j < n,

—+00
| —E[1] = — e~ 2qy dw
(27T n/2 0 Sn—1

)
2 1 T 22 2
1:E[Xi]:72/ t"tem /dt/ wi dw
(2m)/2 Jo gn-1
1 Hoo
1= E[Xfo] = 72/ t"+3e_t2/2dt/ w?w?dw
(2m)"/2 Jo gn-1
1 Hoo
3=E[X}]= —7 / $n3e=1/2 gy / widw .
(2m)"/2 Jo gn-1

Now, for each k € N, let J, = f0+°° the=t*/24t. By integration by parts, for each k € N, we
have Jg19 = (k4 1)Jk. From this we deduce the following:

1 k! T
Ji 372 (/2)! \/; if k£ is even and 2 ((k—1)/2)!if k is odd.
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With this notation,

/ o — (2m)"/? B n(2m)"/?
Sn—1

Jn—l B Jn-i—l
Sn—1 ¢ Jn+1

Sn—1 L Jn+3 (7’L+2)Jn+1

/ A — 32m)n/2  3(2m)n/?
Sn—1 ! Jn+3 (n + 2)Jn+1 ’

Replacing these expressions in the original integrals yields the desired result (with ¢, =
1/Jn+1)- O

4.2 Proof of Theorem

In this subsection we prove Theorem The proof relies on Lemmas and Il Let
p € C°°(X) with an at most countable number of critical points. Let X’ C X be its regular set
and let K be the sub-bundle of TX” defined by the kernel of dp. For each i € {0,--- ,n — 1},
L > 1 and B C X Borel subset, let v;(p, fr, B) be the number of critical points of index i of
plz ; inside B. In addition to previous results will need the following elementary lemma:

Lemma 4.3. Let (XtL)teT,Lzl = (X1L7t,X2L7t)t€T7L21 be a family of centered Gaussian vectors
in R" x R™ with covariances Xy 1. Here T is any index set. Assume that, uniformly fort € T,
the sequence (Et,L)Lzl converges to some covariance matrix 3 corresponding to the Gaussian
vector X = (X1, X2) such that the vector Xy is non-degenerate. Let f : R™ x R™ — R
be a measurable function such that for each € > 0 there exist ¢ = c(e) < 400 for which
Ve e R" x R™, |f(z)| < cecll®, Then, uniformly fort € T,

Jlim E [f0XF) | Xk, = 0] = B[F(X)| X2 = 0]
Proof of Lemma[Z-3. Apply the regression formula (see Proposition 1.2 of [AW09]) to (X})
and use the dominated convergence theorem on f times the conditional density with respect
to the Lebesgue measure on R"™. The fact that X ; is uniformly non-degenerate guarantees
that for large enough values of the vectors XQL’t are all non-degenerate and that the conditional
inverse covariances of X/ are uniformly bounded from below by a positive multiple of Id,.
This and the sub-exponential bound on f guarantees the uniform integrability needed for
dominated convergence. O

We are ready to prove Theorem
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Proof of Theorem [I4. By Lemma 1] and compactness of X, for L large enough, fr, satisfies
Condition Pl so the smoothness of Z, and the fact that p|z, is almost surely a Morse function
follows from Lemmas and respectively. By Lemma B8] almost surely Z; C X’ so it is
enough to treat the case where B C X’. Secondly, the quantities on both sides of equation ()
are (at least finitely) additive in B so it is enough to prove the result for B inside any local
chart of some atlas. Fix ¢ € {0,--- ;n — 1}. Let 2y € X and consider VP a connection on
and z = (z1,--- ,x,) the local coordinates centered at zy provided by Lemma [.1] defined on
0 € U C R™ Let U’ be the regular set of p in these coordinates. Let |dz| be the Lebesgue
measure on U. Let |dt| be the Lebesgue density on the trivial bundle R =R x U on U. On U/,
the Euclidean scalar product restricts to the fibers of K (resp. K+, K*) and defines a density
|dz| (vesp. |dzt|, |dz*|). Let v = |dt| ® |dz*|. The product E = R ® K* is a rank n vector
bundle on U’. Fix B C U’. In order to compute E [m;(p, f, B)], we wish to apply Lemma [33]
However indicator that the Hessian of fr restricted to K has signature ¢ is discontinuous. We
need to approximate it by suitable test functions and justify the convergence of the formula.
In other words, we need to prove the following claim:

Claim 2. Given x € U, conditionally on the event that f(z) =0 and d,f|x =0, let SF(x) be
the event that Hess(p|z,) has signature i. The quantity E[m;(p, fr, B)] is the integral against
|dx| of the following density

?|

Proof. In the bundle T*X ® E, ignoring the R factor and restricting 7T*X to K*, we obtain a
map p: E — K*® K*. Let p € C(K* ® K*), which we see as a function in C®(T*X ® E)
composed with the aforementioned map p. We apply Lemma to the sections (F}), and
(04)z of E defined by F, := (fr(x),dsfL|k,) and o, = 0. The lemma applies for L large
enough by Lemma [A.Il We deduce that

|gme|ty((dIfL7vpde‘Kz) (‘T))‘ 1 [SZL('Z')] ‘fL(‘T) = 07 dfo‘lC =0 le/,(fL(:c),d,chhcz)(O) .
(13)

E 3 o (VPdfy () (14)

x€U’ ¢ fr(2)=0,de 1|k, =0

is the integral over B against |dx| of the following density

det ((dyfr, VPdfLlx,) (x))

de|,v

| 1) = 0, defile, = 0| Yo @rdeszle, (0)
(15)
Now fix i € {0,...,n — 1} and let ¢ : K* @ K* — {0,1} be defined as ©'((x,7,)) is the

indicator that the bilinear form 7, is non-degenerate and has signature i. The function ¢ is
bounded and continuous on * ® K* except on the set ® C K* @ K* of (x,n,) such that said

E [90 (V7df ()
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bilinear form is degenerate. Let (¢;)en be a sequence of functions in C2°(K* @ K*) taking
values in [0, 1] converging pointwise to ¢' on the complement of ®. We study (I4) and (IH)
with ¢ = ¢; and claim that as [ — 400 we obtain the same statement with ¢ = ', Let
us first check that (I4]) . Note that applying (I4)) with ¢ = 1 we deduce that the random
variables

> 1 (VPdfr(x)) (16)

{zeU’ : fr(x)=0,ds fr|xc,=0}

for [ € N are uniformly bounded by the integrable random variable
Card{z € U" : fr(x) =0,d.fr|xc, = 0}.

Moreover, by Condition 2l we may apply Lemma B4 to F, = (fr(z),ds fL|x,,det(VPdy, fr))
and deduce that a.s., VPd, fr ¢ ©. Thus, the random variable(I@) converges a.s. to

) o (VPdfL ()

{zeU’ : fr(x)=0,dzfrL|xc, =0}

as | — +o0o. Since the sequence is uniformly integrable, the expectation (Id]) with ¢ = ¢
converges to the same quantity with ¢ = ¢’. To show the convergence of the right-hand
side, we follow a similar strategy. As before, uniform boundedness follows by replacing ¢ by
the constant function equal to 1 in the expectation of ([IH]). Next, Condition 2] implies that,
Conditionally on fr(z) = 0 and d, f1|x, = 0, the Gaussian vector VPd, f is non-degenerate.
In particular, a.s., VPd,f ¢ © so ¢;(VPd,f) converges a.s. to ¢'(VPd,f) as | — +oo. We
conclude that for each z € B, the quantity (IH) with ¢ = ¢; converges when [ — 400 to the
same quantity with ¢ = ¢*. Moreover, it is uniformly bounded by

U(z) ::E[

det ((dzfr, VPdfrlx,) (x))‘ ‘fL(x) =0, dsfLlk, =0 7V7(fL(x)vd:CfL‘lCz)(O)

|dz|,v

To show convergence of the integrals it is enough to show that W is integrable on B. But by
the regression formula (see Proposition 1.2 of [AW09]), ¥ depends continuously on z. Thus,
by compactness of X, it is bounded and integrable on B. Thus, the quantity () with ¢ = ¢
is the integral over B of |dx| against the density (&) with ¢ = . We conclude the proof
of the claim by observing that by definition, ¢*(V?d,f) = 1 [SE(z)] and my(p, fr, B) =
2 {a€B ¢ f1(@)=0, dsfrlic,=0} ¥ (V'daf)- -

Having established Claim 2] we set about simplifying the density (I3)). Note that |dz| =
|dzt| @ |dZ| so conditionally on d, fr|k, =0,

det (VP(dfLli)(@)|k,)]| -

\da|v da],|da*|

det (dof1. VLI, <:c>>\ ot ot
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For any z € U’ and L > 1, let (X% (), YE(x), Z%(2)) be as in Lemma Il Let Y () be
the coordinates of Y*(z)|x, in some orthonormal basis of K} and let ¥%(z) be the covariance

of (X% (x),Y*(z)). Then,

HdmeHeucl det (Vp(dfﬂ;c)(l‘)“cz) = Ln_l/2HYL(x)||eucl ‘det (ZL($))|

|dz|,|dz|

and
1

(2m)n/2L0=D/2, /in (L1/2)/det(SE (@)

Therefore, by equation ([I3)), E [m;(p, fr, B)] is the integral over B and against |dx| of the
following density:

Vo, (f1 (@) de flic, ) (0) =

E [IVE(2)|lcyar |det (ZE(2))| 1 [SE(2)] | XE(z) =0, YE(2)[c, =0]  L™/?
(2m)n/2/det(BL(z)) In (L1/2)

. an

By Lemma 1] uniformly for x € U,

lim det (25(2)) = n2' "¢,

L—+oco

To deal with the expectation, note first that by Lemma B.7] the event SiL (z) is exactly the
event that, either Y (z) is a positive multiple of d,p and the signature of Z%(z) is n—1—1, or
it is a negative multiple and the signature is i. Let (X°°, Y, Z°) be the centered Gaussian
vector with values in R x R"™ x Sym,,_; (R) with the following covariance structure. The three
components X, Y and Z*° are independent. X°° has variance nc,, Y*° has covariance

(¢n/2)I, and the covariance ﬁE of Z*° is determined by the following relations: for any
i,j3,k,l € {1,...,n— 1} such that i < j, k <[ and (4,7) # (k,1),
o3 S = Iy S = BIZR 2] =E[(25)] = o
ﬁzw = E[Z753] = 0.

By Lemmas LT and 3] we have, uniformly for x € U’,

E [V (@) ewet [det (2%(@)) | 1 [SF@)] | XE(@) = 0, YE(@)x, = 0]
v~

E [HYOOHeucl |det (ZOO)| 1 [Szoo] ‘ X% =0, YOO|ICI = 0]
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where S7° is the event that either Z°° has signature n — 1 —4 and Y'* is a positive multiple
of d,p or that its signature is ¢ and Y*° is a negative multiple of d,p. Since the components
of (X, X Z>) are independent, the above limit equals

E IV leuct | Y|k, = 0] E [|det (2°°)| L[sgn (2°°) = ] - (18)
Let M = \/4(n + 2)/c, Z* so that M has covariance Z. Then, since Y*° has covariance
(cn/2)Id,, the quantity ([I8) equals
(cn /)2 (en/(4(n +2)) = D/2E [|det (M)| Lsgn (M) = ] .
Therefore, by equations (I7)) and ([I8]), as L — +o0,
/2

E[mi(p, fr, B)] ~ CpVoleya(B)E [|det (M)| 1[sgn (M) = i]] ——=
In (L1/2)

where

1
B \/,n-n+122n—1n(n+2)n—l ’

To conclude note that in the coordinates given by Lemma E] the density |dVj| corresponds
to the Lebesgue density so Vole,q(B) = Voly(B). O

Ch

5 The lower bound in the critical case

The object of this section is to prove Theorem The proofs of this section do not rely
on any result from the rest of the article. First, in Subsection 5.1l we prove two elementary
inequalities. Then, we use these to prove Theorem in Subsection

5.1 Two useful Gaussian inequalities

In this subection, we state two inequalities that follow easily from known results. The first is
an upper bound for the concentration of the maximum and combines the Fernique inequality
with the Borell-TIS inequality.

Lemma 5.1. Let g be a centered Gaussian field on a bounded subset V' of R". Assume that
there exist 0 < 0, D < 400 and « €]0,2] such that for all z,y € V

E [9(z)*] < o?
E [(9(z) — g(y))?] < D*|lz —y|*.

Then, g is almost surely bounded, its supremum M has finite expectation and there exists
C=0C(V,a) < +00o such that
E[M]<CD.
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Moreover, for each u > 0,

P[M > CD+u] <2 27"

Proof. By Theorem 2.9 of [AWQ9], it is enough to obtain a uniform bound on the expectation
of M. Let (X(x)), be an n-dimensional fractional Brownian motion of index a on V (see
for instance Definition 3.3.1 [CI13]), that is, X is a centered Gaussian field which is almost
surely continuous on V' and whose covariance is

E[X(2)X(y)] = % [l2[* + ly[* — |z —yl*] .

Since X is almost surely continuous and V' is bounded, its maximum on V is almost surely
finite. Since it is a Gaussian field, its maximum has finite expectation (see once more Theorem

2.9 of [AW09]). Let m = E[maxy, X]. For any =,y € V,
E [(DX(z) = DX(y))*’] = D?|lz —y|* > E [(g(z) - 9(»))?]
so that, by the Sudakov-Fernique inequality (see Theorem 2.4 of [AW09]),

E[M] < E[sup DX] = Dm < 400
\%4

and we are done. O

The second lemma deals with a certain type of event that we now define. For any set T,
we say that an event A C R” is increasing if for any = € A

{yeRT |Vt e T, yt) > z(t)} C A.

The following result is essentially due to Loren Pitt and says that Gaussian vectors with non-
negative covariance satisfy the FKG inequality. Loren Pitt stated it for finite dimensional
Gaussian vectors but the general case follows easily (see for instance Theorem A.4 of [RVIS]).

Lemma 5.2 ([Pit82]). Let (X¢)ier be an a.s. continuous Gaussian random field on a separable
topological space T with covariance ¥ = (0y5)ij. Assume that for each i,j € {1,--- ,n},
o > 0. Then, for any two increasing events A, B C RT (measureable with respect to the

product o-algebra),
P[X € AnB] >P[X € AJP[X € B].

5.2 Proof of Theorem

In this subsection, we use the inequalities of Subsection 5.1l to prove Theorem [[L6l Throughout
the proof, the constants implied by the O’s will be universal constants. The proof of Theorem
goes roughly as follows:
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e We show first that for p > 0 large enough, at distance p/\, we may assume that the field
is positively correlated, even after conditioning on f(0). This will allow us to use the
FKG inequality (Lemma [5.2) on points at distance p/A from 0.

e To detect a nodal domain, we want to estimate the probability that f)(0) < 0 and that
fx be positive on a sphere Sy of radius O(1/)) centered at 0. The difficulty comes from
the fact that f)(0) will typically take very low values (of order —y/In(\)) which we make
the second half of the event very unlikely.

e To deal with this difficulty, we restrict ourselves to the event that 0 > f,(0) > —1.
On this event, we show that fy being positive on a small spherical cap happens with
probability at least 1/3 (see Claim []).

e Since the field is positively correlated on Sy, we can "glue" the events that fy is positive
on spherical caps using Lemma

e We conclude by observing that P[0 > fy(0) > —1] =< (In()\)) /2,

Proof of Theorem[Id. Take p > 1 a parameter to be fixed later and for each A > p, set Sy
the sphere centered at 0 of radius p/\. For each A > p and each z,y € S),

E [f2(0)%] =In(}) + O(a)
E [f2(0)fA(x)] = In(A) —In(p) + O(a)
E[fa(z)fr(y)] = In(A) —In(p) + O(a) .

In particular, there exists A\1(p,a) < +oo such that for A > Ai(a, p), f1(0) is non-degenerate.
By the regression formula (see Proposition 1.2 of [AW09]), the field (fx(x))zes, conditioned
on f(0) is an almost surely Gaussian field with mean

Vo € Sy, E [fa(@) [ £4(0)] = [1+0 ((In(N) ™ (In(p) + a))] £2(0) (19)

and whose covariance at any z,y € Sy is by definition

E[(fr(@) = E[f2(2) | A(0)]) (W) = E [A®) | £0]) | £0)]

which equals

(In() —In(p) + O(a))*

() =In(p) +0(a) = ——"5""5 )

= In(p) + O(In(p)/In(\)) + O(a) + O(1) . (20)

In particular, there exists pg = po(a) < 400 such that if p > pg, then, for each A > p VvV Ay,
the vector (fi(z))zes, conditioned on fy(0) is positively correlated. Take A > \g. Let H* be
the event that for all x € Sy, fi(x) > 0. We want to find a lower bound for the probability of
H? conditioned on fy(0), on the event that f,(0) > —1. To this end we start by proving the
following estimate.
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Claim 3. There exists p1 = p1(a,b,a,n) < +00 such that if p > p1, for each X > pV A1 and
each x € Sy, on the event f)(0) > —1,

P [Vy € Sy B(z, 1/X), fily) > 0] /r(0)] = 1/3.

Proof. Fix p > pg, A > pV A and = € S). Set V), C B(0,1) be the set of z € B(0,1) such
that 4+ z/\ € S). For each z € B(0,1),

mx(z) = E[fa(z + 2z/A) | fA(0)]
ha(2) = fa(z + z/A) — ma(z)
gA(2) = ha(0) — ha(2) -
Then, we have, for each z € B(0,1),
@+ z/A) = ha(0) — ga(z) + my(2) . (21)

We will now show that, conditionally on f)(0) and on the event fy(0) > —1, with positive
probability, the three terms in the right-hand side of (2I)) satisfy inequalities that imply that
falx 4+ zA) > 0 for each z € V). Firstly, Equation (I9) shows that on the event f,(0) > —1,
mx(z) is bounded from below uniformly for each A and each z € V). Let m = m(a,n) > —oc be
a uniform lower bound. Next, conditionally on f(0), gy is centered and for each z, 2’ € B(0,1),

E [gx(2)* [ f2(0)] < E [ga(2)?] < 26%(2|* < 2b7
E [(92(2) — gx(2))? | £A(0)] AR [(fa(z + 2/X) = falz + 2//N)?] < 4b%[z — 2/|*.

Here we used that, by the regression formula (Proposition 1.2 of [AW09]), variances do not
increase under Gaussian conditioning. By Lemma[5.1](with V' = B(0, 1)) there exist a constant
C = C(n,a) < 400 and a constant ug = ug(b) €]0, +o00[ such that for each A,

p [ sup gx > Cb -+ ug ( fA(O)] <1/9. (22)
B(0,1)
By equation (20), uniformly in A > p,
E [17(0)* ] £3(0)] = In(p) + O(a) + O(1).

Also, conditionally on f(0), hy(0) is centered. Hence, there exists p1 = p1 (a,m,ug,b,C) <
—+o0 such that if p > py,

P [hn(0) > Cb +ug — m | f(0)] > 4/9. (23)

Here m, C' and ug depend only on a, b, & and n so p; depends only on a, b, & and n. Assume
now that f,(0) > —1. By Equation (ZI]), since for each z € V) we have m)(z) > m, the event

{hx(0) >C’b+u0—m}ﬂ—|{ Sup g >C’b+u0}
B(0,1)
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implies that Yy € Sy N B(z,1/)), fa(y) > 0. Hence, for each p > p1, each A > pV A1 and each
x € Sy, we have shown that on the event f)(0) > —1,

P [Vy € SxN B(x,1/X) frly) > 0] f2(0)] = P[hx(0) > Cb+ug — m | fA(0)]

—-P [ sup gy > Cb+ uyg ‘ fA(O)]
B(0,1)

>4/9 —1/9 by equations ([22]) and (23]
>1/3.

O

From now on, we assume that p > pg V p1. Cover Sy with N = N(p) balls (B;)1<i<n of
radius 1/\. Conditionally on f)(0), for each i € {1,..., N}, the event that the field f stays
positive on B; is increasing. Therefore, by the FKG inequality (Lemma [5.2]) we have, for each
AZ>pV A,

N
P[# | 110)] = [IP ¥ € B fs(a) > 01 0]

Now, by the previous claim, on the event that f\(0) > —1, the right hand side is greater than
37N, Consequently, for each A > pV Ay,

P[] =P [£1(0) <0, #)] > E [P [ 11(0)] 1[-1 < £1(0) <0
>3 VP[-1< f,(0) < 0] .

Since fy is centered and E[f(0)?] = In(\) 4+ O(a), there exist \g = Ag(a,p) < +oo and
k = k(a, p) > 0 such that for each A > Ao,

Choosing p = pg V p1, one can assume that A\g and s depend only on a, b, n and «. O
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