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Abstract

This article studies the targeted sequential inference of an optimal treatment rule (TR) and its
mean reward in the non-exceptional case, 7.¢e., assuming that there is no stratum of the baseline
covariates where treatment is neither beneficial nor harmful, and under a companion margin
assumption.

Our pivotal estimator, whose definition hinges on the targeted minimum loss estimation (TMLE)
principle, actually infers the mean reward under the current estimate of the optimal TR. This data-
adaptive statistical parameter is worthy of interest on its own. Our main result is a central limit
theorem which enables the construction of confidence intervals on both mean rewards under the
current estimate of the optimal TR and under the optimal TR itself. The asymptotic variance of the
estimator takes the form of the variance of an efficient influence curve at a limiting distribution,
allowing to discuss the efficiency of inference.

As a by product, we also derive confidence intervals on two cumulated pseudo-regrets, a key
notion in the study of bandits problems.

A simulation study illustrates the procedure. One of the corner-stones of the theoretical study is a
new maximal inequality for martingales with respect to the uniform entropy integral.
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1. Introduction

This article contributes theoretically to the burgeoning field of precision medicine, whose
general focus is on identifying which treatments and preventions will be effective for which
patients based on genetic, environmental, and lifestyle factors. It studies the targeted data-
adaptive inference of an optimal treatment rule (TR) from data sampled based on a targeted
sequential design. A TR is an individualized treatment strategy in which treatment
assignment for a patient is based on her measured baseline covariates. Eventually, a reward
is measured on the patient. Optimality is meant in terms of maximization of the mean
reward. We also infer the mean reward under the optimal TR.

We choose not to frame our statistical model into a causal one. To give an idea of how the
targeted sequential design unfolds, suppose nonetheless (in this paragraph only) that there
exists an infinite sequence of independent and identically distributed (i.i.d.) full data
structures consisting each of a set of baseline covariates and a couple of potential rewards
measured on a randomly sampled patient. The baseline covariates describe the
corresponding patient and the rewards are the two potential outcomes for the patient
corresponding with the two possible treatments. Only one reward can be observed, that
corresponding with the assigned treatment. A TR maps deterministically the baseline
covariates to one treatment; a stochastic TR does so randomly. The optimal TR is that TR
which maps the baseline covariates to that treatment with the larger mean reward. The mean
reward of the optimal TR is the average of the larger mean with respect to (wrt) the baseline
covariates. Until a number of observations deemed sufficient to begin to learn from them is
reached, treatment is assigned equiprobably regardless of the baseline covariates. Then,
sequentially, all observations collected so far (each consisting of baseline covariates, a single
treatment assignment and the reward resulting from it) are exploited to learn the optimal TR,
which is approximated by a stochastic TR from which the next treatment assignment is
drawn conditionally on the next observed baseline covariates. Our statistical model is a
submodel of the above causal model derived from it under sequential missingness.

The targeted sequential elaboration of our design and its companion inference procedure are
driven by two objectives. First, increasing the chance that each patient enrolled in the study
be assigned that treatment which is more favorable to her according to data accrued so far.
Second, increasing the robustness and efficiency of statistical inference through the
construction of targeted, narrower confidence intervals. The latter objective is appealing to
the investigators of the study, and the former to the patients enrolled in it and their doctors.
Indeed, a known disadvantage of traditional randomized clinical trials is that randomization
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interferes with the doctor-patient relationship: clinicians must admit to each potential patient
that it is not known which of the treatments would be best for her, thereby potentially
eroding their relationship. From an ethical perspective, a second disadvantage is that the
clinicians should believe that the treatments are equivalent wrt potential patient benefit, a
situation many of them find uncomfortable [29]. These two disadvantages would be
respectively considerably diminished and irrelevant in a trial based on our design, at the cost
of a more complex implementation. In addition, one may expect a gain in compliance.

The authors of [3] present an excellent unified overview on the estimation of optimal TRs,
with a special interest in dynamic rules (where treatment assignment consists in successive
assignments at successive time points). The estimation of the optimal TR from i.i.d.
observations has been studied extensively, with a recent interest in the use of machine
learning algorithms to reach this goal [24, 36, 37, 34, 35, 28, 20]. In contrast, we estimate
the optimal TR (and its mean reward) based on sequentially sampled dependent observations
by empirical risk minimization over sample-size-dependent classes of candidate estimates
with a complexity controlled in terms of uniform entropy integral.

The estimation of the mean reward under the optimal TR is more challenging than that of the
optimal TR. In [36, 37], the theoretical risk bound evaluating the statistical performance of
the estimator of the optimal TR can also be interpreted in terms of a measure of statistical
performance of the resulting estimator of the mean reward under the optimal TR. However,
it does not yield confidence intervals.

Constructing confidence intervals for the mean reward under the optimal TR is known to be
more difficult when there exists a stratum of the baseline covariates where treatment is
neither beneficial nor harmful [26]. In this so called “exceptional” case, the definition of the
optimal TR has to be disambiguated. Assuming non-exceptionality, confidence intervals are
obtained in [34] for the mean reward under the (sub-) optimal TR defined as the optimal TR
over a parametric class of candidate TRs, and in [18] for the actual mean reward under the
optimal TR. In the more general case where exceptionality can occur, different approaches
have been considered [4, 12, 17, 19]. Here, we focus on the non-exceptional case under a
companion margin assumption [21].

Because we are committed to providing robust and (more) efficient inference, we rely on the
targeted minimum loss estimation (TMLE) principle [31]. Succinctly, and focusing on
targeted maximum likelihood estimation, the first instance of TMLE [32], the procedure
consists in the following steps: (@) viewing the parameter of interest as a smooth functional

¥ evaluated at a law A, () computing a possibly highly data-adaptive initial estimator p?
of A (e.g., asuper learner), (c) defining a least favorable model through PV (i.e., a

parametric model through P? whose score spans the so called canonical gradient at P of the
derivative of ¥), (@) maximizing the log-likelihood over this model to define an updated
estimator P (possibly iteratively), (¢) defining the TMLE as the plug-in estimator w(P})
obtained by evaluating ¥ at the last update of the estimator of A,. Targeted maximum
likelihood estimation was naturally extended to targeted mininimum loss based estimation
by replacing the log-likelihood loss and least favorable model by any pair of loss and
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submodel whose generalized score spans the canonical gradient. The method has been
applied and advanced across a large variety of data structures, models, and target parameters.
Since it involves substitution estimators, TMLE should typically yield better performances
in small sample than one-step [13, 23] or estimating equations-based [30] estimators, which
are also not as general. We can build upon previous studies on the construction and
statistical analysis of targeted, covariate-adjusted, response-adaptive trials also based on
TMLE [6, 38, 7]. One of the cornerstones of the theoretical study is a new maximal
inequality for martingales wrt the uniform entropy integral, proved by decoupling [9],
symmetrization and chaining, which allows us to control several empirical processes indexed
by random functions.

Our pivotal TMLE estimator is actually constructed as an estimator of the mean reward
under the current estimate of the optimal TR. Worthy of interest on its own, this data-
adaptive statistical parameter (or similar ones) has also been considered in [4, 16, 17, 18,
19]. Our main result is a central limit theorem for our TMLE estimator. The asymptotic
variance takes the form of the variance of an efficient influence curve at a limiting
distribution, allowing to discuss the efficiency of inference.

We use our TMLE estimator to infer the mean rewards under the current estimate of the
optimal TR and under the optimal TR itself. Moreover, we use it to infer two additional data-
adaptive statistical parameters. The first one compares the sum of the rewards actually
received during the course of the experiment with the sum of the means of the rewards we
would have obtained if we had used from the start the current estimate of the optimal TR to
assign treatment. The second one compares the sum of the rewards actually received during
the course of the experiment with the sum of the counterfactual rewards we would have
obtained if we had used from the start the current estimate of the optimal TR to assign
treatment.

Both additional data-adaptive statistical parameters are “cumulated pseudo- regrets”. We
borrow this expression from the literature on bandits. Bandits have raised a considerable
interest in the machine learning community as relevant models for interactive learning
schemes or recommender systems. Many articles define efficient strategies to minimize the
expected cumulated pseudo-regret (also known as the “cumulated regret”), see [2] for a
survey. Sometimes, the objective is to identify the arm with the largest mean reward (the best
arm) as fast and accurately as possible, regardless of the number of times a sub-optimal arm
is played, see [11] for an in-depth analysis of the so called fixed-confidence setting where
one looks for a strategy guaranteeing that the probability of wrongly identifying the best arm
at some stopping time is no more than a fixed maximal risk while minimizing the stopping
time’s expectation. Here, we derive confidence intervals on the cumulated pseudo-regrets as
by products of the confidence intervals that we build for the mean rewards under the current
estimate of the optimal TR and under the optimal TR itself. Thus, the most relevant
comparison is with the so called “contextual bandit problems”, see [15, Chapter 4] for an
excellent overview.

Organization—Section 2 presents our targeted, data-adaptive sampling scheme and our
pivotal estimator. Section 3 studies the convergence of the sampling scheme, /.e., how the
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sequences of stochastic and TRs converge, assuming that a function of the conditional mean
of the reward given treatment and baseline covariate is consistently estimated. Section 4 is
devoted to the presentation of our main result, a central limit theorem for our pivotal
estimator, to the comment of its assumptions and to an example. Section 5 builds upon the
previous section to build confidence intervals for the mean rewards under the current
estimate of the optimal TR and under the optimal TR itself, as well as confidence intervals
for the two cumulated pseudo-regrets evoked in the introduction. Section 6 presents the
results of a simulation study. Section 7 closes the article with a brief discussion. All proofs
are given in [8, Section A]. Technical lemmas are gathered in [8, Sections B and C].

2. Targeting the optimal treatment rule and its mean reward

2.1. Statistical setting

At sample size n, we will have observed the ordered vector O, = (O, ..., Op), with
convention Oy = . For every 1 < /< n, the data structure O;writes as O;= (W, A;, Y)).
Here, W; € ¥ consists of the baseline covariates (some of which may be continuous) of the
#h patient, A;€ o/ = {0, 1} is the binary treatment of interest assigned to her, and Y;€ % is
her primary outcome of interest. We interpret Y'as a reward: the larger is Y, the better. We
assume that the space & = ¥ x.o/x%' is bounded. Without loss of generality, we may then
assume that % = (0, 1), /.e,, that the rewards are between and bounded away from 0 and 1.
Interestingly, the content of this article would still hold up to minor modifications if we
assumed instead # = {0, 1}.

Let u1/be a measure on % equipped with a o-field, 14 = Dirac(0)+ Dirac(1) be a measure
on .« equipped with its o-field, and yy be the Lebesgue measure on % equipped with the
Borel o-field. Define = py,® ua ® 1y, a measure on & equipped with the product of the
above o-fields. The unknown, true likelihood of O, wrt 127 is given by the following
factorization of the density of O, wrt 13"

"%Qogn<0”) = HQVV.O (WL) X gi(Ai|Wi) X Qyﬁo (YL|ALW2)7 (2 1)
i=1 .

where (i) w— Quo(w) is the density wrt £ 0f a true, unknown law on % (that we assume
being dominated by uy), (i) {y— Qyo(yjaw) : (aw) € s/x ¥} is the collection of the
conditional densities y— Qyo()/aw) wrt iy of true, unknown laws on % indexed by (a,w)
(that we assume being all dominated by uy), (7ii) g{1/W)) is the known conditional
probability that A;= 1 given W}, and (v)9,= (41, -.-, 95), the ordered vector of the 7 first
stochastic rules. One reads in (2.1) () that W, ..., W), are independently sampled from Qy,
00U (f)that Yy, ..., Yyare conditionally sampled from Qyo(-/A1, WA)dlty; ..., Qyo(/

An W) duy, respectively, and (7/7) that each A, is drawn conditionally on W;from the
Bernoulli distribution with known parameter g{1/W)).

In (2.1) and the subsequent text, subscript “0” stands for “truth” and refers to true, unknown
features of the distribution of the data. This notational convention will prevail throughout the
article.
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We introduce the semiparametric collection 2 of all elements of the form

Q = (deﬂvay (‘la,w), (a,w) € & x #'), or
Q = <QW f: Dirac(wg), Qy (-la, w), (a,w) € & x 7/)
k=1

with {w, ..., wyg} C . Here, Qyis a density wrt either /4 0r a discrete measure

K . . .
., Dirac(wg) (thus, we can take the empirical measure of W/ as first component of Q).

Each Qy (-/aw) is a density wrt uy. In particular, @y = (Qupodiws Qyo(-/aw), (aw) € o/ x
#) € 2. In light of (2.1) define, for every Q€ 2,

Lo (0n) = [T, Qu (W) x gi(AilW5) x Q. (YilAi, Wi). The set {£ g g,; Q€ Z}isa
semiparametric model for the likelihood of O, It contains the true, unknown likelihood

L g

Fix arbitrarily Q € 2. The conditional expectation of Y given (A, W) under Qis denoted Qy
(AW = T yOy (VA W)duy (). To alleviate notation, we introduce the so called “blip
function” gy characterized by gy (W) = Qy (1, W) — Qy (0, W). If gy (W) = 0 (respectively,
gy (W) <0), then assigning treatment A = 1 (respectively, A = 0) guarantees that the patient
receives the superior treatment in the sense that her mean reward is larger in this arm than in
the other one. If gy (W) = 0, then the mean rewards are equal. This characterizes an optimal
stochastic rule A Qy) given by

r(Qy)(W) =g, (W) 20} (22)

It is degenerate because, given W, the assignment is deterministic. Such degenerate
stochastic rules are usually referred to as freatment rules in the causal inference literature
(already used in Section 1, this expression abbreviates to TRs). When Q= @y, we denote Qy

= Qyo, 9y = Gyp, and (Qy) = 1.

The parameter of interest is the mean reward under the optimal TR,
Yo = EQO (Qy,o (ro(W), W)):fQY,O (ro(w), W) Qo (W)dpty, (w). (2.3)

Let & be the semiparametric collection of all stochastic TRs g, which satisfy g(1/W) =1 -
9(0/W) € (0, 1). From now on, for each (@, g) € 2x%, we denote Py, g4 the distribution of O=
(W, A, Y) obtained by drawing Wfrom @, then A from the Bernoulli distribution with
parameter g(1/W), then Y'from the conditional distribution Qy (-/A, W)auy. Letm ={Pgg4:
Q€ 2, g€ 7} We actually see yy as the value at any Py, 4 (g € %) of the mapping ¥ .
—|0, 1] characterized by
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U(P,,) = Eq (Qu (r@)(W). W), (2.4)

Obviously, the parameter ¥'(Pg o) does not depend on g. It depends linearly on the marginal
distribution Qyau,; but in a more subtle way on the conditional expectation Qy.

We have not specified yet what is precisely g, = (g1, ..., g5). Our targeted sampling scheme
“targets” the optimal TR 7 and yy. By targeting 7o, we mean estimating Qg based on past
observations, and relying on the resulting estimator to collect the next block of data, as seen
in (2.1), and to estimate yy. Targeting ywy refers to our efforts to build an estimator of yy
which allows the construction of valid, narrow confidence intervals.

2.2. Targeted sequential sampling and inference

Let {¢} /21, {&n} =1 be two user-supplied, non-increasing sequences with # <12, lim, ¢,=
lo >0and lim, &,= £ >0. For every n= 1, introduce the function G, characterized over
[-1, 1] by

12ty 5 1/2-t, 1
2 x %73 x+§) 1{-¢, <z <&}

Gol@)=tal{e < ~€ (1) Lo = &)+ (-

(2.5)

For convenience, we also introduce Geo = Gp; Where /, = 1 is chosen large enough so that
Iy = lo and &p; = £oo. Function Gy, is non-decreasing and ¢,-Lipschitz with

12—ty _ /2t _ o

Cn

A smooth approximation to x+— 1{x = 0} with values bounded away from 0 and 1, G, will
be used to derive a stochastic TR from an estimated blip function, see (2.11). This derivation
mimicks the definition of the optimal TR as the indicator of the true blip function being non-
negative. This particular choice of G, is one among many. Any other non-decreasing
function G, such that G(x) = t,for x< — &, Gx) = 1-t,for x= &, and G, x,rLipschitz
with «, upper-bounded by a finite xo could be chosen as well.

Loss functions and working models—Let ¢g° € % be the balanced stochastic TR
wherein each arm is assigned with probability 1/2 regardless of baseline covariates. Let g'¢f
€ 9 be a stochastic TR, bounded away from 0 and 1 by choice, that serves as a reference. In
addition, let L be a loss function for Qyq and 21 ,be a working model
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D10 =1{0Qy;:8€ B} C 2, ={Q,:Q € 2}

consisting of functions Qy,z mapping «/x7#" to [0, 1] (in the above display, Qy denotes the
conditional expectation of Y given (A, W) under Q € 2). One choice of L is the quasi
negative-log-likelihood loss function £X!. For any Qy € 2 bounded away from 0 and 1,
LX(Qy ) satisfies

—L*(Q,)(0) = Yog(Q, (A, W)+(1=Y)log (1-Q, (A, W)). (2.6)

Another interesting loss function L for Qyy is the least-square loss function LS 1tis
characterized at any Qy € 2y by

L®(Qy)(0) = (Y=Qu (A W) (2.7)

The loss function and working models will be used to estimate Qy.

Completing the description of the sampling scheme—We initialize the sampling
scheme by setting g1 = ¢P. Consider 1 </< 7. Since

QY,O =arg minEQo.g (L(QY ) (O) )’
Qy €2y

we naturally define

9" (A; W)

=
B; € argmin—>» L(Q, ,)(0;)
SeB; 1—1; YOI g (A W) 2.8)

and use Qy;as an estimator of @y based on O;;. It gives rise to gy,5;and 7;such that

Qyp, (W) = QY,Hi (17 W)_QYA,;'}Z- (Ov W)a (29)

TZ(W) = l{qY,Bi (W) = 0}7 (2.10)

two substitution estimators of the blip function gy and optimal TR 7, respectively.
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For smaller sample sizes / setting g;equal to r;would be hazardous. Indeed, there is no
guarantee that gy,; estimates well gyyg. Say, for instance, that gy; (1) is large by mere
chance for all win a data-dependent subset S;of 7. If we used g;= r; then future patients
with W€ S;would systematically be assigned to treatment arm a= 1 and the poor
estimation of gyp on S;could not be corrected, if needed. Thus, we characterize g;by setting

gi(1W) = Gi(ay,5,(W))-  (2.11)

This completes the definition of the likelihood function, hence the characterization of our
sampling scheme.

Note that choosing 4 = ...= #y, = 1/2 for a limit sample size /7y would yield g1 = ...= gy =
&P, the balanced stochastic TR. Furthermore, the definitions of G,and g, entail
straightforwardly the following lemma:

Lemma2.1: Setn= 1. It holds that

ui)leli/gn (Tn (u))|w) > 1/27 (212)

. - -
A2 gn(1=Tn(W)|w) = tn (2.13)

Lemma 2.1 illustrates the so called exploration/exploitation trade-off, i.e., the ability of the
sampling scheme to exploit the accrued information (2.12) while keeping exploring in
search of potential discordant new piece of information (2.13). From a different perspective,
(2.12) shows that TR r, meets the positivity assumption.

Targeted minimum loss estimator—Let ® be the set of all TRs, /.., the set of all
functions mapping 7 to {0, 1}. For each g € ¢ and p € ®., we define a function H,(g)
mapping ¢ to R by setting

1 A=p(W)}
HAD OV = —0wy (214

Introduce the following one-dimensional parametric model for Qyy:

{Qy s, 400 () = expit (10t Q.5 )42 Ho, (90))i€ € 6}, (2.15)
where & C R is a closed, bounded interval containing O in its interior. Let e, be
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L1 gn(Ai[W;)
£n € argmin— LY . (EN(05) ==,
S Qi EDOIEG T

which indexes a minimizer of the empirical loss along the fluctuation. Define

* _
QY,Bn.gn,rn = Qyﬂn,-gnﬂ'n (En> and

n

ZQ;BMTLM (rn(W3), Wi).

L1
/l/}n -
Nz (2.17)

Grounded in the TMLE principle, " is our pivotal estimator.

3. Convergence

For every p> 1 and measurable -7 — R, let ||/, be the seminorm given by
”f”ﬁ = I|QY,0| x ‘f‘pQw;odﬂW'
We introduce gy € ¢ given by

Go(LIW) = Goo(Q}/?o(W))' (3.1)

The stochastic TR gy approximates the TR ry in the following sense:

901 W) =ro(W)| < tecl{lgy,(W)| = Eoo}+31{lay, (W) <€} (3.2)

Therefore, if foo is small and if /gyo(W)/= Ewo, then drawing A from gp does not differ much
from drawing A from ry. Rigorously, the distance in total variation between the Bernoulli
laws with parameters go(1/W) and (W) equals 2Zw. On the contrary, if /gyo(W)/ < éco, then
the conditional laws of A given Wunder gy or 1y may be very different. However, if o iS
small, then assigning randomly A =1 or A= 0 has little impact on the mean value of the
reward Y.

We now study the convergence of r,to 7y and that of g,to gg. In each case, the convergence
is relative to two measures of discrepancy. For 7, we consider the seminorm ||, = 7|l (any
p=1)and

A(Tnv TO) = |EQO,rn (Qy,o (Av W))*EQO,rO (Qy,o (Av W))| (3_3)
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1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Chambaz et al. Page 11

By analogy, the measures of discrepancy for g, are

lgn=90ll, = llgn (L) =90(L1)l,,  (3.4)

A(gnv 90) = |EQ0,gn (Qy,o (Av W))_EQO.QO (QYAO (Av W))| (35)

Note that A(r;, fp) and A(g,, go) are the absolute values of the differences between the mean
rewards under the TRs r,and ry and the stochastic TRs g, and gy, respectively. As such, they
are targeted toward our end result, /e, the inference of yy, as shown in the following
lemma:

Lemma3.1: Setn= 1. It holds that

0 < W= Fqy ., (Quo (A W)=A(r,10) < Ira=rollis (35)

0:Tn

0 S ¢0*EQU,% (Qy,o (A, W)) S A(gru gO)+too+§oo (37)

The next lemma shows that the convergence of gy, to gy implies that of 7, to 7.

Lemma3.2: Setpz1. If||qyp,~ qyoll2 = 0p (1), then||r,— nollp = 0p (1) hence A(ry, 1) =
op (1)

Similarly, the convergence of gy, to gyg implies that of g, to go.

Lemma 3.3: Setp=1. It holds that0 < A(gp, go) <119n = Gollp- Moreover, if|| gy, = Gyoll2 =
op(1), then||gn = gollp = 0p (1) hence Mgy, go) = 0p (1)

4. Asymptotia

4.1. Notation

Consider a class & of functions mapping a measured space 2 to R and ¢: R — R. Recall

that &7 is said separable if there exists a countable collection &#* of functions such that each
element of 7 is the pointwise limit of a sequence of elements of #”. If ¢ - Fis well defined
for each 7€ 7, then we note ¢(#) = {¢-7- FE€ F}. In particular, we introduce the sets %1 , =

{GAay): Oy € 21 p}, (21,) ={NQy): QyE€E 2y p} (@l n21) and ¥ = U191

Set 6> 0, pa probability measure on 27, and let ~be an envelope function for &, 7.e, a
function such that [{x)| < Ax) for every f€ &, x€ 2". We denote M&,7, ||- [I2,,) the &
covering number of & wrt |2, /€., the minimum number of L2(z)-balls of radius &
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needed to cover . The corresponding uniform entropy integral wrt ~for & evaluated at 6

. ) .
is /- (0, F) = [ \/logsup,tN()fHFHQ,w T, || - Il2,.) e, where the supremum is taken over
all probability measures 4 on the measured space Z” for which ||Al ,> 0.

In general, given a known g € % and an observation Odrawn from Pg, o Z= g(AIW) is a
deterministic function of gand O. Note that Zshould be interpreted as a weight associated
with Oand will be used as such. Therefore, we can augment Owith Z, i.e., substitute (0,2)
for O, while still denoting (O,2) ~ Py, ¢ In particular, during the course of our trial,
conditionally on O/ 1, the stochastic TR g;is known and we can substitute (O;, Z) = (O,
gLAIW) ~ Pgy,g; for Ojdrawn from Py, 5. The inverse weights 1/g{A]W)) are bounded
because %7 is uniformly bounded away from 0 and 1.

The empirical distribution of O, is denoted £, For a measurable function £ ¢x0, 1] — RY,

. _ -1 n . . . _
we use the notation Frnf = n Zizlf(Oi, Zi). Likewise, for any fixed P 4 €M, Pg 4f=
EpfO,2) and, foreach /=1, ..., n,

PQO»Qif = EQ”OA,gi[f(OmZi)'Oi—l]a
Poygnd = %;EQOM[f(OhZz‘)\OiflL

The supremum norm of a function £ & X0, 1] — RZis denoted ||fjco. When d= 1, we

2 _
72, =P
Q(y,gre

2
denote %t I If Fis only a function of W then ||l =lllgyol“*Al2pg, gef.

For every Qyp€ 21 = U121 5 the blip function Qy4(1, )-Qy4(0, -) is denoted gy,zby
analogy with (2.9). We will often deal with seminorms ||, with = Qy - Qy g, for some Qy
€ 2yand 2y, € 2. A consequence of the trivial inequality (a - )% < 2(ua + (1 - W) t?)/
min(u, 1 - ¢) (valid for all g, 6 € R, 0 < v< 1), the following bound will prove useful:

1/2 X
0y~ < 2Mas Y278 % 1Qy =@l

; ’ Q(ngf
<21/g g x Iy —Qu -
g0 (4.1)

The constant 2||1/¢f||co is minimized at g'¢f = ¢P, with 2]|1/¢P||c0 = 4.

4.2. Central limit theorem

Our main result is a central limit theorem for ¢*. It relies on the following assumptions,
upon which we comment in Section 4.3.

Al  The conditional distribution of Y given (A, W) under @ is not degenerated.
Moreover, Pg, (|gyo(W)|>0) = 1.
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Existence and convergence of projections

A2  Foreach nz1, there exists Qy,0 € 21 ,satisfying

PQo gref L(@ Y.Bn,0 ):vaérg% . PQO gref L(QY.,@ ).

Moreover, there exists Qyz, € 2 such that, for all >0,

PQO_grefL(QY,BU)< lnf PQOTgrefL(QY)'
{QY €21Qy ~Qy 4 | za}

2,P

Qo,_qu

Finally, it holds that gy, = gyo.
A3  Forall p€E® and e € &, introduce

Qv 59,900 (€) = expit (logit(Q, , )+eH ) (g0)), (4.2)

where H,(gp) is given by (2.14) with g = go. For every p € R, there exists a
unique go(p) € & such that

: kl
20(p) € argminPay L Qs oD,

Reasoned complexity

A4 Theclasses 21 ,, L(21 ) and (21 ) are separable. Moreover, the following
entropy conditions hold:

J1(1, 21 )=0(V/n), J1(1,7(21n))=0(Vn), J, (1, L(21,n))=0(/n), where
each £, is an envelope function for L(Zy ;).

A4*  Let{8.} 1 be asequence of positive numbers. If §,= o(1), then A (8,21 ) =
o(1) and A(8p 1(21,5) = A1).

Margin condition

A5 There exist y1, y» >0 such that, for all £= 0,
Poy (0< gy, (W)| <t) < mit™.
We first focus on the convergence of the sequences of stochastic TRs g, and empirical TR
I» By Lemmas 3.2 and 3.3, it suffices to consider the convergence of gy, By (4.1), we

may consider the convergence of Qy,. By adapting the classical scheme of analysis of M-
estimators and exploitation of A5, we derive the following result.
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Proposition 4.1: Under A2 and A4, both || Qyg, = Qmouzlpoo/gref = 0p (1) and||Qyz,~qyoll
AGn go) = 0p (1) by Lemmas 3.2 and 3.3. IfA1 and A5 are also met, then||r, - 10112, g, gFef

= 0p(1) and||gn = Goij2,Pgy gef = 0p (1) as well.

Define now the data-adaptive parameter
Ur,0 = EQO (Qyo (rn(W), I/V)):EQO,rn (Qy,o (4, W)). (4.4)

By (3.6) in Lemma 3.1 and Lemma 3.2, we have the following corollary to Proposition 4.1:
Corollary 4.1: Under A2 andA4,0 < yy = yr,0 = 0p(1).

We now turn to the convergence of *. Its asymptotic behavior can be summarized in these
terms:

Theorem 4.1: Suppose that A1, A2, A3, A4, Ad* and A5 are met. It holds that
=y, 0=0,(1). Thus, by Corollary 4.1, 1 —y=o,,(1) as well. Moreover,

\/ n/ Zn (Yn—4r.0) js approximately standard normally distributed, where ., is the explicit
estimator given in (4.14).

Theorem 4.1 is a toned down version of Theorem 4.2 that we state and comment on in
Section 4.5. Section 4.3 discusses their assumptions and Section 4.4 presents an example.
Theorems 4.1 and 4.2 allow the construction of confidence intervals for several parameters
of interest, as shown in Section 5.

4.3. Commenting on the assumptions

Assumption A1 consists in two statements. The first one is a simple condition guaranteeing

that the limit variance of \/n(v), —,, () is positive. The second one is more stringent. In the
terminology of [26], it states that @ is not exceptional. If @ were exceptional, then the set
{we ¥ qyo(w) = 0} would have positive probability under Q. To a patient falling in this
set, the optimal TR A Qyyp) = 1 recommends to assign treatment A = 1 instead of treatment
A= 0. This arbitrary choice has no consequence whatsoever in terms of conditional mean of
the reward given treatment and baseline covariates.

However, it is well documented that exceptional laws are problematic. For the estimation of
the optimal TR 7, one reason is that an estimator will typically not converge to a fixed limit
on{weE ¥ qyp(w) =0} [26, 27, 19]. Another reason is that the mean reward under the
optimal TR seen as a functional, ¥, is pathwise differentiable at @y if and only if, Qy-almost
surely, either |gyo( )| > 0 or the conditional distributions of Y'given (A=1,W) and (A=

0, W) under @, are degenerated [19, Theorem 1]. This explains why it is also assumed that
the true law is not exceptional in [34, 18, 20]. Other approaches have been considered to
circumvent the need to make this assumption: relying on n+out-of-77bootstrap [4] (at the
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cost of a Vm=0o(v/n)-rate of convergence and need to fine-tune /), or changing the
parameter of interest by focusing on the mean reward under the optimal TR conditional on
patients for whom the best treatment has a clinically meaningful effect (truncation) [12, 16,
17].

To the best of our knowledge, only [19] addresses the inference of the original parameter at a
Vn-rate of convergence without assuming that the true law is not exceptional. Moreover, if
the true law is not exceptional, then the estimator is asymptotically efficient among all
regular and asymptotically linear estimators. Developed in the i.i.d. setting, the estimator of
[19] does not require that the estimator of 1y converge as the sample size grows. It relies on a
clever iteration of a two-step procedure consisting in (7) estimating well-chosen nuisance
parameters, including 7, on a small chunk of data, then (7)) constructing an estimator
targeted to the mean reward under the current estimate of 7 with the nuisance parameters
obtained in (7). The final estimator is a weighted average of the resulting chunk-specific
estimators. Adapting this procedure to our setting where data are dependent would be very
challenging.

Assumptions A2 states the existence of L-projections 0)7/3/7,0 of Qyyp onto each working
model 21 ,and their convergence to a limit L-projection Qyz, € 21 = U 12 . More
importantly, it states that the blip function gy 4, associated with Qy,z, equals the true blip
function gy associated with Qyy.

For any fixed TR p € R, the limit L-projection Qy,g, can be fluctuated in a direction H,(go)
characterized by p and Qyyq, see (2.14), (3.1) and (4.2). Assumption A3 states that there
exists a unique LK!-projection of Qyy onto this p-specific one-dimensional parametric model
fluctuating Qy,. In particular, when p = 7, the estimator of 1, at sample size 77, Qyy is

uniquely £K\-projected onto, say, Q’;UM. One of the keys to our approach is the equality

EQO (szo,n (rn (W), W)=ty 0 = EQO (Qyo (rn (W), W)) even if Ovo and Q;U_’,,n differ.
Proven in step 3 of the proof of [8, Proposition A.1], which states that " is a consistent
estimator of 0 (€, v, —1,, o=0, (1)), this robustness property is a by product of the
robustness of the efficient influence curve of the mean reward under r,, treated as a fixed TR,
see [8, Lemma C.1].

Expressed in terms of separability and conditions on uniform entropy integrals, A4 and A4*
restrict the complexities of the working models 2; ,and resulting classes /(2 ) and L(Z
1,n)- Imposing separability is a convenient way to ensure that some delicate measurability
conditions are met. Assumption A4* partially strengthens A4 because choosing §,, = 1/ v/n
@l n=1)in A4~ implies J, (1,.7,)=o( /n) for both ,= 2, ,and /= (2, ;) by a
simple change of variable. Section 4.4 presents an example of sequence {2 ;} 1 of
working models which meets A4 and A4*. Its construction involves VVC-classes of functions,
which are archetypal examples of classes with well-behaved uniform entropy integrals.
Restricting the complexities of the working models 21 ,, (2 ;) and L(2y p) in terms of
bracketing entropy is tempting because of the great diversity of examples of classes of
functions which behave well in these terms. Unfortunately, this is not a viable alternative,
since bounds on the bracketing numbers of 2; ,do not imply bounds on those of /{2y ;). As
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a result, we have to prove a new maximal inequality for martingales wrt the uniform entropy
integral to control several empirical processes indexed by random functions, see [8, Lemma
B.3].

Inspired from the seminal article [21], assumptions similar to A5 are known as “margin
assumptions” in the literature. They describe how the data-distribution concentrates on
adverse events, /.., on events that make inference more difficult. We have already discussed
the fact that inferring the optimal TR and its mean reward is less challenging when the law
of the absolute value of |gy( )| puts no mass on {0}. It actually occurs that the less mass
this law puts around {0}, the less challenging is the inference. Assumption A5 formalizes
tractable concentrations. It has already proven useful in the i.i.d. setting, see [18, Lemma 1]
and [19, Condition (16)]. By Markov’s inequality, A5 is implied by the following, clearer
assumption:

A5** There exists y, > 0 such that

11 = B, (Iave (W)™ 1{lay, (W)] >0}) <oo.

4.4. An example

In this section, we construct a sequence {21 ,},»1 of working models which meets A4 and
A4*, see Proposition 4.2. Let &#~ be a separable class of measurable functions from % to
[-1, 1]{0} such that {{we #: F (W) = . F € &, t€[-1, 1]} is a VC-class of sets. By
definition, &#~ is a VC-major class [33, Sections 2.6.1 and 2.6.4]. Thus, Corollary 2.6.12 in
[33] guarantees the existence of two constants K~ > 0 and a™ € [0, 1) such that, for every e
>0,

logsupN (e||1l5,,, 77, || -
i

) < K G)m' (4.5)

Let &#* be a separable class of measurable functions from # to [0, 2] such that, for two
constants K" >0, a* € [0, 1) and for every £> 0,

n n 1 2at
T ) < K (-) .
) K7 (2) o

logsupN (g]|2
o

For instance, &#* may be a VC-hull class of functions, /.e., a subset of the pointwise
sequential closure of the symmetric convex hull of a VC-class of functions [33, Section
2.6.3]. (The suprema in (4.5) and (4.6) are taken over all probability measures x on the
measured space #'.)
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We now use 7~ and &* to define the sequence {2; } 1 of working models. Let
F~=Up>1.7, and ZT=U,>,.Z, be rewritten as the limits of two increasing sequences of

sets {7, },>1and {#, },.>.. Set n= 1 and define
By ={(f".fN) e Fy x FLO< fT+f7 fT=f" <2}
For each 8= (F, 1) € B,, introduce Qy;gmapping .« x %/ to [0, 1] characterized by

Q4 =2 )+~ )+ ) - =),

2 4.7)

We define the 7th working model as 2; ,= {Qys: BE By} Itis separable because «#~ and
" are separable.

Because gy3= Qyg(1, ) = Qyp0, ) = F forevery = (F, ") € B, it holds that
r(Z1n) ={Hay; () 2 03:8 € Bpl={1{f7 () 2 0}:f" e Z } C{L{f7 () 2 0}:f" € 77}

which, by construction, is a fixed subset of a VC-class of functions, hence a VC-class of
functions itself. Moreover, (2 ,) is separable because 7 is separable and elements of &~
take only positive or negative values. These properties and (4.5), (4.6) are the main
arguments in the proof of the following result:

Proposition 4.2: The sequence {21 ;}n=1 of working models satisfies A4 (with L = L’ the
least-square loss) and A4*.

4.5. Asymptotic linear expansion, resulting central limit theorem

Theorem 4.1 is a summary of Theorem 4.2 below, whose main result is the asymptotic linear
expansion (4.15). The statement of Theorem 4.2 requires additional notation.

*

Let@y . d,,. dy,and Zq be given by

Q;O (A, W)= Qy,ﬂo.go,ro (e0(r0)) (A, W), (4.8)

g (W) = Q5 (ro(I0), W)= Eg (@3, (ro(W), W), (49)
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6,002 = By gr w0

* * \2
(dwgo +dyﬁo) :

2

PQ0¢90

(4.11)

*

Analogously, recall that @y, =Qy; ... (en)and letd, ., dj andZ,be given by

dtvﬂ (W) = Q;;Bn:gnﬂ'n (Tn(W)v W)fw;kw (412)

H{A=r,(W)}

dy, (0,Z)= 7

Y-y, .. .. (AW)),

(4.13)

p— * * 2
Zn = Pn(dv[/m +dYﬁn) ! (414)

Note that 4,

e Ay and I, are empirical counterparts to d;,, , d; ;and Zo.

Theorem 4.2: Suppose that AL, A2, A3, Ad, Ad* and A5 are met. It holds that
=1y, 0=0,(1). Thus, by Corollary 4.1, )" —po=o,,(1) as well. Moreover, =, = Zo + 04(1)
with%y > 0 and

Vn—Yr0=(Pn—Pq o, )dy +dy, ) +o,(1/ vn). (4.15)

Consequently, n/ Zn (¥n—=tra0) converges in law to the standard normal distribution.

Consider (4.9). It actually holds that the term £, (Q}, (ro(W),W)) equals o = Egy(Qy,
olro(W), W) (see step one of the proof of Corollary A.1 in [8, Section A.2]). This proximity
between Qyq and Q7. , follows from the careful fluctuation of Qy,B<sub>0</sub>- The proof of
Theorem 4.2 mainly consists in showing the consistency of " and (4.15). It is delicate
because it hinges on the control of empirical processes indexed by random functions which,

similarto @y, =Q,;, ... (¢n), are defined stepwise (B, yields g, and 7, and

altogether they yield &)).
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Set Q6 = (Quodpty Q3 (|a, w), (a,w) € o7 x #') € 2. The influence function d;, ,+d;

w,0

in (4.15) is closely related to the efficient influence curve D, (Qf, go) at PQS,QO of the
mapping ¥ ;@M — [0, 1] characterized by

\I}To (PQA,g) = EQ (QY (TO(W)» W))v (4_]_6)

the mean reward under Q of the TR 1 (possibly different from the optimal TR 1 Qy ) under
Q) treated as known and fixed. Specifically, in light of Lemma C.1 in [8, Section C],

d;o (O’ Z)+(l* (W):Dm (an gO)(O)

w,0

when Z= go(A|W). Consequently, ZOZPQO,,,O Dry (Q5,90)°.

If @y, = Qyp (astronger condition than equality gyz, = gy in A2), then Q;DZQY‘Q
(because ep(7p) from A3 equals zero) hence =), and, finally, the remarkable equality Zo
= Poo,90Pn (Qo, 90)?: the asymptotic variance of Vn(Wy,—,, o) coincides with the
generalized Cramér-Rao lower bound for the asymptotic variance of any regular and
asymptotically linear estimator of ¥ y(Pgy, 9p) When sampling independently from Py, 4
(see [8, Lemma C.1]). Otherwise, the discrepancy between g and Pgy go Oy (o, 90)2 will
vary depending on that between Qy 5, and Qyp, hence in particular on the user-supplied
sequence {21 ;}1 of working models. Studying this issue in depth is very difficult, if at all
possible, and beyond the scope of this article.

5. Confidence regions

We explore how Theorems 4.1 and 4.2 enable the construction of confidence intervals for
various possibly data-adaptive parameters: the mean rewards under the optimal TR and
under its current estimate in Section 5.1; the empirical cumulative pseudo-regret in Section
5.2; the counterfactual cumulative pseudo-regret in Section 5.3.

Set a confidence level a € (0, 1/2). Let £, <0 and &;1-42 > 0 be the corresponding a- and
(1 - a/2)-quantiles of the standard normal distribution.

5.1. Confidence intervals for the mean rewards under the optimal treatment rule and under
its current estimate

Theorems 4.1 and 4.2 yield straightforwardly a confidence interval for the mean reward
under the current best estimate of the optimal TR, ,,o.

Proposition 5.1: Under the assumptions of Theorems 4.1 or 4.2, the probability of the event

Ann Stat. Author manuscript; available in PMC 2018 February 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Chambaz et al.

Page 20

¢rn ,0 S

Ui a2

We need to strengthen A5 to guarantee that the confidence interval in Proposition 5.1 can
also be used to infer the mean reward under the optimal TR, yy. Consider thus the
following.

converges to (1 — a) as n goes to infinity.

AS5*. There exist 9, > 0, 9 = 1 such that, for all £= 0,

Fo, (0< gy (W)| <) < mt™.

Just like A5 is a consequence of A5**, A5* is a consequence of A5** where one substitutes
the condition j» > 0 for the stronger condition »» = 1.

Proposition 5.2: Under A5** there exists a constant ¢ > 0 such that
0< 1/}0—1/)7%’0 < CHQY.,en Ay, “3(1_’_72)/(34_72)- (5.]_)
Set y3 = 1/4+1/2(1+y») € (1/4,1/2]. By (6.1), I'f||erﬁn—Qyﬁ0”2(Pa)lgref = 0p(1/n73), then||

Qv = Gyoll2 = 0p (1n73), which implies 0 < 1o—1)y,, 0=0,(1/ /n)-

Therefore, if the assumptions of Theorems 4.1 or 4.2 are also met, then the probability of the

event
(O STENTRY %}

converges to (1 — a) as n goes to infinity.

Yo €

The definition of 3 in Proposition 5.2 justifies the requirement y» = 1 in A5*. Indeed, y3 <
1/2'is equivalent to y, = 1. Moreover, it holds that y3 = 1/2 (so that || Qy,s, = gyoll2 = 0p (1/
n73) can be read as a parametric rate of convergence) if and only if y» = 1.

5.2. Lower confidence bound for the empirical cumulative pseudo-regret

We call
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Sl=

Z Y QYO TTL Z)vwl))
= 5.2)

the “empirical cumulative pseudo-regret” at sample size n. A data-adaptive parameter, it is

_ n
the difference between the average of the actual rewards garnered so far, 7 lzizlyi, and
the average of the mean rewards under the current estimate 7, of the optimal TR 1y in the
successive contexts drawn so far during the course of the experiment,

n_IZQm (7'77,(VV7',)7 WZ)

i=1

The former is a known quantity, so the challenge is to infer the latter. Moreover, we are
mainly interested in obtaining a lower confidence bound.

Define Zo and Zn respectively equal to

By @y W) =(Qua (ro(W), W) =) 445 (0, 2))%, 5.3

—Z o (W) —=(Qy s, (rn(W2), Wi)—y0)+d2, (04, Z:))’,
(5.4)

_ n & &
with ¥ = n 1Zi:1an (rn(Wi), Wi). Note that Zn is an empirical counterpart to ZO.
The key to the derivation of the lower confidence bound presented below is (4.15), from

* _ n
which we deduce another asymptotic linear expansion for V(Y +E—n 1Zi:1

Proposition 5.3: Under the assumptions of Theorems 4.1 or 4.2, the probability of the event

&
ZY Uita 22

converges to (1 — a) as n goes to infinity.

5.3. Lower confidence bound for the counterfactual cumulative pseudo-regret

In this section, we cast our probabilistic model in a causal model. We postulate the existence
of counterfactual rewards Y(1) and Y},(0) of assigning treatment 2= 1 and a= 0 to the rth
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patient (all 7= 1). They are said counterfactual because it is impossible to observe them
jointly. The observed rth reward writes Y,= A,Y 1) + (1 - Ap) Y0).

We call

6, = EZ(E_E(Tn(Wi)))
= (5.5)

the “counterfactual cumulative pseudo-regret” at 7. It is the difference between the average

_ n
of the actual rewards garnered so far, 7 1Z¢:1Y;7, and the average of the counterfactual
rewards under the current estimate 7, of the optimal TR 7 in the successive contexts drawn

_ n )
so far during the course of the experiment, 7 lzizlYi(Tn(Wi)). Once more, the former is a
known quantity, so the challenge is to infer the latter. Moreover, we are mainly interested in
obtaining a lower confidence bound.

For simplicity, we adopt the so called “non-parametric structural equations” approach [22].
So, we actually postulate the existence of a sequence { U} ,»1 of i.i.d. random variables
independent from { O} =1 with values in % and that of a deterministic measurable function
Qyp mapping .o/ x % x % to % such that, for every 7> 1 and both a=0, 1,

Yn(a):QY.O (CL, an Un)

The notation Q yg is motivated by the following property. Let (A, W/ U) € o/ x # x 9 be
distributed from P in such a way that (7) A is conditionally independent from U given W,
and (i) with Y= AQyo(1, W, U) + (1 - A)Qyo(0, W, V), the conditional distribution of ¥
given (A, W) is Qyo(-|A Wauy. Then, for each a € <7,

Ep (QY.(J (CL, w, U)|W):EP (Qy,o (a7 W, U) |A:a7 W)
=Qy,(a, W). (5.6)

Although %, is by nature a counterfactual data-adaptive parameter, it is possible to construct
a conservative lower confidence bound yielding a confidence interval whose asymptotic
coverage is no less than (1 - a).

Proposition 5.4: Under the assumptions of Theorems 4.1 or 4.2, the probability of the event

Ann Stat. Author manuscript; available in PMC 2018 February 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Chambaz et al.

Page 23
converges to(1 - a ) = (1 - a) as n goes to infinity.

The key to this result is threefold. First, the asymptotic linear expansion (4.15) still holds in
the above causal model where each observation (O, Z;;) is augmented with U, (every n= 1).
Second, the expansion yields a confidence interval with asymptotic level (1 — a).
Unfortunately, its asymptotic width depends on features of the causal distribution which are
not identifiable from the real-world (as opposed to causal) distribution. Third, and

e
fortunately, Zn is a conservative estimator of the limit width. We refer the reader to the
proof of Proposition 5.4 in [8, Section A.3] for details. It draws inspiration from [1], where
the same trick was first devised to estimate the so called sample average treatment effect.

Linear contextual bandit problems—Consider the following contextual bandit
problem: an agent is sequentially presented a context w; € R has to choose an action a; €
{0, 1}, and receives a random reward y;= fa, wy) + e with fan unknown real-valued
function and e;a centered, typically sub-Gaussian noise. The agent aims at maximizing the
cumulated sum of rewards. The contextual bandit problem is linear if there exists 8= (&,
61) € R2%such that fla, w) = w' @,for all (a, w) € {0, 1} x RY At time ¢ the best action is

a; = arg maxazmwfea and maximizing the cumulated sum of rewards is equivalent to
e 9 T T
minimizing the cumulated pseudo-regret /2. = thlwt (ay0az —aiba,).

We refer to [15, Chapter 4] for an overview of the literature dedicated to this problem, which
bears evident similitudes with our problem of interest. Optimistic algorithms consist in
constructing a frequentist region of confidence for 6and choosing that action x4

maximizing a — manw;le‘a where ##ranges over the confidence region. The Bayes-UCB
algorithm and its variants follow the same idea with Bayesian regions of confidence
substituted for the frequentist ones. As for the celebrated Thompson Sampling algorithm, it
consists in drawing &from the posterior distribution of @and choosing that action a1

maximizing a thJrléa. Each time estimating @ (which is essentially equivalent to
estimating the optimal TR and its mean reward) is a means to an end.

Various frequentist analyses of such algorithms have been proposed. It notably appears that

the cumulated pseudo-regret R’; typically scales in O( \/T) with high probability, where O
ignores logarithmic factors in 7. This is consistent with the form of the lower confidence
bounds that we obtain, as by products rather than main objectives and under milder
assumptions on #Qy, for our empirical and counterfactual cumulated pseudo-regrets.

6. Simulation study

The simulation study is conducted in R [25], using the package tsml .cara. rct designed
for this purpose [5]. The package comes with a “vignette” showing how it works. In
particular, the vignette contains a step-by-step guide to carrying out a simulation study.
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We now present the results of a simulation study. Under @, the baseline covariate W/
decomposes as W= (U, V) € [0, 1] x {1, 2, 3}, where Uand Vare independent random
variables respectively drawn from the uniform distribution on [0, 1] and such that

Py, (V=1)=%,P, (V=2)=1 and P,, (V=3)=t1 Moreover, Y'is conditionally drawn given
(A, W) from the Beta distribution with a constant variance set to 0.01 and a mean Qy (A,

W) satisfying

Qo (1.W) = & (14 2cos(tUV)) , Qyy (0,W) = 4 (14+-4sin(3xU/V))..

The conditional means and associated blip function gy are represented in Figure 2 (left
plots, in [8] due to space constraints). We compute the numerical values of the following
parameters: yyp ~ 0.6827 (true parameter); VarpOOY P D(Qp, &P)(O) ~ 0.19162 (the variance
under Pg, 4 of the efficient influence curve of ¥ at Pg, b, /e, under gy with
equiprobability of being assigned A=1 or A=0); VarpOOng D(Qo, 90)(O) ~ 0.16662 (the
variance under P, 4, of the efficient influence curve of ¥ at Pg, g0, /.€., under Gy and the
approximation g to the optimal TR r); and VarpoOJD D(Qo, 1p)(0) ~ 0.16342 (the variance
under Pgy, r Of the efficient influence curve of ¥ at Py, r,, /€., under @y and the optimal TR

fo).

The sequences {f} 1 and {&},»1 are chosen constant, with values #o = 10% and éoo = 1%
respectively. We choose ¢¢f = ¢P as reference. The targeting steps are performed when
sample size is a multiple of 100, at least 200 and no more than 1000, when sampling is
stopped. At such a sample size 7, the working model 2; , consists of functions Qyz
mapping .« x 7 to [0, 1] such that, for each a€ ./ and v€ {1, 2, 3}, logit Qy.5(a (U, V)) is
a linear combination of 1, U, (2, ..., U%nand 1{(/- 1)/b,< U< It} (1 < /< b) with a,= 3 +
LA/5001 and £, = I2507. The resulting global parameter B belongs to R8(d747+1) (in
particular, R80 at sample size 7= 1000). Working model 21 , is fitted wrt L = £l using the
cv.glmnet function from package glmnet [10], with weights given in (2.8) and the

option lambda.min”. This means imposing (data-adaptive) upper-bounds on the &- and &-
norms of parameter S (via penalization), hence the search for a sparse optimal parameter g,,.

We repeat /= 1000 times, independently, the procedure described in Section 2.2 and the
construction of confidence intervals for v, o and confidence lower-bounds for the empirical
and counterfactual cumulative pseudo-regrets described in Section 5. Table 1 (to be found in
[8] due to space constraints) reports four empirical summary measures computed across
simulations for each parameter among .0, ¥o, &,and @ . In rows 4 the empirical
coverages. In rows Zand ¢: the p-values of the binomial tests of 95%-coverage at least or
94%-coverage at least (null hypotheses) against their one-sided alternatives. In rows ¢ the
mean values of the possibly data-adaptive parameters. In rows € the mean values of %, (for
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_1xn . &
¥1,0), mean values of [6n— (1 DY ta[ > /n)l/I60] (for &), mean values of
G (n 1Y Vit ta \[ D /|0l (for ).

It appears that the empirical coverage of the confidence intervals for the data-adaptive
parameter v, and the fixed parameter yry is very satisfying. Although 14 out of 18
empirical proportions of coverage lie below 95%, the simulation study does not reveal a
coverage smaller than 94%, even without adjusting for multiple testing. For sample size
larger than 400, the simulation study does not reveal a coverage smaller than the nominal
95%, even without adjusting for multiple testing.

The asymptotic variance of 1* seems to stabilize below 0.18502. This is slightly smaller
than Varpg, b D(Qo, &)(0) ~0.19162 (1916/1850 ~ 1.04) and a little larger than Varpoy oo
D(Qo, 90)(O) ~ 0.16662 (1850/1666 ~ 1.11). In theory, the asymptotic variance of Wk can
converge to the variance VarpOO’g0 X Qo, 90)(O) if Qy,p, converges to Qy;o. Rigorously
speaking, this cannot be the case here given the working models we rely on. This is
nonetheless a quite satisfying finding: we estimate v, 0 and yp more efficiently than if we
had achieved their efficient estimation based on i.i.d. data sampled under ¢y and the
balanced TR ¢ and, in addition, do so in such a way that most patients (those for whom
rd W) = (W) are much more likely (90% versus 50%) to be assigned their respective
optimal treatments.

The empirical coverage provided by the lower confidence bounds on the data-adaptive
parameters & ,and % , is excellent. Actually, the empirical proportions of coverage for &, all
larger than 96.5%, suggest that either &, or the asymptotic variance of its estimator is
slightly overestimated (or both are). Naturally, there is no evidence whatsoever of an
effective coverage smaller than 95% for &, The empirical proportions of coverage for ¢,
all larger than 98.9% and often equal to 100%, illustrate the fact that the lower confidence
bounds are conservative by construction.

_ n % &
Finally, the mean values of[6n—(n 1Zi:11@—7¢1n+€a \/ Zn /m)l/1én and
i i &
([ Cn—(n™) . Yimtp+Ea\[ D /n)l/1€0l quickly stabilize around 1.30. They quantify

how close the lower confidence bounds are to the parameters they lower bound, at the scale
of the parameters themselves (which, by nature, are bound to get close to zero, if not to
converge to it).

Comparison with a traditional randomized clinical trial—As per suggestion of a
reviewer, we also conduct the same simulation study except for the fact that we now set /o =
50%, and thus simulate a traditional randomized clinical trial (RCT) with independent
sampling from P, b. Its results in terms of empirical coverage are better for /7< 400 and as
good as those reported in [8, Table 1] for 7= 500 (not shown). This suggests that by not
adapting the TRs, we reach more quickly the asymptotic regime. The two main and most
interesting differences concern the variance of the estimators and values of the pseudo-
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regrets. The ratios at each sample size /7= 200 of the mean value across the A/ simulations of

Zi under the targeted sequential design of Section 6.1 (see the fourth row of [8, Table 1])
to its counterpart under i.i.d. sampling range between 89.70% (/7= 300) and 94.26% (n=
400). These percentages should be compared with the ratio of true variances
0.16662/0.19162 ~ 75.60%, which provides an asymptotic, loose lower bound (see Section

6.1 and the comment on the asymptotic variance of 4 in the present section). In words, one
needs recruiting fewer patients under the targeted sequential design than under the
traditional balanced RCT to reach a given precision in estimation. By design, but
nevertheless remarkably, the gain in efficiency goes with a gain in empirical cumulated
pseudo-regret: the ratios at each sample size 7= 200 of the mean value across the N/
simulations of &, under the targeted sequential design of Section 6.1 (see the 14th row of [8,
Table 1]) to its counterpart under i.i.d. sampling decrease from 65.25% (7= 200) to 22.54%
(n=1000). By adapting the TRs, more patients are assigned their optimal treatments under
the targeted sequential design than under the traditional balanced RCT, hence the decrease in
pseudo-regrets (the same holds for the counterfactual cumulated pseudo-regret).

6.3. lllustration

Figures 1 and 2 (the latter in [8] due to space constraints) illustrate the data-adaptive
inference of the optimal TR, its mean reward and the related pseudo-regrets with a visual
summary of one additional run of the procedure described in Sections 2.2 and 5. We see in
the top plot of Figure 1 that each 95%-confidence interval contains both its corresponding
data-adaptive parameter -, o and yyp. Moreover, the difference between the length of the
95%-confidence interval at sample size n7and that of the vertical segment joining the two
grey curves at this sample size gets smaller as /7grows, showing that the variance of v* gets
closer to the optimal variance Varpg, D(Qy, 15)(O). Finally, the bottom plot also reveals
that the empirical and counterfactual cumulated pseudo-regrets ¢ , and &, go to zero and that
each 95%-lower confidence-bound is indeed below its corresponding pseudo-regrets.

7. Discussion

We develop a targeted, data-adaptive sampling scheme and TMLE estimator to build
confidence intervals on the mean reward under the current estimate of the optimal TR and
the optimal TR itself. As a by product, we also obtain lower confidence bounds on two
cumulated pseudo-regrets. A simulation study illustrates the theoretical results. One of the
cornerstones of the study is a new maximal inequality for martingales wrt the uniform
entropy integral which allows the control of several empirical processes indexed by random
functions.

We acknowledge that assuming gy, 5, = gy, in A2 is a stringent condition. This equality is
mandatory only in the context of Proposition 5.2, where we give sufficient conditions
guaranteeing that the TMLE «* can be used to derive a confidence interval for yy, the mean
reward under the optimal TR 7. In fact, we can strip out condition gy,z, = gy,o from A2,
replace go in A3 with g1 € ¥ given by g1(1|W) = Geo(qy, 5y (W)) (compare with (3.1)),
replace gy,p in A5, AS*, A5** with gy, 5, and add that the ratio |gy;o/qy, 5| can be defined
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and has a finite (essential) supremum norm. Then, all our results still hold with the
substitution of gy, g, for gy,0, g1 for go, TR 11 = (Qy,5,) for the optimal TR 7, and'that of
1 = Egg,n (Qyo(A, W), the mean reward under TR 7, for yy,.

Our analysis is asymptotic in the number of patients enrolled in the trial. We do not consider
the issue of determining when the asymptotic regime is reached or when the trial should be
stopped from either a theoretical or a numerical viewpoint. Devising a theoretical answer to
this delicate question is certainly very challenging, if only because the complexity of #, that
of the true blip function gy and related optimal TR r, and the choice of working models 2
nwould play each its intricate role in the study. We should start by developing a group-
sequential testing procedure [14] on top of the statistical analysis that we carry out, by
following the same steps as in [6]. Indeed, a group-sequential testing procedure may end the
trial at random stopping times based on data accrued so far, either because it is already
possible to reject the null for its alternative at the pre-specified type I and Il errors, or
because there is no hope that that will be the case later if the trial continued.

We assume here that there is no stratum of the baseline covariates where treatment is neither
beneficial nor harmful, /.e., that non-exceptionality holds [26]. In future work, we will
extend our result to handle exceptionality, building upon [19] (where observations are
sampled independently). Extension to more than two treatments and to the inference of an
optimal dynamic TR (where treatment assignment consists in successive assignments at
successive time points) and its mean reward will also be considered.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1. [llustrating the data-adaptive inference of the optimal treatment rule (TR), its mean
reward and the related pseudo-regrets (see also Figure 2).

Top plot. The blue horizontal line represents the value of the mean reward under the optimal
TR, wo. The grey curves represent the mapping n «— <)o + o7 59,00 /n, wWhere op = 0.1634
/s the square root of Var Poo. D(Qy, 1)(O), thus, at a given sample size n, the length of the
vertical segment joining the two curves equals the length of a confidence interval based on a
regular, asymptotically efficient estimator of yy. The pink crosses represent the successive
values of the aata-adaptive parameters y, o. The black dots represent the successive values
of ), and the vertical segments centered at them represent the successive 95%-confidence
intervals for w0 and, under additional assumptions, for v as well. Bottom plot. 7he pink
crosses and green circles represent the successive values of the empirical and counterfactual
cumulative pseudo-regrets & , and % . The black dots represent the successive values of

n! Zi:l Yi—y,, and the vertical segments represent the successive 95%-lower confidence
bounds on &, and |,
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1,n}n≥1 of working models satisfies A4 (with L = Lls the least-square loss) and A4*.
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1,n}n≥1 of working models. Studying this issue in depth is very difficult, if at all possible, and beyond the scope of this article.
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