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Abstract

A linearized multi-species collision operator valid for arbitrary masses and charges has been developed and imple-

mented in the gyrokinetic code GYSELA [9].

This operator has all the required properties :

it conserves particles,

total momentum and energy, fulfills the Boltzmann H theorem and recovers neoclassical results. This operator takes
into account both pitch angle scattering and energy diffusion while operting in the (v”,u) phase space. Derivatives
with respect to the magnetic moment are treated using a projection on a set of orthogonal polynomials. The numerical
aspects of the implementation are detailed and a set of physical benchmarks allows a verification of the properties of

the operator.
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1. Introduction

The perpendicular transport in core fusion plasmas is domi-
nated by turbulent processes. Nevertheless, accounting for col-
lisions remains essential for several reasons. First, to a large
extent, collisions govern the level of large scale flows — both the
mean ion poloidal flow and turbulence-driven zonal flows — via
the friction on trapped particles. Second, neoclassical transport
can reveal dominant (or at least competitive) with respect to
turbulent transport in certain regimes such as transport barri-
ers, or for certain classes of particles such as heavy impurities
like tungsten. Third, collisions are essential for trapped elec-
tron which are often in a collisionnal regime. Finally, and more
fundamentally, collisions ensure the relaxation of the distribu-
tion function towards a Maxwellian. In turn, they are critical
for gyrokinetic simulations since they smooth out small scale
structures in velocity space, contributing to numerical stabil-
ity.

The full collision operator and its properties are well known
but its non linear character makes it impossible to use numer-
ically with present gyrokinetic codes. It is then necessary to
develop a linearized model of collision operator easier to handle
numerically. Different model operators have been developed in
the literature [1, 17, 10, 13]. Depending on its specificity, each
code chooses a different model. A PIC code like ORB5 [19]
uses a different operator than an Eulerian code like GENE [18]
, GKW [15] or GS2 [2]. In the framework of the GYSELA code,
one of the major difficulties is to write an operator in the vari-
ables (v”,,u) whereas the collision operator is separable in the
set of variables (v, %) This difficulty has been overcome by
Esteve et al. in [7]. The collision operator is linearized around
unshifted Maxwellians and is gyroaveraged using the method
developed by Brizard [3]. It is valid for arbitrary species and

*Corresponding author.
E-mail address: peter.donnel@cea.fr

can be shown to fulfill all properties required for a model col-
lision operator. Its derivation and analytical validation can be
found in details in [7]. A simplified version of this operator has
been implemented in GYSELA and benchmarked against neo-
classical theory [8]. It uses the slow limit approximation (energy
and pitch-angle scattering are assumed equal) and removes all 1
derivatives. A particular consequence of these approximations
is that the implemented model is only valid for trace thermal
impurities. This article describes the treatement of the collision
operator without those two assumptions, hence alleviating the
former restrictions regarding the domain of validity.

The outline is the following. In part II we recall the impor-
tant results of the model derived by Esteve et al in [7]. Part III
is dedicated to the numerical implementation of the collision
operator. Part IV consists in a serie of tests which validate the
collision operator.

2. Presentation of the model

The model described here is derived directly from [7]. The
linearized collisional operator describing the collisions of species
a colliding on species b takes the form

Cab(Fa; Fb) = Cgb(FM0a7 FMOb) + C;b(Fava)

where o, represents the local unshifted Maxwellian with
density n, and temperature T,

3/2
) o (o)

FMOa(w7’Ua t) = na(w7t) (271_,1]
Ta

The normalized speed has been used xz, = ﬁ

Ta
VTq = \/37"1 the thermal velocity.

,with




Cgb represents the exchange of energy between the unshifted
Maxwellians
T, — T,
Coy(Faoa, Faros) = Tale/E,abFMOa
Neglecting all finite Larmor radius effects, C}, is composed
of three terms

C;b(Faa Fb) - Cv,ab(Fa) + Od,ab(Fa) + C||,ab(Fa; Fb)

Cy.qp is an operator acting on the norm of the velocity.
When written in the set of variables (vu,v l), it reads as fol-
lows:

1 0 agab 8gab
CU a Fa = —— |F atv,a 2
’b( ) 2UlavL[ Moy’va(ULavL—’—vl 81)”
1 0 agab 8gab
aa. F a¥v,a a..
28”” [ Moa¥u, b’UH (’UL 81@ +UH 8UH
Whereas Cy,q» modifies the direction of the velocity vector
(deflection)
1 0 agab 8gab
C F, = —— |F -
d,ab( a) 2, v, |: MO0aVd,abV LY (U| EON v aUH
10 agab 8gab
- ja _
+ 3 9oy [ MoWd,mM( U N vL vy

Finally the term C) 4, ensures momentum exchange be-
tween species and the conservation of the total parallel mo-
mentum.

Vs,ab(V
Cllab (Fa, Fy) = _%le‘ (Ujd,a = Ujpa) Frroa

Ta
The normalized distribution function has to be shifted to
ensure that C, 4, and Cy p conserve momentum and energy
F,

V1 Ujjd,a
2 FMOa

Gab = fa - - xiqba with fa =

UTa
More specifically, UHd’a ensures that C, 4, and Cgqp con-
serve momentum.

3
St facine -

Ta

Then in order to take into account momentum exchange
between species while keeping the total momentum constant, a
second velocity Uj,p is chosen as

g avUjia),
lab = <Vs,abvz>a

A dimensionless parameter ¢, accounting for energy ex-
change between species is defined as

2
mav
<VE,ab %

Gab =

The bracket corresponds to mean values in velocity space
< o>= d%%—f:“... . Different frequencies appear in the
previous expressions. They are defined as follow :

e the Hirshman and Sigmar’s inter-species collision fre-
quency [12]

Ny Z?2
l/gs = \/ﬁNbeQ Vaa

e the velocity modulus diffusion rate

@ Ty
= I/g)szbai.iz )
a

Vy,ab (xa)

e the deflection frequency

v Tp
Vd,ab (za) = Vg)smba :1(72
a

~

e the slowing-down frequency

m
Ve.ap = V35 (1 + a) x3,0(xp)
mp
e the energy-loss rate is defined as

1 0

5
- Vy,ab 2100V
’U4FM0a6U(va N )

VE.,ab =

Where the ratio between the thermal velocities is intro-

duced xp, = Zi‘; We also define the following functions
371
v () 4 z [® () — G (2)]
3T G(x)
O (x) = -
G2) = — [@ ® (z)
(2) = 55 |2 @) 20 ()]

2 xT
O (z) = —/ dy exp (—y>
V7 Jo (=)
The function ® is the error function and G is the Chan-

drasekhar function. The different frequencies normalized to
vHS are plotted in figure (1)

Figure 1: Velocity dependance of the different frequencies
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3. Numerical implementation of the collision op-
erator

3.1. Separation of the different collision terms

The collision operator is difficult to treat as a whole. It is
much easier to split the different parts of the operator and treat
them separately with a time splitting scheme. The first step is
to discriminate the evolutions of Fs9, and 6F, via collisions.
The equation that needs to be solved is

8F

anb (Fa, Fy)

which can be split as

aFMOa =y, CY ab (Froas Faron)
85Fa Zb ab (Fa7 Fb)

The second equation of the system can be recast as the evo-
lution of the total distribution assuming that the Maxwellian
is unchanged. This alternative expression is valid as the evo-
lution of the Maxwellian is treated by the first equation. This
new expression is useful especially for the treatment of the p
derivatives.

ZC Fa,Fb With FMOa = cst

A second step is to separate the evolution of §F, in two
parts. Indeed, the evolution governed by Cy o5 + Cy,qp is dif-
ficult to treat as it includes p derivatives. It will be treated
differently from C) 4, which is easier to implement. In the end,
the problem can be split in three parts : the evolution of the
Maxwellian due to C?,, the evolution of the distribution func-
tion due to C} 45 , and the evolution of the distribution function
due to Cy qp + Ca.ap - The last two steps are performed by as-
suming that the Maxwellian Fj;q, remains constant.

BFMOa Zb b (F]\/[()a, FMOb)

681?5 =>4 C)j.ab (Fu, Fp)
a;a = Cvab (Fo, Fy) + Cyap (Fo, Fy)

(Froa = cst)
(Froa = cst)

(1)

3.2. Bvolution of thermal energy

Here we detail how the thermal energy evolves due to colli-
sions. The effect of C?, is to exchange thermal energy between
Maxwellians. The thermal energy exchange is exactly known
in the case of Maxwellians. It is made of two contributions :
the first term corresponds to the thermal energy equirepartition
and the second one corresponds to the opposite of the work of
the friction force.

QM,ab = _3na Vab (Ta - Tb)"‘namayab‘/ua (‘/Ha -

Ib)

Mg + My

The evolution of thermal energy is governed by Qar,aqb

Ta = Z QM,ab
b

which is equivalent to

ata T_Ta
g = et | (=T +

2
Ve (Vi = Vip)
(2)
This relation will be used to compute the evolution of the
Maxwellian distribution in eq.(1). Notice that the total (ther-
mal + kinetic) energy remains unaffected by the latter term, as
it should to preserve Galilean invariance.

3.3. Approximation of the distribution function

The quantities U)q, and qqp are difficult to compute nu-
merically . Indeed both include collision frequencies (Vs 45 and
Vg o) that depend on the mass ratio z“ and the integrals are
then difficult to compute in the two hmlts m—: > 1 and mz < 1.
An analytical approach is used to overcome this difficulty.

3.8.1. Development on a set of orthogonal polynomials

Following the method developped by Hirshman and Sigmar
[13], the distribution function is projected on a set of orthogonal
polynomials

ZFM )Yem (6, 0c)

F(v,0,p.) =

with ¢, the phase of the cyclotronic motion and Yz ,, (6, )
the spherical harmonics

Ye,m(@, SO(') =

il

Pe,m(f)eim“"c and cosf = & = —+
v

As the method is used in a gyrokinetic approach only the
m = 0 component is kept :

0) = >  Fu(v)Pu(§)
¢

where P, are Legendre polynomials.
Then each component Fy(v) is expanded in Laguerre poly-
nomials

14
¢+ 1
) FOLY D (42) Fagoa

UT(l
with
) (e+1) 27r3/2j! o (e+1) Fy(v)
.7-“]( ) = <F4|Lj 2 > = " véLj (23 == dv
F(] +0+ 2) 0 Ng

1
where L;Hz) is the generalized Laguerre polynomial of or-

der ¢ + % Notice that the LEH%) are chosen as functions of v2.
The underlying will is that the lowest order terms of the devel-
opment capture explicitely the two motion invariants E&P,,
which are relevant at low collisionality. Indeed, (I =1,j =0)
scales like v, hence capturing the P, while (I = 0, j = 1) scales
like v? which corresponds to the energy. Using these defintions
it is possible to show that

A = 2 (b, - 7 ) = g et o= 1)

where f, = f “
a

s is the normalized distribution function




and

Then keeping only the first two polynomials in both direc-
tion, the normalized distribution function can be approximated

by
(%))
a
3.3.2. Expression of C|| q
The C 4 term deals with momentum exchange between
different species. Indeed one can show that the rate of momen-
tum exchange of the total operator is given by

2x
5

q||a
ngly,

~

Ja

1+ :TH |:V|a - (4)

Ta

3.4. Treatement of the u derivatives

Derivatives with respect to p are present in the terms C,, 4
and Cg4p. The treatment of these derivatives by finite differ-
ences may be problematic if one wants to use a relatively low
resolution in the p direction. An alternative method based on
a projection on orthogonal polynomials in p is adopted. It al-
lows one to solve the problem while keeping a relatively low
resolution in the u direction (typically IV, = 64). The equation
solved with this method is

OF,
ot

3fa

chab Faan)+Cdab(Faan

Z Cab
(7)

where we have defined the normalized collision operator
Cup(F) = M This approach is possible because
a Maxwellian is in the kernel of Cy.ap + Cq,qp- This term can
be expressed differently to simplify its numerical treatment.

Rjap = —namavas (Ujab = Ujpa) c 04 0ga ga
@ @ @ a a K a K a K a
b(9a) 1b8H+ 2b8”||+ 3b8”8u

To evaluate the two quantities Ujq,q (v) and Ujjqp the ap- 99a

proximate distribution function (4) is used. It gives : + Ky qpu—— 90 Conab(9a)
a 2 .
Ujda = Vija — q”T (1 — 53;3) (5) where u = ”T—B Defining Dy op = l/dyabvz and setting
Nala B‘T =B, it is p0551b1e to show that
3 qp 1
U Vip — = ——— 10Dgap  Dgap
oo =10 = 50,1, \ T+ 22, Kia = v L} 0 | U eas = Vaw) (2 27)
Ta
and so )0 9 (V,ab — Vd,ab)
Y 2 v
CH,ab = Vs,ab?aUHFMOa
Qlla 2 , 3 d|p 1 v
{ b= Yl ® 0T, ( 5”‘”1) 5Ty \ 1+ a7, Kaas = Daas + 5 (a0 = v an)

The collisional drag force becomes K3 o = 2u) (V'u,ab — Vd,ab)

R ab = TNgMalVab (6) U2 U2 0 Vy.ab — Vd.a
| Kyap=|1- TH (Vo,ab — Vd,ab) + U9 Voab — Vaan)
v 3 Qa 1 3 qp 1 Vg, v Oov
X lla = ¥iio — & 7 )Tt 2
Sngdy \1+ x5, SnpTy \ 1+ x,
For a Maxwellian, the result is exact and reduces to the - 2 0

friction force :

o]

To ensure this property, one needs g, = 0 for a Maxwellian
distribution function. Then the definition of g, is changed ac-
cordingly :

RHM,ab = —NagMalVab [‘/Ha -

1 2
Qo = §/d3vma @1 = Via)* + 03] (v) = Vi) P

This new defintion is equivalent to the one used in eq.(3) in
the limit of small Mach number. It is the one used in [7].

A long but straightforward calculation allows one to show
that for the simplified distribution function (4) g. = 0. This
approximation will be used in the rest of this article. Then g,
becomes g = fo — —2ti-lda Yidia

a

Cm,ab (ga) -

V%, Frioa du
f is projected on a set of orthogonal polynomials:

Zaea r,v), 1) Pe(u)

Sa(r S| Uy t)

Projecting equation (7) on polynomial P, gives

= (Cab (9a) IP2)

b

aag,a
ot

In practice, Laguerre polynomials are chosen. Thus it de-
fines the scalar product as

(flg) = / " dnf (z)g ()

|:FMOa (Da,ab + V3t (Voab — Vd,ab)) U

99a
ou




3.5. Bvolution equation of the distribution function com-
ponents

3.5.1. Projection of g, on Laguerre polynomials

The first step is to compute the projection of g, on Laguerre
polynomials. The same approximation as the one used in the
computation of Cj| 4 is considered (eq.5). In that case

MaV)Ujjd,a
T,
= fa + PO(U)HO,(L + Pl(u)/fl,a

9o = fa—

with
mgv q 3 mavi
kow = — 4 Mal Qe (3 I
a T, |'l* w1, \5 5T,
and
_ 2mav)qja
Fla = 5ng T2

So g, can be easily projected on Laguerre polynomials
= Z aivaPi
i

with
ifi<?2
otherwise

/ —
ai,a = Qjq + Ri.a
/ — .
ai,a = Qjq

3.5.2. Ezxpression of the C, + Cy part of the operator
Using the properties of Laguerre polynomials, and summing
over the species, eq.(7) can be written

’ ’

Oay q N ¢ T R "

J

a 2 Ngla] (8)

with

Nlo = {iKaap (Pj = Pi-1) + Con.ab(P;)| P1)
b

N, = Z<Kl P+ j K3 (P; — Pj_1) |P)
b
N, =S (Ko Py |
b

At this stage, these quantities remain somewhat too intri-
cate to be computed analytically. Using the definitions given
in the previous part and defining the following quantities

Jj+e

:ZCU

1@ _

i,ab — <Vvab*7/dab|u >

@) 00 (Voab — Vdab) | 4
Li’“b - <2 ov [u

2
4) _ [/ VTq 0 (Vv,llb - Vd,ab) i
Lz ab — < v Tht

it can be shown that

. —2r% 2L+ (3 il ) L,
jl o . i ) ) ’UT
Now = J ZZ Cie @) vu @)
b =0 72Li+1 ab + 2 + Lz ab
2
j+e-1 Lfl)ab + (3 L ) L b
. i VTa i'sa
- iy Z Cli-1, U” W
b /=0 2+ Lz, b
Jte (0) €y ﬁ (2)

) ) —L: .+ L +24+2)— ) L

Jl — 7 i,ab i,ab i,ab

Nl,a = UHZZCjE (2) (3) Ta
b =0 7Lz+1 ab + Lz ab
Jj+e—1
- Z Z 2L,
j+¢
il 8 I
NQ,a Z Z f’UTa z ab + ) 2 Li,ab
b =0

3.5.8. Computation of the scalar products
Integrating by parts, it is possible to show that

Lélt)zb = -2 abi()su =) 4 L(()??zb
Lila)b = Lgoa)b zLEO)l ap for i >0

3 v2 2 )
Lg ‘)lb = ﬁ {L((h)zb — (Vu,ab = Vd,ab) (UHJL = 0)} + L(1,¢)zb L(() ¢)1b
2
L), = 2;’20 {L(?) —iL®, ab} + L3, L~ ((+ 1) L) fori >0
{Lg,lib = L(()zt)lb (Vo,ab — Vd,ab) (UH,U = 0)
3 2 2 .
Lz(‘,a)b = Lz( ib —iL{?, ap for i >0

The only last difficulty is then to compute Lg?a)b and L1(2a)b
Unfortunately, the v dependences of v, 4, and v4 qp prevent one
to compute these scalar products analytically without approx-
imation. On the other hand a numerical approach would be
too costly. A solution consists in fitting the v dependence of
Dg.ap and (vy b — Va,ap) by suitable functions that enable an
analytic computation of the scalar products. The following fits
are made

Dd Da,at _ 0.75+/7 HS
uTa /$2+?2 qu:: )2 Vab
_ 0.75 HS
Vy,ab~Vd,ab = — /T 372 Vab
; VTa
(£‘2l+2'1 ( VT ) )

The fits are given respectively in figures 2 and 3 for the self
collision case which is the most sensitive one.



Figure 2: Fitting for Dg qp
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Thanks to these fits, the scalar products can be approxi-
mated by analytical expressions :
97 v2
LB
16 vz,

I UTb
(2 L yoath )
Ta Ta

ute

I,(”) T :/OodU7
T ( ) 0 (U+I)n+l/2

It can be shown that

2

v
L), = 0.75v/mis 1 (2 !
UTq

£2a)b =—0. 75\f Iz(l

With

™ (2 Fe%i:(;i

k=0

) o @)

where

Ji(x) = / du e Uui=1/?

which can be easily computed by recurrence.

3.6. Numerical implementation
3.6.1. Numerical schemes

An explicit scheme is used to compute the evolution of the
distribution function due to C%, and C| 4. Eq.(8) is solved with
a Crank-Nicholson scheme [5] for stability reasons. The resolu-
tion of the Crank-Nicholson is detailed here : the problem can
be written in a vectorized form

Ja

of @

with

and 0 < k < kpag,

Bo Co 0 0 0 0 0
A, B, C; 0 0 0 0
0 A, By Cy 0 0 0

T=] 0 o0 0 0
0 0 0 0
0 0 0 0 Ch, . 1
0 0 0 0 0 A By,

where NV, is the number of Laguerre polynomials that are
kept, k is the index associated with the v direction, and the
Ay, By, Ci are square blocks of size Npo. Their respective
components are

(k) NJ’(’C) NJl(k)
alﬂ 2AUH + A’U
b Uk NJl(k)
by = N 9 2e
k) _ NJ’(IC) le(k)H
Clj - 2Av” + Av
and
. k) ..
(k) _ (k) x7il af’is)a Sel. ke xyil
S0 = ro.aNo + 3vu Nio+ B{;j Na
. k) .
(k) _ (k) Xyl 8K1a il ‘92“1,a il
g S = K, N a9y N1a+ 007 N2,a
- k
S§ ) =0
(k) _
SNpolfl -

The Cranck Nicholson scheme is split in the following way
(1 - ST & =(I+ 4T o
& =a+ AtS"
(I-4t7) ot = (I+ 4T &

where n stands for the time index and I is the identity
matrix. The scheme is split for stability reason. Indeed, the
tridiagonal by blocks inversion problem can be solved thanks
to a LU decomposition valid only if the left hand side matrix
is diagonal dominant. This condition gives a limit on the time
btep for collision as the dominant off diagonal term is propor-
. Interestingly the splitting allows for a time step

twice blgger than the one without splitting.



3.6.2. Numerical implementation of conservation proper-
ties

Due to numerical approximations, conservation properties
are not perfectly satisfied. We present here a method used to
improve these conservation laws. It is used to correct only the
C' part. Indeed the way C° is treated automatically satisfies
conservation properties. All fluid quantities without indices
correspond to the initial values. The ones noted with the prime
correspond to values after the use of C!. Finally the quanti-
ties with two primes are corrected values. The procedure is the
following, in chronological order :

i)we correct the density by simply applying an homothety
on the distribution function

ii) the parallel velocity and the temperature are then cor-
rected simultanously by removing the Maxwellian after colli-
sions F}, and adding a new Maxwellian F}; with the corrected
moments defined as

Rjlab

MNaMa

VH/; = Viat+ At >
TI/ — Ta

The corrected parallel velocity comes from the momentum
evolution equation

ot = 2 Rias
b

where the exchange rate of momentum is given by (6). The
temperature has to be kept constant 7" = T to be consistent
with the development made in section 3.3.2. Indeed, one can
show that the exchange rate of energy due to C}, is :

a

Wlb = WHab + Wv,ab + Wd,ab

with W), the work of the drag force

Wiab = ViaRjjap
and
STaTbnamaVab dba qab
Woar+Wigap=———— | =— =) =0asqup =0
,ab d,ab My + (Ta T dab

It follows that the energy evolution of species a due to the
C"' part is then given by

3 0T,

2" 3t |

=0
C1

+ nama‘/ﬂa

8V|\a _ 1 o1,
ot ; Wap = ot

4. Validation of the collision operator

4.1. Tests of the collision operator alone

To validate the collision operator, a first step is to make
conservation and relaxation tests by solving collisions only, i.e.
without the effects of trajectories

Ofa

ot zb: Cab

In this section critical physical properties of the collision op-
erator are tested : conservation properties, relaxation toward
the Maxwellian and its dynamics and the exchange rates of
momentum and energy between species. All the results shown
here are obtained with a discretization of (N, , N,) = (128,64)
which is the optimal discretization for this operator. For these
simulations, the collisionality of the main species is v, = 1.
For the single species cases, the time step in GYSELA is
At = 100w.;. For the multispecies cases performed with deu-
terium as first species and tungsten as second species, the time
step is reduced to take into account that the collisionality of
the impurity is higher than the one of the main species. These
tests are performed without gyroaverage to be consistent with
the fact that FLR effects are not included in the present version
of the collision operator.

4.1.1. Single species tests

Conservation laws are tested by initializing a Maxwellian
that belongs to the kernel of the operator and should there-
fore remain constant in time. After approximately one collision
time, the following conservation are observed for an initial mach
number M) =0 :

An g0 Apj ~ 1077 AE 6.107°
n E

For an initial Mach number of M) = 1 comparable con-
servation properties are found. This means than the collision
operator can be used for Mach numbers M) < 1 without any
breakdown of its conservation properties.

Relaxation toward the Maxwellian has been tested by ini-
tialazing two different distribution functions. For the parallel
direction, the initial distribution function is chosen as

F,=F 1 Mot
a — L'MO0a + 2Ta

For the perpendicular direction, the initial distribution

function is ,
MV
F, = Faa |1 4L

MO ( + ST, )

The results are shown on figure (4) . As expected a relax-
ation toward the Maxwellian is observed in both cases after a
few collision times.

Figure 4: Relaxation in velocity space
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To investigate the dynamical relaxation to the Maxwellian,



a case with T} # T\ and T”;in < 1 is launched

F ( 7 )1/2 T Mat]  mgd
w = Ng exp | — - —

27 T).) 27T, T\ 2T, 2T,
where T, = w Then at first order in % <1

Lo —Tha 1 o v
a = 1 —_— R —
Ja=1t = (Ul 2

Integrating 0 f,, weighted by the energy, over the velocity
space leads to :

dln (TH — TL) 16 i 2 6 3
dt By ), e T\t

This integral can be computed either with the actual ex-
pressions of v, and vy or their approximate values :

din(T)-T

% = —0.80v,, for actual expressions
din(T)—T

% = —0.78v,, for fitted values

The discrepancy is small, thus validating the relevance of
the fitting represented in figures (2) and (3). The prediction
for the actual expressions of v, and vy is used as a theoretical
prediction and compared with GYSELA results in figure (5). A
mismatch of 15% percent is found. This discrepancy is accept-
able as most of physics phenomena studied with gyrokinetic
codes are independent of the isotropisation rate.

Figure 5: Time evolution of TH and T
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4.1.2. Test with two species
The exchange rates of parallel momentum and energy be-
tween two Maxwellians are respectively

R vab = —namavas (Vije — Vip)
NgMg
oy = —3—ala (T, — T
Qb ma+mbl/ b ( b)

It is then easy to show that

dn (Vja = Vjs)

dt - - (Vab + l/ba)

din (Ta = Tb) _ _yMaVab +Mo¥ba
dt Mg + Mp

These two relations have been checked. The results for the
velocities are shown in fig.6 and for temperature in fig.7. The
agreement is within one percent.

Figure 6: Relaxation V| two species
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Figure 7: Relaxation T' two species
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4.2. Neoclassical test

The intrinsic properties of the collision operator reported in
the previous section are mandatory but relatively easy to sat-
isfy. A more challenging test is provided by neoclassical theory.
For the single species case, the poloidal rotation and heat dif-
fusion coefficient can be compared with theoretical predictions
in a pure axisymmetric case, i.e. without any instability. For
the two species case, the radial flux of a trace impurity is com-
pared with the neoclassical prediction. These tests allow one to
test, different parts of the collision operator depending on the
collisionality regime and the number of species. These tests are
useful as the results are sensitive to the details of the collision
operator.

4.2.1. Neoclassical validation in the single species case
The neoclassical theory is tested by filtering out non ax-
isymmetric components of the electrical potential. Especially,
this filtering removes turbulence. Four simulations are per-
formed with a scan in v, going from 1072 to 10. The
phase space grid used for these simulations is (7“, 0, 0,0, ,u) =
(256,256, 32,128,64). The dimension of the tokamak that is
simulated is fixed by p, = 150 and the inverse aspect ratio
€ = 0.31 at midradius. The collisionnal time step depends on v,
and the numerical time step is adapted consistently to keep the
same temporal resolution of collisions. In the single species neo-
classical theory, two quantities are of utmost importance : the
poloidal rotation and heat diffusivity. These two quantities are



compared with theoretical predictions to validate GYSELA’s
operator.

In neoclassical theory, the poloidal velocity is tied to the
thermal gradient by the relation vg = kpeo (4, €) %. Theoret-
ical predictions of k., are accurate in the banana and Pfirsch-
Schliiter regimes and approximate in the plateau regime. The
sign of the poloidal velocity is expected to depend on the colli-
sionality regime : rotation in the the ion diamagnetic direction
(kneo > 0) is expected in the banana regime and the opposite
(kneo < 0) in the Pfirsch-Schliiter regime. The transition is ex-
pected to take place in the plateau regime. A model inspired
from Hirshman Sigmar is given by Kim [14] and predicts ke,
in all collisionality regimes including corrections due to finite
aspect ratio e. This theoretical prediction is used to bench-
mark GYSELA’s operator. The results are shown in figure (8).
The shape of the curve is the same and the inversion of sign
takes place in the plateau regime as expected by theory. The
agreement is better for the banana regime where the theoretical
prediction is more accurate.

Another important quantity predicted by neoclassical the-
ory is the thermal diffusion coefficient x,,. Even if neoclassical
transport is subdominant as compared to the turbulent one for
the main species, it can be important for heavy impurities like
tungsten and for the main species close to transport barriers
where turbulent transport is reduced. To check their validity,
GYSELA results are compared with the Chang-Hinton predic-
tion [4] valid in all collisionality regimes . The results are shown
in the figure (9). Again a satisfactory agreement with analytical
prediction is found.

Figure 8: Comparison of kneo predicted by theory with GYSELA
results
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Figure 9: Comparison of xneo predicted by theory with GYSELA
results
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4.2.2. Neoclassical validation in the two species case
Neoclassical transport is expected to be dominant for heavy
impurities. In this framework, the following tests are performed

for tungsten as the second species in the trace limit (o =
Z:—jg < 1) for simplicity. In fusion plasmas, tungsten is only
paréially stripped and its ionization state should depends on the
spatial location. But only one charge state is allowed in the cur-
rent version of the GYSELA code. Thus a fixed charge is chosen
for the tungsten Zy, = 40. The main species is deuterium in the

banana regime v}, = 0.1. Tungsten is therefore in the Pfirsch
%yg o~ 236v7, = 23,6.

A derivation of the theoretical prediction for trace impu-
rity transport in the Pfirsch-Schliitter regime can be found in
[12]. We recall here only the main steps. The starting point
is to link the radial flux of particles to the collisional friction
force. The easiest way to do it is to use the toroidal momentum
conservation equation for species s

Schliiter regime as vy, ~ V272,

I
OL g+ 0uI1Y, = Ze (0¥ ~18 ) + (7. )
4

with
Ly s =ms /(iTu</,FS

N N
g s =ms /druwFsv
I'p,= / drFs0,¢

ry = /dTFSU\II = (T, V),

Where u, = év” and ¢ is the gyro-averaged electric poten-

tial Here dr = d3v% is the phase space volume element in

between two magnetic surfaces ¥ and W+d¥ and (...) g indicates
the flux surface average. R, is the total collisional drag force
R|s = > R ss which is linked to the Vj; and q); via the
equation (6). Finally these parallel quantities can be linked to
radial gradients of densities and temperature in two steps. The
first step consists in linking the perpendicular components of
velocity V| ; and heat flux ¢ ; to the gradients of densities and
temperature. Neglecting poloidal asymmetries, one can show
that

 BxVU 1 op | 99
Vii= —5r w; (U) where w; (V) = nZc0U T 90
5 pi OT;
1= 5z aus < VY ©)

Then assuming stationary flows, one can use the incom-
pressibility of the flow (V (nV) = 0) and the incompressibility
of the heat flux (Vg = 0) to link the perpendicular components
to the parallel ones:

BVy,). B 1 B
Vie= <<B|2§§,j —w; (V) I (V) (B - <Bg>‘1’)
(Bqji)y B 5 pi 0T, 1 B
W= 3 @ (5 m,) 00

Then using eq.(6) one can compute the parallel exchange
of momentum between species due to collisions



MLy eql (1 B
RHzi = VziT <B - <Bz>‘1,> Nz.eq
Olnn, cq _ éalnniveq g Z, 0InTy,
oV 7. O0v thee 7 0w

where the contribution of parallel heat flux of the impurity
has been dropped due the mass ratio between impurity and the
main species. Then putting all together, and noticing that all
terms which do not involve radial gradients cancel out in virtue
of parallel force balance, one recovers the usual expression for
impurity flux due to neoclassical physics

Vn, Vv vT
Fz = _nZDtheo l: - -Z i chEOZ:l
n, n; T

Where I', is a modified impurity flux

dr
r,= | R L. I
d\II |: E,z Z e (at P, +a’/} ):|
It is often assumed that I', ~ (% Y =(r,.- Vr),. But

in the simulations, the contribution of the other terms are non-
vanishing and they need to be taken into account for a precise
comparison between simulation and theoretical prediction.

Recovering the expected neoclassical expression of the ther-
mal screening coefficient Hyje, reveals as a stringent test of both
the Vlasov part (the left hand side of the gyrokinetic equation,
governing the trajectories) and the collision operator. More
precisely, the final value — and sign — of Hype, results from a
partial compensation between two different contributions: the
one coming from the parallel velocities of both species (~ 1),
and the other one coming from the parallel heat flux of the
main ions (~ —32).

In this framework, the accurate computation of q; is a
critical issue. As a matter of fact, its neoclassical expres-
sion eq.(10) results from the incompressibility of the total flux
V - q; = 0. The transverse flux ¢,; computed in GYSELA is
in perfect agreement with the neoclassical prediction, eq.(9).
Conversely, the present accuracy of the energy balance does
not reveal sufficient to recover the expected expression of qj;:
while the poloidal shape is properly recovered, the magnitude
is not. Ongoing efforts are conducted to solve this issue. Notice
however that this issue is not related to the collision operator,
although it impacts neoclassical transport. Indeed, it deals with
the treatment of the Vlasov part of the gyrokinetic equation.
For the time being, the solution to overcome this difficulty is
to impose that the parallel heat flux takes the expected value
eq.(10) in the collision operator. This has been used to get the
following results.

The diffusion coefficient and the screening factor in the
Pfirsch-Schliitter regime with trace impurities are given re-
spectively by Dineo = 2¢° p?vi/a and Hypeo =~ —0.5 +
0.29/ (0.59 + 1.34¢72) with g = v€/? [12]. To test this pre-
diction we assume that the flux computed in GYSELA takes
the general form

Vni

Vn, A4
2 K e Z—t — il
gy n; T

gys _ _
'Y = —nzDgys HgysZ

Then one only needs to determine Dy, K4ys and Hyys and
to compare them with their analytical prediction D;peo, 1 and

Hipeo - To do so, two simulations are used. The first one with
VT ~ 0 is used to compute Dgys and Kgys. Radial density
profiles are chosen to get a radial scan of Y= (p) — Zv”‘ (p)
around zero. Recording T',/n, (p), it is posslble to plot T 2/Ms
as a function of Vnnz Z V’“ , using the global character of GY-
SELA and the local behav1our of neoclassical transport. The
result of this simulation is given in fig.10. The good linear fit
gives confidence in the dependence of the flux of tungsten on
the density gradients of both species. The discrepancy with the
theoretical prediction for Kg,, is of few percents and the one
on the diffusion coefficient Dy, is below 15%.

Figure 10: Measurement of Dgys and Kgys
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The second step consists in a simulation with V"z —Z V’“ =

0 . In this case the flux is expected to be directly proportlonal
to the temperature gradient I', = nZngngysZ 7 as the
previous simulation has shown that K,,s ~ 1. Using also the
fact that the diffusion coefficient is close to the theoretical pre-
diction, we can replace Dgyys by Dipeo in the previous expression
and then directly measure Hgy,, using a method similar to the
one presented previously. The result is given in fig.11. Again
a discrepancy of few percent is found between results from the
code and theoretical prediction.

Figure 11: Measurement of the screening factor Hgys
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4.8. Zonal flow damping

Zonal flows are known to control the level of turbulence by
tearing apart vortices [6]. The main damping mechanism for
these flows comes from collisional friction. It is then critical
to get the correct damping rate of zonal flows to predict the
right level of turbulence. Collisionless plasmas are known to
exhibit linearly undamped axisymmetric ¢gp [16]. Hinton and
Rosenbluth [11] have predicted the collisional damping of this
residual flow.

= exp (f;t) erfc (iﬁ)

2| 1.8 (uot)5/9 exp (— (3V0t)2/3>

By
+ erf(vot) g2 +1 + dexp (—vqat)

Where o« = 1 + 1.6'1726 is the collisionless residual, g =

37rq2171/2
eA3/2

associated with collisions are defined as v = 0.61v;;, vg = 1.9y,
Vg = o.gfﬁ' The initial time corresponds to the case where all
GAM oscillations have been Landau damped. Details on GAM
oscillation and damping can be found in the literature [20, 17].
The first term corresponds to the fast collisional smoothing of
the distribution function in the trapping boundary layer. The
last term is the contribution from high-energy ions which have
small collision frequencies and thus dominate the long time be-
haviour. An extra term erf (1) has been added in front of the
last term of the right hand side to ensure the relation also holds
for initial time.

,A=)\n (16 (9%)1/2) with A ~ 1 and some frequencies

The collisional damping of the residual can be tested by first
launching a collisionless simulation, waiting for GAM damping
and then adding collisions. A good agreement is found between
predicted and computed ¢go decay once collisions are activated
as can be seen in figure 12. To have a better match, the value
of X\ has been adjusted (A = 1.04).

Figure 12: Collisional damping of ¢oo
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5. Conclusion

A new multi-species collision operator has been imple-
mented and tested in the gyrokinetic code GYSELA. It is valid
for species of arbitrary mass and charge. It is peculiar as it acts
directly in the (UH , u) set of coordinates. The main properties
have been tested successfully. Firstly the intrinsic properties
of the operator have been validated : conservation properties,
exchange rates, relaxation to the Maxwellian. Secondly, the
neoclassical physics for single and two species have been been
compared successfully with theoretical predictions. These tests
are sensitive to details of the collision operator and thus give a
set of stringent criterion to test any collision operator. Finally
the collisional damping of zonal flows has been recovered.

This new collision operator allows the GYSELA code
to study more accurately trapped electron modes turbulence
which have been recently added to the code. Moreover, it al-
lows one the study of multi-species plasmas with no restriction
on the relative concentration between species.
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Appendix : Numerical aspects

In this appendix, we detail the choice of the main numer-
ical parameters used for the collision operator. The first step
is the number of polynomials Ny, kept for the projection in
the p direction. For this choice, the most stringent test is to
retrieve ke, in the single species case. The minimal number of
polynomials to have the expected poloidal rotation is Vo = 3.
Once the number of polynomials is set, one has to choose the
discretization in the p direction. A necessary condition for the
projection to work properly is to ensure the orthogonality of
the polynomials and so to check the condition

< 1 for any 1i,j

5y — / due™"P;(u) P (u)

One can show that the optimal choice for the number of
points in the p direction is N, = 64 and the optimal value for
the the upper limit in the p direction is pyee =~ %. The
number of points in the v direction is less critical in terms
of numerical cost. 128 points reveal sufficient for the collision
operator.

The last point is to choose the collisional time step At.oy.
Indeed in order to save computational ressource, the collision
operator can be used on a different time scale as the the rest of
the code GYSELA. Of course, the collisional time step Aoy
has to be proportional to (max (7)) 'where v* is the colli-
sionality of the s species .
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