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random polynomial systems
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Abstract:

We obtain a Central Limit Theorem for the normalized number of real
roots of a square Kostlan-Shub-Smale random polynomial system of any
size as the degree goes to infinity. A study of the asymptotic variance of
the number of roots is needed, this result was obtained in [2]. Afterwards we
represent the number of roots as an explicit non linear functional belonging
to the It6-Wiener chaos. This representation provides a tool for applying
the Fourth Moment Theorem and henceforth the asymptotic normality.

MSC 2010 subject classifications: Primary 60F05, 30C15, ; secondary
60G60, 65H10.

Keywords and phrases: Kostlan-Shub-Smale ramdom polynomials, Cen-
tral limit theorem, Kac-Rice formula, Hermite expansion.

1. Introduction

The real roots of random polynomials, or systems of such equations, have been
intensively studied from the point of view of several branches of mathematics
and physics.

The investigation on this subject were initiated by Bloch and Pélya [8], and
Littlewood and Offord [18; 19], where polynomials in one real variable with
random coefficients have been studied. The first asymptotically sharp result on
the expected number of real roots is due to M. Kac [13]. (For more details on the
case of random polynomials see the textbook by Barucha-Reid and Sambandham
7).

In Maslova [21], for the first time, the asymptotic variance on the number
of real roots of random polynomials is analyzed. Nevertheless, most of it is
concerned with partial characteristics, as the moments of first and second order,
of the distribution of the number of roots.

In fact, up to 2010, the only result on the (asymptotic) distribution is the
Central Limit Theorem for the standardized number of zeros of Kac Polynomi-
als, see Maslova [20].
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The present decade witnesses a rapidly increasing series of results on the
asymptotic distribution of the number of real roots of random polynomials. In
2011-2012 Granville and Wigman [12] and Azais and Le6n [4] established the
CLT in the case of Gaussian Qualls’ trigonometric polynomials; in 2016 Azais,
Dalmao and Leén [3] extended this result to classical trigonometric polynomials;
in 2015 Dalmao [9] did the same for elliptic or Kostlan-Shub-Smale polynomials;
in 2017 Do and Vu [10] proved a Central Limit Theorem for the number of real
roots of Weyl polynomials.

Another important extension deals with systems of polynomials equations. In
Shub and Smale [25], as suggested by Kostlan [14], the expected number of real
roots of certain random systems of polynomials equations has been studied for
the first time. Additional cases are considered in [5]. Similarly, Wschebor [27]
investigated the asymptotic variance, as the dimension goes to infinity, of the
normalized number of real roots of the Kostlan-Shub-Smale random polynomial
system. Letendre [16] computed the expectation and the variance of the measure
of the nodal sets of rectangular systems.

Concerning the complex version of Kostlan-Shub-Smale polynomials it is
worth to mention that Sodin and Tsirelson [26] established a central limit the-
orem for linear statistics of the complex zeros (ie: a sum of a test function over
the set of zeros) using closely related techniques.

In the present paper we establish a Central Limit Theorem (CLT for short)
for the number of real roots of a square system of polynomial equations as their
common degree tends to infinity. Up to our knowledge this is the first result
about the asymptotic distribution of the number of real roots of systems of
random polynomials.

2. Main result

Consider a square system Py = 0 of m polynomial equations in m variables
with common degree d > 1. More precisely, let Py = (P, ..., Pp) with

Pty =Y af¥; £=1,...,m,
|71<d

where

N j<:> (jp(‘ . ,jm) € N™ and |5] = Y7L, jis

¢ £ ) :
2057 = a5, €RE=1om |j] < d;
3. t=(t1,....ty) and ¢/ = [[}1, t".

We say that P, has the Kostlan-Shub-Smale (KSS for short) distribution

if the coefficients ag-e) are independent centered normally distributed random

variables with variances

d d!
Var a(.e) = () = - - -
( J ) ) algm!(d—15))!
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We are interested in the number of roots of P4 in R that we denote by Np,.
Shub and Smale [25] proved that E(Np,) = d™/2. The authors in [2], see also
Letendre [17], proved that

lim Var(di)

= 2.1
d—oo  dm/? Voo, ( )

where 0 < V, < 0o. We now establish a CLT.

Theorem 1. Let Py be an m xm KSS system, its standardized number of roots

N, — Np, 7E(NP4)

4= dm/4
converges in distribution as d — oo towards a mormal random variable with
positive variance.

In order to obtain the CLT we use an Hermite (or chaotic) expansion of
the standardized number of roots of the system and then we use an extension
of the celebrated Fourth moment theorem by Peccati, Nualart and Tudor, see
Theorem 11.8.3 in [24].

3. Outline of the proof

For the sake of readability, we present now a brief outline of the forthcoming
proof.

As a first step, it is convenient to homogenize the system. The roots of the
original system P, are easily identified with the roots of the homogeneous ver-
sion Y, on the sphere S™. Besides, the covariance structure of Y, is simple and
invariant under the action of the orthogonal group in R™*!. See the details in
the next section.

In order to get the CLT we expand the standardized number of roots of Yy
on S™ in the L? sense in a convenient basis, this is called an Hermite or chaotic
expansion in the literature. Taking advantage of the structure of chaotic random
variables the CLT is easily obtained for each term in the expansion as well as
for any finite sum of them.

The difficult part is to prove the negligeability (of the variance) of the tail
of the expansion due to the degeneracy of the covariance of Y, at the diagonal
{(s,t) € 8™ x S™ : s = t}. To deal with this degeneracy we adapt a trick used
under stationarity on the Euclidean case which consists of covering a neighbour-
hood of the diagonal with isometric small regions. The variance of the number
of roots on each such small region is handled with Rice formula or some other
rough method. Then a balance between the number of such regions and the
bound is needed.

On the sphere the regions can not be chosen to be isometric, though a careful
construction allows to cover an essential part of the sphere by regions such that
their projections on the tangent space at a convenient point are isometric in
the limit. The diagonal is covered by products of these regions. Provided the
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existence of a common local limit process on the tangent spaces we can bound
uniformly the tail of the variance of the number of roots on each region by
approximating it with the corresponding tail of the number of roots of the local
limit process.

Outline of the paper: The rest of the paper is organized as follows. Section
4 deals with some preliminaries. In Section 5 the proof of the main result is
presented. Some technical or minor parts of the proof are postponed to Section
6.

Some remarks on the notation: We denote by S™ the unit sphere in R}
and its volume by k,,. The variables s and ¢ denote points on S™ and ds and dt
denote the corresponding geometric measure. The variables u and v are in R™,
and du and dv are the associated Lebesgue measure. The variables z and 6 are
reals, and dz and df are the associated differentials.

As usual we use the Landau’s big O and small o notation. The set N of natural
numbers contains 0.

4. Preliminaries

Homogeneous version of Py: Let Yy, = (Y1,...,Y,,) with
()= 30 a0, £=1,....m,
l31=d

where this time j = (jo,...,jm) € N™TL; |]| = > o ik ay) = a%)mjm
R; t = (to,...,tm) € R™T and t9 = [[[",#". Note that Py(t1,...,tm) =
Ya(l,t1,... tm).

Since Y, is homogeneous, namely for A € R it verifies Yq(At) = AY4(t),
its roots consist of lines through 0 in R™*!. Then, each root of P4 in R™
corresponds exactly to two (opposite) roots of Y4 on the unit sphere S™ of
R™*!. Furthermore, one can prove that the subset of homogeneous polynomials
Y, with roots lying in the hyperplane tg = 0 has Lebesgue measure zero. Then,
denoting by Ny, the number of roots of Y, on ™, we have

NY d

Np, = — almost surely.

Hyperspherical coordinates: For § = (61, ...,0,,_1,0,,) € [0,7)™ 1 x[0, 27)
we write (™) () = (z{"™(0), ... ,xxn_gl(ﬂ)) € S™ in the following way

k—1 m
x,(cm)(é') = H sin(6;) - cos(y), k < m and xgn_gl(é?) = H sin(6;); (4.1)
j=1 j=1

with the convention that H(l) =1
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We use repeatedly in the sequel that for h: [—1,1] — R it holds that

/ h((s,t))dsdt = Ky Fm_1 / i sin™ =1 (8)h(cos(h))de, (4.2)
SmxSm 0

being (-,-) the usual inner product in R™*! and &, the m-volume of the sphere
S™ see [2].

Covariances: From now on we work with the homogenized version Y 4. Direct
computation yields

ra(s,t) = E (Yo(s)Ye(t)) = (s,)%; st € R™HL,

As a consequence, the distribution of the system Y is invariant under the action
of the orthogonal group in R™*1,

For ¢ = 1,...,m, we denote by Y/(t) the derivative (along the sphere) of
Yy (t) at the point ¢t € S™ and by Y}, its k-th component on a given basis of the
tangent space of S™ at the point ¢t. We define the standardized derivative as

/
Vi) = 2 and Yu(t) = (0 V(0

where ?; (t) is a row vector. For t € S™, set also

Za(t) = (Z0(1), s Zingme (1) = (Ya(t), V(b)) (4.3)
The covariances
pre(s,t) =E (Zr(s)Ze(t)), kL= 1,...,m+m? (4.4)

are obtained via routine computations, see Section 6.3. These computations are
simplified using the invariance under isometries, For instance, if k =£ < m

pre(s,t) = <S’t>d = COSd(Q), ES [0’77)7

where 6 is the angle between s and t.

When the indexes k or £ are larger than m the covariances involve derivatives
of rg. In fact, in [2] is shown that Z, is a vector of m + m? standard normal
random variables whose covariances depend upon the quantities

A(0) = —Vd cos?1(0) sin(6), (4.5)
B(6) = cos?(0) — (d — 1) cos?~2(0) sin?(6),
C(0) = cos?(6),
D(0) = cos?1(0).
See also Section 6.3. Furthermore, when dealing with the conditional distribution

of (?/d(s),?;(t)) given that Y4(s) = Y4(t) = 0 the following expressions appear
for the common variance and the correlation

A(6) p(6) = B(6)(1 - C(0)*) — A(6)*C(0)

O =1- 17 c)?’ 1-C(0)2 — A(9)
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After scaling 6 = z/ V/d, we have the following bounds.

Lemma 4.1 ([2]). There ezist 0 < o < 3 such that for 75 < 5 it holds that

|A| < zexp(—az?),
B| < (1+2) exp(—az?),
C| < |D| < exp(—az?),
0<1—-02< Const- exp(—2a22),
Ip| < Const - (1 + 22)% exp(—2az?).
All the functions on the lhs are evaluated at 0 = z/\/a and Const stands for
some unimportant constant, its value can change for a line to other. O

Rice formula and variance: In [2] the variance Var(Ny,) is written as an
integral over the interval [0,v/dr /2] and a domination is found in order to pass
the limit wrt d under the integral sign. More precisely, Rice formula, see [6],
states that

Va‘r<NYd) - E(NYd) = ]E(NYd(NYd - 1)) - (E (NYd))2
_qm / [ det Yi(s) det Yi(t)] | Ya(s) = Ya(t) = 0)p.(0,0)
Smox Sm

~E(|det Vy(s)| | Ya(s) = 0)E (| det Y(0)] | Ya(t) = 0)p,(0)p:(0)] dsd,

being ps¢ the joint density of Yq(s) and Y4(t), and ps and p; the densities of
Y.(s) and Y,(t) respectively. The factor d™ comes from the normalization of
Y/, and the properties of the determinant.

By the invariance under isometries of the distribution of Z,4 the integrand de-
pends on (s, ) only through (s, t) and thus we can reduce the integral as in (4.2).

The conditional expectation E (| det ?;(s) det?;(t)| | Ya(s) = Yg(t) = 0) can
be reduced to an ordinary expectation using the so called Gaussian regression,
see Section 6.3 and [6]. This computations show that E (| det ?:1(3) det ?;(tﬂ |
Yu(s) = Y4(t) = 0) and ps+(0,0) depend on (s,t) only through o2, p, D and C
respectively. Hence, we can write

E (| det Y, (s) det Y;(t)] | Ya(s) = Ya(t) = 0)ps.+(0,0) = Ha(c?,C, p, D).

In particular, it holds that
E(|det Yy (s)| | Ya(s) = 0)E (| det Yy (t)] | Ya(t) = 0)ps(0)pe(0)
=H4(1,0,0,0).
Thus, we can write

Var(NYd) — E(Nyd)
dam/2

m—1 \/EW/Q z
=Const-d = / sin™ 1 () [Ha(o?,C, p, D) — Ha(1,0,0,0)]dz.
0 Vd
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In [2] is shown that
|Ha(02,C, p, D) — Ha(1,0,0,0)| < Const - (1 — o+ |C| + |p| + |D]).  (4.6)

Using the bounds in Lemma 4.1 we obtain a domination for the integrand of
Var(Ny,) in order to pass to the limit in d under the integral sign.
In the same way we have the following lemma

Lemma 4.2. If G is a Borel set of S™ with m-dimensional volume Vol(G) and
if Ny,(G) is the number of zeros belonging to G, we have

Var(Ny,(G)) — E(Ny,(9))
dm/2

z

Vdr /2
< (Const)Vol(g)/ sin™ ! (ﬂ
0

) [Hd(oj’ Ca P, D) - Hd(]-a Oa 07 0)]dz
< (Const)Vol(G).

Wiener Chaos: We introduce now the Wiener chaos in a form that is suited to
our purposes. For the details of this construction see [24]. Let B = {B(A) : A >
0} be a standard Brownian motion defined on some probability space (2, F,P)
being F the o-algebra generated by B. The Wiener chaos is an orthogonal
decomposition of L?(B) = L?(Q, F,P):

L*(B) = P,
q=0

where Co = R and for ¢ > 1, C; = {I2(f,) : fq € L2([0,00)7)} being I
the g-folded multiple integral wrt B and L2([0,00)?) the space of kernels f, :
[0,00)?7 — R which are square integrable and symmetric, that is, if 7 is a per-
mutation then fo(A1,...,Ag) = fo(Azq1)s- .-, Ar(q)). Equivalently, each square
integrable functional F' of the Brownian motion B can be written as a sum of
orthogonal random variables

FoEE) + Y 1P,
q=1

for some uniquely determined kernels f, € L%([0,00)9).
We need to introduce the so-called contractions of the kernels. Let f,, g4 €
L2([0,00)9), then for n = 0,...,q we define

.fq Qn gq()‘la ceey )‘2q—2n)
:/ fq(zl""’Z”7>‘1’---7>‘q—n)
[0,00)™

. gq(zh ceey Rmy )\q,nJrh ey )\Qq,Qn)d,Zl e dZn (47)

Now, we can state the generalization of the Fourth Moment Theorem.
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Theorem 2 ([24] Theorem 11.8.3). Let Fy be in L2(B) admit chaotic expansions

Fq = E(Fd) + qu(fd,q)

qg=1
for some kernels fq 4. Then, if E(F;) =0 and

1. for each fizred ¢ > 1, Var(I1;(fa.q)) = d—oo Vg;
2. V=32 Vg < o005
3. foreachq>2 andn=1,...,q—1,

| fd,q ®n fa,qllL2((0,00)20-2m) i 0;
4. im0 limsupy_, oo D02 o Var(ly(fa,qg)) = 0.
Then, Fy converges in distribution towards the N(0,V') distribution. 0

Condition 1,2 and 4 are variance conditions. Condition 3 is a moment condi-
tion or equivalently a condition on the decay of tail of the the density function.
It is ultimately written in terms of the covariances of the process Y, as in The-
orem 7.2.4 of [22], see Lemma 5.1.

Hermite expansion of Ny,: The Hermite expansion of Ny, was obtained in
[2], see also [17]. In Lemma 6.1 we show that it can be put in the framework of
Wiener Chaos.

We introduce the Hermite polynomials H,(z) by Ho(z) = 1, Hi(z) = «
and H,11(z) = xH,(z) —nH,_1(x). The multi-dimensional (tensorial) versions
are, for multi-indexes o = (ay) € N™ and B8 = (B i) € Nmz, and vectors
y = (y) €R™ and y' = (y;,) € R™

m m
Ha(Y) = HHae (:W)’ Hﬁ(yl) = H Hﬂtz,k (yé,k)'
=1 k=1

It is well known that the standardized Hermite polynomials {\/%Hn}, {\/%Ha}
and {ﬁﬁﬁ} form orthonormal bases of the spaces L?(R, ¢1), L?(R™, ¢,,,) and
L? (R@2,¢mz) respectively. Here, ¢; stands for the standard Gaussian measure
on R (j = 1,m,m?) and a! = [[}~, al, B! = HZLk:lﬁé,k!- Sometimes we
write B = (B1,...,8m) with 8¢ = (B, ..., Bem) € N™ and B! = [[,~, Be!. See
[22, 24] for a general picture of Hermite polynomials.

Let fg (B € R™") be the coefficients in the Hermite’s basis of the function
f: R™ — R such that

f(y') = [ det(y")]. (4.8)
That is f(y') = >_gepm? feHga(y') with
o= g1 [, 196 ) (5 )6 (v )i
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Parseval’s Theorem entails ||f||3 = ZZOZO > 181=q fé,@! < 00. Moreover, since
the function f is even w.r.t. each column, the above coefficients are zero when-

ever |B¢| is odd for at least one £ =1,...,m.
Now, consider the coefficients in the Hermite’s basis in L?(R,¢;) for the
Dirac delta do(x). They are by; = \/%(—%)7 %, and zero for odd indices, see [15].

Introducing now the distribution H;nzl do(y;) and denoting by by its coefficients
it holds o
1 2 1 1 al
=]
21 j=1 a
or b = 0 if at least one index «; is odd.

Proposition 4.1 ([2]). Let the above notations prevail. We have, in the L?
sense, that

- Ny,—2d"? &
Naq = 2dm/4 = ZI >
qg=1
where
dm/4
7.d = 5 /S Z C’yH'y(Zd(t))dt>
lvI=q

with 5 = (@.8) € N" x N, [3] = ol + |8, 5 = bafa and H(Zy(t) =
Ha (Ya(6)Fp(Ya (). =

In Lemma 6.1 I, q is written as a stochastic integral with respect to the
Brownian motion.

Remark 4.1. A similar expansion holds for the number of roots Ny ,(G) of Y4
on a Borel subset G of S™. In fact, in order to obtain the expansion of Ny ,(G)
each factor in the integrand in Kac formula [6]

1

(25)771 1[,&5]77» (Yd(t))dt,

Nv,(G) = éhj%/g | det Y4 (t)] -

1s expanded in the Hermite basis. Then, one needs to take the sums out of the
integral sign. We have

Nd(g) = NYd(g) _E(NYd(g)) — in,d(g)v

m/4
q=1

with
dm/4

5 / > ey Hy(Za(t))dt.

9 v=q

Iq,d(g) =
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5. Proof of Theorem 1

Now, let us verify the conditions in Theorem 2. Define

Go(z) = Z cyH (2) (5.1)
[v|=q
so that I, 4 = %/4 fsm G¢(Z4(t))dt. Mehler’s formula, see Lemma 10.7 in [6],

shows that E [I:I.,(Zd(s))I:I,,/(Zd(t))} can be written as a linear combination of

powers of the covariances of the process Z, which depend on s,t only through
(s,t). Hence, we define

Hya((s,1)) = E(Gg(Za(s))Gq(Za(t)))- (5-2)

Lemma 6.2 in the Section 6.3 show that H, 4 is an even function.

5.1. Partial sums

In this section we prove points 1,2 and 3 in Theorem 2.
PoOINT 1. We compute the variance of the term corresponding to a fixed g. We
have

dm/2

m/2
Var(l, q4) = 1 Var( Gq(Zd(t))dt> = d
ST)L

/ Hq.a ((s,t)) dsdt.
Smx gm

As above, the invariance under isometries of the distribution of Z; and (4.2) we
get

dm/2

/OTr sin™ 1 (0)H.q (cos(6)) db

Vidr /2
RmKm—1 _ . _ z z
= d(m 1)/2 smm 1 <> H (COS <)> dZ
2 /0 Ja) e Jd

In the last equality we used the change of variables § — 7 — 6 on the interval
[7/2, 7], the scaling 6 = z/v/d and the fact that H, 4 is even, see Lemma 6.2.

The convergence follows by dominated convergence using for the covariances
Pk = E(Zy(8)Zi(t)), see (4.4), the bounds in Lemma 4.1 and the domination
for Ha = 3°.2 Hg,a given in (4.6).

Var(ly,q) = Embkm—1

POINT 2. Recall from (2.1) that

oo

. Var(NY ) .
Voo = dlgrolo T/zd = dllg)lo 2 Var(1y,q).

The second equality follows from Parseval’s identity. Thus, by Fatou’s Lemma

V= Z%Vq = Zodli_{x;o Var(I, 4) < Vi < 00.
q= q=
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Actually in Corollary 5.1 below the equality is established.

PoINT 3. Next Lemma, which proof is postponed to Section 6.2, gives a sufficient
condition on the covariances of the process Z, in order to verify the convergence
of the norm of the contractions. Recall that the law of the process is invariant
under isometries, r4(s,t) = rq((s,t)), thus, r4 can be seen as a function of one
real variable.

Let gq.q € L2([0,00)9) be such that I q = IP(gq,q), sce Lemma 6.1.

Lemma 5.1. Fork =0,1,2, let r( ) indicate the k-th derivative ofrq:[-1,1] —
R. If

&/ /O”/Zsinm 1(6)|ry” (cos())ld | — 0, (5:3)

then, form=1,...,q—1:

199, ®n gg,dll2 —+d—o0 0.

Therefore, it suffices to verify (5.3). For k = 0, 1,2 we have

s [Tty ()
d sin™ ™" (8)|r;" (cos(9))|dO
0

\/371'/2 dZ
= dm/s/ sin™ ! (Z) ) <COS <Z>> —
0 vd) ¢ Vd) )| Vd

Vidr )2
]. m—1 _ z k) z
= — d 7 sin™! () 7 (cos ()) ‘ dz.
dm/ /o va) | Vi

Now d™5 si ( ) < 2™~ ! and taking the worst case in Lemma 4.1 we

have \r (z/\f)| < (1 + 2?) exp(—az?). Hence, the last integral is convergent
and (5.3) follows.

5.2. The tail

In this section we deal with Point 4 in Theorem 2. Let 74 be the projection on
the g-th chaos C, and 79 = Zqu 74 be the projection on @4>0C,. We need to
bound the following quantity uniformly in d

dm/2

Var(7@(Ny,)) = i 3 g / Hoy alls, £))dsdt, (5.4)

qZQ Smx §m

where H, q is defined in (5.2).

In order to bound this quantity we split the integral into two parts depending
on the distance between s and ¢. The (geodesical) distance between s,t € S™ is
defined as

dist(s,t) = arccos((s, t)). (5.5)
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We divide the integral into the integrals over the regions {(s,t) : dist(s,t) <
a/V/d} and its complement, a will be chosen later. We do this in the following
two subsections.

5.2.1. Off-diagonal term
In this subsection we consider the integral in the rhs of (5.4) restricted to the
off-diagonal region {(s,t) : dist(s,t) > a/+/d}. That is,

dm/2

4 Z

q>Q

/ Hq.a((s,t))dsdt.
{(s,t):dist(s,t)>a/Vd}

This is the easier case since the covariances of Z, are bounded away from 1.
Before continuing our proof we need the following lemma from Arcones ([1],

page 2245). Let X be a standard Gaussian vector on R and h : R — R a mea-

surable function such that E[h?(X)] < oo and let us consider its L? convergent

Hermite’s expansion
oo

h(z) =YY" hnHyg(x).

9=0 |k|=¢
The Hermite rank of h is defined as
rank(h) = inf{r: 3k, k| = 7;E[(h(X) — Eh(X))Hx(X)] # 0}.
Then, we have

Lemma 5.2 ([1]). Let W = (W1,...,Wy) and Q = (Q1,...,QnN) be two mean-
zero Gaussian random vectors on RN . Assume that

E[W;Wy] = E[Q;Qx] = dj.x,
for each 1 < j k < N. We define
rOR) = E[W;Q4].

Let h be a function on RN with finite second moment and Hermite rank T,
1 <7 < o0, define

N N
.: ) (k)
¥ := max lg;z%xNZ |r |,IISI}€a§XN 4 |5
k=1 Jj=1
Then
|[Cov(h(W), h(Q))| < ¢TE[R*(W)].
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We apply this lemma for N = m + m?, W = Z(s), Q = Z(t) and to the
function h(z) = G4(z), defined in (5.1). Recalling that pg ¢(s,t) = pre((s,t)) =
E [Zk(s)Ze(t)], the Arcone’s coefficient is now

1/J(57t) = mmax Z |pk,£(sat)|a Z |Pk,£(3,t)|

1<k<m+m?2 1<t<m-+m?

Thus
[Ha.al(s, )] < v({s,)7]|Gll%,
being ||G,[|* = E(GZ(()) for standard normal ¢.

Lemma 5.3. For f and G, defined in (4.8) and (5.1) respectively, it holds
1G> < IF115-

The proof is postponed to Section 6.3.

We move to the bound of Arcones’ coefficient ¥((s,t)). By the invariance of
the distribution of Y, (and Z,;) under isometries we can fix s = ey and express
t in hyperspheric coordinates (4.1), as above we have (eg,t) = cos(f). Direct
computation of the covariances pgg, see Section 6.3, yield that the maximum in
the deﬁnition of ¢ is |C| + |A|, see (4.5). Lemma 4.1 entails that |C| + |A| <

e (14 2). For z = 2 the bound takes the value 2¢~** which is less or equal
to one if o > }llog 2, this is always possible because the only restriction that

we have is @ < 1. Moreover, for § small enough e*azz(l +z)>1if z < 6.
This leads to affirm that there exists a a < 2 such that for all 2 > « it holds
C+A< ro < 1.

These results allow to use the Arcones’ result to obtain

m/2
sup d / Hq.a((s,t))dsdt
d 35 {st) dlSt(st)>f}

Vdr
T e () ( ()
=sup —~ dz sin™ — | HI | cos | == | | dz
dp 4 q>Z a \/a d \/&
<GB [t e o o
7>Q

5.2.2. Diagonal term

In this subsection we prove that the integral in the rhs of (5.4) restricted to the
diagonal region {(s,t) : dist(s,t) < a/+/d} tends to 0 as Q — oo uniformly in d,
a < 2 is fixed. That is, we consider

m/
" Z/ Hq,a((s,t))dsdt.

>0 {(s.): dist(s,t)<a/Vd}
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This is the difficult part, we use an indirect argument.

Next proposition gives a convenient partition of the sphere based on the hy-
perspheric coordinates (4.1). Define the hyperspherical rectangle (HSR for short)
with center 2™ () with § = (01, ...,0,,) and vector radius 7 = (71, . .., 7m) as

HSR(,7) = {z™(8) : 16; — ;| <iji,i=1,...,m}.

Let T3 S™ be the the tangent space to S™ at t. This space can be identified with
L Cc R™FL Let ¢ : S™ — t* be the orthogonal projection over t+. The details
and the proof are presented in Section 6.1.

Proposition 5.1. For d large enough, there exists a partition of the unit sphere
S™ into HSRs R;j: j =1,...,k(m,d) = O(d"™/?) and an extra set E such that

1. Var(Ny,(E)) = o(d™/?).

2. The HSRs R; have diameter O(ﬁ) and if R; and R, do not share any
border point (they are not neighbours), then dist(R;, Re) > ﬁ

3. The projection of each of the sets R; on the tangent space at its center c;,

after normalizing by the multiplicative factor \/d, converges to the rectan-
gle [-1/2,1/2]™ in the sense of Hausdorff metric. That is, the Hausdorff

metric of
1 1™
53] \Vie, ()

tends to 0 as d — 0.

Set r = d~/2. We can write S™ = Uf(:’”?” R; UE, and

(Ny,) = Z (t))dt

q>Q Sm,

=y Z/ dt+/EGq(Zd(t))dt

Q| J

By the first item in Proposition 5.1 and (5.2) we have

E [(79(Ny,)) ZZZ/ /mHq,d(<s,t>)dsdt+o(dm/2).

J ot q2Q

Actually, in this section we are interested in covering a strip around the
diagonal {(s,t) € S™ x S™ : dist(s,t) < ar}, a < 2. Hence, we restrict the sum
in the last equation to the set {(4,£) : |j — ¢| < 2}. Clearly the number of sets
verifyng this condition is O(r~') = O(v/d) and below we prove that the tail of
the variance of Ny, (R;)/d™/? is uniformly in j O(d~"/?). Therefore, it remains
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to bound
> / / 3" Hoal(s, t))dsdt
(.0):li—£]<2 Reg>q
(43:0): \J £)<2 Riq>Q Re g>Q
1/2
< > / (s,t))dsdt Z / Hy.a((s,t))dsdt
(] é) ‘j Z‘<2 q>Q I%J>< 3 qu RyXx Ry

Here we used Cauchy-Schwarz inequality. Fix j, in order to bound

Z/R N Hq,a((s,t))dsdt,

a>Q

we note that it coincides with Var (79 (Ny,(R;))) -

On the other hand, we prove hereunder that there exist some local limit for
Y, as d — oo.

At this point it is convenient to work with caps

C(sp,yr) = {s:d(s,s0) <yr}.

Note that by the second item in Proposition 5.1 each HSR R; is included in a
cap of radius yr for some v depending on m.

By the invariance under isometries of the distribution of Y4, the distribution
of the number of roots on a cap C(sg,7yr) does not depend on its center sg.
Thus, without loss of generality we work with the cap of angle vr centered at
the east-pole eq = (1,0,...,0), see Nazarov-Sodin [23]

C (eg,yr) ={t € 8™ : dist(t,eq) < yr}.
We use the local chart ¢ : C(eg,yr) — B(0,sin(yr)) C R™ defined by
67l w) = (VI=TulBw), u € B(O,sin(y)),
to project this set over the tangent space . Define the random field Yy : B (0,7) C

R™ — R™, as
Ya(u) = Ya(¢™ ! (u/r)).

Observe that the ¢ coordinates, :))y) say, of V; are independent. Clearly the
number of roots of Y; on R C C(eg,yr) and the number of roots of V; on
¢(R/r) C B(0,7) coincide. That is

Ny,(R) = Ny, (¢(R/7)).
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Proposition 5.2. The sequence of processes yff) (u) and its first and second or-
der derivatives converge in the finite dimensional distribution sense towards the

_ lu—v])?
2

mean zero Gaussian processes Voo with covariance function T'(u,v) = e
and its corresponding derivatives.

Proof. We give a short proof for completeness, see also [23]. The covariance
of Yy(s) and Yy(t) is (s,t)*, whenever s,t € S™. In this form we get for
¢ (u), o7 (v) € S

(67 (w), o™ (@) = D wivs + /1= [[ulPv/1 = [o]2.
i=1
Using the rescaling we have

(o () o7 () = i v = |

The Taylor development for v/1 — z2 gives

EO#NWM?W0:<WJC2>@A(&J>d

d
el el e
_(1_2d+0 2 e )) ST

The convergence is uniform over compacts, thus the partial derivatives of this
function also converge, towards the derivatives of the limit covariance. Then the
claimed result holds in force. O

Remark 5.1. Using classical criteria on the fourth moment of increments, the
weak convergence in the space on continuous functions can be proved. But we
do not need it in the sequel.

Remark 5.2. The local limit process Voo has as coordinates ( S), R ég”)
each of one is an independent copy of the random field with covariance T'(u) =
_ luli?

e~ 2 ,u € R"™. Then its covariance matrix writes

I(u) = diag(T'(u), ..., ['(u)).

The second derivative matriz T" (u) can be written in a similar way, but here the
u 2
blocks are equal to the matriz T (u) = (a;;) where a;; = e, (u;)Hi(uj)
Lull?

if i # j, and ay; = e~ 2 Hy(u;). We can adapt the Estrade and Fournier [11]
result that says that the second moment of the roots exists if for some 6 > 0 we

have ~ ~
I — T I I
[ O, [ )
B(0,0)

alm a4 =
U B(0,6) u
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Since I' is C*° we have
[IT7(0) = " (u)[| = o([[ul]) as u— 0,
The convergence of the above integral follows easily using hyperspherical coordi-
nates.

A key fact is that the local limit process, though it can not be defined globally,
has the same distribution regardless j. Thus, we bound Var (79 (Ny,(R;)))
uniformly in j by approximating it with the tail of the variance of the number
of zeros of the limit process V., on the limit set [—1/2,1/2]™.

Proposition 5.3. For all j < k(m,d) and € > 0 there exist dy and Qo such

that for Q > Qg
sup E [(x9(Ny,(R;)))?] <e.

Proof. Let R = R; C C(eg,7r), By Remark 4.1, the Hermite expansion holds
true also for the number of roots of Y4 on any subset of S™. Hence,

Ny,(R) =) _d* /R Go(Zg(t))dt.
q=0

Let us define R = ¢(R) C B(0,sin ﬁ) C R™. It follows that

Ny (R) = Ny, (R) = > d% /R Gy (Va(u), V(1)) T (),
q=0

being Jy(u) = (1 — ||u||?)~'/2 the jacobian. Rescaling u = v/V/d

=5 0 () 1)) ()

Besides, Rice formula, the domination for H, 4 given in (4.6), the convergence
of V; to Vo in Proposition 5.2 and the convergence, after normalization, of R
to [=1/2,1/2]™ in Proposition 5.1 yield

Var(Ny, (R)) — Var (Nym ({—; ﬂ m)) . (5.6)

In fact, writting Var(N) = E(N(N — 1)) — (E(N))? + E(N), for the first term
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we have
E [NYd (R) (NYd (R> - 1)]

=d" /RXE]E [| det Vg(u)l| det Vo (v)] [Va(u) = Va(v) = 0]pu,v(0,0) T4 (u)Jy(v)dudv
~ g [0 () o34 (55) 10 (37) =2 (32) )
P 2 (0,0), (\%) T (\2) dudv

= E [ det Yo (u)]] det Vo (v)] | Yoo (1) = Voo (v) = 0]

o0 Sy )[4

DY (), Voo (v) (0, 0)dudv

o (4] (- (47) ) <

The remaining terms are easier.
The same arguments show that for all ¢ we have

V, 4 = Var(ry(Ny,(R))) — Var (m (Nym ([_; ;]))) v

d—o0

Thus, for all Q it follows that ZqQ:o Vgd —d—oo ZqQ:o V. By Parseval’s identity,

(5.6) can be written as
> Vaa 7,2 Ve
q=0 q=0

Thus, by taking the difference we get
D Vaa 2 D Ve (5.7)
>Q >Q

Given that the series Z;io Vy is convergent, we can choose () such that for

Q > Qg it holds ZZO>Q Vy < /2. Hence, for this Q)g and by using (5.7) we can
choose dy such that for all d > dy and Q > Qq

Z Vig L e
>Q

Namely, there exits dg such that for Q > Qg

sup E [(TFQ(NYd (R))z] <eEe.
d>do

The same can be written in the following form: there exists D(Q) a sequence
that tends to zero when Q — oo, such that

supE (79 (Ny,(R))*] < D(Q).
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Corollary 5.1. It follows that

See Point 2 in Theorem 2.

6. Technical Proofs
6.1. The partition of the sphere

In this section we describe a convenient essential partition of the unit sphere
S™ of R™*+1. We use hyperspheric coordinates (4.1) and two speeds

1 1
r=—and7=7% 0<a< —. (6.1)
m

Vd

We suppose that r is sufficiently small so that

L (TN T
in(3) 25 7

N 3

Step 1 We begin with ;. Set r; = r. Let a be the minimal integer such that
w/2—ary < 7. Thus, the segment [7/2—ary, m/2+ar1] is cut into 2a sub-intervals
I 4, , with centers 0, ;,, i1 = 1,...2a. Hence,

{911-111':1,...,20,}C[iﬂT—i}. (6.2)
’ 2 2
Step 2 Depending on the interval I; ;, in which is located 6; we set
T
To i = ——.
2 sin(61,4,)

Note that because of (6.2) uniformly over all possible values of 6, ;,

sin(@l’il ) Z

b

>~ 3

implying that .
T2 < 4r 7,

We impose again r to be sufficiently small such that ro ;, < 7/2, this is possible
by the last inequality and (6.1).

We then decompose the interval of variation of 6, [0, 7), in the same manner
using ry;, instead of 71. The intervals are now denoted by I3 ;, ;,, their centers
by 602, i, and their number by as ;, .

Step j For 0, € Il,i17 0, € 1271'171'2, ey 9]‘_1 S Ij—l,il,ig,...,ij,l we set

Tj—1,i1,...,05_2 T

Sin(ej—l,i17i2,--~,ij—1) B Sin(el,il)"' Sin(ej_l-,ilyiQ’»--aij—l) .

Tjin,ij—1 =
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By construction, all the sinus in the denominator are greater than 7/4 im-
plying that

. ) j—1,.1-(G-1a
Tjsllvuﬂj—l S 4 r .

We impose again r to be sufficiently small such that r;;, . ;,_, < 7/2.

Then we cut again the interval [0,7) into sub-intervals in the same manner.
The intervals are now denoted by Ij,il,i%”_,ij, their centers by 0;, 4, and
their number by a; i, .i;_,-

Step m The last step differs on two points: first we divide the interval [0, 27],
and second we divide it entirely except rounding problems.

The exceptional set E of the sphere not covered by the sets above is included
in the set

U ™ ({0; € [0,7] U [x — 7,7]}).

i=1
Excluding F, we have made an essential partition of the sphere in hyperspherical
rectangles (HSR) of the type

R(iv, ... im) ={6h € Ii,,02 € o, iny - Om € Ly in,.in }

We are in position to prove Proposition 5.1.

Proof of Proposition 5.1. 1. Since E C ", 2™ ({6; € [0,7] U [r — 7, 7]}), its
m-dimensional volume Vol(E) = O(7) tends to zero.
Using Lemma 4.2
Var(Ny,(E)) = o(d™?).

2. Recall that we are using the geodesical distance (5.5). Let |(i1,...,%m)| =
i1+ ... + iy We want to prove that If |(i1,...,%m) — (4},...,4,,)] > 2 then
dist(R(i1y .-, im), R, ... 1,)) > r.

Let us compute the inner product for §' = 6 + yrre.

(20 (0),2 (@) =1+ (2™(8), 2™ (9") — 2 (9))
2

o m m =
= 1+ 72 (al™(0), 682 (0) ) + O()

’Y2 zk_l k 2 2
= 1= 5 [T 1" P O, .. 00 + OG)

j=1

72

=1- ?7‘2 + O(7})

The result follows.
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3. Consider a fixed HSR R(i1,...,4m,) with center _(6‘171'1_,. . 9%1-1,1427___7%)
and side lenghts 71,...,7m.,....i,,. For short we write § = (01,...,6,,) for the
center and 71, ..., 7, for the side lengths.
The generic coordinates of a point on the HSR are
_ - _ - I
0= (91 + U171, .., 0m +umrm); u= (Ug,...,Uny) € 33| -
The corresponding cartesian coordinates z(™) (), (™ (f) are given by (4.1). The
tangent space is computed by differentiating in (4.1) with respect to w1, ..., Um.
An orthonormal basis is given by

Ok_1
T, = — sin(6) B ck=1,...,m.

cos(05,)z ™M) (41, -, Opn)

Here, 051 stands for a vector of k — 1 zeros (this is ommited when k = 1). The
projection ¢ can be computed easily on this basis taking inner products. Let us
perform one of these inner products, the rest are similar.

<$(m)(9) -zt (é)ka> = —sin(6x) Ay + cos(6r) <33(m7k)(9k+1, O, Ak> ;

with

k—1 k—1
Ay = H sin(d;) - cos(0y) — H sin(f;) - cos(0y)
i=1 j=1

and

k k
Ak = H sin(Gj) . :v(m_k) (9k+17 ey Hm) — H Sin(éj) . x(m_k)(ék+17 N ,Hm)
Jj=1 j=1

Since the sine and the cosine functions have bounded second derivative for
1=1,...,m

sin(6;) = sin(0;) + 7iu; cos(0;) + O(77),
cos(6;) = cos(6;) — 7;u; sin(6;) + O(fzz)~

The implicit constants in the O notation do not depend on the indexes ;. Hence,
the dominant terms in the differences Ay and A are those where only one of
the 0; differs from 6, the rest are of higher order as r — 0.

Recall that the construction has been performed in such a way that the
quantities 71, ..., 7y, tend to zero uniformly as r tends to 0. Let us study first
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the case of 0; = éj for j # k, in this case

k—1

(2 (8) — 2™(8), Ty, ) = — sin(Bh) [ sin(8;) - (~rpus sin(6))
j=1
+ cos(0x) H sin(6;) - (Frug cos(0x))
j=1
<x(m )(§k+17 7§m ax(mik)(ék—‘rlw' aa_m)> +O(T2)

k—1

=[] sin(0)) - 7& - ux + O(r?) = ruy, + O(r?).
j=1

Here we used that by construction Hj;ll sin(f;) -7 = r. By the same arguments
one can show that in the case 0 = 0 the terms of the difference are uniformly
o(r). Hence, uniformly

1 _
= gy — 2(m) >
~(2™(0) =2 (0), 11 ) =, un.
Consequently, since we have a finite number of coordinates, the result on the

convergence in the Hausdorff metric follows. O

6.2. Chaotic expansions and contractions

In this section we write the chaotic components I, 4 in Proposition 4.1 as mul-
tiple stochastic integrals wrt a standard Brownian motion B and use this fact
in order to give a simple sufficient condition in terms of the covariance of Y4 to
guarantee the convergence to 0 of the contractions. For the sake of readability
we omit d in the kernels.

Let B ={B(\): A € [0,00)} be a standard Brownian motion on [0, c0). By
the isometric property of stochastic integrals there exist kernels h; ¢ such that:

V)= [ hudNaBOY). (6.3

The kernels h:, can be computed explicitly from the definition of Y; writting
the random coefficients as integrals wrt the Brownian motion. Taking derivatives
(on the sphere), we have that the standardized derivatives can be written as

?;,k:/ heex(NdB()N),
0

with
has(\) = %ww(x). (6.4)
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We quickly recall some properties of contractions (4.7) and multiple stochastic
integrals, see [24] for details. Note that for f,g € L?([0,00)9), f®0g = f ®g is
the tensorial product and f ®, g = (f, g) is the inner product in LZ([0,00)]?).
Besides, if f = f®9 and g = g®9, then, f ®,, g = <f,§>n f®I " @ g®4=" where
this time the inner product is in L?([0, 00)).

Let h € L?([0,00)) and IB(h) = fooo h(X\)dB(\), then H,(IB(h)) = If(h®q)
where If’ is the g-folded multiple stochastic integral wrt B and H, the g-th
Hermite polynomial. A key property of stochastic integrals is multiplication
formula, for f € L2([0,00)P), g € L2([0,00)%),

min{p,q}
BnEe =3 (1))t o)

n=0
Note that if f = f®P, g = g®7 and f,g are orthogonal in L?([0,00)), then,
IB(HI12(9) = I3 (f ® g). Finally, let us mention that if f € L2([0,00)?) then
B _ B . . . .
I7(f) = 1;(f) being f the symmetrization of f, that is,

1
f()‘17~-'7>‘q) = a Z f(>‘7r(1)7"'a/\7r(q))7

TEPy
being P, the symmetric group of order q.

Next Lemma expresses I, 4 as a multiple stochastic integral wrt B.

Lemma 6.1. Let the notations and assumptions of Proposition 4.1 prevail.
Then, 144 can be written as a multiple stochastic integral

1@=$%@=%)QMWM@%
0,00)4
with
m m m 7 ®0e,
9g.a(X) =d™* " e, / (@ by ®®k:1ht£’§€’“)()\)dt,

[v|=q
where hy ¢ is defined in (6.3), hygy is the k-th component of hy 4 given in (6.4).

Proof. Plug in the expressions for Y, and its derivatives in the formula for I, 4
given in Proposition 4.1; use the relation between Hermite polynomials and
stochastic integrals; the multiplication formula, the orthogonality of }/e,?;’k
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and the Fubini stochastic Theorem. Namely,

q’ _dm/4 Z / [ o Il ht@ HHﬁek Il (htfk))‘| dt
k=1

[v|=¢

__ gm/4 s B ®a = ®B
=d / ZC"//S Hlf h Z H‘[Bﬂchtéik ]dt
=1 k=1

m
[vI=q = =

" ®
=dm/4 Z /S IB h®ae)IEm Be,k (@R 1ht ?Zk)} dt
[v|=q = 1

m m ®pB
=d /4 Z Cv/ m Soveq (e300 ﬁz,k)((g)f:lht ® ®k 1ht l, ik)d
lv|=q

S| Y e [ e oo
[v|=¢
= Iz?(gq,d)'
O

Proof of Lemma 5.1. For simplicity let us write gq.a(A) = dm/4 fsm Giq(N)dt
with

a ®pB
Girg(A Z Z A (QF P @ OF 1 hy g ") (An),
'FGP lvl=q

being Ar = (Ar(1),- .-, An(q))- Note that

Gad ©n FadAgmy) = A" /S Gy ®n Crgl gy dsdlt.

mos S‘In,

The subscript of the vector X stands for its dimension. Besides. since G 4 is the
tensorial product of kernels hy ¢, by g in L2([0,00)), the last contraction can be
expressed in terms of the contractions of these basic kernels h; g, Bt’gfk. Besides,
according to the isometric property of stochastic integrals we have

e @1t = [ hea W)
0
& [T heao) - [ ham )] = i)
0 0
= ’l"d(S, t)'
Similar relations hold for the remaining factors. For instance,

E (YZ(S)?&k(t)) = 6tkrd(<8’ t>) = T:i(<8v t>)atk(<87t>)’

where 0;, means that we fix s and take derivative to the k-th direction.
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Hence, we can write

1 . _
[Gs.q ®n Grgl(Ag-n)) = ) Z Z c.,c.yrpg’g(s, t)Gog—2n(Ar 7);
Vomm €Py |vI=lv|=q

where pE:;(s,t) is a product of covariances of (Yy(s),Ye(t)); (Yg(s),?;(t)) and

(Yy(5), Yy(t)) with total degree n while Gog_n(Ara) is a tensor product of
kernels h; , and ]_lt,e,k with degree 2¢ — 2n and the coordinates are permuted
according to m and 7’. Note that which covariances are involved in the p’s depend
on the indexes v, ~'.

Therefore, writting m = (w1, 72, 73, 74),

> D ey

wE(P)* [vI=IvI=q

199.a ©n gg.all3 < d™

1
(¢})?
' /(Sm)4 Py (s, 0 ) - ol (6 )ity ™ (s, 8 dsdtds'dt'.

The variance of Yy restricted to the sphere is constantly 1, Cauchy-Schwarz
inequality implies that we can bound the absolute value of the power of any
covariance by the very covariance. Hence, we can bound each term in the last
sum by a term of the form (up to a constant)

dm/ 0 (s, 1) (57 1) e (¢, ) ) (s, 87 | dsdtds' dt

(sm)*

where k; = 0,1,2 indicates a derivative of order 0,1 or 2 of r. Since each
covariance is a function of the inner product of its arguments, they are invariant

under isometries. Thus, consider isometries U, such that Us(s) = eg and Uy such
that Uy (') = eg. Then, (5.3) can be written as

a [ o U (). o)
(sm)*

: |7"§k3)(<Ut’(t)7 60>)T§k4)(<607 Us(s")) |dsdtds’dt’.

Introducing the, isometric, change of variables 71 = Us(t), 70 = Uy (s'), 73 =
Up(t) and 74 = §' and bounding |r£lk4)(<eo,US(s’)>)| < 1 we get that the last
expression is less or equal than

dm / 1 ((eo, )78 ((eo, 2))r ) (e, 3)) | dry dradrsdry
(sm)4
=c de/ I ({eo, 7)) ldr; = C de/ sin™ ()] (cos(0))|d6

—C, de/ (0)r5 (cos(0))|do,
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where we used and the symmetry wrt § = /2 of the integrand.
The result follows. O

6.3. Anciliary computations

We start the computations with the covariances of the vector (Z4(s),Zq(t))
defined in (4.3), see [2]. Actually, by the definition of KSS distribution, it suffices

to consider _, _,
(Yels). Yal0), Y(s). Y1)

for a fixed ¢ = 1,...,m. Its variance-covariance matrix can be writen in the
following form

A | Agg | Ass

ATQ Im A23 )
Al [ Ags | Im

where I, is the m x m identity matrix,

1 C o 0 --- 0 A 0 -+ 0
A11_|:C 1:|7A12_|:_A0 O:|7A13_|:0 0 --- O:|7
and Agz = diag([B, D, ..., D])mxm- The quantities A, B, C and D were defined
n (4.5).
Gaussian regressmn formulas, see [6], imply that the conditional distribution

of the vector (Yz( )»Ye( )), conditioned on Yg4(s) = Yq4(t) = 0, is centered
normal with variance-covariance matrix given by

|: Bll BlQ :|
By, | Ba2

with Byy = Bgy = diag([0?,1,...,1]) and By, = diag([o?p, D, ..., D)]).
Now we move to the proof of some lemmas.

Lemma 6.2. The function Hqq defined in (5.2) is even.

Proof. We need to explicit the multi-indexes.
(Y(s))Hp(Y (s))Hao (Y (1) Hp (Y (1))]

E Hae(Yé(S))H (Ye HHﬂék Yék H H,B,_,k, Ylk’ )
1 k=1 k'=1

H Ha, (Ye()) Hay (Ye(£)) Ha,, (Vir (8) Hgy, (Y (£))]

E[H

Q

s

Y4

N1 EHg, (Vey (o) Hgy (Vs ()] (6.5)
j=2
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In the second equality we use that the random vectors

(Ye(s), Ye(t), Y (5), Y (8): - (Yy(5), Yo (0); 4 =2

are independent.
Using Mehler formula, see Lemma 10.7 in [6], we get

E [Hy,, (Vy;(5) Hg, (Vs (1)) = 05,1 Bes! (0;)%,

where pf,. = pj.((s,t)) =E (?;j(s)?zj(t)). Since f3y; is even, this factor is even.
For the first factor, using again Mehler formula we get

— —
E [Ho, (Ye(s) Ho, (Ye(t)) Hpy, (Y1 () Hpy, (Y (£))] = 0,
if ay + B # o) + B;,. Otherwise, consider A C N* defined by
A ={(d1,dz,d3,ds) : dy +dy = ay, d3 +dy = B, di +d3 = o, dy +ds = By };

then

E [Ho, (Ye(s)) Hoy (Yo(t)) Hg,, (Vi1 (5)) Hay, (Y ()] =

aelag! B! By, , . .
Y e () () ()M,
(deh di!dolds!dy!

where p = p((s,1)) = E(Y(s)Ye()), p' = E(Ya(s)V (1)), 0 = E (Vi (s)¥i(t))
and g = E (Vy,(5)V 1 (1),

Note that the conditions defining the index set A and the fact that the indexes
a’s and (§’s are even imply that all the d;’s have the same parity. In this form,
the first factor in Equation (6.5) is

m
alay!Ben! B!
H Y e e () () (o)™,
1 dyen dy!da!dsldy!

Hence, if we change (s,t) by — (s,t), for each ¢ we have the factor

(_1)dd1 . (_1)(d—1)(d2+d3) . (_1)dd4 — (_1)d(d1+d4)+(d—1)(d2+d3) — 1’

since the d;’s have the same parity. O

Proof 2of Lemma 5.3. Recall that if ¢ is a standard Gaussian random variable
in R™, then [|Gy||> = E[GZ(¢)]. By Hermite polynomials properties, we have

EGAO) = Y tRalfip.

lee|+181=q
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The following digression will be useful. Let us consider two sequences by and ay,
such that > p- ;a} < co and b7 — 0. We are interested in the sum

q
Z aﬁbgfk = bgag + b%ai,l +...+ bzag.
k=0
By hypothesis supj, b7 = ||b?||s < 0o, thus we get
q
> bhagy < [0%]|oc]lall3. (6.6)
k=0

Using this elementary fact we can explore the behavior of our sum

do= 3 2faaBl= S B3 [l 5 a8l

lee|+181=q lee+]B|=21

We affirm that b3, (2a)! is decreasing, in fact

bagan G0 DI HZ (2 +1@+2) _G+3) _ |
b3,(27)! 2 (j+1)2 j+1
Moreover b3 = 5 < 1, then [|b|| < 1. Consider now

q

E[GIO1= ) > S BRfEalp.

km+1=0|B2|+...4|Bm|=km+1 || +|B1|=¢—km+1
Set «; + 51; = i, such that ¢ — k1 =11 + ... + I;,. In this form we obtain
> vRfaaB =1 Y. 0238 ]85
lae|+B11=g—Km+1 =1 a;+B1i=l; Jj=2
Using (6.6) it yields
m l;
PO D D | DR/
la+[B1|=¢—km+1 it AHlm=q—km41 1=1 B1,=0
This allows us getting the following bound
E[G(O] < [I£115-

The result follows. O
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