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Lattés maps and the interior of
the bifurcation locus

Sébastien Biebler

Abstract

We study the phenomenon of robust bifurcations in the space of holo-
morphic maps of P2(C). We prove that any Lattés example of sufficiently
high degree belongs to the closure of the interior of the bifurcation locus.
In particular, every Lattés map has an iterate with this property. To
show this, we design a method creating robust intersections between the
limit set of a particular type of iterated functions system in C? with a
well-oriented complex curve. Then we show that any Lattés map of suffi-
ciently high degree can be perturbed so that the perturbed map exhibits
this geometry.
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1 Introduction

1.1 Context

In the article [15], Mané, Sad and Sullivan, and independently Lyubich in [14],
introduced a relevant notion of stability for holomorphic families (fx)xea of rational
mappings of degree d on the Riemann sphere P'(C), parameterized by a complex
manifold A. The family (fa)irea is J-stable in a connected open subset Q C A if
in Q the dynamics is structurally stable on the Julia set J. It can be shown that
this is equivalent to the fact that periodic repelling points stay repelling points inside
the given family. The bifurcation set is the complementary of the locus of stability.
A remarkable fact is that the J-stability locus is dense in A for every such family.
Moreover, parameters with preperiodic critical points are dense in the bifurcation
locus.

In higher dimension, less is known. We will only discuss the 2-dimensional case in
this paper. The research in this field mostly takes inspiration from two different types
of maps with different behaviour : polynomial automorphisms of C2 and holomorphic
endomorphisms of P?(C). Knowledge about bifurcations of polynomial automorphisms
is growing quickly. Let us quote the work of Dujardin and Lyubich ([10]) which
introduces a satisfactory notion of stability and shows that homoclinic tangencies,
which are the 2-dimensional counterpart of preperiodic critical points, are dense in the
bifurcation locus.

From now on, we are interested in the case of holomorphic endomorphisms of ]P’Z((C).
The natural generalization of the one-dimensional theory was designed by Berteloot,
Bianchi and Dupont in [3]. Their notion of stability is as follows : let (fa)aca be
a holomorphic family of holomorphic maps of degree d on P?(C) where A is simply
connected. Then the following assertions are equivalent:

1. The function on A defined by the sum of Lyapunov exponents of the equilibrium
measure jif, : A+ x1(A) + -+ + xx(A) is pluriharmonic on A.

2. The sets (J*(fx))rea move holomorphically in a weak sense, where J*(f\) is
the support of the measure py, .

3. There is no (classical) Misiurewicz bifurcation in A.
4. Repelling periodic points contained in J*(fx) move holomorphically over A.

If these conditions are satisfied, we say that (fa)xea is J*-stable. If (fa)aea is not
J*-stable at a parameter Ao, we will say that a bifurcation occurs at Ao.

A major difference with the one-dimensional case is the existence of open sets
of bifurcations. Recently, several works have shown the existence of persistent bi-
furcations near well-chosen maps. By [3], to obtain open subsets in the bifurcation
locus, it is enough to create a persistent intersection between the postcritical set and
a hyperbolic repeller contained in J*. Dujardin gives in [9] two mechanisms leading
to such persistent intersections. The first one is based on topological considerations
and the second uses the notion of blender, which is a hyperbolic set with very special
fractal properties. Both enable to get persistent bifurcations near maps of the form
(z,w) = (p(2), w? + K). The results of Dujardin have been improved by Taflin in [18].
Taflin shows that if p and ¢ are two polynomials of degree bounded by d such that
p is a polynomial corresponding to a bifurcation in the space of polynomials of de-
gree d, then the map (p, q) can be approximated by polynomial skew products having
an iterate with a blender and then by open sets of bifurcations. Note that the idea
of blender arised in the work of Bonatti and Diaz on real diffeomorphisms ([6]) and
already appeared in holomorphic dynamics in the work of the author ([5]).

Lattés maps are holomorphic endomorphisms of P2 (C) which are semi-conjugate
to an affine map on some complex torus T (see [11] for a classification and [4] for



a characterisation of Lattés maps in terms of the maximal entropy measure). It is
natural to be interested in these maps in the context of bifurcation theory because
their Julia set is equal to the whole projective space P?(C). This property seems to
have a great potential to create persistent intersection between the postcritical set
and the Julia set even after perturbation. Berteloot and Bianchi proved in [2] that the
Hausdorff dimension of the bifurcation locus near a Lattés map is equal to that of the
parameter space.

1.2 Main result

Dujardin asked in [9] if it was possible to find open sets of bifurcations near any
Lattés map. In this article we give a partial answer to this question. Here is our main
result :

Theorem. For every two-dimensional complex torus T, there is an integer d (depend-
ing on the torus T) such that every Lattés map defined on P2(C) of degree d > d
induced by an affine map on T is in the closure of the interior of the bifurcation locus
in Holy .

Let us remark that the degree d is unknown (the situation here is similar to Buz-
zard’s article [7]). Moreover, d depends on the torus T. This is due to the necessity
of making only holomorphic perturbations. Let us also point out that it is always
possible to find Lattés maps of arbitrarily high degree associated to a given torus T
(see the remark after Proposition 3.1.6). As an immediate consequence of the theorem
we get :

Corollary. For every Lattés map L of degree d, there is an integer n(L) such that for
every n > n(L), the iterate L™ is in the closure of the interior of the bifurcation locus
in Holgn .

1.3 Outline of proof

To prove this result, we create persistent intersections between the postcritical set
and a hyperbolic repeller contained in the Julia set. Our proof has two main parts :
first, we create a toy-model which allows to obtain intersections between the limit set of
some particular type of IFS, called correcting IF'S, and a curve that is "well-oriented".
Then, in a second time, we perturb the Lattés map to create both the correcting
IFS and the well-oriented curve inside the postcritical set. This construction exhibits
properties somehow similar to the blenders of Bonatti-Diaz ([6]), with the difference
that the covering property holds at the level of the tangent maps of the IFS (see also
the notion of parablenders appeared in the work of Berger ([1])).

In a first part, we develop an intersection principle (see Proposition 2.1.6). A grid
of balls G in C? is the union of a finite number of balls regularly located at N* vertices
of a lattice defined by a R-basis of C2. If we consider a line ¢, a pigeonhole argument
ensures that if € is well oriented and G has a sufficient number of balls N = N(r)
(where r is the relative size of a ball compared to the mesh of the grid) then € intersects
a ball of G. We consider a class of IF'S such that each inverse branch is very close to a
homothety. When we iterate them, a drift can appear : the iterates become less and
less conformal. Our class of IFS (called correcting IFS) is designed so that they have
the property of correcting themselves from the drift. A linear correction principle is
given in Proposition 2.1.10. In subsections 2.2 and 2.3, we treat the case of a curve
close to a line and an IF'S close to be linear. Our interest in such IF'S is that any well-
oriented quasi-line € intersects the limit set of a correcting IFS. To prove this result,
which is Proposition 2.3.1, we ensure that at each step the quasi-line € intersects a



grid of ball G which is dynamically defined with the inverse branches of the IFS.
Then we use inductively the intersection and the correction principles to ensure that
at the next step, € intersects a grid of balls G™* with bounded drift. The intersection
of the grids GY is in the limit set, so we produce an intersection between € and the
limit set of the IFS. Since the property of being correcting is open, this intersection is
persistent.

In the second part, we make three successive perturbations of a Lattés map L,
denoted by L', L” and L', in such a way that L"’ has a robust bifurcation. We work
in homogenous coordinates and do explicit perturbations of the following form :

[Pl Py Pg] — [Pl + Ri1Ps: P+ RoPs: Pg}

where R, and R» are rational maps. An important technical point (Proposition 3.2.1)
is that we can choose the coordinates so that P; splits. Then if R; and Rz are well
chosen the degree does not change. The first perturbation L’ (Propositions 4.4.4 and
4.4.5) is intended to create a correcting IFS in a ball % in C?. Another important
technical point is that we can find some critical point ¢ which is preperiodic, with
associated periodic point p. such that both the preperiod n. and the period n,. of the
preperiodic critical orbit are bounded independently of L (see Proposition 3.3.1). Then
we want to create a well-oriented quasi-line inside the postcritical set which intersects
8. The second perturbation L” in Lemma 4.5.10 ensures that the postcritical set at
pe is not singular. The third and last perturbation L”’ is given in Lemma 4.5.11. It is
intended to control the differential at p.. This allows us to fix the orientation of the
postcritical set at p. and then we use the linear dynamics of the Lattés map L on the
torus T in order to propagate this geometric property up to B (see Proposition 4.5.3).
Note that the periodic point need not lie in B. At this stage we have both a correcting
IF'S and a well-oriented quasi-line so we are in position to conclude in section 5.

1.4 Plan

In section 2, we develop the theory of intersection between a quasi-line and the
limit set of a correcting IFS : the intersection principle and the correction principle
are stated in subsection 2.1 and we prove the intersection result in subsection 2.3. In
section 3, we provide background on Lattés maps and prove a few properties which
will be useful later. Some complications arise from Lattés maps whose linear part is
not the identity. In section 4, we develop the perturbative argument. After giving
some preliminaries (subsection 4.1) and fixing many constants (subsections 4.2 and
4.3), we create a correcting IFS in subsection 4.4. In subsection 4.5, we create a well
oriented curve inside the postcritical set. Finally, we conclude in section 5 by applying
the formalism of subsection 2.3 to the perturbed map L'".

Acknowledgments : The author would like to thank his PhD advisor, Romain
Dujardin. This research was partially supported by the ANR project LAMBDA, ANR-
13-BS01-0002.

2 Intersecting a curve and the limit set of an IF'S

2.1 Linear model

In this section, we will work with an IFS, whose maps are small perturbations of
homotheties of the form % -Id with a € R* and |a| > 1. This IFS will be obtained by
perturbating a Lattés map and its limit set will have persistent intersections with a
curve.



Definition 2.1.1. Given a R-basis (u1,us2,us,us) € (C*)?*, a point o € C?, an in-
teger N and r € (0,1), by a grid of balls we mean the union of the balls of radius
r.mini<;<4 ||ui|| centered at the points o + tuy + juz + kus + kluy where —N <
1,7, k,l < N. We will denote it by G = (u,0,N,r). The middle part of G is
the set {o + zu1 + yua + zus + wua, 0 < |z|, |y|, |2|,|w| < F}. The hull of G is
the set {0 + zur + yuz + zus + wus,0 < |z|, |y, |2|, |w] < N}. The size of G is
size(G) = 2N - maxi<i<a ||uil|.

In the following, the parameter r will be bounded from below and we will let
maxi<;<4 ||u;i|| = 0 so that the radius of the balls r.min;<;<a||u;|| will tend to 0. The
integer N will be taken sufficiently large to satisfy some conditions depending on the
degree of the Lattés map. Herebelow the notions of "opening" and "slope" are relative
to the standard euclidean structure of C2.

Notation 2.1.2. For a non zero vector w € C? and 0 > 0, we will denote C*% the
cone of opening 0 centered at w.

Notation 2.1.3. For any quadruple of non zero vectors w1, ws, ws, ws in C2, we will
denote W = (w1, w2, ws,ws) its projection onto P(R®). For any matriz U € GL2(C),
we simply denote by U- the induced action on P(R®).

Definition 2.1.4. The middle part of a ball (resp. the %—part) is the ball of same
center and 3 times its radius (resp. 2 times its radius).

Definition 2.1.5. A holomorphic curve C is a (g, w)-quasi-line if C is a graph upon

a disk in C - w of slope bounded by ¢ relative to the projection onto w. A (g, w)-quasi-

diameter of a ball B is a (e, w)-quasi-line C intersecting the ball of same center as B
1

and of radius {5 times the radius of B.

Here is our "intersection principle" :

Proposition 2.1.6. For every u € (C*)*, r > 0, n > 0 and wo € C?, there exists a
neighborhood N (u) of @ in P(R®), there exists @ > 0, N(r) > 0 and a vector w € C?
with ||w — wol| < n such that the following property (P) holds :

(P) For every grid of balls G = (u,0,N,r) such that u = (u1,u2,us,us) € N(u)
and N > N(r), for every (6, w)-quasi-line of direction in C?° intersecting the mid-
dle part of the grid of balls G, there is a non empty intersection between the line and
the middle part of one of the balls of the grid.

Moreover, property (P) stays true for w’ sufficiently close to w.

Proof. Let us first prove the result in the case of a line intersecting the grid of
balls. After composition by a real linear isomorphism if necessary, we can suppose
(u1,u2,us,us) = (e1,ie1, ez, ie2) where e; = (1,0) and e2 = (0,1) so that the centers

of the balls of the grid have integer coordinates. Let us take wy = %el + %iel + X en4
244e, such that ||wi —wo|| < 1 with rational coordinates a1, a2, a3, au, 8 € Z. We take

B
m = Llr—oj Then, let us take the vector w = wl—l—miﬂm +ﬁiel+ﬁez+ﬁ%iez and

N > 108m® = N(r). We can increase m if necessary so that w satisfies ||w —wo|| < 7.

Lemma 2.1.7. There is a non empty intersection between any line of direction in
C™?% intersecting the middle part of the grid of balls G and the middle part of one of
the balls of the grid of balls if 0 is sufficiently small.

Proof. We divide each mesh of the lattice into m?* hypercubes. To each of these
hypercubes, we can assign the quadruple of integers given by the coordinates of a
given corner. Taking new coordinates by making a translation if necessary, we can



suppose that the union of the middle parts of the balls of the lattice contains the
union of the hypercubes whose four coordinates are all equal to 0 modulo m. Let us
take a point xg of the line inside the middle part of the lattice, and for every k € N,
we denote : xp = xo + k- w. Then, we have that :

|Thtpm,1] = |2e] +1  (mod m) and @4y gm2 2] = |Tk2) +1  (mod m)

[Zripms 3] = [2k3] +1 (mod m) and |44 gms 4] = [Tra] +1 (mod m)
Since N > 108m° = N(r), the previous relations imply there exists some x, which
intersects some hypercube of integer coordinates congruent to (0,0, 0, 0) inside the grid
of balls. This implies that the line intersects the middle part of one of the balls of the
grid.

O

This intersection persists for any line of direction in C**? and for any (u1, u2, us, u4)
in a small neighborhood A (u) of w. Then, the result stays true if we take (6, w)-quasi-
lines for @ sufficiently small since property in (P) is open for the C* topology and w’
sufficiently close to w.

O

The following corollary gives the same conclusion as the previous result but this
time with more than one possible direction for the quadruple of vectors of the lattice.

Corollary 2.1.8. For every finite subgroup M C Mato(C), for every u € (C?)*, there
exists a neighborhood N'(u) of @ in P(R®) such that for every r > 0, there exists § > 0,
N(r) > 0 and a vector w € C* such that the following property (P) holds :

(P) For every U € M, for every grid of balls G = (u,0, N,r) such thatw € N(u)UU -
N@)U---uU =t N (u) and N > N(r), for every (0, w)-quasi-line of direction
in C% intersecting the middle part of the grid of balls G, there is a non empty in-
tersection between the line and the middle part of one of the balls of the grid.

Moreover, this proposition remains true for w' sufficiently close to w.

Proof. We just have to apply ord(M) times Proposition 2.1.6. O

Notation 2.1.9. We will denote by Mat2(C) the metric space of (2,2) complex ma-
trices with the distance induced by the norm ||.|| = ||.||2,2

In the following, x will be a real positive parameter. We remind that in a first
reading it is advised to assume that U = I>. The following proposition is the "linear
correction principle" we discussed in the introduction.

Proposition 2.1.10. For every finite subgroup M C Mat2(C), there exists an integer
n >0, (n+1) balls VO, V', .., V™ C Mat2(C) such that for every 0 < z < 1, there
exists a neighborhood Uy of Iz in GLa(C), two open sets U, C U, C GLa(C) which are
union of balls Uy, = Uy <, Us)? and Uy = U, <<, (U)" such that : (U)" C (U)P
for each 1 < p < n with the following properties :

(i) If M € U,, U € M and j €N, then for every Mo € (x-V°) :
U'MU Iy + My) € U .U,
(i) If M € U,, U € M and j € N, then there exist two integers 1 < p,p’ < n such that
M € (UL,)P with the property that for every Mo € (z-V°) and for every M, € (x~Vp’),
we have : . ‘
U'MU (I + My) € U - (Ul))?
U’ MU (I + Mo)U(I> + M) € U'F? - U,



Proof. We consider the vector space Matz(C) ~ R®. Let us consider a covering of the
sphere of center 0 of radius 7 (which will be chosen later) S(0,r) by n balls B(X, 557)

of radius 21—07'. The following geometrical lemma is trivial :

Lemma 2.1.11. For every 1 <p <n, X € B(X;, 1—107"), we have : || X — X;|| < %7‘

Now, let us call Uy = B(la, 357), (U1)? = B(I2 + Xi, 557) and (Ui')? = B(I2 +
Xi, 1g7) for each 1 < p < n, U] = U, <,<,U1)” and Ui" = U, ,,(U')P. Increasing
the number n of open sets (U;)? if necessary, we can suppose that for every U € M
and for each p < m, there exists p’ < n such that (U;)?-U =U - (Z/{{)p/ and (U )?-U =
U-uyr”.

Lemma 2.1.12. There exists ro > 0 such that if 1 < 7o, for every Y € (U{')? :
Y(IQ - Xz) S B(IQ, %T)

Proof. The first assertion is an easy consequence of the previous lemma. Then, the
Taylor formula gives us that at 0 at the first order in X :

(Io+ X)(Io — X;) =L+ X — X; + O(r?)

Then, if r is sufficiently small, the following lemma implies that for every X €
B(X;, %Or) :

(Is + X)(Is — X3) € B(I, %r)

This means that for every Y € (U')? : Y (I2 — Xi) € B(I2, i7).
O

Now, it is clear it is possible to take a sufficiently small balls V°, V1 .. V" cen-
tered at 0, — X1, ..., —X,, such that :
- If M € U, then for every My € V°, we have : M(I> + Ho) € U]
- If M € U, then there exists 1 < p < n such that M € (U])P and for every My € V°,
we have : M (I2 + Hop) € (Uy)P.

The previous lemma implies that if M € (U])? and M, € V? are such that M(I, +
Moy) € (U7')?, then for every M, € VP, we have that : M(I> + Mo)(I> + M,) € U.
Then, properties (i) and (i7) are verified for t = 1 and U = I5. For each 0 < z < 1,
let us take the balls - V° 2- V', ... 2- V™ C Mat(C) and let us apply the homothety
of factor x of center I to the sets Ui, Us, Uy, (U7)P and (U;)P to get the sets Uy, U,
Uy, (U,)? and (U, )P such that properties (i) and (it) are verified for z < 1 and U = I5.

Let us now suppose that U # I. The two inclusions U MU (I + My) € Ut . U],
and U MU (I + My) € U - (U2))?P are still true by reducing V° a finite number of
times if necessary. Let us take p < n and p’ < n such that (U;)? - U ="U - (Z/I{)p/ and
M, € V?'. Then :

U (U U+ My) = U7 U - (U)” - (12 + My)

—_pitt. (u;')p’ (I, + M) c Ui,

This implies that for every Mo € (z -_VO) and for every M, € (z - _Vp/)7 we have
U'MU (I + Mo) € Ut - (U)? and U MU (I2 + Mo)U (12 + M) € U'*? - U,, which
concludes the proof of the result.

O

Let us point out the following obvious result for later reference.

Proposition 2.1.13. For every u € (C?)*, there exists a positive number x(u) > 0
such that for every 0 < x < x(u), for every M € U/, then M -u belongs to N (u).



2.2 Quasi-linear model

Here we slightly perturb the linear maps we used before but we show we can keep
results on persistent intersections. Let us recall that the integer n was defined in
Proposition 2.1.10. Let us remind that M C Mat2(C) is a finite subgroup.

Definition 2.2.1. Let f be a linear map defined on an open subset of C2. We say
that f is of type (z,p) for any 0 < p < n if f can be written [ = #(Af + h) with
af €C*, Ay e M and h € - VP (where VP was defined in Proposition 2.1.10). The

modulus |ay| is called the contraction factor of f.

Let f be a smooth map defined on an open subset of C%. We say that f is quasi-
linear of type (x,p) if f=f+ ial with f = %(Af + h) linear of type (x,p) and we
have : 1
llellez < 1505 1Rl
The following can be seen as a consequence of Proposition 2.1.10 in the quasi-linear

setting. Remember that z(u) > 0 was defined in Proposition 2.1.13.

Proposition 2.2.2. Let M C Mat2(C) be a finite subgroup of unitary matrices.
Reducing xz(u) if necessary, for every grid of balls G = (u,0,N,r), for every quasi-
linear map f of type (x,p) such that v < x(u) and 2|ay|- size(G) - || f||c2 < §, there is
a grid of balls G’ = (u',0', N,r") included inside f(G) with v’ = (Df)o U and :

v =1 = 2lag| - size(G) - ||l

Proof. We just have to take o' = f(0), u’ = (Df), - u with Df, linear of type (z,p).
Remind that by definition, the size of G is size(G) = 2N - maxi<;<4 ||us||. When
[|fllc2 = 0, the image of G under f is a grid of balls G’ of same relative size r’ = r,
each of ball of G’ is the image of a ball of G under f = # (Ag+h). Since Ay is unitary
and h is of type (z,p), reducing z(u) > 0 (independently of f) if necessary, we have
that the radius of a ball of G’ is between 2\+f\ and |‘12T times the radius of a ball of

G.

If [|fllc2 # O, the image of each ball of G under f still contains a ball of G’ but
this time by the Taylor formula there is an additive term smaller than size(G) - || f|| 2
in the differential of f. Then the relative size r’ is such that :

P> — M > 1 — 2lay| - size(G) - ||f]loz

2lay|

O

2.3 Intersecting a curve and the limit set of an IFS in C?

In this subsection, we give an abstract condition ensuring the existence of an
intersection (robust by construction) between a holomorphic curve in C? and the limit
set of an IF'S. This will be the model for robust bifurcations near Lattés maps. Remind
that n was defined in Proposition 2.1.10, N, w, 0 in Proposition 2.1.6. Remind that
the middle part and the %—part of a ball were defined in Definition 2.1.4, the middle
part and the hull of a grid of balls were defined in Definition 2.1.1. In the following,
for a holomorphic map G defined on a (closed) ball B C C?, we will denote ||G||c> =
maxsg || D?G||.

Proposition 2.3.1. Let (Gi,...,Gq) be a IFS given by ¢ maps defined on a ball B C C?
of radius R > 0 satisfying the following properties :



1. Uy<j<,9i(B) contains a grid of balls G = (u', o', ng, ) with ¢ = 2ng +1)*
such that each G;(B) contains a ball of G*
2. the contraction factor of the IFS (Gi,...,Gq) is |a] > 2

3. there exist (n+ 1) balls Bo,B1, ..., B C B of radius larger thanv-R 0 < v <
1), such that the %—parts of Bo, B, ..., By are included in the hull of G, and
satisfying the following property : for each 1 < j < q such that G;(B) C B,, G;
is quasi-linear of type (z,p) withx < z(u') and : G; = §j+2e; = L(A+h;)+1e;
with : |lgj]lc2 < 1o55 - [|hsl]. Moreover, Ui<jcq Gi(Bp) contains a grid of balls
Fll, = (ul,ozlnn@sl) for each 0 < p <mn with s* >v-r!

el
4. na >0 N(45)
1
5. la| - R-maxi<;j<q(||Gjllc2) < 4555

Let € be a (0, w)-quasi-line of direction in C™% such that € intersects the middle part
of G*.

Then € intersects the limit set of the IFS (Gi,...,Gq).

When the conditions 1 to 5 are satisfied, we summarize them by saying that
(G1,...,Gq) is a correcting IFS. The proposition will be the immediate consequence
of the following lemma :

Lemma 2.3.2. There exist (n + 2) sequences of grids (GNj>1 = (W, 07, ng, ) 51
and (I');>1 = (u/,0),ng,s7);>1 with 0 < p < n such that we have the following
properties :

1. For every j > 1, G? is included inside a ball of G and for every j > 1, there
are i1, ...,45—1 < q such that : G’ C (Gi; o...0 gijfl)(Gl)

2. For every j >1,0<p<n :T} C(Gyo..0G, ,)(T})
8. For every j > 1, D(Giy 0...0Gi, )1 € AV7' - U and for j > 2 :

j—2 J—

1 1

r > r'—2|a|-R- max (HQJHCz E Tal and s > s'—2|a|-R- max (11Gslle2) E T
120

1>0

4. For every j > 1, there exists 1 < p; < n such that the quasi-line € intersects the
middle part of a ball of Féj

Proof. The proof of this lemma is based on an induction procedure. We begin by an
initialisation called Case 0 where we pick the grids of balls at the first level G* and
Fll) for 0 < p < n. We intersect for the first time the quasi-line € with a ball and we
construct the grids at the second level. Case 0 is somewhat different from the rest of
the demonstration because we do not not control the initial position of €. Then, Case
1 has to be thought as the most frequent situation : € intersects a grid of balls whose
geometry is good enough, and we can intersect € with a new grid whose geometry is
very close to the previous one. Then, it may happen a time when the geometry of this
grid is too deformed. Then we apply a "correction" (Cases 2 and 3), which leads back
to Case 1.

Case 0 : initialization

By hypothesis, U, ~;<,i(®B) contains a grid of balls G = (u',0',ng,r') and simi-
larly U, <<, G ("B,) contains a grid of balls I} = (u',0p,nc,s") for each 0 < p < n
with s' > v -r'. So, for the first step j = 1, the (n 4 2) grids of balls are already
constructed.



By Corollary 2.1.8, € intersects in its middle part a ball of Ty : indeed, T} is a

grid of balls such that ul € A-U, C A U], we have s' > v 1" > ”161 and

ng > 1. N( ”igl) > N( ”1'61) (beware that the matrix A corresponds to the ma-
trix denoted by U in Corollary 2.1.8 ). Then it intersects the middle of the ball G;, (B)
of G which contains this ball of T'y. According to Proposition 2.2.2, there exists a grid
of balls G* = (u?, 0%, ng,r?) included in G;, (G'). We have u2 € A- N (u') and r* >
r!—2|al-size(G") maxi<j<q (||Gsllc2) > ' ~2]a|- Rrmaxi <<, ([|Gsllc2) > % Apply-
ing Proposition 2.2.2 to the grids of balls T' (0 < p < n), there exist (n+1) grids of balls
Ff, = (u2,012,,ng,52) included in gil(r,ﬁ) for 0 < p < n. We have : u2 € A-N(u') and

v-r

s* > s' —2|a| -size(T;) - maxi<j<q(]|Gjllc2) > " —2la|- R-maxi<j<q(|Gllo2) > 45

Let us now suppose by induction that the (n + 2) sequences of grids of balls satis-
fying (1),(2),(3) and (4) are constructed up to step j with the additional properties
that € intersects in its middle part a ball of F:{,.ill and that the following property is
verified : !

(Q) For every i such that (Gi, o...0Gi,_, 0Gi)(G") C Ff,:l, we have :

D(Giy 0...0Gi;_, 0Gi)yr € AU

Let us construct the grids of balls at the next step. The proof is inductive, at each step
of the proof we are in one of the three cases we are going to discuss, which differ by
two parameters. We have a quasi-line intersecting a grid of balls and we have to make
a different choice to intersect a ball corresponding to one of the (n + 1) types of dif-
ferentials we introduced earlier. Note that after Case 0, we will necessarily be in Case 1.

Case1: D(G;, 0...0 gij71)01 c A1 U, and pj—1 =0

By construction, € intersects in its middle part a ball BgflA of the grid of balls 1'%71.
Since I} = (uj,o%,nc,sj) is a grid of balls such that I'} C (Gi; o ... 0 g,-jfl)(r(l))
and D(G;; o...0 gij71)01 c A1t - U, we have according to Proposition 2.1.13 that
w e AM! -N(u'). The relative size of By compared to B is equal to v, the %—part of
B is included in the hull of G' and ng > 22 N(%) Then it is possible to take an
union of balls of T} included in B} ™" which form a grid of balls I of basis u/, relative
size s7 and with (%1/ -ng)* balls. By construction, we can take I such that € inter-

sects the middle part of I'". Since u/ € A7~1. N (ul), s > L and 5veng > N(%55)

1
10 10
we have according to Corollary 2.1.8 that € intersects in its middle part a ball of T'J.

This ball is included inside (G;, o ... 0 Qij)(%) with G;; quasi-linear of type 0.

In particular, ¢ intersects the middle part of a grid of balls G'*' C (Gi, 0...0G;,)(G").
According to Propositions 2.1.10, 2.2.2 and Property (Q), Gt s a grid of balls
GIT = (It o7 ng, riT1) with D(Giy 0...0 gij)ol € A’ - U, and :

- max (||Gjllc2)

LS T ool il . _ > _olal.
T > ) — 2lal - size(G7) lléljagq(HgJHCz)_r 2|al T2,

Jj—2 1
; 1 v-r
It > el _9olg| - R - i —_— >
Pz = 2lal R max (11l 3 o > g

Still according to Propositions 2.1.10, 2.2.2 and Property (Q), there exist (n+1) grids
of balls I'}™" (for 0 < p < n) included in (Gi, o ...0G;,;)(I';) such that :

- max (|[Gj]|c2)

j+1> Jj_ Lo Jy . X > J_ .
I 2 = 2] sinelt) - s (1611ea) > o — 2l e

10



I/‘T’1

=
) 1
R ! ; > >

s >s —2|a|-R-11£Ja§q(ng||c2) la]! > 10

1>1
The grids of balls G'*" and I'}"! (for 0 < p < n) satisfy (1),(2),(3),(4). In particular,
¢ intersects in its middle part a ball of T').

Since D(G;, o... ogij)ol e A7 U’ and p; = 0, by Proposition 2.1.10, if (G;, o... 0G;; 0
G:)(GY) c I‘{,j for some 4, then (G;; 0...0G;, 0G;)(G") is a grid of balls (u/*, 0”*, ne, 7*);
such that D(Gi, 0...0Gi; 0Gi)p1 € AT 1YY this means that (Q) is verified.

Then, after Case 1 and according to Proposition 2.1.10, only two cases can occur. If
D(Giy0...0Gi; ) € A7 .U, and we can apply Case 1 once again. If D(G;, o... 0Gi;)o1 €
Al (Uy, — (U NU)), there exists 1 < p < n such that D(Gi, 0...0G;;),1 € A7 (U')". In
this case, we are going to "correct" the next grids in a procedure given by Cases 2 and 3.

Case 2: D(Giy 0...0Gi; )1 € AV7" - (Uy)? and p; 1 =0

By construction, € intersects in its middle part a ball of the grid of balls Fgfl. We
have according to Proposition 2.1.13 that ui € A7~' . A/(u'). Then, using the same
argument as in Case 1, we have according to Corollary 2.1.8 that € intersects in its
middle part a ball of FZ,]. included inside (Gi, o ... 0 Gi;_,)(B) where G;;_, is quasi-
linear of type 0 and p; = p’ is chosen according to Proposition 2.1.10. In particular, €
intersects the middle part of a grid of balls G/™* C (gi; 0... 0 gij)(Gl). According to
Propositions 2.1.10 and 2.2.2, G/ is a grid of balls GI*! = (uw/ ™!, 0’ ng, ri ™) with
D(Giy 0...0Gi;) 1 € A7+ (U)P, there exist (n+ 1) grids of balls T, ™" (for 0 < p < n)
included in (Gi, o ... 0 G, )(I';) and 7', s/*! satisfy the inequalities of property 3.
The grids of balls G'*" and T} (for 0 < p < n) satisfy (1),(2),(3),(4).

1
the following bounds : 77, 53, > %% Since D(Gi, 0...0Gi; )1 € A’ -(U,)? and p; = p' is
chosen according to Proposition 2.1.10 (see Proposition 2.1.10 for the definition of p’),
we have for every ¢ such that (G;, o... °Gi, ogi)(Gl) C Fg,j that (Gs, o... 0Gi; ogi)(Gl)
is a grid of balls (u’"*, 0", ng, r""*); such that D(G;, o...0 Gi; o Gi)or € AT .U, this
means that (Q) is verified.

Since |a| - R - maxi<;j<q(]|G;l|c2) < we have for every 0 < p < n, for every j > 1

After Case 2, it follows from Proposition 2.1.10 that necessarily the two conditions
of the following Case 3 are satisfied.

Case 3: D(Giy 0...0Gi; _)p1 € A7 (U)? and p; 1 # 0

Induction shows that p;—1 had been chosen to get special composition properties (see
Case 2, beware that the number denoted here by p;_1 corresponds to the number
denoted by "p;" in Case 2), let us pick p; = 0. By construction, € intersects in its
middle part a ball of the grid of balls F%;_ll. Once again : v/ € A7~ N(u!) and we
have according to Corollary 2.1.8 that € intersects in its middle part the ball of 1‘%
included inside (G;, o ... 0 g,-j)(%) with G;; quasi-linear of type p;—1. In particular, €
intersects the middle part of a grid of balls G'*' C (Gi; 0...0G;;)(G"). Once again, we
can construct grids of balls G’ and T} ™ (for 0 < p < n) which satisfy (1),(2),(3),(4)
but this time with D(G;, o...0 g,.]. o1 € A’ U,. In particular, € intersects in its middle
part a ball of Fg;j, Moreover, Proposition 2.1.10 still insures that (Q) is verified.

Since D(Giy ©...0Gi; )1 € A - Uy, we are now in Case 1 once again.

11



Proof of Proposition 2.3.1. According to the previous lemma, for each j > 1, € in-
tersects I C (Giy 0 ... 0 Gi;_,)(T,). But I'y, C Uicj<q 9i(Bp;) C Uicjc, 95 (B).
This shows that for each j > 1, there exist ¢ > 41,...,4; > 1 such that € intersects
(Giy ©...0G;;)(®B). This implies that € intersects the limit set of the IFS (Gi, ..., Gq).

O

3 Preliminaries on Lattés maps

3.1 Definitions

Definition 3.1.1. A Lattés map is a holomorphic endomorphisms of P?(C) which is
semi-conjugate to an affine map on the torus. For such a map, we have the following
commutative diagram :
T
Hl

P*(C) ——> P*(C)

£ T

where T is a complex torus of dimension 2, 11 is a ramified covering of the projective
space P2(C) by the torus T and L is an affine map.

Proposition 3.1.2. The periodic points of any Lattés map are dense in P*(C). The
Julia set of any Lattés map is equal to P?(C).

Notation 3.1.3. In the following, for every T € C such that Im(7) > 0, we will denote
L(7) the lattice in C given by : L(t) = Z + 7 - Z and by L*(7) the associated product

i 2T

lattice L? (1) = L(7) - ((1)> + L(7) - (2) We also let € = e's .

The following proposition can be found in [13].

Proposition 3.1.4. If an affine map on a torus T induces a Lattés map L on P?(C),
then the torus T is of the form C*/A where A is one of the siz following lattices and
the projection I1 : T — P?(C) is given (in some affine chart for Cases 1,2,3,4) by the
following formulas :

Case 1 A= L*(7),(z,y) = [p(z) + o) : p(@)p(y) : 1]

Case 2 A= L*(§), (z,y) = [¢'(2) + ¢'(y) : ¢/ (2)9' (y) : 1]

Case 3 A= L*(i), (w,y) = [p*(2) + 0°(y) : 9*(2)p*(y) : 1]

Case 4 A= L*(8), (z,y) = [(9")(2) + (&) (1)  (¢")*(2)(9")*(y) : 1]

Case 5 A= L*(i), (w,y) = [(p(@)p(y) + e)* : (p(x) + p(1))* : (p(2)p(y) — e1)?]

y
Case 6 A = L(7) - (_11> + L(7) - (55) J(@y) = [P (1) — ' () + plz1) — p(y) -

()0 (©)-0)

In the following, we will denote 7 the projection from C? to T? = C?/A.

12



Definition 3.1.5. A Ueda map is a holomorphic map on P%(C) such that there exists
a Lattes ezample L on P'(C) such that we have :

Lon=no(L,L)

where 1 is the map between P*(C) x P*(C) and P*(C) which is just the projectivization
of (z,y) — (x + y,xy), given by :

n:([z:2]y:y]) = [zy +2'yzy 2’y

Such a map L is semi-conjugate to an affine map on the complex torus T and is a
Lattes map.

Lattés maps corresponding to Cases 1,2,3 and 4 of Proposition 3.1.4 are Ueda maps.

The following is an easy consequence of Propositions 3.1 to 3.6 of [11].

Proposition 3.1.6. Let A, II be one of the lattices and associated coverings de-
fined in Proposition 3.1.4. There ezists a finite group of unitary matrices Grattes =
G Lattes(\ IT) of finite order such that every Lattés map has its linear part of the form
aA where a € C*, |a|] > 1 and A € G Lattes-

Remark. Here, the scaling factor a takes discrete values. Moreover, arbitrarily large
values of |a| can be obtained (it can be easily seen by taking the composition of a
Lattes map with itself). The equality of the two topological degrees gives : (d')* =
la|* - |det(A)|? where d’ is the algebraic degree of L.

Since according to the previous result, there are only finitely many possible linear
parts A for a Lattés map (up to multiplication by the factor a) which are all of finite
order, we can define the following integer.

Definition 3.1.7. We denote by ordrqttes the product of all the orders of the possible
linear parts A for a Lattés map.

It can be found in [11] that ordrases is equal to 62.82.12-24. In a first reading,
we encourage the reader to consider only the case where the linear part of the Lattés
map is equal to Id. In the other cases, the dynamical ideas are the same but with
a few additional technicalities from algebra. In particular, it is sufficient in order to
prove in some cases the corollary of the main result (see subsection 1.2).

3.2 An algebraic property of Lattés maps

The goal of this subsection is to prove the following result.

Proposition 3.2.1. For every torus T, there exists an integer ¢ = i(']I‘2) such that for
any k > 0, there exists an integer di, > 0 such that for any Lattés map L of algebraic
degree d > di, coming from an affine map on T, there exists a homogenous change
of coordinates o on P2(C) such that : ¢~ o Lo is a holomorphic endomorphism of
P?(C) of the form [P : P2 : P3| where the polynomial Ps3 is a product of irreducible
factors P3 ; such that at least k factors Ps ; are of degree bounded by 1.

Definition 3.2.2. Let v be a vector of C* which belongs to a lattice A and vo € C*. We
suppose that the action of A upon C-v by translation is cocompact. Let T?> = C*/A and
7 : C? — T? be the natural projection. Then, then we say that w(vo+C-v) is a compact
line of the torus T of direction v. It is compact and m(vo + C - v) ~ 7w(vo) + C/A" - v
for some subgroup A’ C A. The family of compact lines of the torus T of direction v is
the family of all the compact lines of the torus of direction v obtained by varying vo.

13



Let us point out the fact that v € A is not sufficient to conclude that the action of
A upon C - v by translation is cocompact.

Proposition 3.2.3. Let A, II be one of the lattices and associated coverings defined
in Proposition 3.1.4. Let v be a vector of C* which belongs to A such that the action
of A upon C-v by translation is cocompact. The family of images under I of compact
lines of direction v on the torus T is a family of algebraic curves of P?(C) of degree
bounded by i = i(v, T?).

Proof. Let F be the family of images of compact lines of direction v on the torus T
under II. The family F is a holomorphic compact family of compact curves so that by
the GAGA principle it is an algebraic family of curves and in particular their degree
is bounded by some i = i(v, T?) O

Proposition 3.2.4. Let A, II be one of the lattices and associated coverings defined
in Proposition 3.1.4. Then, there exists a line § in P?>(C) such that TI"*(8) contains
at least one compact line D of T.

Proof. In each case, the following compact lines are convenient for § and we give the
preimage compact lines D. The first four cases cover the case of a Ueda map.

Case 1: 6 = {Y = 0} Indeed, Y = 0 if and only if p(z)p(y) = 0. TT*({Y = 0})
is an union of compact lines of the torus of the form {zo} x T* and T' x {yo} where
the xo,yo are in p~*({0}).

Case 2: § = {Y = 0} Indeed, Y = 0 if and only if ¢'(z)p'(y) = 0. T ({Y = 0}) is
an union of compact lines of the torus of the form {z{} x T* and T* x {yo} where the
@, Yo are in (p') ' ({0}).

Case 3: § = {Y = 0} Indeed, Y = 0 if and only if p*(z)p*(y) = 0. T '({Y = 0}) is
an union of compact lines of the torus of the form {zo} x T* and T* x {yo} where the
xo, %o are in p~*({0}).

Case 4: § = {Y = 0} Indeed, Y = 0 if and only if (p'(x))*(¢'(y))? = 0. T '({Y =0})
is an union of compact lines of the torus of the form {z{} x T* and T* x {y}} where
the x, yo are in (p')~"({0}).

2
Case 5: 6 = {X = Z} Indeed, X = Z if and only if (%)2 = 1, this means if
1

and only if 4efp(z)p(y) = 0. I ({X = Z}) is an union of compact lines of the torus
of the form {zo} x T and T* x {yo} where the xo,yo are in = ({0}).

Case 6: § = {Z = 0} Indeed, Z = 0 if and only if ¢ (z1)p(y1) — p(z1)e (y1) = 0.
O '({Z = 0}) contains the compact line of the torus {z1 = y1} (in the coordinates
~T17y1)‘

In all the cases, the preimage of é by II contains a compact line of the torus.

O

Proposition 3.2.5. If an affine map L of linear part aA on a torus T induces a
Lattes map L on P*(C) and D is the preimage under I1 of the compact line § given by
Proposition 3.2.4, then the preimage of D under L is a finite union of compact lines
of the torus. Moreover, the number of possible directions is finite. For each k > 0,
there exists di, > 0 such that for every Lattés map L of algebraic degree greater than dy
induced by an affine map L on T, there exist at least k distinct irreducible components
of degree bounded by i which are preimages of 0 by L.

14



Proof. From Proposition 3.1.6, we know that the linear part of £ is of the form aA with
A € GLastes- Let v € A be the direction of £. Since (a4)™*(v) € A (because £ induces
a Lattés map), any preimage of D by L is a compact line of the torus. Grastes is fi-
nite and so the possible number of directions is finite. Let D” be a preimage of D by L.

We have the following straightforward property : for every lines A, Ay of direc-
tion v in C?, if 7(A1) = m(A2), then every two points respectively in A; and Ay are
joined by a vector which lies in (0,1) - v + (0,1) -3 -v + A. Let us take A1, 2 € A
non R-colinear such that A~*A\; and A~ "\ are not colinear to D". Then, there is
some constant ar > 0 such that if |a| > ax, then at least 100k vectors in the set
Z-(aA)" (M) +Z- (@A)~ (X\2) won’t belong to (0,1) v+ (0,1) -i-v+ A and then at
least 100k images of D" by translations of vectors in Z - (aA) ™' (A1) + Z - (@A)~ (\2)
are distinct preimages of D by L.

Their images under II are irreducible components of degree bounded by . If |a| > ax,
at least k (this term k is not optimal and we get it by projection of the previous 100k
lines) of them are distinct preimages of § by L. But |a| > as if deg(L) is superior to
some value di,a,a. Then, it suffices to take for di the maximal value of di,a,4 when
varying A and A in the finite sets they belong (see Propositions 3.1.4 and 3.1.6). [

Proof of Proposition 3.2.1. Let & be a line in P?(C) as in Proposition 3.2.4. The result
is a consequence of Proposition 3.2.5 because after a suitable change of coordinates, we
can take 6 = {Z = 0}. Then {P3 = 0} contains at least the k irreducible components

of degree bounded by ¢ which are preimages of § by L.
O

3.3 A periodic orbit in the postcritical set

Remind that the integer ordiattes was defined in Definition 3.1.7. Beware that in
the following, the period of a periodic point is the exact period.

Proposition 3.3.1. There exists an integer K > 0 such that for every Lattés map L
defined on P*(C), there exists a point ¢ in the critical curve of L which is sent after
ne iterations on a periodic point p. of period np. such that :

1. ne+npe < K

2. np,. is a multiple of ordrattes

Proof. Let us start with the case of one dimensional Lattés maps.

Lemma 3.3.2. Let L be a one-dimensional Lattés map. There egists a critical point
¢ of L which is sent after n. < 12 iterations on a periodic point p. of period np. < 12.

Proof. The Lattes map L, according to Lemma 3.4 of [16], is such that the postcritical
set P; of L is entirely included inside the set of critical values of the covering © of
P!(C) by the complex torus T'. This implies that every critical point of L is sent after
one iteration inside the set of the critical values of ©. Moreover, let us bound from
above the number of critical values. This number ¢, is bounded from above by the
number of critical points (counted with multiplicity). Still according to [16], © can
only be a covering of orders ord(©) = 2, 3,4 or 6. The Riemann-Hiirwitz formula gives
us that : x(T') = ord(8)x(P'(C)) — ¢ which implies ¢, = 2 - ord(0). In particular,
this means that the image of every critical point ¢ of L is sent after fi. < 12 iterations
on a periodic point p. of period 7, < 12 . O

Lemma 3.3.3. Let L be a Ueda map. There exists a point c in the critical curve of L
which is sent after n. < 12 iterations on a periodic point p. of period npe < 24-ordrattes
which is a multiple of ordrattes. In particular, we have : ne+ npe < 12424 - ordpates-
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Proof. We take a critical point ¢ of L given by the previous lemma. We take a periodic
point p of L of period 2 - ordprates (it can be found in [12] that such a point actually
exists because any rational map on P*(C) of degree greater than 2 has a point of strict
period 2 - ordrattes > 4 ). Then the point ¢ = 7(¢, p) is a critical point of L. It is sent
after n. < 12 iterations on a periodic orbit 5(pe, L™¢(p)). The period of p. is fipe < 12
and P is of period 2 - ordpagtes. This implies that in P* (C) x p! (C), the periodic point
(Pe, L"C( p)) for (L L) is of period a multlple of 2 - ordrastes bounded by 24 - ordpattes-
Since the map 7 is a two-covering, in P?(C), the periodic point 1(j., L™ (p)) for L
is of period mp. which is a multiple of ordrattes bounded by 24 - ordrattes. Then
Ne + Npe < 12+ 24 - ordpagtes- O

Let us now prove 3.3.1. It was shown in [11] (Theorems 4.2 and 4.4) that :

1. Either one map in {L,L? L®} is a Ueda map. In this first case, the previous
lemma shows that one of the maps in {L, L?, L3} has a point of its critical curve
which is sent after at most 12 iterations onto a periodic orbit of period a multiple
of ordrattes bounded by 24 - ordrastes. This implies that there exists a critical
point of L which is sent after n. iterations onto a periodic orbit of period n.
which is a multiple of ordprattes With me + npe < 3+ (12 4+ 24 - ordpagtes)-

2. One of the maps L* in {L, L2, 13, L6} is preserving an algebraic web associated
to a smooth cubic (see [8] for this notion). This implies (see the remark after
Theorem A in [8]) that the critical set of L* is sent after one iteration into the
set of critical values of Il which is a curve PC. In this second case, we have
that Lk(PC) C PC and L* induces by restriction a map on PC. Taking the
normalization of PC if necessary, we can suppose that PC is regular. There are
two possibilities. Either PC is isomorphic to P*(C) and L* induces a rational
map so it has a periodic point of period ordpattes(again, it can be found in [12]
that such a point actually exists). Either PC is isomorphic to a complex torus
and L* induces a multiplication on this torus which also has a periodic point of
period ordrattes. In both cases, we see that L has a critical point which is sent
after at most 6 iterations on a point of period a multiple of ordrastes bounded
by 6 - OrdLattés~

Then, taking K = max(3 - (12 + 24 - ordrattes), 6 + 6 - ordrattes), the proof of the
proposition is done.

O

4 Perturbations of Lattés maps

4.1 Some useful lemmas

In this subsection, we prove two lemmas about complex analysis. The constants
which are involved in these lemmas will be fixed in the two next subsections.

Lemma 4.1.1. For every m > 0, for every ball B, foreveryl > f1 >0,1> fo >0,
there exist constants p = p(m,B) > 0, o = a(m, B) > 0 such that for rational function
h of degree equal to m, there exists a ball B C B C C? of radius larger than p such that

IDR(2)]|
Vz € B, h) = (1)

/ 2 |h(2)]
W) e B Ml <1, ©)
Y(z,2") € BQ,arg(h(z)) —arg(h(2)) < fo (3)

The proposition will be a consequence of the following lemma.
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Lemma 4.1.2. For every m > 0, for every ball I@, there exist constants p = p(m, Iﬁ%) >
0, 7 = 7(m, B) > 0 such that for rational function h of degree m, there exists a ball
B C B C C? of radius larger than p such that :

inf=|h

'mf]B| | >

supg|h
Proof. Let us denote Ruorm the set of rational maps of degree m which can be written
h = Z—; where hi and hg are two polynomials whose coefficients (a;;) and (b;;) are

such that : max(a;;) = max(b;;) = 1. Rnorm is a compact set. For a given h € Ruorm,
since h # 0, there exists 5, > 0, 7, > 0, a ball B;, C B C C? of radius p, such that :

infgh |h|

—h >
supg, |h|

The constants p;, and 7, can be chosen locally constant for rational functions in Ruorm
near h. Since Runorm is compact, if we choose p = p(n,B) the minimum of the P, and
7 = 7(n,B) the minimum of the 73 for a finite covejing 9f Rnorm, we have : for rational
map h € Ruorm Of degree m, there exists a ball B C B C C? of radius larger than 5
such that :

leEVL‘

— >

supg|h|

Since every rational map h of degree m can be written h = C®t . h with h € Ruorm,

the result is true for every rational map of degree m.
O

Proof of Proposition 4.1.1. We fix such a ball B. Up to multiplying h by a constant,
which does not affect (1), we can suppose that |h|oc = 1. We denote £ = 5. Then by

the Cauchy inequality we have : H\L;f(LS\)H < 1 =0, thisis (1). Then (2) and (3) are

simple consequences of (1). The proposition is proven.

O

Let us point out for further the following interpolation result. Remind that the
integer n was defined in Proposition 2.1.10.

Lemma 4.1.3. Let us take n balls Vi,...,V, C Mata(C). There exists an integer
d= d(Vl, weey Vn) and two real numbers 1 > f1 > 0 and 1 > fa > 0 such that for every
£ > 0, there exists a constant v = v(n, &) > 0 such that : for every ball B C C? of radius
bounded by 1, for every 0o € R, there exist a polynomial map H = H(V1, ..., Vn, B, 00)
of C? of degree d and (n+1) balls Bo, ...,B,, C B of radius greater than v - rad(B) such
that on each B; :

Vie (1— fi,1+ f1),V0 € (6o — fo, 00 + f2) : =€ -t-DH € Vj and 2 - |H|o < €

Proof. We call 91, ..., U, the centers of the balls Vi, ...,V, C Mat2(C). Let us take the
ball B = B(0,1). For a given 6y € [0,2n], there exists H having its differentials at
n points p; € B(0,1) satisfying H(p;) = 0 and DH,, = e~ % . #; by interpolation.
Taking sufficiently small balls By, ..., B,, of radius v around the points p;, this gives the
result for a given 6y € [0,27] and ¢ = 1. Moreover, since the required condition are
open, H can be taken uniform on a small interval of values of # and a small interval
(1 = f1,1+ f1) of values of t. Then d, v and fi can be taken locally constant in 6.
Since [0, 27] is compact, we take the maximal value of d and the minimal values of
v and f1 on a finite covering of [0, 27] by intervals where d, v and f1 can be taken
constant on each interval of the covering. In particular, since this covering is finite,
there exists fo > 0 such that for each 6y € [0,27], it is possible to find constant
H,m,v, f1 for every 0 € (0o — f2,60 + f2). This gives us the result for the fixed ball
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B(0,1). Then, the result follows for any ball B(y,r) with r < 1 by taking the map

H = (r-Id4+~)oHo(£-Id—~). It is easy to check that : —e%.t.DH = —'%.t.DH € V;
and 2 |H|oo <27 |H|oo < €. O

4.2 Fixing the constants relative to the torus T and the
matrix of the linear part A

In the two next subsections, we fix some notation and define a certain number of
constants and objects in the following specified order. As a guide for the reader objets
denoted in roman letters are relative to P?*(C), and gothic letters are relative to the
torus.

1. We fix a torus T and euclidean coordinates 7 : C2 — T. We fix the projection
m: T — P? (C) as in Proposition 3.1.4. We fix the group Grastes = Grattes(T, IT)
given by Proposition 3.1.6.

2. We fix a Fubini-Study metric ||.||rs on P?(C).

3. We fix the matrix of the linear part A with A € Grattes. We fix a line § as in
Proposition 3.2.5. We fix affine coordinates |21, 22, 23] on P?(C) as in Proposition
3.2.1 in which 6 = {z3 = 0}. In the following, we dehomogenize by working in
the chart {[z1, 22, 23] : 23 # 0} on P?(C).

4. We first need a proposition.

Notation 4.2.1. We will denote : VI = v; 4+r; - B(0,1) (remind the balls V7

were defined in Proposition 2.1.10). i - VI will denote the ball of same center
as V7 and with quarter of radius.

We fix po € T such that II(po) € {[z1, 22, 23] : 23 # 0} and DII,, is invertible.
There exist invertible matrices M, ..., M,, such that for every j :

—1 -1
(DI )ity (DT A-(DIT 1oy ) My (Dl A-(DI 1oy ) Dl = 5

Then, by continuity we have :

Lemma 4.2.2. There exists a ball B = B(T, A) C T (remind we have fized

euclidean coordinates on T ) where 11 is invertible such that I1(B) € {[z1, 22, 23] :
23 # 0}, a constant o' = o'(T, A) > 0 and n balls V1, ..., V, C Mata2(C) with :

~ _ _ -1 _ -1 1 5
Vpi € B, (DI 1)H(p1)‘(DHPz'A'(DH 1)H(ps)) 'VJ'<DHP4'A'(DH 1)H(ps>) ‘DIl € Z'VJ

Lemma 4.2.3. Reducing B if necessary, there exists a constant o' = o'(T, A) >
0 such that for every w with ||w|| = 1, we have :

inf ||[D(ITo AoII™ )y (w)|| > o - (sup | DIL|]) - [|A]] - (sup [[(DIT )y l])
pPEDB peDB peB

Proof. We take :

_1 inf(Sp((D(ILo Ao TI™ )ripy))
2 (supyes [IDIL]]) - [|A]] - (supyes (DT )y 1)

/
g

and the condition holds reducing the size of the ball B around po if necessary. [
We fix such a ball %, a constant ¢’ > 0 and n balls Vi, ...,V,, C Mata(C) of
centers U1, ..., Un.

5. We will use the following notation :

Notation 4.2.4. In the following, we still denote ||M]|| the norm ||.||2,2 of a fized

matriz. We will denote || DII|| = sup, g || DIy || and ||DIT Y| = SUp, s (DI gy |-
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10.
11.
12.

13.

14.

4.3

15.

16.

17.

. We fix B = B(T, A,B) a ball included in II(B). There exists some constant

¢ > 0 such that for every ball B C B of radius 7, IT"*(B) N'B contains a ball of
radius ¢ - 7. We fix such a constant .. We take the restriction of ||.||rs on B.
Since B € {[#1, 22, 23] = 23 # 0}, this restriction is equivalent to the euclidean
metric on {[z1, 22, 23] : 23 # 0}.

We fix the integer m = d and the reals f1, fo > 0 given by Lemma 4.1.3 associ-
ated to the balls Vi, ..., V,, C Mata(C).

We fix the constants p = p(m) > 0, 0 = o(m) > 0 given by Lemma 4.1.1
associated to the integer m = d, the ball B and the two reals f1, fa.

We take a constant & = £(T, I, V;, A, 0, 0") satisfying the following inequality :

o - |IAlI® [EY )
2|1 |2 - [| D] 20 - || DIT|[? - || DIT-H]?

1 . .
0<¢é< 7 mini<i<nr; - min(

From 4.2.7 and 4.2.8 Lemma 4.1.3 gives us a new constant v = v(m,§) > 0.
Corollary 2.1.8 gives us a constant N(%5).

We fix a constant d' defined as follows. Let us point out that for any Lattés
map L of algebraic degree d’ coming from an affine map £ on T, of linear part
aA, the equality of the two topological degrees gives : (d')? = |a|* - |det(A)|*.
There are (d')? = |a|* - |det(A)|? disjoint preimages of the torus T by the affine

map L of volume %.

r. Let us take d' such that both (d")? - 18’_?(;1'&) > (L. N(¥))* and (d')* >

100 - MaXAcGy 0. |det(A)[>. In particular, this last condition implies that for
any Lattés map of algebraic degree d’ > d', we have la] > 2.

Let us denote vol, the volume of a ball of radius

i was defined in Proposition 3.2.1 and K in Proposition 3.3.1, we fix ng =
E(%) +1. We fix d* = dn,,+100 (this integer was also defined in Proposition
3.2.1). We fix d® = 2K.

We fix d = max(d", d?, d®).

Fixing the constants relative to the Lattés map

Let L be a Lattes map L = [P : Pa : P3] of degree d’ > d associated to an
affine map on T of linear part aA.

According to Proposition 3.2.1, in the coordinates [z1, 22, 23] which were fixed
in 3. we have that :

Py(21,20,28) = [[ Pasl1,22,2)

1<j<J

with P3 ; irreducible and deg(Ps;) < i = i(T?) for J > j > J —m — 2K + 1
(remind that K was defined in Proposition 3.3.1). In plain words, the last
factors of the product have degree bounded by a constant ¢ depending only on
the chosen torus T. We will consider the restriction of L to {[z1, 22, 23] : 23 #
0} N L™ ({[z1, 22, 23] : 23 # 0}). We have :

Pl(zl,ZQ,l) PQ(Zl,ZQ, 1)

L(z1,22) = (= y =
( ) Pg(zl,ZQ,l) Pg(zl,ZQ,l)

We denote Pi(zl,ZQ) = Pi(Zl,ZQ, 1)

There exists a periodic point p. of period np. (which is a multiple of ordrattes)
which belongs to the postcritical set of L, according to Proposition 3.3.1, we fix
it once for all. We call ¢ the point of the critical curve such that p. is in the
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orbit of ¢ and we have n. 4+ np. < K according to Proposition 3.3.1, where K is
independent of the choice of T and L. Since p. is repelling, we can suppose that
¢ is the only critical point in {c¢, L(c), ..., pe, ..., L™~ *}. We choose homogenous
polynomials of degree 1 denoted by Q1, ..., Qn.+np.—1 such that :

Q1(c) = Q2(L(0) = .. = Qn.(pe) = Quetnpe—1 (L™ (pe)) =0 (4)
It is possible to take these polynomials such that at least one of the coefficients
of z1 and 23 is non equal to 0 so we take the polynomials with this property.

18. Putting }
P3(21,22) = 11 P (21, 22),

J=2(nc+npe)—m+1<5<J
let us denote by h the rational function defined by :

ITi<)cnoing.—1(Qilz1,22,1))?
}53(21722)

h(zl, 22) =

19. We denote : h(II(po)) = |h(I1(po))|e’r.

20. We choose the ball B C B of radius larger than p according to Lemma 4.1.1
applied to the ball B chosen in 4.2.6 and to the the constants m, f1, f2 chosen
in 4.2.7. We pick a ball B C II"(B) N B. According to 4.2.6, B can be taken
with its radius equal to ¢ - p and this bound on its radius (not the ball itself,
but the bound on its radius) is independent of L. Since d' > d > d' with
(d")? - 10‘/-?,1<>Li€1r) > (L. N(%2))", there are at least (£ - N(¥2))* preimages of B
by the affine map £ inside 8 which form a grid of balls.

21. We fix the polynomial map H = H(Wi, ..., Vu,B, 6p) of C? of degree m = d and
(n + 1) balls Bo,...,B, C B given by Lemma 4.1.3 and corresponding to this
ball B and the value 0y = 61 — 2arg(a) where 61 was defined in 4.3.19. Each of
them has its radius larger than v times the radius of B. We take (n + 1) balls
By C BN (By),..., B, C BNIT'(B,) of radius ¢ - (v - rad(B)). Then the
quotient md?;f is equal for each j € {1,...,n} to = (;gz%m)) = (Vp”) =v. Let

us point out that this bound on the radius is still independent of L.

4.4 Creating a correcting IF'S

Notation 4.4.1. In the following we construct three holomorphic families of holomor-

phic maps of P?(C) which are successive perturbations of L : L' = L., L" = LY, _,

and L' = L] ., ., where e1,e2,e3 € D. We have Ly = L, L,y = L., and
LY .0 = LY, .,. We often forget the ; and just denote LZL”,L'” for simplicity

when there is no risk of confusion.

Notation 4.4.2. We consider the ¢ = q(d) preimages of I1(*B) under L included inside
II(B) and the corresponding local inverses (g;)1<j<q which form an IFS. We denote by
(Gi)1<j<q the corresponding maps on B. For further perturbations L', L", L' of L,
we consider the analogous objects and we call them (g5)1<j<q, (95 )1<ij<q, (95 )1<i<q
and (G)1<j<q> (G )1<i<as (97 N1<)<a-

Notation 4.4.3. In the following, we will consider the continuation p(L') (resp.
p(L"),p(L"")) of the periodic point p.. This one is well defined according to the im-
plicit function Theorem since p. is repelling. In fact, for the successive perturbations
that we will consider, we will always have p(L') = p(L") = p(L"") = pe.

Proposition 4.4.4. Let L be a Lattés map of degree d' > d coming from an affine

map on T, of linear part aA. Let L = (];1, i 2) be the expression of L in the chart
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{[z1, 22, 23] : 23 # 0} defined in 4.2.3. Then the family of rational maps (L., )., where
L'=L, = (51 22y defined by :

P
Pl(21,22) = Pi(21,22) + e1h(z1, 22) Ps (21, 22) H1 (21, 22) (5)
PQ,(Zl, Zz) = Pz(Zl, 22) + Elh(Zl, Zz)Pg(zl, ZQ)HQ(Zl, Zz) (6)

where h was defined in 4.3.18, H in 4.3.21 and €1 € D is such that :

1. For everye1 € D, L' = L., eatends to a holomorphic map of P?(C) of the same
degree as L and (L.,)<, is a holomorphic family of holomorphic maps of P?(C)

2. p(L') = pe is periodic for L' and is in the forward orbit of ¢ : p. = (LL,)"*(c)
and (L/51)npC (pc) = pc. Moreover D(L~,61)C = (L)Ca T 7D(L,51)
DLancq(pc) for every e, € D

(LL)"Pe " pe) T

Proof. Let first remark that since Ps admits at least ng = (E(%m) + 1) fac-
tors of degree bounded by i, the degrees of hPsH; and hPsHs2 are bounded by
deg(P1) = deg(P2). Since the property of being a holomorphic mapping is open,
L’ is a holomorphic mapping for sufficiently small values of ;. For simplicity we will
suppose that this is true for €1 € D after rescaling if necessary. Since &1 is just a linear
factor, (L., ), is a holomorphic family of holomorphic maps of P?(C). Thus item 1 is
proven. Item 2 is a consequence of the quadratic terms Q? in h (see 4.3.18).

O

Proposition 4.4.5. Let a Lattés map L of degree d’ > d coming from an affine map
on T, of linear part aA. We are working in the chart {[z1, z2, 23] : z3 # 0} defined
in 4.2.3. In this chart, L = (%, %)‘ Let L' as in Proposition 4.4.4. Then there
exists t > 0 such that for every 0 < p < n, for every real 0 < €1 < 1, there exists a
ball B, C B C C? of radius rad(B,) > v - rad(B) and a neighborhood X., of L' in
Holy such that for every L' € X.,, if j is such that G;'(B) C B, then G’ is of type

(t&‘l,p).

Proof. In the following, we omit the index j on gj;, g5, G; and G and we take 0 <

1 < 1. Let us remind we work in the chart : [21, 22, 23] = (£}, 22) on P?(C). We first

show the result for L'. We have for every p € B NG’ (B) :

DG, — DG, = DII_,

-1
g/ (T(p)) ~ Dgrpy - DI, — DII - Dgnpy - DII, =

9(T(p))

-1 —1 / —1 /
(DU 1)y = DMy rigpyy) - Dngp) - DUy + DIy 1y - (D9nap) = Dgnp)) - DIy

with :
Dgnp)~Dan(p) = (12+(Dllg(n<p>>)_l'D(El~h~H)g<H<p>>)71-(17135;01(;»)))_1—(DLgm(p)))_1
= —(DLypy) " - e1D(h-H) gquup)) (D Lgqmipy)) " + 0(e1)
D(h.H)g(m(py) = h(g(1L(p))) - DHg(ui(py) + H(g(IL(p))) - Dhg(ri(p))
Then we have :
Dgy—Dgp = m+n2—DU 1,0 (D L))~ e1-h(g(T1(p)))-DHy(r(py) (D Lgqmipy)) ' -Dlp+o(e1)

where m = (DII D1l - Dgiy(p) - DIT, and :

-1 _ -1 )
g’ (T1(p)) g(I1(p))

M2 = =D 110 - (DLguiey) ™" - €1 - H(g(T(p))) - Dhguapy) - (PLgauipyy) " - DIy
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Lemma 4.4.6. For any p € BN G'(B) we have :

= DI 11y (D Lg(igpy) ™ -e1-h(g(1()))- DH (o)) (D Lgquipy)) DI € 1-[h(I1(po))| -V

1
4la]?
Proof. This is due to the fact that H has been taken so that —W - D(H)g(ri(py)
belongs to M V; and by the definition of V; (see Lemma 4.2.2). O

Lemma 4.4.7. We have : ||ni]| < ﬁ g1+ |h(II(po))| - mini<j<n rj
Proof. Since 2+ |H|o < € and by Lemma 4.2.3 for every p € B NG’ (B) we have :

e1 - |h(g(IL(p)))|-€
ianwH:lHD(H oaAoll=1)(w)||

e [h(g(Il(p))] - €
o' - lal - [|A][ - [[ DIT][ - [[ DIT=]]

llg’ (T1(p)) — g(TL(p))]|

A

Then we have :

Il = 1Py gy = Pllymgy) - Done) - DIl ||
< ||DHg/(n(p)) - DHg(H(p))H Dyl - 1D
e1 - [h(g(T(p)))[ - § 1 )
< —7 - [ le2 - [[Dgngy I - [[DH]]
o' - [al||All - || DIL|| - || DI~ | ¢ e
&1 - 2[h(I1(po))| - € —1 1 -1
< A ez - (g - 1P| - [[DIT ) - || DI
o' - [al - |[A][ - [[DII]| - [| DII~ 1] " Nal - 114]]
1 .
< quEe |h(I1(po))| - mini<j<nr;
by the inequality on &. O

Lemma 4.4.8. We have : ||n2|| < ﬁ.aﬂh(ﬂ(po))\.minlggn Ty,

Proof.

IN

Il 1D - HDL_III ~e1 - [[H|| - ||Dh]| - [[DL™1]] - || D]

IA

2
jrety IIDHII-IIDITIII) ~e1-&-|[Dh][ - [| D]

- (|| 1A
1 _
1

FIFERR |h(I1(po))| - mini<;<nr;

by the inequality on £ and because : Vz € B, ||Dh(2)|| < o-|h(2)| < o-2|h(II(po))|. O

The three previous lemmas imply that on B NG'(B), DG, — DG, belongs to t - VI
with ¢t = %W' Then by continuity, for a given &1 (and then a given L'),
there exists a neighborhood X., of L’ in Holy such that for every sufficiently small
perturbation L € X., of L', if j is such that Gj'(B) C B, then G}’ is of type
(te1,p). This proves the first item of Proposition 4.4.5. The proof of Proposition 4.4.5
is complete.

O
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4.5 Well oriented postcritical set
Notation 4.5.1. We fiz pc a point of TT*(p.).

Notation 4.5.2. We denote by PCrit(L) the postcritical set of L, this is the set
PCrit(L) = U,,»o(L)"(Crit(L)) where Crit(L) is the critical set of L. The notation
will be the same for perturbations L', L",L".

We pick a vector wy; and a value € given by Corollary 2.1.8 corresponding to
the 4-tuple u of the four vectors of a basis of A. Still according to Corollary 2.1.8,
there exists an open set of admissible values for w; so we choose to take it in the
following way. The map £"<°"%4) is an affine map on the torus T of linear part
anpc»ord(A) . Anpc-ord(A) — Canc-ord(A) i I;ch _ anpc-ord(A) . I with ‘al > 2 (see 3.2.12).
Points with dense forward orbit for £7Pe°*44) are dense in T. Moreover, since nyp.
divides npc - ord(A), pe is a fixed point of L£7reordA) - We pick wy such that pe + w;
is a point of dense forward orbit for £"7¢°*44) " Since the linear part of £ rd(A) g
a™e ot L and pe is a fixed point of £ "4 we have that the whole forward
orbit of pc+w; by Lot is contained in the line going through pc and pc+w;. In
particular, this line is dense in the torus T. We pick ws such that (w1, w2) is a basis
of C? and ws is not tangent to TI~*(PCrit(L)) at pc.

Here is the main result of this subsection :

Proposition 4.5.3. Let B be as in 4.3.20. There exists a neighborhood W(L) of L
in Holy such that : every map L' = L., as in Proposition 4.4.4 is accumulated by
maps LY _, ., = L' in W(L) such that there exists a component I' C 11~ (PCrit(L""))

whose restriction to B is a (0, w1 )-quasi-diameter (remind that this notion was defined
in Definition 2.1.5).

The following lemma is well known.

Lemma 4.5.4. Let £ be a linear automorphism of C? and T' C C? a complex subman-
ifold through 0 such that :

1. the eigenvalues A\, of £ are such that |A| > |u| > 1. Let wx and w, be the
respective eigenvectors.
2. wy s transverse to I' at 0

Then, (£%(T))k>0 converges uniformly to the line C - wy in the C*-topology.

Proof. We can take wx = e1 and w, = e2. The eigenvector w,, of u is transverse to I at
0. Then locally I is a graph vy over a small disk D, C D : {(¢,v(t)) : ¢t € D,)}. For every
EeN, £5({(t, 7)) : t € D)} = {(\F -, 1" -4(t)) : t € D,}. Since |A| > 1, for large k,
we have D C A\* - D.,. Then £*({(t,~(t)) : t € D,)}) contains {(s, u* “v(5%)) : s € D}
But there exists C, > 0 such that |y(t)| < C, - t near 0. Then p* y(5F7) < Cy - (%)k
converges uniformly to 0 on D,. Then, for every 6’ > 0, there exists k such that
LE({(t, (1)) : t € D,)}) contains {(s,7(s)) : s € D} = {(s, " “v(5%) : s € D} with
|7(s)] < ¢'. Then by the Cauchy inequality this implies that |(¥)(s)] < ¢’.

O

Notation 4.5.5. We denote for every (A, u) € (C*)? by Diag, ,, the following map
from C? to C? :
Diag/\,u 2 (z1,22) = (N z1, 0 22)

Lemma 4.5.6. The linear part A € Grattes of L is diagonalizable.

Proof. Since Grattes 1s a finite group, we have that A is of finite order. In particular,
A°rd(Grates) — [, Then R(A) = 0 where R(X) = X°4(CrLattes) _ 1 has simple roots.
Then A is diagonalizable. O
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Lemma 4.5.7. Let (f:).cps be a holomorphic family of holomorphic germs defined
in a neighborhood U of 0 such that for every e € D3, D(f:)o is diagonalizable and 0
is a repelling fived point for f.. We denote by A(e) and u(e) the eigenvalues of fe at
0 and wx and w,, be associated eigenvectors. We suppose that in the family (f<).cps,
wx = w1 and w, = w2 are constant. We suppose that |A(0)|* > |u(0)] > |A(0)|. Then
there exists a neighborhood U' C U of 0 and a neighborhood V of 0 in D* such that for
every € €V, f. is holomorphically linearizable in U’ : there exists a holomorphic map
@y, defined on U’ such that :

Diag)\(e),#(a) opr =5 0 fe
Moreover, @5, varies continuously with € in the C° topology.

The proof will be based on the following well known result (see Theorem 6.2.3 in
[17]).

Proposition 4.5.8. Let F' be an invertible map with repulsive fized point 0. Suppose
that the eigenvalues \, ji of DFy satisfy the condition |A\* > |u| > |A| > 1. Then F is
holomorphically conjugate to Diagy ,,.

For the resonant case we use the following lemma :

Lemma 4.5.9. Let F' be an invertible map in a neighborhood of 0 with a repelling
fized point at 0. Let us denote the eigenvalues of DFy by A, u. Let us suppose that o1
and @2 are two holomorphic maps conjugating F' to Diag, ,. Then c,pl_l o 2o is linear.

1

Proof. Let us write x = o7 02 = (x*,x?) and x?(z) = Dokt Xi - z* where z* =
ky "

281 2% and j € {1,2}. We have that x commutes with Ly ,. Then :

A D xk-2" =) Xk (Diag, ,(2))" and p- Y xi 2" = Y xi - (Diagy ,(2)"

[k|>1 [k|>1 [k[>1 [k|>1

In particular, since A, i1 # 1 this implies that x} = x7 = 0 for every |k| > 1.

We now prove Lemma 4.5.7.

Proof of Lemma 4.5.7. We take a neighborhood V of 0 in D® such that for every e € V
we have that |\()|? < |u(e)| and |u(e)|? < |A(g)|. Tt is a consequence of Theorem 6.2.3
of [17] (this result goes back to Poincaré) that for every e € V, f. is holomorphically
linearizable at 0 in some neighborhood U, of 0. We show here that the linearizing map
¢y, varies continuously with € in the C° topology. This will imply in particular that
the neighborhood /. can be taken uniform I/’ in «.

For this we follow the proof of Theorem 6.2.3 of [17] and its notations. The proof
is divided into 3 steps.

The first step itself is divided into two steps. The first one is a linear change of
coordinates that we will denote by ¢iin. ¢iin is not unique but it becomes unique if
w1 is sent on e; and ws is sent on e2. Thus this map @in = @iin(fe) is uniquely defined
and varies continuously in the C° topology. The second one is a change of coordinates
that we will denote ¢1(2) = (¢1(21), 22) such that 1 (21) = 214+ >4 75 Ak—lﬂ CA(FE(21)).
There exists a constant K such that |A(z1)| < K|z1|? for every map f. with e € V (re-
ducing V if necessary). Since 1 is the sum of a normally convergent series whose terms
all vary continuously, ¢1 and then (1 0y, vary continuously in the C° topology. After
these two changes of coordinates, f. is reduced to the form (z1, 22) — (A- 21, g(21, 22))
with g varying continuously.
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In the second step, one defines some infinite product v(z) = [[}20(1 + B(F"(z)).
We have |B(z)| < K'|z|?> and reducing V if necessary, we can suppose this estimate is
true for every € € V. Then ~ is normally convergent and varies continuously. The map

1) such that % then still varies continuously, just as @2(z) = (z1,%(z)). After this

third change of coordinates, f. is reduced to the form (21, z2) — (A - 21, p - 22 + h(z1))
with h varying continuously.

Finally, the last change of coordinates 3 is of the form (z1,7(2)) with n(z) = z24+q(21)
and q(z1) = q1 - 21 + qa - 27 + ... with ¢; = ﬁ for each j > 2. Since h varies con-
tinuously, so do the coefficients g; for j > 2. Since ¢ = @3 0 2 0 1 0 @y, for every
€ € V, we have that ¢ is uniquely defined by Lemma 4.5.9 and varies continuously.
Finally, ¢ and then 1 and @3 vary continuously. This implies that for every € € V,
f< is holomorphically linearizable by . = ¢3 0 w2 0 @1 © . Moreover, @y varies
continuously in the C° topology. O

Remind that c is a point of P?(C) which was defined in 4.3.17 and that the notation
p(L") was introduced at the beginning of section 4.4. In the following lemma, we

perturb L' = L., into L"” = L7, ., to ensure that the critical point c is not singular.

Lemma 4.5.10. There exists a holomorphic family of holomorphic maps of P?(C)
denoted by (L7, .,)(c,,e0)ep? Such that :

1. for everye1 €D, LY, o = LL,

(e1,

"
€1,€2

2. pe 1s in the postcritical set of L
pe for e2 #0

3. p(LZ, c,) = pe is periodic for LY, .,
(Lgl,sg)nc (C) and (Llall,sg)npc (pc) = Pc

4 D((LZ, 23)""" )pe = D(L"7)p.

€1,€2

and the postcritical set is not singular at

and is in the forward orbit of ¢ : p. =

Proof. We first make an invertible linear change of coordinates so that in the new
coordinates [z1,z2,z3], the point ¢ is equal to [0,0,1] and the point L(c) is in the
chart {x3 # 0}. We choose homogenous polynomials of degree 1 in the variables
T1,x2,r3 denoted by Ra,..., Rnc+np671 such that :

Ra(L(c) =+ = Rn.—1(L"7(¢)) = Rnc(pe) = -+ = Ruetmpe—1 (L™ (pe)) =

R2(C) 5& 07 e aR’ﬂcfl(C) # 0 ) R’ﬂc(c) # 05 e 7R7’Lc+"pc*1(c) # 0

This is possible since c, ..., L™ *(p.) are distinct. We denote :

y1(x1,x2) = H (Ri(w1, 22, 1))2

2<k<nc+npc—1

In {z3 # 0}, the critical set of L’ is the set {Jac(P’) = 0} where Jac(P’) is equal to
9P 9P} opP{ 9P

. The critical set at ¢ is not singular if the gradient of the map

oxq ' Oxo Oxo Oz
opP{ 0P P 0P} . . . ..
(z1,22) — o Bm. — Bar .. 15 mon zero at ¢, in particular if

d ; 9’°pPl 0P, 0P 0P 9’Pl 9Py 0Pl 0’P;
g P - . el _ . _ .
01 (Jac(P))(e) 0x? Oxs  Or1 Or10x2 01102 O11  On2 O3 70

If this is the case, there is nothing to do and we can take L’/ = L’. Let us suppose
this is not so. We distinguish two cases.
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First case : we suppose that aPZ # 0. For every €2 € C we consider the follow-

=L = (& %2 with P} = P}, P} = P}

ing perturbation of L’ defined by L (P//7 7
3

1,62
and :
P{'(z1,22) = P{(z1,x2) + €2 - y1 (1, T2) - z3

Because of the choice of the degree d in 4.2.13 and 4.2.14, we have deg(P;’) < deg(Py).
Since the property of being a holomorphic mapping is open, L” is a holomorphic
mapping on P?(C) for sufficiently small values of e2. Then, item 1 is obvious. Be-
cause of the quadratic terms R? in the definition of 71, c stays preperiodic (with the
same periodic orbit p(L'E'1 ) = pe) for LY, .., this implies item 3. Still because of
the quadratic terms R} in 71 we have that D) (LY, .,) = Dr((LL,) = DroL,

s Dpynve=1(p0) (L ea) = D pynpe=1(py(LEy) = D pynpe—1(,,)L; so we both have
that p is in the postcritical set of LY, ., and that item 4 is true. Moreover we have
D.L" = D.L so c is still critical. The only second order partial derivative which

depends on ¢ is : 8;})21” (c) = a;z (¢) +2-v1(c) - e2 with y1(c) # 0. Then the map

€2 > 50— (Jac(P”))( ) is an affine map in e2 of non zero coefficient equal to 2-y1 (c)- ZTP;;'

Then, 1t is non zero for g5 € D*. This implies that the critical set is not singular at
c. Then there is a component of the postcritical set at ¢ which is not singular. Since
DL, -+ ,DLpnpe(p,) are not singular, there is a component of the postcritical set at
pc which is not singular. Thus item 2 is true.

Second case : we suppose that P; = 0. For every €2 € C we consider the following

perturbation of L’ defined by LY, ., = L" = (}P;x, P/,) with P§ = Pj and :

P{,(Cﬂhm) = P{(Il,wz) +e2 -z, z2) - 21

Py (z1,22) = Py(x1,®2) + €2 - 1 (w1, 22) - 122
Because of the choice of the degree d in 4.2.13 and 4.2.14, we have deg(P}’) < deg(P;)
and deg(Py') < deg(P;3). Since the property of being a holomorphic mapping is open,
L"isa holomorphlc mapping for sufficiently small values of 2. Then, item 1 is obvious.
As in the first case, items 3 and 4 are true and p. stays postcritical. We have :

1 / 1 0
D.L" =D.L + &5 - ’yl(c) - (O 0)

Since at the point c, we have both BPQ = 0 and Jac(P’)(c) = ‘3—2 . gfz gf; gff =0,

this implies that we still have Jac(P”)(c) = 0 and the point c is still critical. The only
2 pll 2 p/
second order partial derivative which depends on €3 is : 6(11};12 (c) = 6218139262 (e)+1(c)-

€2 with v1(¢) # 0. Then the map &2 — W(Jac(P"))( ¢) is a polynomial of degree 2

in €2 of non zero coefficient of degree 2 equal to (y1(c))?. Then, rescaling if necessary,
it is non zero for e2 € D*. As in case 1, we conclude that item 2 is satisfied. This
concludes the proof of the proposition.

O

Remind that w; and w2 were defined just at the beginning of this subsection. The
notation p(L”) was introduced at the beginning of section 4.4. In the following lemma,
we perturb the periodic orbit p. in such a way that we can choose the two eigenvalues
at this periodic point .

Lemma 4.5.11. There exists a holomorphic family of holomorphic maps of P?(C)
denoted by (LZ] cy.c5)(cy,e0,e4)en3 SUch that :

" 1"
1. for everyei,e2 €D, L] ., 0 =Lz, .,
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2. p(L"") = pe is periodic for L' ((L"")"?(p.) = p.) and is in the postcritical set
of I (pe = (L") (c))

8. if es > 0, then the eigenvalues A\, pu of the periodic point p. are such that :
|ul* > X[ > [ul

4. the eigenvector w,, associated to p at pe is equal to DIlyc(w2) and then transverse
to the postcritical set at pe

5. the eigenvector wx associated to \ at pe is equal to DII,c(w1)

Proof. We first make an invertible linear change of coordinates so that in the new
coordinates [y1, Y2, ys], the point p. is equal to [0,0,1] and the point L(p.) is in the
chart {ys # 0}. We choose homogenous polynomials of degree 1 in the variables
Y1,Y2,ys denoted by S1,...,Sn.—1,.+1,- .., +np.—1 such that :

Si(e) = Sa(L(e)) = -+ = Su—1 (L™ (¢)) = Sno1(L(pe)) = -~ = nc+npc—1(anc(_1)(pC)) -
9
Sl(pc) 7é 0 B 52(170) 7é 0> o 7Sna*1(pc) 7& 0 5 Snc+1(p0) 75 07 e 7Snc+”pc*1(pc) 7£ 0

(10)
This is possible since ¢, ..., L™ (p,) are distinct. We denote :
v (yr,y2) = [ (Si(wr, 92, 1))
J#nc
For every €3, ki € C we consider the following perturbation of L defined by L¢| ., ., =

P/// P/// .
L = ($7 ﬁ) with P3/// _ P3// and :
P (y1,y2) = Pl (y1,42) + €3 - v2(y1,42) - (k191 + Kay2)

Py (y1,92) = P (y1,92) + €3 - v2(y1, y2) - (Kayr + Kayz)
Because of the choice of the degree d in 4.2.13 and 4.2.14, we have deg(P;") < deg(P;’)

and deg(Ps") < deg(P5'). Since the property of being a holomorphic mapping is open,
L is a holomorphic mapping on P?(C) for sufficiently small values of e3. Then, item
1 is obvious. Then, because of the quadratic terms S’JZ in 79, it is clear that c stays
preperiodic (with the same periodic orbit p.) for L' and Dy, )L = DL, -+,

Dynpe-10py L = Dpnpe-1,., L. This shows item 2. In the chart {ys # 0}, we have :

/ !
Dy L" = Dy L" + 5 72(pe) - (m K2>

! !
K3  Ka

with y2(pe) # 0. We have Dy ) L" = Drpo) L, -+, DL"pcfl(pc)Lm = DL"Pcfl(pc)L'
We also have the equality : D, L-...- Dpnpe-1,0L = a™re - I because the period n,,
is a multiple of the order of A (see Proposition 3.3.1). Then we have :

/

!
Dy = e (1t (5 5F) (0,007

Let us denote by M the matrix whose two columns are DII,(w1) and DII,(w2). We

choose : , ,
K1 Ko 1 1 0) 1
= M - MY (D, L
(Hé HZ) ~2(pe) (0 0 (DreL)

DPC(L///)an _ anpc . M . (1 + €3 0) . M,l

Then :

0 1

This equality implies that items 3,4 and 5 are satisfied and this ends the proof of the
proposition.

O
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We are now able to prove Proposition 4.5.3.

Proof of Proposition 4.5.3 . We consider the holomorphic family of holomorphic maps
(LY} cs.e5) (e1,69,e5)en3 - According to Lemma 4.5.11, every L7 ., ., is diagonalizable
and admits w; and ws as eigenvectors. Then according to Lemma 4.5.7, we can take
some uniform open set set B, C IPQ(C), some ball By;,, such that there exists @
defined on By;,, with values in By, C C? such that L is linearizable by @ : By —
Biin. Moreover o varies continuously with L"”’. We denote by 9B;;, some ball in

o' (Buin) C T.

Lemma 4.5.12. Let I' be the diameter of Biin of direction wi. Then there exists nog
such that U, <, <,,, L™ (I") contains a (0,w1)-quasi-diameter of B.

Proof. ;<< £"(I") is dense in T by the choice of wi. Then there exists no such
that U, <,,<,,, £"(I") contains a (0, w1)-quasi-diameter of %B.
- O

From Lemma 4.5.9, we know that oz, o IT is linear. Rewriting this result in P?(C)
we have :

Corollary 4.5.13. Let T be the diameter of Biin of direction (pr o II)(w1). Then
there exists ng such that 1_[_1(U1<n<n0 L"(p; 1 (T")) N B) contains a (0,w1)-quasi-
diameter of B. T

By continuity of L"’ +— @ (see Lemma 4.5.7), we have the following perturbation
result :

Corollary 4.5.14. There exists ' > 0, some neighborhood W2(L) of L in Holy
and an integer no such that for every (8, (¢r o I)(w1))-quasi-diameter T of Biin,
for every L' € Wa(L), we have that Hfl(U1<n<n0 (L") (e (I") NB) contains a
(0, w1)-quasi-diameter of B.

Remind that w2 is not tangent to TI™'(PCrit(L)) at pc. We can take a neighbor-
hood Ws(L) of L such that every map in Ws(L) for which pc is in the postcritical
set still satisfies this condition. We consider W(L) = Wi (L) N Wa(L) N W5(L). Since
the conclusions 1,2,3 and 4 of Lemma 4.5.11 are satisfied, according to Lemma 4.5.4,
there exists a disk I" included in the posteritical set of L'’ such that II~!(I") contains
a (6, w1)-quasi-diameter of By;,, (remind 6" was defined in Lemma 4.5.14). According
to Lemma 4.5.14, U, <, <, (L") (11~ Y(T")) contains a (6, w1 )-quasi-diameter of B so
the conclusion follows. O

5 Proof of the main result

We consider the perturbations L in W(L) as in the previous subsection and such
that L' = L] ., ., € Xc, (the neighborhood X, of L., was introduced in Proposition
4.4.5, all maps in AX., have a correcting IFS). Let us consider the union of all the sets
Gj'(®B) C B for 1 < j < ¢q. Reducing W(L) if necessary, by continuity it contains a
grid of balls G* = (u', 0", ng,r') with r* > 2 (see 4.3.20).

Proposition 5.0.15. There exists an integer d (depending only from T) such that for
every Lattes map L inducing an affine map on T of linear part aA, every map L' as
given in Proposition 4.5.3 is such that :
1. Ui<jcq G/ (B) contains a grid of balls G = (u',0',ng,r') with ¢ = (2ne+1)*
such that each G}’ (B) contains a ball of G*

2. the contraction factor of the IFS (Gi",...,G;") is |a| > 2
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3. there exist (n + 1) balls Bo,B1, ..., B C B of relative size larger than v, such
that the %—parts of Bo,B1,..., B, are included in the hull of G, and satisfying
the following property : for each 1 < j < q such that G'(B) C By, G’ is quasi-
linear of type (x,p) with v < x(u') and : G} = §; + 2e; = L(A+ hy) + L¢;
with : |lgj]|c2 < 1555 - |hsl]. Moreover, Ui<j<q 97 (Bp) contains a grid of balls
I, = (ul,oll,,nc,sl) for each 0 < p < n with s* > v -r!

10 verl
4. TLG>7N( 10)

1
5. la| - R-maxi<j<q(1G]"]|c2) < 455

6. there exists a (0, w)-quasi-diameter of B inside I~ (PCrit(L""))

Proof. The first item was stated before the proposition. The second one comes from
4.2.12 and the fourth one from 4.3.20. The fifth one can be obtained from a reduction
of W(L) if necessary. The last one is a consequence of Proposition 4.5.3. We show
the third item. The existence of the balls B, of relative size v is a consequence
of Proposition 4.4.5. The inclusions Bg, B, ..., B, C B and the inequality on ng
ensure that there are sufficiently many G;’(%B) so that the 2-parts of Bo,B1, ..., Bn
are included in the hull of G*. Let us now consider the (n+1) sets U;<, 97" (B,) CB

for 0 < p < n. Reducing W(L) a last time if necessary, by continuity each of them
1

contains a grid of balls 1"; = (u ,ozl,,nc,sl) with st > ”—;1 The property stated in
item 3 is also a consequence of Proposition 4.4.5. O

The intersection (5, G;(II(%8)) is in the Julia set of L. Since (;, G;(II(B)) is a
basic repeller, it is a consequence of Lemma 2.3 of [9] that (0,5, G;"(II(B)) is in the
Julia set of L' for sufficiently small perturbations L'” of L. According to Proposition
2.3.1 (beware that the maps g;-” in our case correspond to the maps G; of the proposi-
tion), we can conclude this gives us persistent intersections between the Julia set and
the postcritical set. This is true for every L”’ defined as before and we know that
L is accumulated by such maps inside Holy. By [2]| (see Proposition 2.5 of [9] for a
result in our case), we know that persistent intersections between the postcritical set
and a hyperbolic repeller inside the Julia set imply the presence of open sets inside
the bifurcation locus. Since they are only finitely many A € Grattes for a given torus
T, d is well defined. This proves the final result.
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